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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÇÍÀÕÎÄÆÅÍÍß ÐÎÇÂ'ßÇÊIÂ ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ
ÍÅÉÒÐÀËÜÍÎÃÎ ÒÈÏÓ Ç ÂIÄÕÈËÅÍÍßÌ ÀÐÃÓÌÅÍÒÓ
Ïðîáëåìà ïîøóêó ãëîáàëüíèõ ðîçâ'ÿçêiâ äëÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü íåé-

òðàëüíîãî òèïó ç âiäõèëåííÿì àðãóìåíòó ðîçâ'ÿçó¹òüñÿ øëÿõîì ïîáóäîâè ñèñòåìè ðiâíÿíü
áåç âiäõèëåííÿ àðãóìåíòó ç òèìè ñàìèìè ðîçâ'ÿçêàìè.

The problem to �nd global solutions of the neutral type system di�erential equations with
deviating argument is solved by construction of a system of equations without a deviating argument
with the same solutions.

Äèôåðåíöiàëüíi ðiâíÿííÿ íåéòðàëüíîãî
òèïó îïèñóþòü ïðîöåñè, øâèäêiñòü ÿêèõ â
äàíèé ìîìåíò ÷àñó çàëåæèòü âiä ñòàíó i
øâèäêîñòi â ïîïåðåäíi ìîìåíòè. Íàïðèêëàä,
ïðè ìîäåëþâàííi êîíòðîëåðiâ ðóõó òâåðäîãî
òiëà â ñèñòåìàõ iç çâîðîòíiì çâ'ÿçêîì, ïðè
ïåðåäà÷i ñòðóìó áåç âòðàò, ïðè âèâ÷åííi àâ-
òîêîëèâàíü â äîâãîìó êîíòóði ç òóíåëüíèì
äiîäîì [4], â äåÿêèõ çàäà÷àõ òåîði¨ êåðóâàí-
íÿ [3] òà ií.

Ó äàíié ñòàòòi äëÿ ñèñòåìè äèôåðåíöiàëü-
íèõ ðiâíÿíü íåéòðàëüíîãî òèïó ç âiäõèëå-
ííÿì àðãóìåíòó áóäó¹òüñÿ ñèñòåìà ðiâíÿíü
áåç âiäõèëåííÿ àðãóìåíòó, âñi ðîçâ'ÿçêè ÿêî¨
¹ ãëîáàëüíèìè ðîçâ'ÿçêàìè ïî÷àòêîâî¨ ñè-
ñòåìè. Ðîçãëÿíóòî äåÿêi ÷àñòêîâi âèïàäêè,
à òàêîæ íàâåäåíî îáãðóíòóâàííÿ çàïðîïîíî-
âàíîãî ìåòîäó äëÿ îäíîðiäíîãî äèôåðåíöi-
àëüíîãî ðiâíÿííÿ íåéòðàëüíîãî òèïó çi ñòà-
ëèìè êîåôiöi¹íòàìè.

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ
ðiâíÿíü íåéòðàëüíîãî òèïó

dx(t)

dt
= A(t)x(t) + B(t)x(t + λ)+

+D(t)
dx(t + λ)

dt
+ f(t), λ ∈ R/{0}. (1)

Ïîáóäó¹ìî ñèñòåìó çâè÷àéíèõ äèôåðåíöi-
àëüíèõ ðiâíÿíü

dx(t)

dt
= C(t)x(t) + g(t), (2)

âñi ðîçâ'ÿçêè ÿêî¨ áóäóòü ãëîáàëüíèìè
ðîçâ'ÿçêàìè ñèñòåìè ðiâíÿíü (1). Áóäåìî
ïðèïóñêàòè, ùî t ∈ R, x ∈ Rn; A,B, C, D �
n-âèìiðíi ìàòðè÷íi, f, g � âåêòîðíi ôóíêöi¨,
ïðè÷îìó íîðìè ìàòðèöü A,B, C, D � îáìå-
æåíi. Òàêèé ïiäõiä çàïðîïîíîâàíî â [1], [2].

Ïîêàæåìî, ùî äëÿ ìàòðèöi C = C(t) i
âåêòîð-ôóíêöi¨ g = g(t) iñíóþòü ðiâíÿííÿ
âèãëÿäó:

C(t) = P (t, t + λ)[A(t) + B(t)Ωt+λ
t (C)+

+D(t)
d

dt
(Ωt+λ

t (C))], (3)

g(t) = [Φ(t, s)− P (t, t + λ)Φ(t, s)]A(t)+

+[Ψ(t + λ, s)− P (t, t + λ)Ωt+λ
t (C)Φ(t, s)]×

×B(t) + [
d

dt
Ψ(t + λ, s)− d

dt
(Ωt+λ

t (C))×
×P (t, t + λ)Φ(t, s)]D(t) + f(t), (4)

äå Φ(t, s) =
t∫

τ

Ωt
s(C)g(s)ds, Ψ(t + λ, s) =

=
t+λ∫
τ

Ωt+λ
s (C)g(s)ds, P (t, t + λ) = =

(I − D(t)Ωt+λ
t (C))−1, ‖ D(t)Ωt+λ

t (C) ‖<
1. Òóò Ωt

τ (C) � ôóíäàìåíòàëüíà ìàòðè-
öÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (2),
ÿêà âèçíà÷à¹òüñÿ çà ôîðìóëîþ Ωt

τ (C) =

I +
t∫

τ

C(s)ds +
t∫

τ

C(s)
s∫

τ

C(s1)ds1ds + ...

+
t∫

τ

C(s)
s∫

τ

C(s1)...
sn−2∫
τ

C(sn−1)dsn−1...ds1ds +
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... , äå I � îäèíè÷íà ìàòðèöÿ, t ∈ R, τ ∈ R.
Çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (2), ÿê
âiäîìî, âèçíà÷à¹òüñÿ ôîðìóëîþ Êîøi

x(t) = Ωt
τ (C)x0 +

t∫

τ

Ωt
s(C)g(s)ds, (5)

äå t ∈ R, τ ∈ R, ñòàëà x0 ∈ Rn. Ôóíêöiÿ (5)
çàäîâîëüíÿ¹ ðiâíÿííÿ (1), êîëè

dx(t)

dt
= C(t)[Ωt

τ (C)x0 +

t∫

τ

Ωt
s(C)g(s)ds]+

+ g(t) = A(t)[Ωt
τ (C)x0 +

t∫
τ

Ωt
s(C)g(s)ds]+

+B(t)[Ωt+λ
τ (C)x0+

t+λ∫
τ

Ωt+λ
s (C)g(s)ds]+D(t)×

× d

dt
[Ωt+λ

τ (C)x0+

t+λ∫

τ

Ωt+λ
s (C)g(s)ds]+f(t), (6)

Ïîêëàäàþ÷è â (6) x0 = 0, îòðèìó¹ìî

C(t)

t∫

τ

Ωt
s(C)g(s)ds + g(t) =

= A(t)

t∫

τ

Ωt
s(C)g(s)ds+

+B(t)

t+λ∫

τ

Ωt+λ
s (C)g(s)ds+

+D(t)
d

dt

t+λ∫

τ

Ωt+λ
s (C)g(s)ds+ f(t), t ∈ R. (7)

Âèêîðèñòîâóþ÷è (6) i (7), îòðèìà¹ìî ðiâ-
íÿííÿ

C(t)Ωt
τ (C) = A(t)Ωt

τ (C) + B(t)Ωt+λ
τ (C)+

+D(t)
d

dt
(Ωt+λ

τ (C)), t ∈ R.

Îñêiëüêè Ωt+λ
τ (C) = Ωt

τ (C)Ωt+λ
t (C), òî

C(t)Ωt
τ (C) = A(t)Ωt

τ (C)+B(t)Ωt
τ (C)Ωt+λ

t (C)+

+D(t)C(t)Ωt
τ (C)Ωt+λ

t (C)+

+D(t)Ωt
τ (C)

d

dt
(Ωt+λ

t (C)), t ∈ R.

Âðàõîâóþ÷è âëàñòèâîñòi ìàòðèöi Ωt
τ (C), ìî-

æíà çðîáèòè âèñíîâîê, ùî öå ðiâíÿííÿ ñïðà-
âåäëèâå, ÿêùî

C(t) = A(t)+B(t)Ωt+λ
t (C)+D(t)C(t)Ωt+λ

t (C)+

+D(t)
d

dt
(Ωt+λ

t (C)), t ∈ R,

çâiäêè

C(t) = (I −D(t)Ωt+λ
t (C))−1[A(t)+

+B(t)Ωt+λ
t (C) + D(t)

d

dt
(Ωt+λ

t (C))], (8)

çà óìîâè, ùî ‖ D(t)Ωt+λ
t (C) ‖< 1, t ∈ R.

Ïiäñòàâëÿþ÷è (8) â (7), îòðèìà¹ìî

g(t) = [

t∫

τ

Ωt
s(C)g(s)ds−(I−D(t)Ωt+λ

t (C))−1×

×
t∫

τ

Ωt
s(C)g(s)ds]A(t) + [

t+λ∫

τ

Ωt+λ
s (C)g(s)ds−

−(I−D(t)Ωt+λ
t (C))−1Ωt+λ

t (C)

t∫

τ

Ωt
s(C)g(s)ds]×

×B(t)+[
d

dt

t+λ∫

τ

Ωt+λ
s (C)g(s)ds− d

dt
(Ωt+λ

t (C))×

×(I−D(t)Ωt+λ
t (C))−1

t∫

τ

Ωt
s(C)g(s)ds]D(t)+f(t).

Ââiâøè âiäïîâiäíi ïîçíà÷åííÿ äëÿ Φ(t, s) òà
P (t, t + λ), îäåðæèìî ðiâíÿííÿ (3) i (4) äëÿ
C(t) òà g(t) âiäïîâiäíî.

Îòæå, ÿêùî âñi ðîçâ'ÿçêè ñèñòåìè ðiâ-
íÿíü (2) ¹ ãëîáàëüíèìè ðîçâ'ÿçêàìè ñèñòå-
ìè ðiâíÿíü (1), òî ìàòðèöÿ C(t) çàäîâîëüíÿ¹
ðiâíÿííÿ (3), à âåêòîð-ôóíêöiÿ g(t) � ðiâíÿ-
ííÿ (4) ïðè t ∈ R.

Ðîçãëÿíåìî ïðèêëàäè çíàõîäæåííÿ ðiâ-
íÿíü (3), (4) â äåÿêèõ ÷àñòêîâèõ âèïàäêàõ.
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Ïðèêëàä 1. Íåõàé n = 1, f = 0, a, b, c,
d � ñòàëi âåëè÷èíè, òîäi (1) i (2) áóäóòü ìàòè,
âiäïîâiäíî, âèãëÿä

dx(t)

dt
= ax(t) + bx(t + λ) + d

dx(t + λ)

dt
, (9)

dx(t)

dt
= cx(t). (10)

Ðîçâ'ÿçîê ðiâíÿííÿ (2) x = x0e
ct, òî-

äi dx(t)

dt
= cx0e

ct = ax0e
ct + bx0e

c(t+λ)+

+d
d

dt
(x0e

c(t+λ)), çâiäêè äëÿ c îäåðæó¹òüñÿ
ðiâíÿííÿ

c = (a + becλ)(1− decλ)−1, (11)

çà óìîâè, ùî 1 − decλ 6= 0. ßêùî ââàæà-
òè, ùî |c| ≤ α, òî ïîâèííà âèêîíóâàòèñü
óìîâà |dcecλ| ≤ |d|αeα|λ| < 1. Çà óìîâè, ùî
1− decλ = 0, c =

1

λ
ln(−a

b
), òîìó ðiâíÿííÿ

(10) ìàòèìå âèãëÿä dx(t)

dt
=

1

λ
ln(−a

b
)x(t),

çâiäêè x = x0(−a

b
)

t
λ .

Ïðèêëàä 2. Íåõàé A,B,C, D � ñòàëi ìà-
òðèöi, f(t) 6= 0, òîäi ðîçâ'ÿçîê ðiâíÿííÿ (2)
ìà¹ âèãëÿä

x(t) = eC(t−τ)x0 +

t∫

τ

eC(t−s)g(s)ds, òîìó

dx(t)

dt
= C(eC(t−τ)x0+

t∫

τ

eC(t−s)g(s)ds)+g(t) =

= A(eC(t−τ)x0 +

t∫

τ

eC(t−s)g(s)ds)+

+ B(eC(t+λ−τ)x0 +

t+λ∫

τ

eC(t+λ−s)g(s)ds)+

+D
d

dt
(eC(t+λ−τ)x0+

t+λ∫

τ

eC(t+λ−s)g(s)ds)+f(t).

Ó öüîìó âèïàäêó ðiâíÿííÿ (3) i (4) íàáó-
äóòü âèãëÿäó, âiäïîâiäíî
C = (I −DeCλ)−1(A + BeCλ), ‖ DeCλ ‖< 1,

g(t) =
t∫

τ

eC(t−s)g(s)ds(A− (I −DeCλ)−1×

×(A+BeCλ))+(B+CD)
t+λ∫
τ

eC(t+λ−s)g(s)ds+

+ Dg(t + λ) + f(t), t ∈ R.

Ðîçãëÿíåìî ÷àñòêîâèé âèïàäîê, êîëè n =
= 1, a, b, c, d � ñòàëi i f = 0.

Òåîðåìà. Íåõàé êîåôiöi¹íòè a, b, d äèôå-
ðåíöiàëüíîãî ðiâíÿííÿ (9) çàäîâîëüíÿþòü
íåðiâíiñòü

2q(
√

2|d|
√

q + 2|d| − 2 + q + 2|d|) <

< (
√

2|d|
√

q + 2|d| − 2+q)2, q = |λ|(|a||d|+|b|).
Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ (11),
ïðè÷îìó |c| ≤ M, M � äåÿêà ñòàëà, ùî
çàëåæèòü âiä |λ|, a, b, d.

Äîâåäåííÿ. Â ðiâíÿííi (11) âèêîíà¹ìî
çàìiíó çìiííèõ

c = (a + by)(1− dy)−1. (12)

Òîäi îòðèìà¹ìî ðiâíÿííÿ

a + by

1− dy
=

a + be
a+by
1−dy

λ

1− de
a+by
1−dy

λ
,

çâiäêè
y = e

a+by
1−dy

λ, (13)

çà óìîâè, ùî b + ad 6= 0, 1− dy 6= 0.
Âèçíà÷èìî âiäîáðàæåííÿ S

S(y) = e
a+by
1−dy

λ (14)

íà ïðîìiæêó [−m; m].
Òîäi äëÿ S(y) ñïðàâåäëèâà ðiâíiñòü

|Sy| = e
|a|+|b|m
1−|d|m λ.

Îñêiëüêè a, b, d � ñòàëi âåëè÷èíè, òî, ÿêùî
âèêîíó¹òüñÿ íåðiâíiñòü

e
|a|+|b|m
1−|d|m λ ≤ m, (15)

òî âiäîáðàæåííÿ S ïåðåâîäèòü ïðîìiæîê
[−m; m] â ñåáå.
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Çíàéäåìî îöiíêó äëÿ ðiçíèöi S(y1)−S(y),
äëÿ ÷îãî ââåäåìî ïîçíà÷åííÿ:

p1 =
a + by1

1− dy1

, p =
a + by

1− dy
.

Òîäi

|ep1λ − epλ| = |e
a+by1
1−dy1

λ − e
a+by
1−dy

λ| ≤

≤ ep̃λ|p1 − p||λ| = ep̃λ

∣∣∣∣
a + by1

1− dy1

− a + by

1− dy

∣∣∣∣=

= ep̃λ

∣∣∣∣
(ad + b)(y1 − y)

(1− dy1)(1− dy)

∣∣∣∣|λ| ≤

≤ |λ|ep̃λ(|a||d|+ |b|) |y1 − y|
|1− dy1||1− dy| ≤

≤ |λ|e |a|+|b|m1−|d|m λ(|a||d|+ |b|) 1

(1− |d|m)2
|y1 − y|.

Çâiäñè âèïëèâà¹, ùî

|S(y1)− S(y)| ≤ |λ|e |a|+|b|m1−|d|m λ(|a||d|+ |b|)×

× 1

(1− |d|m)2
|y1 − y|. (16)

Îïåðàòîð S(y) áóäå îïåðàòîðîì ñòèñêó íà
[−m; m], ÿêùî âèêîíó¹òüñÿ íåðiâíiñòü

|λ|e |a|+|b|m1−|d|m λ |a||d|+ |b|
(1− |d|m)2

< 1. (17)

Âèìàãàþ÷è îäíî÷àñíîãî âèêîíàííÿ íåðiâíî-
ñòåé (15) òà (17), îäåðæèìî

|λ|(|a||d|+ |b|)m
(1− |d|m)2

< 1,

Îñêiëüêè (1− |d|m)2 > 0, òî

|λ|(|a||d|+ |b|)m− (1− |d|m)2 < 0.

Ââåäåìî ïîçíà÷åííÿ q = |λ|(|a||d|+ |b|), òîäi
qm− 1 + 2|d|m− d2m2 < 0,

(
m− q + 2|d|

2d2

)2

<

(
q + 2|d|

2d2
− 1

d2

)
,

−
√

q + 2|d|
2d2

− 1

d2
< m− q + 2|d|

2d2
<

<

√
q + 2|d|

2d2
− 1

d2
.

Çâiäñè ìà¹ìî

−
√

q + 2|d|
2d2

− 1

d2
+

q + 2|d|
2d2

< m <

<

√
q + 2|d|

2d2
− 1

d2
+

q + 2|d|
2d2

,

çà óìîâè, ùî q + 2|d|
2d2

− 1

d2
> 0. Äëÿ

m <

√
q + 2|d|

2d2
− 1

d2
+

q + 2|d|
2d2

(18)

áóäóòü âèêîíóâàòèñü îäíî÷àñíî íåðiâíîñòi
(15) i (17).

Îòæå, ïðè âèêîíàííi íåðiâíîñòi

2q(
√

2|d|
√

q + 2|d| − 2 + q + 2|d|) <

< (
√

2|d|
√

q + 2|d| − 2 + q)2

äëÿ çíà÷åíü m, ÿêi çàäîâîëüíÿþòü íåðiâ-
íiñòü (18), îïåðàòîð S(y) ¹ îïåðàòîðîì ñòè-
ñêó i âiäîáðàæà¹ ïðîìiæîê [−m; m] â ñåáå.
Òîáòî S(y) íà ïðîìiæêó [−m; m] ìà¹ ¹äèíó
íåðóõîìó òî÷êó, ÿêà i ¹ ðîçâ'ÿçêîì ðiâíÿííÿ
(11).

Ïðèêëàä 3. Ðîçãëÿíåìî ðiâíÿííÿ âèãëÿ-
äó
dx(t)

dt
= 0, 5x(t) + 0, 1x(t + 4) + e2.5dx(t + 4)

dt
.

Äëÿ êîåôiöi¹íòiâ öüîãî ðiâíÿííÿ âèêîíóþ-
òüñÿ óìîâè òåîðåìè, íàâåäåíî¨ âèùå, òî-
ìó äëÿ íüîãî ìîæíà ïîáóäóâàòè çâè÷àé-
íå äèôåðåíöiàëüíå ðiâíÿííÿ âèãëÿäó (10),
âñi ðîçâ'ÿçêè ÿêîãî áóäóòü ãëîáàëüíèìè
ðîçâ'ÿçêàìè ïî÷àòêîâîãî ðiâíÿííÿ.

Çàïèøåìî äëÿ ïî÷àòêîâîãî ðiâíÿííÿ âiä-
ïîâiäíå õàðàêòåðèñòè÷íå

µ = 0, 5 + 0, 1e4µ + e2.5µe4µ,

çiäêè µ ≈ −0.0701798.
Îòæå, ðîçâ'ÿçîê ïî÷àòêîâîãî ðiâíÿííÿ

ìà¹ âèãëÿä

x(t) ≈ x0e
−0.0701798t. (19)
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Çíàéäåìî äëÿ çàäàíîãî ðiâíÿííÿ íåé-
òðàëüíîãî òèïó âiäïîâiäíå ðiâíÿííÿ âèãëÿ-
äó (10). Âèêîðèñòàâøè (11), îòðèìà¹ìî, ùî
c ≈ −0.0701798 (ïðè öüîìó âèêîíó¹òüñÿ óìî-
âà |dcecλ| < 1). Òîìó ðiâíÿííÿ (10) â öüîìó
âèïàäêó ìàòèìå âèãëÿä

dx(t)

dt
= −0.0701798x(t).

Ðîçâ'ÿçêîì öüîãî ðiâíÿííÿ òàêîæ ¹ (19).
Îòæå, ìîæíà ïîáà÷èòè, ùî ðîçâ'ÿçîê çâè-

÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ òèïó
(10), äëÿ ÿêîãî êîåôiöi¹íò c çíàéäåíî çà
ôîðìóëîþ (11), ¹ ãëîáàëüíèì ðîçâ'ÿçêîì ïî-
÷àòêîâîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ íåé-
òðàëüíîãî òèïó ç âiäõèëåííÿì àðãóìåíòó.
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