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Áóêîâèíñüêà äåðæàâíà ôiíàíñîâà àêàäåìiÿ, ×åðíiâöi

ÏÐÎ IÑÍÓÂÀÍÍß ËIÏØIÖÅÂÈÕ IÍÂÀÐIÀÍÒÍÈÕ ÒÎÐIÂ
ÇËI×ÅÍÍÈÕ ÑÈÑÒÅÌ ËIÍIÉÍÈÕ ÄÈÔÅÐÅÍÖIÀËÜÍÎ-
ÐIÇÍÈÖÅÂÈÕ ÐIÂÍßÍÜ, ÙÎ ÌIÑÒßÒÜ ÍÅÑÊIÍ×ÅÍÍÓ
ÊIËÜÊIÑÒÜ ÂIÄÕÈËÅÍÜ ÑÊÀËßÐÍÎÃÎ ÀÐÃÓÌÅÍÒÓ

Çíàéäåíî äîñòàòíi óìîâè iñíóâàííÿ â ïðîñòîði îáìåæåíèõ ÷èñëîâèõ ïîñëiäîâíîñòåé ëi-
ïøèöåâèõ iíâàðiàíòíèõ òîðiâ çëi÷åííèõ ñèñòåì ëiíiéíèõ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü,
ùî âèçíà÷åíi íà íåñêií÷åííîâèìiðíèõ òîðàõ òà ìiñòÿòü íåñêií÷åííó ìíîæèíó ñòàëèõ âiäõè-
ëåíü ñêàëÿðíîãî àðãóìåíòó.

We �nd su�cient conditions for the existence of Lipschitz invariant tors for countable systems
of linear di�erential-di�erence equations de�ned on in�nite dimensional tors and containing an
in�nite set of constant deviations of scalar variable, in the space of bounded sequences.

Ó ìîíîãðàôiÿõ [2, 3] âiäîìèé ìåòîä ôóí-
êöi¨ Ãðiíà-Ñàìîéëåíêà [1] çàñòîñîâàíî äî äî-
ñëiäæåííÿ iíâàðiàíòíèõ òîðiâ çëi÷åííèõ ñè-
ñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü,
à â ìîíîãðàôi¨ [4] � äî äîñëiäæåííÿ ií-
âàðiàíòíèõ òîðiâ çëi÷åííèõ ñèñòåì ðiçíèöå-
âèõ ðiâíÿíü. Ó öié ðîáîòi îäåðæàíî äîñòà-
òíi óìîâè iñíóâàííÿ â ïðîñòîði îáìåæåíèõ
÷èñëîâèõ ïîñëiäîâíîñòåé ëiïøiöåâîãî iíâà-
ðiàíòíîãî òîðó ëiíiéíî¨ çëi÷åííî¨ ñèñòåìè
äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü, ùî âè-
çíà÷åíà íà íåñêií÷åííîâèìiðíîìó òîði i ìi-
ñòèòü íåñêií÷åííó ìíîæèíó ñòàëèõ âiäõè-
ëåíü ñêàëÿðíîãî àðãóìåíòó.

Ðîçãëÿíåìî ñèñòåìó ðiâíÿíü

dϕ

dt
= a(ϕ),

dx(t)

dt
= P (ϕt(ϕ))x(t)+

+B(ϕ, t)x(t + ∆) + c(ϕ, t). (1)

Ââàæàòèìåìî, ùî ó öié ñèñòåìi:
1. ϕ = (ϕ1, ϕ2, ϕ3, . . . ) ∈ M; âiäîáðàæåí-

íÿ a(ϕ) = {a1(ϕ), a2(ϕ), a3(ϕ), . . . } âèçíà÷å-
íå ïåðiîäè÷íèìè ∀i ∈ N âiäíîñíî êîîðäè-
íàò ϕj(j = 1, 2, 3, . . . ) ç ïåðiîäîì 2π ôóíêöi-
ÿìè ai(ϕ) : M → R1, ùî äîçâîëÿ¹ ââàæà-
òè ïåðøå ðiâíÿííÿ ñèñòåìè (1) âèçíà÷åíèì
íà íåñêií÷åííîâèìiðíîìó òîði T∞, à öi êîîð-
äèíàòè ââàæàòè êóòîâèìè êîîðäèíàòàìè íà
íüîìó; N � ìíîæèíà íàòóðàëüíèõ ÷èñåë, M

� áàíàõiâ ïðîñòið îáìåæåíèõ ÷èñëîâèõ ïî-
ñëiäîâíîñòåé x = (x1, x2, x3, . . . ) çi ñòàíäàð-
òíîþ íîðìîþ ‖x‖ = supi{|xi|}; ñèìâîëîì dϕ

dt
ïîçíà÷åíî âåêòîð

{dϕ1

dt
;
dϕ2

dt
;
dϕ3

dt
, . . . };

ϕt(ϕ) = (ϕ1t(ϕ), ϕ2t(ϕ), . . . ) � ðîçâ'ÿçîê âêà-
çàíîãî ðiâíÿííÿ, ùî çàäîâîëüíÿ¹ ïî÷àòêîâó
óìîâó ϕ = ϕ0(ϕ);

2. P (ϕ) = [pij(ϕ)]∞ij=1 � íåñêií÷åííà ìà-
òðèöÿ ç íåïåðåðâíèìè ïî ϕ i ïåðiîäè÷íèìè
âiäíîñíî ϕi(i = 1, 2, 3, . . . ) ç ïåðiîäîì 2π åëå-
ìåíòàìè;

3. B(ϕ, t) = [bij(ϕ, t)]∞ij=1 � íåñêií÷åííà
ìàòðèöÿ; ôóíêöi¨

bij(ϕ, t) = bij(y1(ϕ, t), y2(ϕ, t), . . . )

çäiéñíþþòü âiäîáðàæåííÿ ìíîæèíè T ∞
∞ =

= T∞ × T∞ × . . . ó ïðîñòið R1; òî÷êè

yi(ϕ, t) =
(
ϕ1t+Γi1

(ϕ), ϕ2t+Γi2
(ϕ), . . .

)

∀t ∈ R1 íàëåæàòü òîðó T∞; x(t+∆) = (x1(t+
+ ∆1), x2(t + ∆2), . . . ); Γij òà ∆i � äîâiëüíi
ôiêñîâàíi äiéñíi ÷èñëà ; ϕ ∈ T∞, {i, j} ⊂ N .
Ïðè öüîìó:

à) ôóíêöi¨ bij(y) = bij(y1, y2, . . . ) ¹ 2π-
ïåðiîäè÷íèìè âiäíîñíî êîæíî¨ êîîðäèíàòè
âåêòîðà ys äëÿ áóäü-ÿêèõ íàòóðàëüíèõ i, j, s;
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á) ïðè âñiõ {i, j} ⊂ N ôóíêöi¨ bij(y) íåïå-
ðåðâíi âiäíîñíî y íà T ∞

∞ i ∀s ∈ N

∞∑
j=1

sup
y∈T∞∞

|bsj(y)| ≤ B0 = const < ∞.

4. Ôóíêöiÿ

c(ϕ, t) = (c1(z1(ϕ, t), z2(ϕ, t), . . . ),

c2(z1(ϕ, t), z2(ϕ, t), . . . ), . . . )

âiäîáðàæó¹ ìíîæèíó T ∞
∞ ó ïðîñòið M, òîáòî

ci(z1(ϕ, t), z2(ϕ, t), . . . ) : T ∞
∞ 7→ R1 äëÿ áóäü-

ÿêîãî íàòóðàëüíîãî ÷èñëà i; òî÷êè

zi(ϕ, t) =
(
ϕ1t+∆i1

(ϕ), ϕ2t+∆i2
(ϕ), . . .

)

∀t ∈ R1 íàëåæàòü òîðó T∞, ∆ij � äîâiëüíi
ôiêñîâàíi äiéñíi ÷èñëà, ϕ ∈ T∞, {i, j} ⊂ N .
Ïðè öüîìó:

à) ôóíêöi¨ ci(z) = ci(z1, z2, . . . ) ¹ 2π-
ïåðiîäè÷íèìè âiäíîñíî êîæíî¨ êîîðäèíàòè
âåêòîðà zj äëÿ áóäü-ÿêèõ íàòóðàëüíèõ i òà
j;

á) ôóíêöi¨ ci(z) íåïåðåðâíi âiäíîñíî z íà
T ∞
∞ i ðiâíîìiðíî îáìåæåíi íà öié ìíîæèíi,

òîáòî ‖c(z)‖ = supi |ci(z)| ≤ C0 = const > 0
(i = 1, 2, 3, . . . ).

Íàñòóïíi óìîâè íàçâåìî óìîâàìè (A):
1) ∀ϕ ∈ T∞ ‖a(ϕ)‖ = supi{|ai(ϕ)|} ≤ A =

= const > 0;
2) ∀{ϕ, ψ} ⊂ T∞ ‖a(ϕ)−a(ψ)‖ ≤ α‖ϕ−ψ‖,

äå α = const > 0.
Âiäîìî [2], ùî ïðè âèêîíàííi îñòàííiõ

óìîâ ïåðøå ðiâíÿííÿ ñèñòåìè (1) ∀ϕ ∈ T∞
ìà¹ ðîçâ'ÿçîê ϕt(ϕ), ùî çàäîâîëüíÿ¹ ïî÷à-
òêîâó óìîâó ϕ = ϕ0(ϕ). Êðiì òîãî, ÿêùî
ñïðàâäæóþòüñÿ óìîâè (A) òà íåðiâíîñòi

∞∑
j=1

sup
ϕ∈T∞

|psj(ϕ)| ≤ P 0 = const < ∞,

s = 1, 2, 3, . . . , (2)

òî äëÿ ðiâíÿííÿ
dx

dt
= P (ϕt(ϕ))x. (3)

iñíó¹ 2π-ïåðiîäè÷íèé âiäíîñíî ϕi (i ∈ N) ìà-
òðèöàíò Ωt

τ (ϕ) (äèâ. [2, ñò. 108]), åëåìåíòè

ÿêîãî íåïåðåðâíi ïî τ ∀τ ∈ R1 (äèâ. íàñëi-
äîê 5.1 ç [2, ñò. 38]).

Íîðìó ìàòðèöi P (ϕ) çàäàìî ðiâíiñòþ
‖P (ϕ)‖ = supi

∑∞
j=1 |pij(ϕ)| i ÷åðåç C0(T∞)

ïîçíà÷èìî ìíîæèíó âèçíà÷åíèõ íà òîði T∞
îáìåæåíèõ çà íîðìîþ âåêòîð-ôóíêöié i ìà-
òðèöü, êîîðäèíàòè i åëåìåíòè ÿêèõ âiäïîâiä-
íî 2π-ïåðiîäè÷íi ïî ϕi(i = 1, 2, 3, . . . ) i íå-
ïåðåðâíi âiäíîñíî ϕ. Ìíîæèíó åëåìåíòiâ ç
C0(T∞), ùî çàäîâîëüíÿþòü óìîâó Ëiïøèöÿ
ïî ϕ, ïîçíà÷èìî ÷åðåç C0

Lip(T∞) i ââàæàòèìå-
ìî, ùî ìàòðèöÿ P (ϕ) ∈ Cϕ(T∞), ÿêùî âîíà
íàëåæèòü ìíîæèíi C0(T∞) i äëÿ íå¨ ñïðàâ-
äæó¹òüñÿ óìîâà (2).

ßêùî iñíó¹ òàêà ìàòðèöÿ C(ϕ) ∈ Cϕ(T∞),
ùî ôóíêöiÿ

Gt(τ, ϕ) =

{
Ωt

τ (ϕ)C(ϕτ (ϕ)), τ ≤ t;

Ωt
τ (ϕ)[C(ϕτ (ϕ))− E], τ > t

çàäîâîëüíÿ¹ íåðiâíiñòü
‖Gt(τ, ϕ)‖ ≤ K exp{−γ|t− τ |}

äëÿ âñiõ {t, τ} ⊂ R1, ϕ ∈ T∞, äå K i γ �
äîäàòíi ñòàëi, ùî íå çàëåæàòü âiä ϕ, t, τ , E
� íåñêií÷åííà îäèíè÷íà ìàòðèöÿ, òî ôóí-
êöiþ G0(τ, ϕ) íàçèâàþòü ôóíêöi¹þ Ãðiíà-
Ñàìîéëåíêà (ñêîðî÷åíî ÔÃÑ) çàäà÷i ïðî ií-
âàðiàíòíi òîðè ëiíiéíîãî ðîçøèðåííÿ ðiâíÿ-
ííÿ (3).

Iíâàðiàíòíèì òîðîì T 0 ñèñòåìè ðiâíÿíü
(1), íàçèâàþòü ìíîæèíó òî÷îê x ∈ M, ïîðî-
äæåíó ôóíêöi¹þ

x = u0(ϕ) = (u0
1(ϕ), u0

2(ϕ), . . . ), ϕ ∈ T∞,

ÿêùî âîíà 2π-ïåðiîäè÷íà âiäíîñíî ϕi (i = 1,
2, 3, . . . ), îáìåæåíà çà íîðìîþ i ïðè áóäü-
ÿêèõ ϕ ∈ T∞, t ∈ R1 çàäîâîëüíÿ¹ ðiâíiñòü

du(ϕt(ϕ))

dt
= P (ϕt(ϕ))u(ϕt(ϕ))+

+B(ϕ, t)u(ϕ, t + ∆) + c(ϕ, t), (4)

äå
u(ϕ, t+∆) = (u1(ϕt+∆1(ϕ)), u2(ϕt+∆2(ϕ)), . . . ).

Ðîçãëÿíåìî ñïî÷àòêó ðiâíÿííÿ
dx(t)

dt
= P (ϕt(ϕ))x(t) + c(ϕ, t), (5)
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äëÿ ÿêîãî ñôîðìóëþ¹ìî òàêå òâåðäæåííÿ.
Ëåìà 1. Íåõàé a(ϕ) íàëåæèòü C0

Lip(T∞),
P (ϕ) íàëåæèòü Cϕ(T∞), òà äëÿ ðiâíÿííÿ
(3) iñíó¹ ÔÃÑ Gt(τ, ϕ). Òîäi ðiâíÿíÿ (5) ìà¹
iíâàðiàíòíèé òîð T 0, ïîðîäæåíèé ôóíêöi-
¹þ

u0(ϕ) =

∞∫

−∞

G0(τ, ϕ)c(ϕ, τ)dτ. (6)

ßêùî äî òîãî æ âèêîíóþòüñÿ óìîâè:
1) ∀{ϕ, ϕ̄} ⊂ T∞ ‖P (ϕ)−P (ϕ̄)‖ ≤ p0‖ϕ−

− ϕ̄‖, p0 = const > 0;
2) ∀{z, z̄} ⊂ T ∞

∞ ‖c(z)−c(z̄)‖ ≤ η‖z− z̄‖,
η = const > 0;

3) ðiâíÿííÿ (3) íå ìà¹ îáìåæåíèõ íà R1

ðîçâ'ÿçêiâ, êðiì íóëüîâîãî;
4) ìíîæèíà ∆ij âiäõèëåíü àðãóìåíòó t

îáìåæåíà, òîáòî |∆ij| ≤ ∆∗ = const < ∞
∀{i, j} ⊂ N ;

5) γ > α,
òî ôóíêöiÿ u0(ϕ) ¹ ëiïøèöåâîþ íà òîði T∞.

Äîâåäåííÿ öi¹¨ ëåìè òðàäèöiéíå i ìè ïî-
äàìî éîãî ó ñõåìàòè÷íîìó âèãëÿäi. Çàóâà-
æèìî, ùî ç âêëþ÷åííÿ a(ϕ) ∈ C0

Lip(T∞) âè-
ïëèâàþòü óìîâè (A). Íåâàæêî òàêîæ ïåðå-
êîíàòèñÿ, ùî ôóíêöi¨ ci(z(ϕ, t)) íåïåðåðâíi
ïî t íà R1 ïðè âñiõ i ∈ N . Öüîãî äîñòàòíüî,
ùîá íåâëàñíèé iíòåãðàë ó ðiâíîñòi (6) çái-
ãàâñÿ ðiâíîìiðíî âiäíîñíî ϕ ∈ T∞ ó ïîêîîð-
äèíàòíîìó ñåíñi i ïîðîäæóâàâ iíâàðiàíòíèé
òîð ðiâíÿíÿ (5).

Îáãðóíòó¹ìî òåïåð ëiïøèöåâiñòü ôóíêöi¨
u0(ϕ). Ïðè óìîâàõ ëåìè äëÿ âñiõ ϕ òà ϕ̄ ç T∞
ñïðàâäæó¹òüñÿ íåðiâíiñòü

‖u0(ϕ)− u0(ϕ̄)‖ ≤

≤
∞∫

−∞

‖G0(τ, ϕ)−G0(τ, ϕ̄)‖‖c(ϕ, τ)‖dτ+

+

∞∫

−∞

‖G0(τ, ϕ̄)‖‖c(ϕ, τ)− c(ϕ̄, τ)‖dτ. (7)

Âðàõîâóþ÷è, ùî γ > α, îöiíêè
‖G0(τ, ϕ)−G0(τ, ϕ̄)‖ ≤

≤
∫ ∞

−∞
‖G0(t1, ϕ)‖‖P (ϕt1(ϕ))− P (ϕt1(ϕ̄))‖×

×‖Gt1(τ, ϕ̄)‖dt1 ≤ K2p0‖ϕ− ϕ̄‖×

×
∫ ∞

−∞
exp{(−γ + α)|t1| − γ|t1 − τ |}dt1 ≤

≤ K2p0‖ϕ− ϕ̄‖
{

exp{−(γ − α)|τ |}
2γ − α

+

+
exp{−(γ − α)|τ |}

α
+

exp{−γ|τ |}
2γ − α

}
;

‖c(ϕ, τ)− c(ϕ̄, τ)‖ ≤
≤ η sup

i∈N
sup
j∈N

{
|ϕjτ+∆ij

(ϕ)− ϕjτ+∆ij
(ϕ̄)|

}
≤

≤ η sup
i∈N

sup
j∈N

exp{α|τ + ∆ij|}‖ϕ− ϕ̄‖ ≤

≤ η exp{α|τ |} exp{α∆∗}‖ϕ− ϕ̄‖
òà îöiíêó (7), îäåðæó¹ìî íåðiâíiñòü

‖u0(ϕ)− u0(ϕ̄)‖ ≤ Γ0‖ϕ− ϕ̄‖,
äå

Γ0 = C0H0
1 + H0

2 ,

H0
1 = 2K2p0 2γ + αγ − α2

αγ(γ − α)(2γ − α)
,

H0
2 =

2Kη exp{α∆∗}
γ − α

.

Ëåìó 1 äîâåäåíî.
Ëåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè

1 òà íàñòóïíi âèìîãè:
1) ∀{y, ȳ} ⊂ T ∞

∞ ‖B(y)−B(ȳ)‖ ≤ β‖y−ȳ‖,
β = const > 0;

2) ìíîæèíè âiäõèëåíü Γij òà ∆i àðãó-
ìåíòó t îáìåæåíi, òîáòî |Γij| ≤ Γ∗ =
= const < ∞ òà |∆i| ≤ ∆∗ = const < ∞
∀{i, j} ⊂ N .

Òîäi ðiâíÿííÿ

dx(t)

dt
= P (ϕt(ϕ))x(t)+

+B(ϕ, t)u0(ϕ, t + ∆) + c(ϕ, t)

âèçíà÷à¹ â ïðîñòîði M ëiïøèöåâèé iíâàði-
àíòíèé òîð T 1, ïîðîäæåíèé ôóíêöi¹þ

x = u1(ϕ) =

∞∫

−∞

G0(τ, ϕ)c1(ϕ, τ)dτ,
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äå c1(ϕ, τ) = B(ϕ, τ)u0(ϕ, τ + ∆) + c(ϕ, τ).
Äîâåäåííÿ ïðîâîäèòüñÿ àíàëîãi÷íî äî

äîâåäåííÿ ëåìè 1, òîìó ìè òóò íàâåäåìî
ëèøå îáãðóíòóâàííÿ ëiïøèöåâîñòi ôóíêöi¨
u1(ϕ). Íåâàæêî ïåðåêîíàòèñÿ, ùî ïðè áóäü-
ÿêèõ ϕ òà ϕ̄ ç òîðó T∞ ñïðàâäæóþòüñÿ îöií-
êè

‖u0(ϕ‖ ≤ 2KC0

γ
, ‖c1(ϕ, τ)‖ ≤

≤ C0

(
2KB0

γ
+ 1

)
= C1,

‖u0(ϕ, τ + ∆)− u0(ϕ̄, τ + ∆)‖ ≤
≤ Γ0 {exp{α(|τ |+ ∆∗)}‖ϕ− ϕ̄‖} ,

‖B(ϕ, τ)−B(ϕ̄, τ)‖ ≤
≤ β exp{α|τ |} exp{αΓ∗}‖ϕ− ϕ̄‖,

‖c1(ϕ, τ)− c1(ϕ̄, τ)‖ ≤ ‖c(ϕ, τ)− c(ϕ̄, τ)‖+
+‖B(ϕ, τ)‖‖u0(ϕ, τ + ∆)− u0(ϕ̄, τ + ∆)‖+

+‖B(ϕ, τ)−B(ϕ̄, τ)‖‖u0(ϕ̄, τ + ∆)‖ ≤
≤ {

η exp{α|τ |+ α∆∗}+ B0Γ0 exp{α|τ |+

+α∆∗}+
2KC0

γ
β exp{α|τ |+ αΓ∗}}‖ϕ− ϕ̄‖,

çâiäêè âèïëèâà¹ íåðiâíiñòü

‖u1(ϕ)− u1(ϕ̄)‖ ≤ Γ1‖ϕ− ϕ̄‖,
â ÿêié

Γ1 = C1H0
1 + η exp{α|τ |+ α∆∗}+

+B0Γ0 exp{α|τ |+ α∆∗}+

+
2KC0

γ
β exp{α|τ |+ αΓ∗},

ùî çàâåðøó¹ äîâåäåííÿ ëåìè 2.
Çðîçóìiëî, ùî ïðè âèêîíàííi óìîâ ëåìè

2 ðiâíÿííÿ
dx(t)

dt
= P (ϕt(ϕ))x(t)+

+B(ϕ, t)u1(ϕ, t + ∆) + c(ϕ, t)

âèçíà÷à¹ â ïðîñòîði M iíâàðiàíòíèé òîð T 2,
ïîðîäæåíèé ôóíêöi¹þ

x = u2(ϕ) =

∞∫

−∞

G0(τ, ϕ)c2(ϕ, τ)dτ,

äå c2(ϕ, τ) = B(ϕ, τ)u1(ϕ, τ + ∆) + c(ϕ, τ), i
öÿ ôóíêöiÿ íà òîði T∞ çàäîâîëüíÿ¹ óìîâó
Ëiïøèöÿ
‖u2(ϕ)−u2(ϕ̄)‖ ≤ Γ2‖ϕ− ϕ̄‖, Γ2 = const > 0.

Ëåìà 3. Ïðè âèêîíàííi óìîâ ëåìè 2 äëÿ
áóäü-ÿêîãî k ∈ N

⋃{0} ðiâíÿííÿ
dx(t)

dt
= P (ϕt(ϕ))x(t)+

+B(ϕ, t)uk(ϕ, t + ∆) + c(ϕ, t)

âèçíà÷à¹ â ïðîñòîði M iíâàðiàíòíèé òîð
T k+1, ïîðîäæåíèé ôóíêöi¹þ

x = uk+1(ϕ) =

∞∫

−∞

G0(τ, ϕ)ck+1(ϕ, τ)dτ,

äå ck+1(ϕ, τ) = B(ϕ, τ)uk(ϕ, τ + ∆) + c(ϕ, τ),
ïðè÷îìó ôóíêöiÿ uk(ϕ) çàäîâîëüíÿ¹ íà òîði
T∞ óìîâó Ëiïøèöÿ

‖uk(ϕ)− uk(ϕ̄)‖ ≤ Γk‖ϕ− ϕ̄‖ (8)

ç êîåôiöi¹íòîì Γk = const > 0.
Äîâåäåííÿ öi¹¨ ëåìè çäiéñíþ¹òüñÿ ìåòî-

äîì ïîâíî¨ ìàòåìàòè÷íî¨ iíäóêöi¨ i íå âèêëè-
êà¹ îñîáëèâèõ òðóäíîùiâ.

Íàñòóïíå òâåðäæåííÿ íàäà¹ äîñòàòíi
óìîâè iñíóâàííÿ iíâàðiàíòíîãî òîðó ðiâíÿ-
ííÿ (1).

Òåîðåìà. Íåõàé âèêîíóþòüñÿ óìîâè
ëåìè 2 òà ñïðàâäæó¹òüñÿ íåðiâíiñòü
2KB0 < γ. Òîäi ïîñëiäîâíiñòü {uk(ϕ)}∞k=1

ðiâíîìiðíî âiäíîñíî ϕ ∈ T∞ çáiãà¹òüñÿ çà
íîðìîþ ïðîñòîðó M äî íåïåðåðâíî¨ íà T∞
ôóíêöi¨¨ u(ϕ) : T∞ → M, ùî âèçíà÷à¹ iíâà-
ðiàíòíèé òîð T ðiâíÿííÿ (1).

ßêùî ìíîæèíà ÷èñåë Γk (k ∈ N) îáìå-
æåíà, òî öÿ ôóíêöiÿ çàäîâîëüíÿ¹ óìîâó Ëi-
ïøèöÿ, òîáòî ∀{ϕ, ϕ̄} ⊂ T∞

‖u(ϕ)− u(ϕ̄)‖ ≤ U‖ϕ− ϕ̄‖, (9)

äå U = const > 0.
Äîâåäåííÿ. Ïðè óìîâi, ùî 2KB0 < γ,

ìåòîäîì ïîâíî¨ ìàòåìàòè÷íî¨ iíäóêöi¨ ïåðå-
êîíó¹ìîñÿ â ïðàâèëüíîñòi îöiíîê

‖ck(ϕ, τ)‖ ≤ C0γ

γ − 2KB0
,
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‖uk(ϕ)‖ ≤ 2KC0

γ − 2KB0
,

ÿêi äiþòü ðiâíîìiðíî âiäíîñíî k ∈ N .
Ç íåðiâíîñòåé

‖ck+1(ϕ, τ)− ck(ϕ, τ)‖ ≤
≤ B0‖uk(ϕ, τ + ∆)− uk−1(ϕ, τ + ∆)‖,

‖uk+1(ϕ)− uk(ϕ)‖ ≤

≤
∞∫

−∞

‖G0(τ, ϕ)‖‖ck+1(ϕ, τ)− ck(ϕ, τ)‖dτ,

ïîêëàâøè

‖uk+1(ϕ)− uk(ϕ)‖0 = sup
ϕ∈T∞

‖uk+1(ϕ)− uk(ϕ)‖,

íåâàæêî îäåðæàòè iíäóêòèâíó îöiíêó

‖uk+1(ϕ)− uk(ϕ)‖0 ≤

≤ 2KB0

γ
‖uk(ϕ)− uk−1(ϕ)‖0,

ùî ïðèâîäèòü äî íåðiâíîñòi

‖uk+1(ϕ)− uk(ϕ)‖0 ≤

≤
(

2KB0

γ

)k

‖u1(ϕ)− u0(ϕ)‖0.

Òàêèì ÷èíîì îäåðæó¹ìî îöiíêó

‖uk+1(ϕ)− uk(ϕ)‖0 ≤
(

2KB0

γ

)k
4KC0

γ − 2KB0
,

ç ÿêî¨ ïðè 2KB0 < γ âèïëèâà¹ ôóíäàìåí-
òàëüíiñòü ïîñëiäîâíîñòi {uk(ϕ)}∞k=1 ó ïîâíî-
ìó ìåòðè÷íîìó ïðîñòîði M. Îòæå, öÿ ïîñëi-
äîâíiñòü ðiâíîìiðíî âiäíîñíî ϕ ∈ T∞ çáiãà¹-
òüñÿ çà íîðìîþ ïðîñòîðó M äî íåïåðåðâíî¨
íà T∞ ôóíêöi¨ u(ϕ) : T∞ → M.

Çàëèøà¹òüñÿ ïîêàçàòè, ùî öÿ ôóíêöiÿ
âèçíà÷à¹ iíâàðiàíòíèé òîð ðiâíÿííÿ (1). Ïðè
âñiõ k = 0, 1, 2, . . . ñïðàâäæóþòüñÿ òîòîæíî-
ñòi

duk+1(ϕt(ϕ))

dt
= P (ϕt(ϕ))uk+1(ϕt(ϕ))+

+B(ϕ, t)uk(ϕ, t + ∆) + c(ϕ, t) (10)

i ðÿäè
∑∞

j=1{psj(ϕt(ϕ))uk+1
j (ϕt(ϕ)) +

+bsj(ϕ, t)uk
j (ϕ, t + ∆)} çáiãàþòüñÿ ðiâíî-

ìiðíî âiäíîñíî k òà t ∈ R1 ïðè âñiõ s ∈ N ,
îñêiëüêè âîíè ìàæîðóþòüñÿ çáiæíèì ÷è-
ñëîâèì ðÿäîì

∞∑
j=1

2KC0

γ − 2KB0
{ sup

ϕ∈T∞
|psj|+ sup

y∈T∞∞
|bsj(y)|}.

Ó öüîìó ðàçi
∞∑

j=1

{psj(ϕt(ϕ))uk+1
j (ϕt(ϕ))+

+bsj(ϕ, t)uk
j (ϕ, t + ∆)} →

→
∞∑

j=1

{psj(ϕt(ϕ))uj(ϕt(ϕ))+

+bsj(ϕ, t)uj(ϕ, t + ∆)} (s = 1, 2, . . .)

ïðè k → ∞ ðiâíîìiðíî âiäíîñíî t ∈ R1. Öå
äà¹ ìîæëèâiñòü ó ðiâíîñòi (10) ïåðåéòè ó ïî-
êîîðäèíàòíîìó ñåíñi äî ãðàíèöi ïðè k →∞
i îäåðæàòè òîòîæíiñòü (4). Çà óìîâè, ùî
Γk ≤ U ∀k ∈ N , äëÿ äîâåäåííÿ íåðiâíîñòi (9)
äîñòàòíüî ïåðåéòè äî ãðàíèöi ïðè n → ∞ ó
íåðiâíîñòi (8). Òåîðåìó äîâåäåíî.

Îäåðæàíi ðåçóëüòàòè ¹ íîâèìè i äëÿ ñè-
ñòåì ó ñêií÷åííîâèìiðíèõ ïðîñòîðàõ.
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