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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÇÀÄÀ×À Ç IÌÏÓËÜÑÍÎÞ ÄI�Þ ÄËß ËIÍIÉÍÎÃÎ ÑÒÎÕÀÑÒÈ×ÍÎÃÎ
B-ÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß

Äîñëiäæó¹òüñÿ ðîçâ'ÿçíiñòü çàäà÷i Êîøi ç iìïóëüñíîþ äi¹þ äëÿ ëiíiéíîãî ñòîõàñòè÷íîãî B-
ïàðàáîëi÷íîãî ðiâíÿííÿ âèùîãî ïîðÿäêó çi çìiííèìè ïî t êîåôiöi¹íòàìè.

We investigate the solvability of the Cauchy problem with impulse action for a stochastic B-
parabolic equation of a high order with variable on t coe�cients.

Ó ìîíîãðàôi¨ À.Ì.Ñàìîéëåíêà òà
Ì.Î.Ïåðåñòþêà [1] ïîáóäîâàíà çàâåðøåíà
òåîðiÿ ñèñòåì äëÿ çâè÷àéíèõ äèôåðåíöi-
àëüíèõ ðiâíÿíü ç iìïóëüñíîþ äi¹þ. Êðàéîâi
çàäà÷i äëÿ ðiâíÿíü äðóãîãî ïîðÿäêó ïàðà-
áîëi÷íîãî òèïó ç âèïàäêîâèìè çáóðåííÿìè
äîñëiäæóâàëèñÿ â ïðàöÿõ É.I.Ãiõìàíà
[2], I.É.Ãiõìàíà [3], À.ß.Äîðîãîâöåâà,
Ñ.Ä.Iâàñèøåíà òà À.Ã.Êóêóøà [4]. Äîñêî-
íàëà òåîðiÿ ïàðàáîëi÷íèõ ñèñòåì ïîáóäî-
âàíà â ìîíîãðàôiÿõ Ñ.Ä.Åéäåëüìàíà [5],
Ì.I.Ìàòié÷óêà [6].

Íåõàé âèçíà÷åíî éìîâiðíiñíèé ïðîñòið
(Ω, F, P ) ç íåñïàäíèì ïîòîêîì σ-àëãåáð
{Ft, t ≥ 0, Ft1 ⊂ Ft2 ïðè t1 < t2}. Ïîòði-
áíî çíàéòè Ft-âèìiðíó âèïàäêîâó ôóíêöiþ
u(t, x, ω), (t, x, ω) ∈ Π × Ω, Π := (t0, T ] ×
En−1 × (0, +∞) = (t0, T ] × E+

n , ÿêà ç éìî-
âiðíiñòþ 1 ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

dtu(t, x, ω) =
[ ∑

|k|+2l≤2b

Akl(t)×

×Dk
x′ ·Bl

xn
u(t, x, ω)

]
dt +

∑

|k|+2l≤b

Ckl(t)×

×Dk
x′B

l
xn

u(t, x, ω)dw(t, ω), (t, x, ω) ∈ Π× Ω,

t ∈ (τj, τj+1), j ∈ {1, . . . , N},
t0 < τ1 < τ2 < · · · < τN ≤ N, (1)

ïðè t = t0 çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

u(t, x, ω)|t=t0 = ϕ(x, ω), x ∈ E+
n , (2)

óìîâó ïî çìiííié xn [6, c. 12] ∂u

∂xn

∣∣∣∣∣
xn=0

= 0, à

ïðè t = τj, j ∈ {1, . . . , N} óìîâó ñòðèáêà [1,
c. 48]

∆tu(t, x, ω)|t=τj
= u(τj + 0, x, ω)−

−u(τj − 0, x, ω) = Lju(τj − 0, x, ω), (3)

äå x′ = (x1, x2, . . . , xn−1), Bxn =
∂2

∂x2
n

+

2ν + 1

xn

∂

∂xn

, ν ≥ −1

2
, Lj ∈ R \ {−1},w(t, ω)

� ñòàíäàðòíèé ñêàëÿðíèé âiíåðiâñüêèé ïðî-
öåñ.

Òåîðåìà. Íåõàé êîåôiöi¹íòè Akl(t) òà
Ckl(t) ðiâíÿííÿ (1) íåïåðåðâíi é âèêîíó¹-
òüñÿ óìîâà ðiâíîìiðíî¨ B-ïàðàáîëi÷íîñòi
[6, c. 11] äëÿ êîåôiöi¹íòiâ âiäïîâiäíîãî äå-
òåðìiíîâàíîãî ðiâíÿííÿ

Re

( ∑

|k|+2l=2b

Akl(s)(iσ
′)k(−σ2

n)l

)
≤ −δ0|σ|2b,

δ0 > 0, σ ∈ E+
n , (4)

à äëÿ êîåôiöi¹íòiâ ñòîõàñòè÷íîãî ðiâíÿííÿ
ñïðàâäæó¹òüñÿ íåðiâíiñòü

Re

( ∑

|k|+2l=2b

Akl(s)(iσ
′)k(−σ2

n)l

)
+

+
1

2

(
Im

∑

|k|+2l=b

Ckl(s)(iσ
′)k(−σ2

n)l

)2

≤
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≤ −δ1|σ|2b, σ ∈ E+
n , (5)

0 < δ1 < δ0,

âèïàäêîâà ôóíêöiÿ ϕ(x, ω) ç iìîâiðíiñòþ 1
íåïåðåðåâíà i îáìåæåíà ïðè âñiõ ω ∈ Ω. Òî-
äi iñíó¹ ôóíêöiÿ Ãðiíà, çà äîïîìîãîþ ÿêî¨
ðîçâ'ÿçîê çàäà÷i (1) � (3) âèçíà÷à¹òüñÿ ôîð-
ìóëîþ

u(t, x, ω) =

∫

E+
n

T ξn
xn

G(t, τ, x′−ξ′, xn)ϕ(ξ)ξ2ν+1
n dξ,

(6)
äå T ξn

xn
� îïåðàòîð óçàãàëüíåíîãî çñóâó, ÿêèé

âiäïîâiäà¹ îïåðàòîðó Bxn [6, c. 14]

T ξn
xn

f(x) =
Γ(1 + ν)

Γ
(

1
2

)
Γ
(
1 + 1

2

)×

×
π∫

0

f(x′
√

x2
n + ξ2

n − 2xnξn cos α) sin2ν αdα.

Äîâåäåííÿ. Øóêàòèìåìî ðîçâ'ÿçîê çà-
äà÷i (1) � (3) ó âèãëÿäi îáåðíåíîãî ïåðåòâî-
ðåííÿ Ôóð'¹-Áåññåëÿ

u(t, x, ω) = F−1[v(t, σ, ω)](t, x, ω) =

= c′ν

∫

E+
n

e−iσ′x′v(t, σ, ω)jν(σn, xn)σ2ν+1
n dσ. (7)

Òóò c′ν = (2π)−n2−2νΓ−2(ν + 1), jν � íîðìî-
âàíà ôóíêöiÿ Áåññåëÿ, v(t, σ, ω) ¹ ðîçâ'ÿçêîì
çàäà÷i äëÿ çâè÷àéíîãî ñòîõàñòè÷íîãî ðiâíÿ-
ííÿ ç îïåðàòîðîì Áåññåëÿ òà iìïóëüñíîþ äi-
¹þ

dtv(t, x, ω) =
∑

|k|+2l≤2b

Akl(t)(iσ
′)k(−σ2

n)l×

×v(t, σ, ω)dt +
∑

|k|+2l≤b

Ckl(t)(iσ
′)k(−σ2

n)l×

×v(t, σ, ω)dw(t, ω), (t, x, ω) ∈ Π× Ω,

t ∈ (τj, τj+1), j = {1, . . . , N}, (8)

v|t=0 = ϕ̃(σ), σ ∈ E+
n , (9)

∆tv(t, σ, ω)|t=τj
= Ljv(τj − 0, σ, ω),

ω ∈ Ω, j ∈ {1, . . . , N}. (10)

Âiäìiòèìî, ùî îïåðàòîð Ôóð'¹-Áåññåëÿ
[6, ñ. 14] âèçíà÷åíèé â ïðîñòîði íåñêií÷åí-
íî äèôåðåíöiéîâíèõ ôóíêöié, ïàðíèõ ïî xn,
ñïàäíèõ ïðè |x| → ∞ íå ïîâiëüíiøå, íiæ
|x|−m (m � äîâiëüíå ôiêñîâàíå ÷èñëî). Íà
åëåìåíòàõ öüîãî ïðîñòîðó âèçíà÷åíà îïåðà-
öiÿ çãîðòêè

f ∗ g =

∫

E+
n

T ξn
xn

f(x′ − ξ′, xn)g(ξ)ξ2ν+1dξ. (11)

Çàäà÷à â îáðàçàõ (8), (9) ¹ çàäà÷åþ Êîøi
äëÿ çâè÷àéíîãî ëiíiéíîãî ñòîõàñòè÷íîãî ðiâ-
íÿííÿ, ðîçâ'ÿçîê ÿêî¨ îòðèìó¹òüñÿ çà äîïî-
ìîãîþ ôîðìóëè Iòî [7, c. 37] i ç iìîâiðíiñòþ
1 ìà¹ âèãëÿä

v(t, σ, ω) = ϕ̃(σ)Q(t, t0, σ, ω). (12)

Òóò

Q(t, τ, σ, ω) := exp

{ t∫

τ

[ ∑

|k|+2l≤2b

Akl(s)(iσ
′)k×

×(−σ2
n)l−1

2

( ∑

|k|+2l≤b

Ckl(s)(iσ
′)k(−σ2

n)l

)2]
ds+

+

t∫

τ

∑

|k|+2l≤b

Ckl(s)(iσ
′)k(−σ2

n)ldw(t, ω)

}
,

Q(τ, τ, σ, ω) = 1,

¹ íîðìàëüíèì ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì
(ÍÔÐ) ñòîõàñòè÷íî¨ çàäà÷i Êîøi (8), (9).

Íåíóëüîâèé ðîçâ'ÿçîê çàäà÷i ç iìïóëü-
ñíîþ äi¹þ (8) � (10) íàçâåìî ìàòðèöàí-
òîì V (t, t0, σ, ω), ÿêùî ç éìîâiðíiñòþ 1
V (t0, t0, σ, ω) = 1. ßê ïîêàçàíî [1, c. 56], ìà-
òðèöàíò âèïèñó¹òüñÿ çà äîïîìîãîþ ÍÔÐ i
ìà¹ âèãëÿä

V (t, t0, σ, ω) = Q(t, τr, σ, ω)(1 + Lr)×

×
1∏

p=r−1

Q(τp+1, τp, σ, ω)(1 + Lp)Q(τp, t0, σω),

t0 < τ1 < · · · < τr < t ≤ τr+1 < · · · ≤ T,

r ∈ {2, . . . , N − 1}. (13)
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Òàêèì ÷èíîì, äiñòàíåìî, çîáðàæåííÿ
ðîçâ'ÿçêó çàäà÷i (1) � (3) â îáðàçàõ Ôóð'¹

v(t, σ, ω) = V (t, t0, σ, ω) · ϕ̃(σ). (14)

Íåõàé G � ôóíêöiÿ Ãðiíà, ÿêà ¹ îáåð-
íåíèì ïåðåòâîðåííÿì Ôóð'¹-Áåññåëÿ ìàòðè-
öàíòà

G(t, τ, x, ω) = F−1[V (t, τ, σ, ω)](t, x, ω) =

= c′ν

∫

E+
n

e−iσ′x′V (t, τ, σ, ω)jν(σn · xn)σ2ν+1
n dσ,

t > τ, (15)

∆tG(t, t0, x, ω)|t=τj
= LjG(τj − 0, t0, x, ω),

ω ∈ Ω, j ∈ {1, . . . , N}.
Ââåäåìî ïîçíà÷åííÿ

c∗(s, σ) := Re
∑

|k|+2l≤b

Ckl(iσ)k(−σ2
n)l;

c∗∗(s, σ) := Im
∑

|k|+2l≤b

Ckl(iσ)k(−σ2
n)l.

Òîäi ÍÔÐ íàáóâà¹ âèãëÿäó

Q(t, t0, σω) = exp

{ t∫

t0

( ∑

|k|+2l≤2b

Akl(s)(iσ)k×

×(−σ2
n)l − 1

2
(c∗(s, σ))2 +

1

2
(c∗∗(s, σ))2

)
ds+

+

t∫

t0

c∗(s, σ)dw + i

t∫

t0

c∗∗(s, σ)dw−

−i

t∫

t0

c∗(s, σ)ds

}
,

çâiäêè

|Q(t, t0, σ, ω)| = exp

{ t∫

t0

(
Re

∑

|k|+2l≤2b

Akl(s)×

×(iσ′)(−σ2
n)l−1

2
((c∗(s, σ))2−(c∗∗(s, σ))2)

)
ds+

+

t∫

t0

c∗(s, σ)dw(s, ω)

}
. (16)

Ïîäi¹ìî ìàòåìàòè÷íèì ñïîäiâàííÿì íà
ëiâó i ïðàâó ÷àñòèíè îñòàííüî¨ ôîðìóëè. Çà
âëàñòèâiñòþ ìàòåìàòè÷íîãî ñïîäiâàííÿ iíòå-
ãðàëà Âiíåðà-Iòî äëÿ ñóìîâíèõ ç êâàäðàòîì
ôóíêöié [7, c. 83], ìà¹ìî

M |Q(t, t0, σ, ω)| = exp

{ t∫

t0

(
Re

∑

|k|+2l≤b

Akl(s)×

×(iσ′)k(−σ2
n)l +

1

2
(c∗∗(s, σ))2

)
ds

}
. (17)

Âðàõó¹ìî, ùî äëÿ âñiõ σ ∈ En âèêîíó¹-
òüñÿ íåðiâíiñòü

(c∗∗(s, σ))2 ≤ c0(|σ|2b + 1), c0 < δ0.

Ç îñòàííüî¨ íåðiâíîñòi òà óìîâè (5) äiñòà-
íåìî îöiíêó

Re
( ∑

|k|+2l≤2b

Akl(s)(iσ
′)k(−σ2

n)l+

+
1

2

(
Im

∑

|k|+2l≤b

Ckl(s)(iσ
′)k(−σ2

n)l
)2

≤

≤ −δ2|σ|2b + δ3, δ2 > 0.

Öÿ íåðiâíiñòü ãàðàíòó¹ iñíóâàííÿ îáåðíå-
íîãî ïåðåòâîðåííÿ Ôóð'¹ òà Áåññåëÿ äëÿ ìà-
òðèöàíòà F−1

σ [V (t, τ, σ, ω)]. Îöiíèìî ìàòåìà-
òè÷íå ñïîäiâàííÿ ìàòðèöàíòà

M{|V (t, t0, σ, ω)|} ≤ c exp{−δ2(t− τp)|σ|2b}×

×|1+Lp|
1∏

m=p−1

exp{−δ2(τm+1−τm)|σ|2b}|1+Lp|×

× exp{−δ1(τν − t0)|σ|2b} = c

p∏
ν=1

|1 + Lp|×
(18)

× exp{−δ2|σ|2b(t−t0)}, t0 < τ1 < · · · < τp < t ≤
≤ τp+1 < · · · ≤ T, p ∈ {2, . . . , N − 1}, σ ∈ E+

n .

Çàñòîñó¹ìî äî iíòåãðàëà, ÿêèì âèçíà÷à¹-
òüñÿ ôóíêöiÿ Ãðiíà G, ëåìè [5, c. 14] òà [6, c.
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36] ïðî ïåðåòâîðåííÿ Ôóð'¹ òà Áåññåëÿ öiëèõ
ôóíêöié i äiñòàíåìî íåðiâíiñòü äëÿ ïîõiäíèõ

M{|Dl
x′D

r
xn

Bl
xn

G(t, τ, x, ξ)|} ≤

≤ Cklr

N∏
p=1

|1 + Lp|(t− τ)−(nν+|k|+2l+r)/(2b)×

×T ξn
xn

{
exp

(
− c

n∑
i=1

( |xi − ξ′i|
(t− τ)1/2b

)q)}
, (19)

äå nν = n− 1 + 2ν, q = 2b(2b− 1)−1, à òàêîæ

|M{Dku}| ≤ ck · t− k
2b · sup{M{ϕ}}, (20)

Dk
xu = Dk′

x′B
kn
xn

, |k| ≤ 2b.
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