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ÏÎÁÓÄÎÂÀ ÐÎÇÂ'ßÇÊÓ ÎÑÍÎÂÍÎ� ÏÎ×ÀÒÊÎÂÎ� ÇÀÄÀ×I ÄËß
ÑÈÍÃÓËßÐÍÎ ÇÁÓÐÅÍÎ� ÑÈÑÒÅÌÈ ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ

IÇ ÇÀÏIÇÍÅÍÍßÌ ÀÐÃÓÌÅÍÒÓ I ÂÈÐÎÄÆÅÍÍßÌ Ó ÒÎ×ÖI
Ó ðîáîòi ïîáóäîâàíî àñèìïòîòè÷íèé ðîçâ'ÿçîê îñíîâíî¨ ïî÷àòêîâî¨ çàäà÷i äëÿ ñèíãóëÿðíî

çáóðåíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì àðãóìåíòó i âèðîäæåííÿì ó òî÷öi.

We construct the asymptotic solution of the initial-value problem for a singularly perturbed
system of di�erential equations with delay and degeneracy at a point.

Ñèñòåìàòè÷íi äîñëiäæåííÿ äèôåðåí-
öiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì àðãóìåíòó
ïî÷àëèñü â ñåðåäèíi ÕÕ ñòîëiòòÿ. Çóïè-
íèìîñü íà äåÿêèõ àñèìïòîòè÷íèõ ìåòîäàõ
iíòåãðóâàííÿ çàçíà÷åíèõ ðiâíÿíü.

Â ðîáîòàõ Þ.Î. Ìèòðîïîëüñüêîãî [1, ñ.
279 � 296], À. Õàëàíàÿ [2], Â.Ï. Ðóáàíèêà
[3], Â.I. Ôîä÷óêà [4] ðîçðîáëåíî ìåòîä óñåðå-
äíåííÿ äëÿ ñèñòåì iç çàïiçíåííÿì.

Äèôåðåíöiàëüíi ðiâíÿííÿ íåéòðàëüíîãî
òèïó ç ìàëèì âiäõèëåííÿì àðãóìåíòó äîñëi-
äæóâàëèñü À.Á. Âàñèëü¹âîþ [5, ñ. 246 � 266],
À.Ì. Ðîäiîíîâèì [6], Â.I. Ðîæêîâèì [7]. Ïðè
öüîìó âèÿâèëîñü, ùî òàêi ðiâíÿííÿ çà àñèì-
ïòîòè÷íèìè âëàñòèâîñòÿìè áëèçüêi äî ñèí-
ãóëÿðíî çáóðåíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

Â ðîáîòàõ Þ.Î. Ðÿáîâà [8] äîâåäåíî iñíó-
âàííÿ òà ïîáóäîâàíî àñèìïòîòè÷íi ðîçâèíå-
ííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ ñèñòåì ç ìàëèì
çàïiçíåííÿì i ïåðiîäè÷íèìè êîåôiöi¹íòàìè.
Éîìó âäàëîñÿ ïîêàçàòè çáiæíiñòü îòðèìà-
íèõ ôîðìàëüíèõ ðÿäiâ i íàâåñòè îöiíêè àì-
ïëiòóäè ìàëîãî çàïiçíåííÿ i çàëèøêîâîãî
÷ëåíà.

Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ îñíîâíà ïî-
÷àòêîâà çàäà÷à

εB(t)
dx

dt
= f(x(t, ε), x(t−ε, ε), t, ε), t ∈ [ε; T ],

(1)
x|0≤t≤ε

= ϕ(t), (2)

äå B(t) � êâàäðàòíà ìàòðèöÿ n-ãî ïîðÿä-
êó, f(x(t, ε), x(t − ε, ε), t, ε), ϕ(t), x(t, ε) � n-
âèìiðíi âåêòîð-ôóíêöi¨, ε � ìàëèé ïàðàìåòð

(ε ∈ (0; ε0], 0 < ε0 ¿ 1).
Ïðèïóñòèìî âèêîíàííÿ òàêèõ óìîâ:

1) B(t) ∈ C∞
[0;T ];

2) âåêòîð-ôóíêöiÿ f(x, [x], t, ε) ([x(t, ε)] =
x(t − ε, ε)) ìà¹ íåñêií÷åííó êiëüêiñòü íåïå-
ðåðâíèõ ÷àñòèííèõ ïîõiäíèõ çà âñiìà çìií-
íèìè íà ìíîæèíi

G = {(x, [x], t, ε) : ||x|| ≤ a, ||[x]|| ≤ a,

0 ≤ t ≤ T, 0 ≤ ε ≤ ε0},
äå ||ϕ(t)|| < a, t ∈ [0; T ];
3) ϕ(t) ∈ C∞

[0;ε];
4) ðiâíÿííÿ f(x, x, t, 0) = 0 íà ìíîæèíi D =
{(x, x, t) : ||x|| ≤ a, 0 ≤ t ≤ T} ìà¹ íåïåðåðâ-
íèé ðîçâ'ÿçîê x = ψ(t);
5) â'ÿçêà ìàòðèöü fx(ψ(0), ψ(0), 0, 0) −
λB(0), äå fx(ψ(0), ψ(0), 0, 0) � êâàäðàòíà
ìàòðèöÿ n-ãî ïîðÿäêó, ñòîâïöÿìè ÿêî¨ ¹
∂fi(x, [x], 0, 0)

∂xj

∣∣∣
(x,[x],t)=(ψ(0),ψ(0),0)

, i, j = 1, n, �
ðåãóëÿðíà, ìà¹ îäèí "ñêií÷åííèé" òà îäèí
"íåñêií÷åííèé" åëåìåíòàðíi äiëüíèêè êðà-
òíîñòi p òà n− p âiäïîâiäíî;
6) f[x](ψ(0), ψ(0), 0, 0) = 0;
7) Re λ0 < −1, äå λ0 � âëàñíå çíà÷åííÿ ìà-
òðèöi fx(ψ(0), ψ(0), 0, 0) âiäíîñíî B(0).

Ç óìîâ 5), 6) âèïëèâà¹ iñíóâàííÿ íåîñî-
áëèâèõ ìàòðèöü P (t, ε) òà Q(t, ε) òàêèõ, ùî

P (t, ε)(fx(ψ(t), ψ(t), t, 0)+

+εfxε(ψ(t), ψ(t), t, 0))Q(t, ε) = Ω(t, ε),

P (t, ε)B(t)Q(t, ε) = H(t, ε),
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äå

Ω(t, ε) =

(
Ω(1)(t, ε) 0

0 Ω(2)(t, ε)

)
,

H(t, ε) =

(
H(1)(t, ε) 0

0 H(2)(t, ε)

)
,

Ω(t, ε) = Ω0(t) + εΩ1(t),

H(t, ε) = H0(t) + εH1(t),

Ω(0, 0) =

(
En−p 0

0 W

)
,

H(0, 0) =

(
Jn−p 0

0 Ep

)
,

Ei � îäèíè÷íà ìàòðèöÿ i-ãî ïîðÿäêó,

Jn−p = (γij)i,j=1,n−p,

γij =

{
1, j = i + 1,
0, j 6= i + 1, i, j = 1, n− p,

W = λ0Ep + Jp,

ìàòðèöþ Jp óòâîðåíî àíàëîãi÷íî äî Jn−p. Íå
îáìåæóþ÷è çàãàëüíîñòi ââàæàòèìåìî, ùî

fx(ψ(t), ψ(t), t, 0) + εfxε(ψ(t), ψ(t), t, 0) =

= Ω(t, ε),

H(t, ε) = B(t).

Ðîçâ'ÿçîê çàäà÷i (1), (2) øóêàòèìåìî ó
âèãëÿäi

x(t, ε) = x(t, ε) + Πx(τ, ε), (3)

äå x(t, ε) =
∞∑

s=0

εsxs(t) � ðåãóëÿðíèé ðÿä,

Πx(τ, ε) =
∞∑

s=0

εsΠsx(τ) � ïðèìåæåâèé ðÿä,

τ =
t

ε
[5, ñ. 248]

Íåõàé

f(x(t, ε), [x(t, ε)], t, ε) = f(t, ε) + Πf(τ, ε),

äå
f(t, ε) = f(x(t, ε), [x(t, ε)], t, ε),

Πf(τ, ε) =

=f(x(ετ, ε)+Πx(τ, ε),[x(ετ, ε)+Πx(τ, ε)],ετ,ε)−

−f(x(ετ, ε), [x(ετ, ε)], ετ, ε).

Çàïèøåìî âåêòîð-ôóíêöi¨ f(t, ε) òà
Πf(τ, ε) ó âèãëÿäi ðÿäiâ çà ñòåïåíÿìè ε:

f(t, ε) =
∞∑

s=0

εsf s(t), Πf(τ, ε) =
∞∑

s=0

εsΠsf(τ),

äå
f 0(t) = f(x0(t), x0(t), t, 0),

f s(t) = (fx(t)+f [x](t))xs(t)+fs(t), s = 1, 2, ...,

Π0f(τ) =

= f(x0(0) + Π0x(τ), x0(0) + [Π0x(τ)], 0, 0)−
−f(x0(0), x0(0), 0, 0),

Πsf(τ) = fx(τ)Πsx(τ)+f[x](τ)[Πsx(τ)]+Fs(τ),

s = 1, 2, ..., åëåìåíòè ìàòðèöü fx(t),
f [x](t) òà fx(τ), f[x](τ) îá÷èñëþþ-
òüñÿ â òî÷êàõ (x0(t), x0(t), t, 0) òà
(x0(0) + Π0x(τ), x0(0) + [Π0x(τ)], 0, 0) âiäïî-
âiäíî; âåêòîð-ôóíêöi¨ fs(t) òà Fs(τ), s ≥ 1,
ïåâíèì ÷èíîì âèðàæàþòüñÿ ÷åðåç xi(t),
[xi(t)] òà Πix(τ), [Πix(τ)], i < s.

Ïiäñòàâëÿþ÷è ðÿä (3) äî ñèñòåìè (1) i
çðiâíþþ÷è âèðàçè, ùî çàëåæàòü âiä t i τ ,
äiñòà¹ìî:

εH(t, ε)
dx

dt
= f(t, ε), ε ≤ t ≤ T, (4)

H(ετ, ε)
dΠx

dτ
= Πf(τ, ε), τ ≥ 1. (5)

Ïî÷àòêîâà óìîâà (2) ïðè öüîìó íàáóäå
âèãëÿäó

x(t, ε)|0≤t≤ε
+ Πx(τ, ε)|0≤τ≤1

= ϕ(t)

àáî
(Π0x(τ) + εΠ1x(τ) + ...)|0≤τ≤1

= ϕ(ετ)−
−x0(ετ)− εx1(ετ)− ... = (ϕ(0)− x0(0))+

+ε(ϕ′(0)τ − x′0(0)τ − x1(0)) + ...+ (6)

+εs

(
ϕ(s)(0)τ s

s!
−

s−1∑

k=0

x
(s−k)
k (0)τ s−k

(s− k)!
− xs(0)

)
+...

Ó òîòîæíîñòÿõ (4), (5) çðiâíÿ¹ìî êîåôi-
öi¹íòè áiëÿ îäíàêîâèõ ñòåïåíiâ ε. Çîêðåìà,
ïðè ε0 ìàòèìåìî:

f(x0(t), x0(t), t, 0) = 0,

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2008. Âèïóñê 421. Ìàòåìàòèêà. 91



H(0, 0)
dΠ0x(τ)

dτ
=

= f(x0(0) + Π0x(τ), x0(0) + [Π0x(τ)], 0, 0)−
−f(x0(0), x0(0), 0, 0).

Ç óìîâè 4) âèïëèâà¹, ùî

x0(t) = ψ(t), t ∈ [0; T ].

Òîäi
H(0, 0)

dΠ0x(τ)

dτ
=

= f(ψ(0)+Π0x(τ), ψ(0)+ [Π0x(τ)], 0, 0). (7)

Íàäàëi ïðèïóñêàòèìåìî:
8) ϕ1(0) = ψ1(0), äå ϕ1(0) òà ψ1(0) � âåêòîðè,
ùî ìiñòÿòü n−p ïåðøèõ êîìïîíåíò âåêòîðiâ
ϕ(0) òà ψ(0) âiäïîâiäíî;
9) âåêòîð-ôóíêöiÿ f1(x, [x], t, ε) íå ìiñòèòü
xn−p+1,...,xn (f1(x, [x], t, ε) óòâîðåíî àíàëî-
ãi÷íî äî ϕ1(0));
10) ñèñòåìà (7) ìà¹ ðîçâ'ÿçîê Π0x = Π0x(τ),
τ ≥ 1, òàêèé, ùî Πx0(1) = ϕ(0) − ψ(0) i
Π0x(τ) → 0, τ →∞, ïðè÷îìó

||ψ(t) + Π0x(t/ε)|| < a, t ∈ [0; T ].

Òîäi Π01x(τ) ≡ 0, τ ≥ 1.
Ïîêàæåìî, ùî ìà¹ ìiñöå îöiíêà:

||Π02x(τ)|| ≤ c(0)eκ0τ , τ ≥ 1, κ0 < −1,

äå Π02x(τ) � âåêòîð-ôóíêöiÿ, ùî ìiñòèòü p
îñòàííiõ êîìïîíåíò Π0x(τ).

Äëÿ öüîãî óòâîðèìî ñèñòåìó, ùî ìiñòèòü
p îñòàííiõ ðiâíÿíü ñèñòåìè (7):

dΠ02x(τ)

dτ
= WΠ02x(τ)+G2(Π0x(τ), [Π0x(τ)]),

(8)
äå

G(Π0x(τ), [Π0x(τ)]) =

= f(ψ(0) + Π0x(τ), ψ(0) + [Π0x(τ)], 0, 0)−
−Ω0(0)Π0x(τ),

G2(Π0x(τ), [Π0x(τ)]) ïîáóäîâàíî àíàëîãi÷íî
äî Π02x(τ).

Îñêiëüêè Π0x(τ) → 0, τ → ∞, òî
äëÿ áóäü-ÿêîãî δ > 0 iñíó¹ l0(δ) òàêå, ùî
||Π0x(τ)|| < δ, τ ≥ l0.

Çà ïîáóäîâîþ äëÿ áóäü-ÿêîãî ε > 0 iñíó-
âàòèìå δ(ε) òàêå, ùî

||G(u, [ω])−G(v, [ω])|| < ε

k0

||u− v||

i
||G(u, v)|| < ε

k0

(||u||+ ||v||)

äëÿ âñiõ ||u|| ≤ δ, ||v|| ≤ δ, ||ω|| ≤ δ (÷èñëî
k0 âèçíà÷èìî íèæ÷å).

Ïîçíà÷èìî

M1 = sup
l0≤τ<l0+1

||Π02x(τ)||,

c
(0)
l0+1 = lim

τ→l0+1
Π02x(τ)

i ðîçãëÿíåìî ñèñòåìó ðiâíÿíü

Π02x(τ) = exp(W (τ − l0 − 1))c
(0)
l0+1+ (9)

+

τ∫

l0+1

exp(W (τ − s))G2(Π0x(s), [Π0x(s)])ds,

τ ∈ [l0 + 1; l0 + 2).
Äëÿ ðîçâ'ÿçàííÿ ñèñòåìè (9) ñêîðèñòà¹-

ìîñü ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü. Ïî-
êëàäåìî

Π
(0)
02 x(τ) = exp(W (τ − l0 − 1))c

(0)
l0+1,

Π
(k+1)
02 x(τ) = exp(W (τ − l0 − 1))c

(0)
l0+1+

+

τ∫

l0+1

exp(W (τ − s))G2(Π
(k)
0 x(s), [Π0x(s)])ds,

k = 0, 1, ... Çâiäñè

||Π(0)
02 x(τ)|| ≤ eRe λ0(τ−l0−1)+1||c(0)

l0+1||.
×èñëî k0 > e ïiäáåðåìî òàê, ùîá

e

k0

(
eRe λ0(τ−l0−1)+1||c(0)

l0+1||+ M1

)
≤

≤ eRe λ0(τ−l0−1)+1||c(0)
l0+1||.

Òîäi
||Π(1)

02 x(τ)− Π
(0)
02 x(τ)|| ≤

≤ εeRe λ0(τ−l0−1)+1||c(0)
l0+1||,
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||Π(1)
02 x(τ)|| ≤

≤ (1 + ε)eRe λ0(τ−l0−1)+1||c(0)
l0+1|| ≤

≤ 1

1− ε
eRe λ(τ−l0−1)+1||c(0)

l0+1||.

Íåõàé
||c(0)

l0+1||
1− ε

<
δ(ε)

e
. Òîäi

||Π(2)
02 x(τ)− Π

(1)
02 x(τ)|| ≤

≤ ε2eRe λ0(τ−l0−1)+1||c(0)
l0+1||

i
||Π(2)

02 x(τ)|| ≤
≤ (1 + ε + ε2)eRe λ0(τ−l0−1)+1||c(0)

l0+1|| ≤

≤ 1

1− ε
eRe λ0(τ−l0−1)+1||c(0)

l0+1||.
Ïðèïóñòèìî, ùî

||Π(k)
02 x(τ)− Π

(k−1)
02 x(τ)|| ≤

≤ εkeRe λ0(τ−l0−1)+1||c(0)
l0+1||

i
||Π(k)

02 x(τ)|| ≤
≤ (1 + ε + ... + εk)eRe λ(τ−l0−1)+1||c(0)

l0+1|| ≤

≤ 1

1− ε
eRe λ0(τ−l0−1)+1||c(0)

l0+1||.
Òîäi

||Π(k+1)
02 x(τ)− Π

(k)
02 x(τ)|| ≤

≤ εk+1eRe λ0(τ−l0−1)+1||c(0)
l0+1||

i
||Π(k+1)

02 x(τ)|| ≤
≤ (1 + ε + ... + εk+1)eRe λ0(τ−l0−1)+1||c(0)

l0+1|| ≤

≤ 1

1− ε
eRe λ0(τ−l0−1)+1||c(0)

l0+1||.
Âèêîðèñòîâóþ÷è ìåòîä ïîñëiäîâíèõ íà-

áëèæåíü, ìîæíà ïîêàçàòè, ùî

||Π02x(τ)|| ≤ 1

1− ε
eRe λ0(τ−l0−1)+1||c(0)

l0+1||,

τ ∈ [l0 + 1; l0 + 2). Ïîêëàäåìî

c
(0)
l0+2 = lim

τ→l0+2
Π02x(τ).

Òîäi
||c(0)

l0+2|| ≤
eRe λ0+1

1− ε
||c(0)

l0+1||.
Àíàëîãi÷íî ïîêàçó¹ìî ïðàâèëüíiñòü îöií-

êè

||Π02x(τ)|| ≤ eRe λ0+1

(1− ε)2
eRe λ0(τ−l0−2)+1||c(0)

l0+1||,

τ ∈ [l0 + 2; l0 + 3), i âçàãàëi

||Π02x(τ)|| ≤

≤ 1

1− ε

(
eRe λ0+1

1− ε

)k

eRe λ0(τ−l0−k−1)+1||c(0)
l0+1||,

τ ∈ [l0 + k + 1; l0 + k + 2), k = 0, 1, ... Òîìó

||Π02x(τ)|| ≤ M2

1− ε
||c(0)

l0+1||eκ0τ ,

τ ∈ [l0 + k + 1; l0 + k + 2), Re λ0 < κ0 < −1,
òîáòî iñíóâàòèìå ñòàëà c(0) > 0 òàêà, ùî

||Π0x(τ)|| ≤ c(0)eκ0τ , τ ≥ 1. (10)

Âiäïîâiäíó ìàëiñòü ñòàëî¨ δ ìîæíà äîñÿã-
òè çà ðàõóíîê çáiëüøåííÿ ÷èñëà l0.

Çðiâíþþ÷è ó òîòîæíîñòÿõ (4), (5) êîåôi-
öi¹íòè áiëÿ εs, s ≥ 1, äiñòà¹ìî:

(fx(t) + f [x](t))xs(t) = H0(t)
dxs−1(t)

dt
+

+H1(t)
dxs−2(t)

dt
− fs(t), (11)

H(0, 0)
dΠsx(τ)

dτ
= fx(τ)Πsx(τ) + as(τ), (12)

äå

as(τ) = f[x](τ)[Πsx(τ)] + Fs(τ)−

−
s∑

i=1

τ i

i!

diH0(0)

dti
dΠs−ix(τ)

dτ
−

−
s−1∑
i=0

τ i

i!

diH1(0)

dti
dΠs−i−1x(τ)

dτ
.

Ç óìîâè 6) âèïëèâà¹, ùî

det(fx(t) + f [x](t)) 6= 0,
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t ∈ [0; t0], t0 ≤ T . À òîìó

xs(t) = (fx(t) + f [x](t))
−1

(
H0(t)

dxs−1(t)

dt
+

+H1(t)
dxs−2(t)

dt
− fs(t)

)
, t ∈ [0; t0].

Ñèñòåìó (12) çàïèøåìî íàñòóïíèì ÷è-
íîì:

H(0, 0)
dΠsx(τ)

dτ
= Ω0(0)Πsx(τ)+bs(τ), τ ≥ 1,

(13)
bs(τ) = as(τ) + (fx(τ)− Ω0(0))Πsx(τ).
11) Íåõàé ñèñòåìà

Jn−p
dΠs1x(τ)

dτ
= Πs1x(τ)+bs1(τ), τ ≥ 1, s ≥ 1,

ìà¹ ðîçâ'ÿçîê Πs1x = Πs1x(τ), τ ≥ 1, òàêèé,
ùî

Πs1x(1)=
ϕ

(s)
1 (0)

s!
−

s−1∑

k=0

x
(s−k)
k1 (0)

(s− k)!
−xs1(0), s ≥ 1.

Òîäi ñèñòåìà (13) ìàòèìå ðîçâ'ÿçîê Πsx =
Πsx(τ), τ ≥ 1, äëÿ ÿêîãî

Πsx(1) =
ϕ(s)(0)

s!
−

s−1∑

k=0

x
(s−k)
k (0)

(s− k)!
−xs(0) (14)

i

||Πsx(τ)|| ≤ c(s)eκsτ , τ ≥ 1, κs < −1.

Çàçíà÷èìî, ùî óìîâà 11) ìàòèìå ìiñöå
ÿêùî, íàïðèêëàä, ϕ1(t) = ψ1(t) = const,
t ≥ ε; f1ε(ψ(t), ψ(t), t, ε) ≡ 0, t ∈ [0; t0],
ε ∈ [0; ε0].

Ïîêàæåìî, ùî ïîáóäîâàíèé ôîðìàëüíèé
ðîçâ'ÿçîê (3) ¹ ðiâíîìiðíèì àñèìïòîòè÷íèì
ðîçâèíåííÿì "òî÷íîãî" ðîçâ'ÿçêó çàäà÷i
(1), (2) íà âiäðiçêó [0; t0].

Äëÿ öüîãî â ñèñòåìi (1) çðîáèìî çàìiíó

x(t, ε) = xm(t, ε) + y(t, ε), (15)

äå

xm(t, ε) =
m∑

s=0

εs(xs(t) + Πsx(τ)),

à y(t, ε) � íîâà íåâiäîìà âåêòîð-ôóíêöiÿ. Äi-
ñòàíåìî

εH(t, ε)
dy

dt
= Ω(t, ε)y + g(y(t, ε), [y(t, ε)], t, ε),

(16)
g(y, [y], t, ε) = f(xm + y, [xm + y], t, ε)−

−Ω(t, ε)y − εH(t, ε)
dxm

dt
.

Çà ïîáóäîâîþ

||g(0, 0, t, ε)|| = O(εm+1), t ∈ [0; t0],

i
y(ε, ε) = yε, yε = O(εm+1). (17)

Íàäàëi ïðèïóñêàòèìåìî:
12) ||(H(1)(t, ε))−1|| ≤ c0ε

−α, α ≥ 0,
||(H(2)(t, ε))−1|| ≤ c0, t ∈ [ε; t0];
13) ñèñòåìà

εH(t, ε)
dy

dt
= Ω(t, ε)y

ìà¹ ôóíäàìåíòàëüíó ìàòðèöþ

Y (t, s, ε) =

(
Y (1)(t, s, ε) 0

0 Y (2)(t, s, ε)

)

(Y (t, t, ε) = E) òàêó, ùî

||Y (1)(t, s, ε)|| ≤ c1ε
−β, β ≥ 0,

i

||Y (2)(t, s, ε)|| ≤ c1 exp

(
−κ(t− s)

ε

)
, κ > 0,

ε ≤ s ≤ t ≤ t0;
14) iñíóþòü íåïåðåðâíi ôóíêöi¨ ηi(t, ε),
ε ≤ t ≤ t0, 0 ≤ ε ≤ ε0, i = 1, n− p,
òà θi(t, ε

′, ε′′), ε ≤ t ≤ t0, 0 ≤ ε′ ≤ ε0,
0 ≤ ε′′ ≤ ε0, i = 1, n− p, òàêi, ùî

|{f(u, [u], t, ε)}i − {f(u, [v], t, ε)}i| ≤
≤ ηi(t, ε)||[u]− [v]||,

|{fx(u, [u], t, ε)}ij − {fx(v, [v], t, ε)}ij|| ≤
≤ ηi(t, ε)(||u− v||+ ||[u]− [v]||),

j = 1, n, äëÿ âñiõ ||u|| ≤ a, ||v|| ≤ a, ïðè÷îìó

ηi(t, ε) =
1

4c0c1

εβ+1, i = 1, n− p− 1,
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ηn−p(t, ε) =
1

4c0c1

εα+β+1,

i
|{fxε(ψ(t), ψ(t), t, ε′)}ij−

−{fxε(ψ(t), ψ(t), t, ε′′)}ij| ≤ θi(t, ε
′, ε′′)|ε′−ε′′|,

j = 1, n,

θi(t, ε
′, ε′′) =

1

4c0c1

εβ, i = 1, n− p− 1,

θn−p(t, ε
′, ε′′) =

1

4c0c1

εα+β,

äå {}i àáî {}ij � êîìïîíåíòà âåêòîð-ôóíêöi¨
àáî ìàòðèöi âiäïîâiäíî.

Òîäi ñèñòåìà iíòåãðàëüíèõ ðiâíÿíü

y(t, ε) = Y (t, ε, ε)yε+

+
1

ε

t∫

ε

Y (t, s, ε)H−1(s, ε)g(y, [y], s, ε)ds (18)

ìàòèìå ¹äèíèé ðîçâ'ÿçîê y = y(t, ε) äëÿ ÿêî-
ãî y(ε, ε) = yε. Ïðè öüîìó,

y(t, ε) = O(εm−α−β−1).

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè 1)
� 14). Òîäi äëÿ m ≥ α + β + 1, t ∈ [0; t0],
ε ∈ (0; ε1], ε1 ≤ ε0, çàäà÷à (1), (2) ìà¹ ¹äèíèé
ðîçâ'ÿçîê x = x(t, ε) òàêèé, ùî

||x(t, ε)− xm(t, ε)|| = O(εm−α−β−1). (19)
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