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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÏÎÁÓÄÎÂÀ ÐÎÇÂ'ßÇÊÓ ÎÄÍÎÃÎ IÍÒÅÃÐÎ-ÄÈÔÅÐÅÍÖIÀËÜÍÎÃÎ
ÐIÂÍßÍÍß

Ïîáóäîâàíî ôîðìàëüíèé ðîâ'ÿçîê ðiâíÿííÿ ε2υ′′ = xυ + εc(ε) + 3εα(ε)
x∫
0

υ(t)dt, âèêîðè-

ñòîâóþ÷è ìåòîäèêó, çàïðîïîíîâàíó Ð. Ëàíãåðîì[3].

Using Langer's methods, formal solution of the equation ε2υ′′ = xυ + εc(ε) + 3εα(ε)
x∫
0

υ(t)dt

is constructed.

Ó ïðàöi À. Ì. Ñàìîéëåíêà [1] ðîçãëÿíóòà
ñèñòåìà ðiâíÿíü âèãëÿäó

u′ = A(x)u + A1(x)v,

εv′ = (B(x) + εB1(x))v + εB2(x)u,

äå u ∈ Rp, v ∈ R2, A,A1, B1 i B2 - ìàòðèöi,
ãîëîìîðôíi ïî x â îáëàñòi |x| ≤ ρ, ε - ìàëèé
ïàðàìåòð, B(x) - ìàòðèöÿ Åéði[2]:

B(x) =

(
0 1
x 0

)
.

Ïîáóäîâàíî ïåðåòâîðåííÿ, ùî çâîäèòü ñè-
ñòåìó äî âèãëÿäó

ω′1 = c1(ε)υ1, ω′j = 0, j = 2, p, (1)

ευ′ = B(x)υ + εD1(ε)ω, (2)

äå υ = (υ1, υ2) - äâîâèìiðíèé âåêòîð,

D1(ε) =

(
0

d1(ε)

)
.

Â ïðîöåñi ïîáóäîâè ðîçâ'ÿçêiâ ñèñòåìè
(1), (2) îäåðæó¹òüñÿ iíòåãðî-äèôåðåíöiàëüíå
ðiâíÿííÿ âèãëÿäó

ε2υ′′ = xυ + εc(ε) + 3εα(ε)

x∫

0

υ(t)dt, (3)

äå x ∈ R, υ ∈ R, α(ε) i c(ε) � çàäàíi ôóíêöi¨.
Çàãàëüíèé ðîçâ'ÿçîê öüîãî ðiâíÿííÿ ïîáóäî-
âàíî â [1] ó âèãëÿäi ñòåïåíåâîãî ðÿäó.

Ó äàíié ñòàòòi äëÿ ðiâíÿííÿ (3) áóäó¹òüñÿ
ôîðìàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ ó âèãëÿäi
ðîçêëàäó ïî ñòåïåíÿõ ìàëîãî ïàðàìåòðà, âè-
êîðèñòîâóþ÷è ìåòîäèêó ðîáîòè [3].

Ðiâíÿííÿ (3) çà äîïîìîãîþ äèôåðåíöiþ-
âàííÿ çâîäèòüñÿ äî âèãëÿäó

υ′′′ − λ2xυ′ − (λ2 + 3λµ)υ = 0, (4)

äå x ∈ R, υ ∈ R, λ = ε−1 - âåëèêèé ïàðàìåòð,
µ(λ) = α(λ−1).

ßê çàïðîïîíîâàíî â [3], äëÿ ïîáóäîâè
ôîðìàëüíèõ ðîçâ'ÿçêiâ äëÿ ðiâíÿííÿ (4) áó-
äó¹òüñÿ âiäïîâiäíå äîïîìiæíå ðiâíÿííÿ âè-
ãëÿäó

χ3 − xχ = 0, (5)

ÿêå íàçâàíî õàðàêòåðèñòè÷íèì.
Êîðåíÿìè ðiâíÿííÿ (5) ¹ χ0 = 0, χ1 = x

1
2 ,

χ2 = −x
1
2 . Äëÿ êîæíîãî iç êîðåíiâ χj, çàìiíà

υ(x) = k exp{λ
∫

χdx}
∞∑

n=0

θn(x)

λn
, (6)

äå k - äîâiëüíà ñòàëà, çâîäèòü ðiâíÿííÿ (4)
äî âèãëÿäó:

∞∑
n=0

(
λ2(3χ2 − x)θ′n + λ2(3χχ′ − 1)θn+

+λ(χ′′θn +3χ′θ′n +3χθ′′n−3µθn)+θ′′′n

)
λ−n = 0.

Âðàõîâóþ÷è, ùî â ëiâié ÷àñòèíi ðiâíîñòi
ðîçêëàä çà ñòåïåíÿìè 1

λ
, ¨¨ ìîæíà ïåðåïèñà-

òè íàñòóïíèì ÷èíîì
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∞∑
n=0

(
(3χ2 − x)θ′n + (3χχ′ − 1)θn+

+(χ′′θn−1 + 3χ′θ′n−1 + 3χθ′′n−1 − 3µθn−1)+

+θ′′′n−2

)
λ−n = 0,

â ðîçóìiííi, ùî êîæíå θn ç âiä'¹ìíèì iíäå-
êñîì äîðiâíþ¹ 0. Ôóíêöiÿ (6) áóäå ôîðìàëü-
íèì ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ
(4), ÿêùî êîåôiöi¹íòè θn çàäîâîëüíÿòèìóòü
ñèñòåìó ðiâíÿíü

(3χ2 − x)θ′n + (3χχ′ − 1)θn =

= −(χ′′θn−1 + 3χ′θ′n−1 + 3χθ′′n−1−
−3µθn−1)− θ′′′n−2 n = 0, 1, 2, ... (7)

Äëÿ áóäü-ÿêîãî ðîçâ'ÿçêó ðiâíÿííÿ (4)
ìîæíà çíàéòè âèãëÿä êîåôiöi¹íòiâ θn. Êî-
æíå ç ðiâíÿíü ñèñòåìè (7) ìîæå áóòè ðîçâ'ÿ-
çàíå ÿê ëiíiéíå äèôåðåíöiàëüíå ðiâíÿííÿ
ïåðøîãî ïîðÿäêó ïî âiäíîøåííþ äî θn[4].

Çîêðåìà, ïðè χ = χ0, ñèñòåìà (7) ìàòèìå
âèãëÿä
−xθ′n − θn = 3µθn−1 − θ′′′n−2 n = 0, 1, 2, ...

Ïðè n = 0, ðiâíÿííÿ
xθ′0 + θ0 = 0,

ìàòèìå ðîçâ'ÿçîê
θ0 = Cx−1.

Ïðè n = 1, ðîçâ'ÿçêîì ðiâíÿííÿ
xθ′1 + θ1 = −3µCx−1,

áóäå
θ1 = −3µCx−1ln(x).

Äàëi, ïðè n = 2

θ2 = 2Cx−4 +
9

2
µ2Cx−1ln2(x),

òóò C - äîâiëüíà ñòàëà. Ïîêëàâøè C=1 i ïðî-
äîâæóþ÷è öåé ïðîöåñ ìîæíà îòðèìàòè çà-
ãàëüíi ôîðìóëè äëÿ îá÷èñëåííÿ ðîçâ'ÿçêiâ
ñèñòåìè (7):

θ2m =
m∑

k=1

2(m−k)∑
j=0

K(2(m−k), k, j)µ2(m−k)x−3k−1

×lnjx+K(2m, 0, 2m)µ2mx−1ln2mx,m = 0, 1, ...
(8)

θ2m+1 =
m∑

k=1

2(m−k)+1∑
j=0

K(2(m− k) + 1, k, j)×

×µ2(m−k+1x−3k−1lnjx+

+K(2m+1, 0, 2m+1)µ2m+1x−1ln2m+1x,m = 0, 1, ...

ç êîåôiöi¹íòàìè

K(i, k, j) =

=





0, k = 0, i 6= j,
(−3)i

i!
, k = 0, i = j 6= 0,

(−1)i(3k)!
3k−jj!k!ki−j−
−

i−1∑
l=j

l!
j!(3k)l−j+1× (9)

×( i∑
n=l

K(i, k − 1, n)n!
l!
δk−

−3K(i− 1, k, l)
)
, â iíø. âèïàäêàõ.

Òóò

δk =





0, n− l > 3,
1, n− l = 3,
3(3k − 1), n− l = 2,
27k2 − 18k + 2, n− l = 1,

(3k)!
(3k−3)!

, n− l = 0.

ßêùî χ = χ1,2, òîáòî χ = ±x
1
2 , òî ñèñòåìà

(7) ìàòèìå âèãëÿä

2xθ′n+
1

2
θn = ∓ 1

x
1
2

(3xθ′′n−1+
3

2
θ′n−1−

1

4
x−1θn−1)+

+3µθn−1 − θ′′′n−2.

Ðîçâ'ÿçêàìè òàêî¨ ñèñòåìè áóäóòü:

θm =
m∑

k=1

m−k∑
j=0

K(m− k, k, j)µm−kx−
3
2
k− 1

4 lnjx+

+K(m, 0,m)µmx−
1
4 lnmx m = 0, 1, 2, ...

(10)
ç êîåôiöi¹íòàìè

K(i, k, j) =
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=





0, k < 0, k = 0, i 6= j,
( 3
2
)i

i!
, k = 0, i = j 6= 0,

−1
2

i∑
l=j

l!(2)l−j+1

j!(3k)l−j+1× (11)

×( i∑
n=l

K(i, k − 1, n)×
×n!

l!
(∓3δ1

k ∓ 3
2
δ2
k ± 1

4
δ3
k)+

+3K(i− 1, k, l)−
−δ0

kK(i, k − 2, l)
)
), â iíø. âèïàäêàõ.

äå

δ1
k =





0, n− l > 2,
1, n− l = 2,
−3k+3

2
, n− l = 1,

(6k−5)(6k−1)
16

, n− l = 0.

δ2
k =





0, n− l > 1,
1, n− l = 1,
−6k−5

4
, n− l = 0.

δ3
k =

{
0, n− l 6= 0,
1, n− l = 0.

δ0
k =





0, i− l > 3,
1, i− l = 3,
−18k−21

4
, i− l = 2,

108k2−252k+131
16

i− l = 1,

− (6k−3)(6k−7)(6k−11)
64

, i− l = 0.

Òàêèì ÷èíîì, ìè îòðèìàëè ôîðìàëüíi
ðîçâ'ÿçêè äëÿ ðiâíÿííÿ (4). Ïiäñòàâëÿþ-
÷è çíàéäåíi ðîçâ'ÿçêè ó âiäïîâiäíå äëÿ (3)
îäíîðiäíå ðiâíÿííÿ, îäåðæèìî, ùî éîãî çà-
äîâîëüíÿþòü ëèøå äâà ç òðüîõ çíàéäåíèõ
âèùå ðîçâ'ÿçêiâ, à ñàìå ðîçâ'ÿçêè ïðè χ =
±x

1
2 , ùî äàþòüñÿ ôîðìóëîþ (10) ç êîåôiöi-

¹íòàìè (11).
Çàëèøèëîñÿ çíàéòè ÷àñòèííèé ðîçâ'ÿçîê

ðiâíÿííÿ (3). Éîãî øóêàòèìåìî ó âèãëÿäi

v(x) =
∞∑

m=0

m∑

k=0

2m−2k+1∑
i=0

C(m, k, i)x−3k−1lnix.

(12)
Ïiäñòàâèìî (12) ó ðiâíÿííÿ (3) i ïðèðiâ-
íÿ¹ìî êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ.
Ðîçâ'ÿçàâøè ñèñòåìó, ùî îòðèìàëè â ðåçóëü-
òàòi ïiäñòàíîâêè, çíàéäåìî âèãëÿä êîåôiöi-
¹íòiâ

C(m, k, i) =

=





(−1)i+1(3αε)i

i!
εc(ε), k = 0,m = 0

0, k = 0,m 6= 0
kε2

k−αε

(
(−3k − 5)×

×(−3k − 4)×
×C(m, k − 1, i)+ (13)
+(−6k + 3)(i + 1)×
×C(m, k − 1, i + 1)
+(i + 2)(i + 1)×
×C(m, k − 1, i + 2)

)
, â iíø. âèïàäêàõ.

Ôîðìàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (3) îäåð-
æó¹òüñÿ ó âèãëÿäi ëiíiéíî¨ êîìáiíiöi¨

υ = C1υ1 + C2υ2 + C3υ3,

äå υ1, υ2 äàþòüñÿ ôîðìóëàìè (6) â ïiäñòàíîâ-
öi, çàìiñòü χ, ðîçâ'ÿçêiâ ðiâíÿííÿ (5) χ1,2 =

±x
1
2 , à çàìiñòü θn ðiâíîñòi (10) ç êîåôiöi¹í-

òàìè (11), υ3 - ÷àñòèííèé ðîçâ'ÿçîê ðiâíÿííÿ
(12) ç êîåôiöi¹íòàìè (13), C1, C2, C3 - äîâiëü-
íi ñòàëi.

Ïðèêëàä. Ïîêëàäåìî â ðiâíÿííÿ (3)
c(ε) = 0 i α(ε) = 0. Îòðèìà¹ìî ðiâíÿííÿ

ε2υ′′ = xυ, (14)

âiäîìå, ÿê ðiâíÿííÿ Åéði [2]. Ïðîäèôåðåí-
öiþ¹ìî îáèäâi ÷àñòèíè ðiâíÿííÿ (12). Îòðè-
ìà¹ìî ðiâíÿííÿ

ε2υ′′′ = xυ′ + υ, (15)

Âèïèøåìî ðîçâ'ÿçêè äëÿ öüîãî ðiâíÿííÿ,
âèêîðèñòîâóþ÷è ôîðìóëè (8) òà (10). Îäåð-
æèìî

υ1 =
∞∑

m=0

kmx−3m−1

λ2m
, km =

(3m)!

3mm!

υ2 = x−
1
4 e

2
3
λx

3
2

∞∑
m=0

kmx−
3
2
m

λm
,

km =
1

3m
[km−1(3

(6m− 1)(6m− 5)

16
−

−3

2

6m− 5

4
− 1

4
)−

−km−2
(6m− 3)(6m− 7)(6m− 11)

64
]
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υ3 = x−
1
4 e−

2
3
λx

3
2

∞∑
m=0

kmx−
3
2
m

λm
,

km = − 1

3m
[km−1(3

(6m− 1)(6m− 5)

16
−

−3

2

6m− 5

4
− 1

4
)+

+km−2
(6m− 3)(6m− 7)(6m− 11)

64
]

Ïiäñòàâëÿþ÷è îòðèìàíi ðîçâ'ÿçêè ó ðiâ-
íÿííÿ Åéði, îäåðæèìî, ùî υ2 i υ3 ïåðåòâî-
ðþþòü öå ðiâíÿííÿ ó òîòîæiñòü. Ñëiä òàêîæ
çàçíà÷èòè, ùî ðîçâ'ÿçêè υ2 i υ3 çáiãàþòüñÿ
iç ðîçâ'ÿçêàìè ðiâíÿííÿ Åéði, íàâåäåíèìè
Â.Âàçîâèì ó [2].
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