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Âñòàíîâëåíi óìîâè çàñòîñóâàííÿ òà çíàéäåíi îöiíêè ïîõèáêè ìåòîäó óñåðåäíåííÿ çà
øâèäêèìè çìiííèìè äëÿ ñèñòåìè iç ëiíiéíî ïåðåòâîðåíèì àðãóìåíòîì, ÿêà â ïðîöåñi åâîëþöi¨
ïðîõîäèòü ÷åðåç ðåçîíàíñè.

The conditions of application are established and the estimate of error of averaging method
by fast variables for the system with the linearly transformed argument which passes through the
resonances is obtained.

1.Âñòóï. Äëÿ êîëèâíî¨ ñèñòåìè
iç çìiííèì âåêòîðîì ÷àñòîò ω(τ) =
(ω1(τ), . . . ωm(τ)) îáãðóíòóâàííÿ ìåòîäó
óñåðåäíåííÿ âèìàãà¹ ñïåöiàëüíèõ óìîâ. Öi
óìîâè ïîâ'ÿçàíi iç ðåçîíàíñíèìè ÿâèùàìè,
ÿêi îïèñóþòüñÿ ñïiââiäíîøåííÿì

(k, ω(τ)) = 0, k ∈ Zm \ {0}.
Â ðîáîòi [1] çàïðîïîíîâàíà óìîâà

V (τ) 6= 0, τ ∈ [0, L],

äå V (τ) � âèçíà÷íèê Âðîíñüêîãî, ïîáóäîâà-
íèé çà ôóíêöiÿìè ω1(τ), . . . , ωm(τ). Ó ìîíî-
ãðàôi¨ [2] îäåðæàíî îöiíêó ïîõèáêè ìåòîäó
óñåðåäíåííÿ i â òîìó âèïàäêó, êîëè ðiâíÿííÿ
V (τ) = 0 ìà¹ êîðåíi ñêií÷åííî¨ êðàòíîñòi.

Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ àíàëîãi÷íå
ïèòàííÿ äëÿ m-÷àñòîòíî¨ ñèñòåìè iç ëiíiéíî
ïåðåòâîðåíèì àðãóìåíòîì âèãëÿäó

da

dτ
= A(τ, x, xθ, ϕ, ϕθ),

dϕ

dτ
=

ω(τ)

ε
+ B(τ, x, xθ, ϕ, ϕθ). (1)

Òóò τ = εt ∈ [0, L], ìàëèé ïàðàìåòð ε ∈
(0, ε0], θ ∈ (0, 1), aθ(τ) = a(θτ), ϕθ(τ) =
ϕ(θτ), a ∈ D, D � îáìåæåíà îáëàñòü â Rn,
ϕ ∈ Rm, m ≥ 1. Âåêòîð-ôóíêöi¨ A i B 2π-
ïåðiîäè÷íi çà êîìïîíåíòàìè çìiííèõ ϕ i ϕθ.

Ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü iç ëi-
íiéíî ïåðåòâîðåíèì àðãóìåíòîì àêòèâíî âè-
â÷àþòüñÿ (äèâ. [3] òà áiáëiîãðàôiþ â íié), à

òàêîæ ñëóæàòü ìàòåìàòè÷íèìè ìîäåëÿìè â
ïðèêëàäíèõ çàäà÷àõ [4]. Îáãðóíòóâàííÿ ìå-
òîäó óñåðåäíåííÿ äëÿ ñèñòåì (1) iç ïî÷àòêî-
âèìè i êðàéîâèìè óìîâàìè âèâ÷àëîñü â [5,
6] òà ií.

2. Óñåðåäíåíà ñèñòåìà. Âiäïîâiäíà (1)
óñåðåäíåíà ñèñòåìà íàáóâà¹ âèãëÿäó

da

dτ
= A0(τ, a, aθ),

dϕ

dτ
=

ω(τ)

ε
+ B0(τ, a, aθ), (2)

äå
F0(τ, a, aθ) = (2π)−2m×

×
2π∫

0

. . .

2π∫

0

F (τ, a, aθ, ϕ, ϕθ)dϕdϕθ,

F = [A; B], F0 = [A0; B0]. Ïîçíà-
÷èìî ÷åðåç [a(τ, y, ψ, ε), ϕ(τ, y, ψ, ε)] i
[a(τ, y), ϕ(τ, y, ψ, ε)] � ðîçâ'ÿçêè ñèñòåì
(1) i (2) âiäïîâiäíî, ÿêi ïðè τ = 0 íàáóâàþòü
çíà÷åíÿ [y, ψ]. Óìîâîþ ðåçîíàíñó â ñèñòåìi
(1) â òî÷öi τ ¹ âèêîíàííÿ ðiâíîñòi

γkl(τ) = (k, ω(τ)) + θ(l, ω(θτ)) = 0, (3)

äå [k, l] ∈ Z2m \ |[0}.
Çà ñèñòåìîþ ôóíêöié {ω(τ); ω(θτ)} ïîáó-

äó¹ìî âèçíà÷íèê Âðîíñüêîãî V2m(τ). ßêùî
V2m(τ) 6= 0, τ ∈ [0, L], ïðàâi ÷àñòèíè ñèñòå-
ìè (2) äîñòàòíüî ãëàäêi, ïî÷àòêîâi óìîâè â
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òî÷öi τ = 0 äëÿ ñèñòåì (1) i (3) çáiãàþòüñÿ i
ε0 � äîñèòü ìàëå, òî

‖a(τ, ε)− a(τ, ε)‖+ ‖ϕ(τ, ε)− ϕ(τ, ε)‖ ≤ c1ε
α,

(4)
∀(τ, ε) ∈ [0, L]× (0, ε0] äå α = (2m)−1, c1 > 0
i íå çàëåæèòü âiä ε.

ßêùî æ
V2m(τ) = 0 (5)

â äåÿêèõ òî÷êàõ ÷è òîòîæíî, òî îöiíêà (4)
ìîæå ïîãiðøóâàòèñÿ.

Ïðèêëàä 1. ßê ïðèêëàä ðîçãëÿíåìî
îäíî÷àñòîòíó ñèñòåìó
da

dτ
= cos(ϕ−2ϕθ), θ = 0.5;

dϕ

dτ
=

1

ε
(1+3τ 2).

Íåõàé a(0) = y, ϕ(0) = 0. Âèçíà÷íèê

V2(τ) =

∣∣∣∣
1 + 3τ 2 1 + 3θ2τ 2

6τ 6θ2τ

∣∣∣∣ = 4.5τ = 0,

êîëè τ = 0. Â öié æå òî÷öi äîñÿãà¹òüñÿ ðå-
çîíàíñ, îñêiëüêè γ(τ) = 9τ 2/4. Âiäõèëåííÿ
ïîâiëüíî¨ çìiííî¨

a(τ, ε)−a =

τ∫

0

cos3 s2

4ε
ds =

3

√
4ε

3

3
√

3
4ε

τ∫

0

cos s3ds.

Ìà¹ìî |a(τ, ε) − a| ≥ 3

√
4
3
· 3
√

ε, ÿêùî τ =
3
√

2πε/3, òîáòî ïîãiðøó¹òüñÿ ïîðÿäîê îöiíêè
(4) âiäíîñíî ïîðÿäêó ïî ε.

3. Îöiíêà îñöèëÿöiéíîãî iíòåãðàëà.
Ïîáóäó¹ìî îöiíêó âiäïîâiäíîãî ñèñòåìi (1)
îñöèëÿöiéíîãî iíòåãðàëà

Iλ(τ, ε) =

τ∫

0

f(t, ε) exp
{ i

ε

t∫

0

γλ(t1)dt1

}
dt,

(6)
ÿêùî âèêîíó¹òüñÿ óìîâà (5) i λ ∈ R2m \ {0},

γλ(τ) = (λ(1), ω(τ)) + θ(λ(2), ω(θτ)),

ôóíêöiÿ f âèçíà÷åíà â G1 = [0, L]× (0, ε0].
Òåîðåìà 1. Íåõàé:
1) ω ∈ C2m−1[0, L] i êðàòíiñòü êîðåíiâ

ðiâíÿííÿ (5) íå ïåðåâèùó¹ r;

2) f(·, ε) ∈ C1[0, L] äëÿ êîæíîãî ε ∈
(0, ε0].

Òîäi iñíó¹ ε1 ∈ (0, ε0] i íå çàëåæíà âiä
ε ñòàëà c2 > 0 òàêà, ùî äëÿ âñiõ λ ∈
R2m \ {0}, τ ∈ [0, L] i ε ∈ (0, ε1] âèêîíó¹òüñÿ
íåðiâíiñòü

‖Iλ(τ, ε)‖ ≤ c2ε
1

2m+r

[(
1+

1

‖λ‖
)

sup
G1

‖f(s, ε)‖+

+
1

‖λ‖ sup
G1

∥∥∥df(s, ε)

ds

∥∥∥
]
. (7)

Äîâåäåííÿ. Ñêîðèñòà¹ìîñÿ ìåòîäèêîþ äî-
âåäåííÿ òåîðåìè 1.4 â [2]. Îñêiëüêè ÷èñëî τ1,
. . . , τs íóëiâ ðiâíÿííÿ (5) íà [0, L] ñêií÷åííå,
òî

[0, τ ] = Aδ1

⋃
Bδ1 ,

äå δ1 < min(τν+1 − τν),

Bδ1 =
s⋃

ν=1

([
τν − δ1

2
, τν +

δ1

2

]⋂
[0, τ ]

)
,

Aδ1 = [0, τ ]×Bδ1 ≡
s1⋃

ν=1

[αν , βν ], s1 ≤ s + 1.

Íåõàé λ ∈ R2m \ {0}, λi0 = max
ν=1,...,2m

|λν |,
ωm+j(τ) = θωj(θτ), j = 1, . . . , m; ∆i0,j(t) � àë-
ãåáðà¨÷íi äîïîâíåííÿ äî åëåìåíòà i0-ãî ñòîâ-
ïöÿ i j−ãî ðÿäêà âèçíà÷íèêà V2m(t). Òîäi

2m−1∑
ν=0

γ
(ν)
kl (t)∆i0,ν(t) = λi0V2m(t), t ∈ [0, L].

Äèôåðåíöiþþ÷è îäåðæàíó ðiâíiñòü rj ðà-
çiâ ïî t i âðàõîâóþ÷è, ùî

∣∣∣d
rjV2m(tj)

dtrj

∣∣∣ = |c(j)| > 0

îäåðæèìî íàñòóïíó îöiíêó
|γ(qj)(τj)| ≥ c3‖λ‖

ïðè äåÿêîìó qj = qj(τj, λ), 0 ≤ qj ≤ 2m− 1+
rj.

Îäåðæàíà íåðiâíiñòü äîçâîëÿ¹ îòðèìàòè
îöiíêè [2, 4]:

|γ(qj)
λ (t)| ≥ 1

2
c3‖λ‖,
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|γ(j)
λ (t)| ≤ 4|γ(qj)

λ (t)|, j = 1, . . . , r, (8)

äëÿ âñiõ t ∈ [τj−δ2, τj +δ2]∩[0, τ ], δ2 ≤ δ1, 0 ≤
j ≤ 2m− 1 + rj.

Íà íåðåçîíàñíié ìíîæèíi Aδ2(τ) çãiäíî ç
ìåòîäèêîþ [2]

‖Iλ(τ, ε)‖ ≤ c4ε
1

2m

[(
1 +

1

‖λ‖
)

sup
G1

‖f(τ, ε)‖+

+
1

‖λ‖ sup
G1

∥∥∥df(τ, ε)

dτ

∥∥∥
]
. (9)

Íà ìíîæèíi Bδ2 , ÿêà ¹ îá'¹äíàííÿì íå
áiëüøå s ïðîìiæêiâ, íà êîæíîìó ç ÿêèõ âè-
êîíóþòüñÿ íåðiâíîñòi (8), îäåðæèìî

‖Iλ(τ, ε)‖ ≤ s
[(

(22m+r+2)µ+
22m+r+1

c3‖λ‖ εµ1−(2m+r)
)
×

× sup
G1

‖f(τ, ε)‖+ 2δ3

c3‖λ‖εµ1−(m+r) sup
G1

∥∥∥df(s, ε)

ds

∥∥∥
]
.

(10)

Íåõàé µ = ε
1

2m+r , c2 = c4 + 22m+r − 2 +
22m+r − 1

c3

+
2δ

c3

i ε1 � äîñèòü ìàëå. Òîäi iç
(9), (10) âèïëèâà¹ îöiíêà (7).

Íàñëiäîê. ßêùî λ ∈ Z2m \ {0}, òî ‖λ‖ ≥
1 i ç (7) îäåðæèìî

‖Iλ(τ, ε)‖ ≤ c2ε
1

2m+r

(
sup
G1

‖f(s, ε)‖+

+
1

‖λ‖ sup
G1

∥∥∥df(s, ε)

ds

∥∥∥
)

, (10)

äå c2 = 2c2

4. Îáãðóíòóâàííÿ ìåòîäó óñåðåäíå-
ííÿ. Òåîðåìà 2. Íåõàé: 1) âèêîíó¹òüñÿ
óìîâà 1 òåîðåìè 1;

2) â îáëàñòi [0, L]×D2×Rm× (0, ε0] F ∈
C1

τ,x,xθ
(σ1), äå ñòàëîþ σ1 îáìåæåíi âåêòîð-

ôóíêöiÿ F òà ¨¨ ïîõiäíi;
3) ñïðàâäæó¹òüñÿ íåðiâíiñòü
∑

‖k‖+‖l‖6=0

[
(‖k‖+θ‖l‖) sup

G2

‖Fkl‖+sup
G2

∥∥∥∂Fkl

∂τ

∥∥∥+

+ sup
G2

∥∥∥∂Fkl

∂a

∥∥∥+sup
G2

∥∥∥∂Fkl

∂aθ

∥∥∥
]
≤ σ2, G2 = [0, L]×D2;

4) iñíó¹ ¹äèíèé ðîçâ'ÿçîê
[a(τ, y), ϕ(τ, y, ψ, ε)] óñåðåäíåíî¨ ñèñòå-
ìè, y ∈ D1 ⊂ D, ψ ∈ Rm, ÿêèé ëåæèòü â
D ðàçîì iç äåÿêèì ρ-îêîëîì.

Òîäi ∃ε2 ∈ (0, ε1] òàêå, ùî ∀(τ, y, ψ, ε) ∈
[0, L]×D1×Rm ∈ (0, ε2] iñíó¹ ¹äèíèé ðîçâ'ÿ-
çîê [a(τ, y, ψ, ε), ϕ(τ, y, ψ, ε)] ñèñòåìè (1) i
âèêîíó¹òüñÿ íåðiâíiñòü

u(τ, ε) = ‖a(τ, y, ψ, ε)− a(τ, y)‖+
+‖ϕ(τ, y, ψ, ε)−ϕ(τ, y, ψ, ε)‖ ≤ c3ε

1
2m+r , (11)

äå c3 > 0 i íå çàëåæèòü âiä ε.
Äîâåäåííÿ. Iç ñèñòåìè (1) i (2) ìà¹ìî

u(τ, ε) ≤ σ1

τ∫

0

‖u(s, ε)− u(s, ε)‖ds+

+σ1

θτ∫

0

‖u(s, ε)− u(s, ε)‖ds+ (12)

+
∑

‖k‖+‖l‖6=0

∥∥∥
τ∫

0

fkl(s, ε) exp
[ i

ε

s∫

0

γkl(s1)ds1

]
ds

∥∥∥,

äå
fkl(s, ε) = Akl(s, a(s, ε), aθ(s, ε))×
× exp

[
i(k, ϕ(s, ε)) + i(l, ϕθ(s, ε))−

− i

ε

s∫

0

γkl(s1)ds1

]
,

a(s, ε) = a(s, y, ψ, ε), ϕ(s, ε) := ϕ(s, y, ψ, ε).

Çàñòîñó¹ìî îöiíêó (10). Ìà¹ìî:
sup
G1

‖fkl(s, ε)‖ = sup
G2

‖Akl‖,

sup
G1

∥∥∥dfkl(s, ε)

ds

∥∥∥ ≤ σ1 sup
G2

‖Akl‖+

+σ1

(
sup
G2

∥∥∥∂Akl

∂a

∥∥∥ + θ sup
G2

∥∥∥∂Akl

∂aθ

∥∥∥
)
.

Òîäi iç (12) òà îäåðæàíèõ íåðiâíîñòåé âè-
ïëèâà¹, ùî

u(τ, ε) ≤ σ1

τ∫

0

u(s, ε)ds + σ1

τ∫

0

u(s, ε)ds+
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+c2(1 + σ1)ε
1

2m+r

∑

‖k‖+‖l‖ neq0

[
sup ‖Akl‖+

+
1

‖k‖+ ‖l‖
(

sup
G2

∥∥∥∂Akl

∂τ

∥∥∥ + sup
G2

∥∥∥∂Akl

∂a

∥∥∥+

+ sup
G2

∥∥∥∂Akl

∂aθ

∥∥∥
)]

.

Íà ïiäñòàâi óìîâè 3 òåîðåìè é àíàëîãó
íåðiâíîñòi Ãðîíóîëëà-Áåëëìàíà îäåðæèìî

u(τ, ε) ≤ c2σ2(1 + σ1)e
2σ1τ · ε 1

2m+r .

Íåõàé c3 = c2σ2(1 + σ1) exp(2σ1L), ε ≤( ρ

2c3

)2m+r

= ε2, ε2 = min(ε1, ε2).
Òîäi ðîçâ'ÿçîê ñèñòåìè (1) ìîæíà ïðîäîâ-

æèòè äëÿ âñiõ τ ∈ [0, L] i ε ∈ (0, ε2] âèêîíó¹-
òüñÿ íåðiâíiñòü (11). Òåîðåìó äîâåäåíî.

5. Îäíî÷àñòîòíà ñèñòåìà. Íåõàé â ñè-
ñòåìi (1) m = 1 i ω(τ) ≥ 0. ßêùî âèêîíó-
¹òüñÿ óìîâà (5), òî îöiíêà ïîõèáêè ìåòîäó
óñåðåäíåííÿ ñêëàäà¹ O(ε

1
r+2 ), äå r � íàéâè-

ùà êðàòíiñòü êîðåíiâ. Ðîçãëÿíåìî âèïàäîê,
êîëè óìîâà ðåçîíàíñó

kω(τ) + lθω(θτ) = 0 (13)

òîòîæíî âèêîíó¹òüñÿ íà [0, L] äëÿ äåÿêèõ ìi-
íiìàëüíèõ k̃ > 0 i −l̃ > 0. Ó öüîìó âèïàäêó

ω(τ) = Cτλ, λ = ln
(
− k̃

l̃θ

)
/lnθ > 0.

ÿêùî 0 < k̃ < −θl̃[7]. Âðîíñêiàí V (τ) ≡ 0
äëÿ τ ∈ (0, L] i îöiíêà (11) ìîæå íå âèêîíó-
âàòèñÿ.

Ïîáóäó¹ìî óñåðåäíåíó ñèñòåìó, çáåðiãøè
â íié ãàðìîíiêè exp(ipψ̃), p ∈ Z, äå ψ̃ = k̃ϕ+

l̃ϕθ. Îäåðæèìî òàêó ñèñòåìó
dã

dτ
= Ã(τ, ã, ãθ, ψ̃),

dϕ̃

dτ
=

ω(τ)

ε
+ B̃(τ, ã, ãθ, ψ̃), (14)

äå
F̃0(τ, ã, ãθ, ψ̃) =

=
1

2π(−l̃)

−2πl̃∫

0

F (τ, ã, ãθ, ϕ,
1

l̃
ψ̃ − k̃

l̃
ϕ)dϕ ≡

≡
∑

p∈Z
Fpk̃,pl̃(τ, ã, ãθ) exp(ipψ̃).

Ñóìó ç íåðåçîíàíñíèìè ãàðìîíiêàìè ïî-
çíà÷èìî ÷åðåç

∑′.
Ëåìà. Íåõàé äëÿ êîæíîãî ε ∈ (0, ε0]

âåêòîð-ôóíêöiÿ f(·, ε) ∈ C1[0, L]. Òîäi ìî-
æíà âêàçàòè òàêå ε3 ∈ (0, ε0], ùî âñiõ
(τ, ε) ∈ [0, L]× (0, ε3] ïðàâèëüíà îöiíêà

‖Ikl(τ, ε)‖ ≤ 4ε
1

1+λ

[(
1 +

1

|χkl|
)

sup
G1

‖f‖+

+
1

|χkl| sup
G1

∥∥∥df

ds

∥∥∥
]
, (15)

äå χkl = k + θλ+1l.
Äîâåäåííÿ. ßêùî (k, l)-íåðåçîíàíñíèé

âåêòîð, òî χkl 6= 0. Íåõàé 0 < δ ≤ 0.5. Íà
[0, δ] ìà¹ìî

‖Ikl(s, ε)‖ ≤ δ sup
G1

‖f‖. (16)

Íà [δ, τ ] ïiñëÿ iíòåãðóâàííÿ ÷àñòèíà îäåð-
æèìî, ùî

Ikl(τ, ε) =
ε

iχkl

[f(s, ε)

sλ
exp

{ iχkl

ε(λ + 1)
sλ+1

}∣∣∣
τ

δ
−

−
τ∫

δ

df(s, ε)

ds
s−λ exp

{ iχkl

ε(λ + 1)
sλ+1

}
+

+λ

τ∫

δ

f(s, ε)s−λ−1 exp
{ iχkl

ε(λ + 1)
sλ+1

}
ds

]
.

Íåõàé 0 < λ < 1. Òîäi

‖Ikl(τ, ε)‖ ≤ 2ε

|χkl|
[ 2

δλ
sup
G1

‖f‖+
Lλ−1

1− λ

]
. (17)

Äëÿ λ = 1 i δ ≤ L−1 ìà¹ìî

‖Ikl(τ, ε)‖ ≤

≤ 2ε

|χkl|
(2

δ
sup
G1

‖f‖+ ln
1

δ
sup
G1

∥∥∥df

ds

∥∥∥
)
. (18)

Íåõàé òåïåð λ > 1. Òîäi

‖Ikl(τ, ε)‖ ≤ 2ε

|χkl|
( 2

δλ
sup
G1

‖f‖+
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+
1

(λ− 1)δλ−1
sup
G1

∥∥∥df

ds

∥∥∥
)
. (19)

Íåõàé δ = ε
1

λ+1 ,

ε3 = min
( 1

L2
,
(1

2

)λ+1

,
(2(1 + λ)

Lλ−1

) 1+λ
λ

)

i çàäîâîëüíÿ¹ íåðiâíiñòü √ε3 ln
1

ε3

≤ 4. Òî-
äi iç íåðiâíîñòåé (16) i (17) � (19) âèïëèâà¹
îöiíêà (15).

Ëåìó äîâåäåíî.
Òåîðåìà 3. Íåõàé:
1) m = 1 i ω(τ) = Cτλ;
2) âèêîíóþòüñÿ óìîâè 2, 4 òåîðåìè 2;
3)

∑′[
(|k + θ|l|) sup

G2

‖Fkl‖+sup
G2

∥∥∥∂Fkl

∂τ

∥∥∥+

sup
G2

∥∥∥∂Fkl

∂a

∥∥∥ + θ sup
G2

∥∥∥∂Fkl

∂aθ

∥∥∥
]
|χkl|−1 ≤ σ3.

Òîäi ∃ε4 ∈ (0, ε0] òàêå, ùî äëÿ âñiõ
(τ, y, ψ, ε) ∈ [0, L]×D1×R1×(0, ε4] ïðàâèëüíà
îöiíêà

u(τ, ε) ≤ c4ε
1

1+λ .

Äîâåäåííÿ. Iç ñèñòåì (1) i (10) ìà¹ìî

u(τ, ε) ≤ σ1

τ∫

0

u(s, ε)ds + σ1

θτ∫

0

u(s, ε)ds+

+
∑′‖Jkl(τ, ε)‖, (20)

‖Jkl(τ, ε)‖ =

τ∫

0

Fkl(s, ε) exp
[
i(kϕ + lϕθ)−

− i

ε

s∫

0

γkl(s1)ds1

]
exp

[ i

ε

s∫

0

γkl(s1)ds1

]
ds.

Çàñòîñó¹ìî íåðiâíiñòü (15) é àíàëîãi÷íî,
ÿê ïðè äîâåäåííi òåîðåìè 2, îäåðæèìî

∑′‖Jkl(τ, ε)‖ ≤ 12(1 + σ1)ε
1

1+λ×

×
∑′[

(|k|+ θ|l|) sup
G2

‖Fkl‖+ sup
G2

∥∥∥∂Fkl

∂τ

∥∥∥+

+ sup
G2

∥∥∥∂Fkl

∂a

∥∥∥ + θ sup
G2

∥∥∥∂Fkl

∂aθ

∥∥∥
]
|χkl|−1 ≤

≤ 12(1 + σ1)σ3ε
1

1+λ .

Iç íåðiâíîñòi (20) òà îäåðæàíî¨ îöiíêè âè-
ïëèâà¹, ùî

u(τ, ε) ≤ 12(1 + σ1)σ3e
2σ1Lε

1
1+λ . (21)

Íåõàé c4 = 12(1 + σ1)σ3e
2σ1L, ε4 =

min
(
ε2,

( ρ

2c4

)1+λ)
. Òîäi íåðiâíiñòü (21) âè-

êîíó¹òüñÿ äëÿ âñiõ (τ, ε) ∈ [0, L]× (0, ε4].
Òåîðåìó äîâåäåíî.
Ïðèêëàä 2. Ðîçãëÿíåìî ñèñòåìó

da

dτ
= cos(ϕ− 8ϕθ) + cos(7ϕ + 8ϕθ)+

+ cos(2ϕ− 16ϕθ), a(0) = y,

dϕ

dτ
=

ω(τ)

ε
, ϕ(0) = 0.

Òóò θ = 0.5, 8k̃ = l̃ = 8. ßêùî ω(τ) = 3τ 2, òî
ω(τ)− 4ω(0.5τ) ≡ 0 i ϕ− 8ϕθ ≡ 0.

Îöiíêà ïîõèáêè ìåòîäó óñåðåäíåíå äëÿ
ïîâiëüíî¨ çìiííî¨ òàêà æ, ÿê â ïðèêëàäi 1.

6. Êîëèâàííÿ ñòðóíè ïiä äi¹þ m-
÷àñòîòíîãî çáóðåííÿ. Ðîçãëÿíåìî çàäà÷ó
ïðî êîëèâàííÿ íåñêií÷åííî¨ ñòðóíè

∂2u

∂t2
= c2∂2u

∂x2
+ ε2f(χ, τ, a, aθ, ϕ, ϕθ), (22)

äå x ∈ R, t ∈ [0, L/ε], χ = εx, [a, ϕ] �
ðîçâ'ÿçîê ñèñòåìè (1) ç ïî÷àòêîâèìè óìîâà-
ìè a(0, ε) = y, ϕ(0, ε) = ψ,

u|t=0 = u0(x),
∂u

∂t

∣∣∣
t=0

= u1(x), x ∈ R. (23)

Ìåòîä óñåðåäíåííÿ äëÿ çàäà÷i (1), (22),
(23) iç ïîñòiéíèì çàïiçíåííÿì îáãðóíòîâà-
íèé â [8].

Ïîáóäó¹ìî âiäïîâiäíå (22) óñåðåäíåíå
ðiâíÿííÿ

∂2u

∂t2
= c2∂2u

∂x2
+ ε2f0(χ, τ, a, aθ) (24)

äëÿ ÿêîãî çàäàþòüñÿ ïî÷àòêîâi óìîâè (23).
Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ óìîâè:
1) u0 ∈ C2(R), u1 ∈ C1(R), f ∈

C1
x,τ,a,aθ

(σ1) â îáëàñòi G4 = R×[0, L]×D×D;
2) óìîâà 2 � 4 òåîðåìè 2 ;
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3) äëÿ êîåôiöi¹íòiâ Ôóð'¹ ôóíêöi¨ f âè-
êîíó¹òüñÿ óìîâà 3 òåîðåìè 2.

Òîäi äëÿ âñiõ (τ, x, ε) ∈ [0, L] × R × (0, ε2]
âèêîíó¹òüñÿ íåðiâíiñòü

|u(x,
τ

ε
, ε)− u(x,

τ

ε
, ε)| ≤ c5ε

1
2m+r .

Äîâåäåííÿ. Ïåðåéäåìî â ðiâíÿííÿõ (22) i
(24) äî çìiííèõ τ = εt i χ = εx. Çãiäíî ç
ôîðìóëîþ Äàëàìáåðà

u(χ, τ, ε)− u(χ, τ, ε) =
1

2c

τ∫

0

ds×

×
χ+c(τ−s)∫

χ−c(τ−s)

[
f(z, s, a(s, ε), aθ(s, ε), ϕ(s, ε),

ϕθ(s, ε))− f0(z, s, a(s, ε), aθ(s, ε))
]
dz.

Çâiäñè îäåðæèìî

|u(χ, τ ; ε)−u(χ, τ ; ε)| ≤ σ1

2

τ∫

0

(τ−s)(‖a(s, ε)−

−a(s, ε)‖+ ‖aθ(s, ε)− aθ(s, ε)‖)ds+ (25)

+
1

2c

∑

‖k‖+‖l‖6=0

∣∣∣
τ∫

0

gkl(χ, τ, s; ε)×

× exp
( i

ε

s∫

0

γkl(s1)ds1

)
ds

∣∣∣,

äå gkl(χ, τ, s; ε) =

=
( χ+c(τ−s)∫

χ−c(τ−s)

fkl(z, s, a(s, ε), aθ(s, ε))dz
)
×

× exp
[
i(k, ϕ)+i(l, ϕθ)−exp

( i

ε

s∫

0

γkl(s1)ds1

)]
.

Â îáëàñòi 0 ≤ s ≤ τ ≤ L, a, aθ ∈ D, ϕ, ϕθ ∈
Rm, ε ∈ (0, ε2] ïîáóäó¹ìî îöiíêè:

|gkl(χ, τ, s; ε)| ≤ 2c(τ−s) sup
G4

|fkl| ≤ 2cL sup
G4

|fkl|,

∣∣∣∂gkl

∂s

∣∣∣ ≤ 2c(1 + σ1L)(‖k‖+ θ‖l‖) sup
G4

|fkl|+

+2cL(1 + σ1)
(

sup
G4

∣∣∣∂fkl

∂s

∣∣∣ + sup
G4

∣∣∣∂fkl

∂a

∣∣∣+

+θ sup
G4

∣∣∣∂fkl

∂aθ

∣∣∣
)
.

Íà ïiäñòàâi íåðiâíîñòi (25) òà îöiíêè
îñöèëÿöiéíîãî iíòåãðàëà (10) îäåðæèìî íå-
ðiâíiñòü

|u(χ, τ ; ε)− u(χ, τ ; ε)| ≤
[1

2
c2σ1L

2+

+1 + (1 + σ1)L)σ2

]
ε

1
2m+r ≡ c5ε

1
2m+r

(χ, τ, ε) ∈ R× [0, L]× (0, ε2].
Òåîðåìó äîâåäåíî.
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