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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÏÐÎ ÇÂ'ßÇÊÈ ÌIÆ ÍÀÐIÇÍÎÞ ÍÅÏÅÐÅÐÂÍIÑÒÞ,
ÊÂÀÇIÍÅÏÅÐÅÐÂÍIÑÒÞ I TÎ×ÊÎÂÎÞ ÐÎÇÐÈÂÍIÑÒÞ
Íàâåäåíî ïðèêëàä òàêèõ òîïîëîãi÷íèõ ïðîñòîðiâ X, Y i Z, ùî êîæíå íàðiçíî íåïåðåðâíå

âiäîáðàæåííÿ f : X × Y → Z ¹ êâàçiíåïåðåðâíèì, à äåÿêå íàðiçíî íåïåðåðâíå âiäîáðàæåííÿ
g : X × Y → Z ¹ ñêðiçü ðîçðèâíèì. Ðàçîì ç òèì ïîáóäîâàíî ïðèêëàä íàðiçíî íåïåðåðâíî¨
ôóíêöi¨ f : R∞ × R∞ → R, ÿêà â æîäíié òî÷öi íå ¹ êâàçiíåïåðåðâíîþ, à çíà÷èòü, ¹ i ñêðiçü
ðîçðèâíîþ.

We provide an example of topological spaces X, Y and Z such that each separately continuous
mapping f : X × Y → Z is quasi-continuous, and there is à separately continuous mapping
g : X×Y → Z which is everywhere discontinuous. Besides, we construcy an example of a separately
continuous function f : R∞ × R∞ → R, which is not quasi-continuous at any point (and so, it is
everywhere discontinuous).

1. Íàãàäà¹ìî, ùî âiäîáðàæåííÿ
f : X → Y òîïîëîãi÷íîãî ïðîñòîðó X â
òîïîëîãi÷íèé ïðîñòið Y íàçèâà¹òüñÿ êâà-
çiíåïåðåðâíèì ó òî÷öi x ∈ X, ÿêùî äëÿ
äîâiëüíèõ îêîëiâ U i V âiäïîâiäíî òî÷êè
x â X i òî÷êè y = f(x) â Y iñíó¹ íåïîðî-
æíÿ âiäêðèòà ìíîæèíà G â X, òàêà, ùî
G ⊆ U i f(G) ⊆ V . ßêùî âiäîáðàæåííÿ f
êâàçiíåïåðåðâíå â êîæíié òî÷öi x ∈ X, òî
âîíî íàçèâà¹òüñÿ ïðîñòî êâàçiíåïåðåðâíèì.
Äëÿ âiäîáðàæåííÿ f : X → Y ÷åðåç C(f)
ìè ïîçíà÷à¹ìî ìíîæèíó âñiõ éîãî òî÷îê
íåïåðåðâíîñòi. Êàæóòü, ùî âiäîáðàæåííÿ
f òî÷êîâî ðîçðèâíå, ÿêùî ìíîæèíà C(f)
âñþäè ùiëüíà â X, òîáòî ¨¨ çàìèêàííÿ
C(f) = X.

Íåõàé X, Y i Z � òîïîëîãi÷íi ïðîñòîðè,
p = (x, y) ∈ X×Y , f : X×Y → Z � âiäîáðà-
æåííÿ i fx(y) = fy(x) = f(p). Âiäîáðàæåííÿ
f : X × Y → Z íàçèâà¹òüñÿ íàðiçíî íåïå-
ðåðâíèì, ÿêùî äëÿ êîæíîãî x ∈ X i äëÿ
êîæíîãî y ∈ Y âiäîáðàæåííÿ fx : Y → Z i
fy : X → Z íåïåðåðâíi.

Ùå Âiòî Âîëüòåððà âèÿâèâ, ùî êîæíà íà-
ðiçíî íåïåðåðâíà ôóíêöiÿ f : R2 → R äâîõ
äiéñíèõ çìiííèõ ¹ êâàçiíåïåðåðâíîþ. Íà öå
âêàçó¹ Ðåíå Áåð [1, ñ.94], ÿêèé âèâîäèòü öþ
âëàñòèâiñòü ç äîâåäåíî¨ íèì â [1] òåîðåìè:
ÿêùî f : R2 → R � íàðiçíî íåïåðåðâíà

ôóíêöiÿ, òî äëÿ êîæíîãî y ∈ R ìíîæèíà
Cy(f) = {x ∈ R : (x, y) ∈ C(f)} ¹ çàëèøêî-
âîþ, à çíà÷èòü, i âñþäè ùiëüíîþ â R. Ç öi¹¨
òåîðåìè Áåðà íåãàéíî âèïëèâà¹ i òå, ùî êî-
æíà íàðiçíî íåïåðåðâíà ôóíêöiÿ f : R2 → R
¹ òî÷êîâî ðîçðèâíîþ.

Öi ðåçóëüòàòè áóëè çíà÷íî ðîçâèíåíi ó
ïðàöÿõ áàãàòüîõ ìàòåìàòèêiâ (äèâ., íàïðè-
êëàä, [2] i âêàçàíó òàì ëiòåðàòóðó) i â
îòðèìàíèõ íèìè òåîðåìàõ âèõîäèëî òàê,
ùî ÿêùî íàðiçíî íåïåðåðâíi âiäîáðàæåííÿ
f : X × Y → Z ¹ êâàçiíåïåðåðâíèìè, òî âî-
íè ¹ ðàçîì ç òèì i òî÷êîâî ðîçðèâíèìè. Ó
çâ'ÿçêó ç öèì ó ïðàöi [3] áóëî ïîñòàâëåíå ïè-
òàííÿ: ÷è iñíóþòü òàêi òîïîëîãi÷íi ïðîñòîðè
X i Y , ùî êîæíà íàðiçíî íåïåðåðâíà ôóí-
êöiÿ f : X×Y → R ¹ êâàçiíåïåðåðâíîþ i ðà-
çîì ç òèì iñíó¹ íàðiçíî íåïåðåðâíà ôóíêöiÿ
g : X×Y → R, ÿêà íå ¹ òî÷êîâî ðîçðèâíîþ?
Îñêiëüêè âiäïîâiäi íà íüîãî ïîêè ùî íå çíà-
éäåíî, òî ïðèðîäíî öþ ïðîáëåìó ïîñëàáèòè,
çàìiíèâøè â íié ÷èñëîâó ïðÿìó R íà òîïîëî-
ãi÷íèé ïðîñòið Z. À ñàìå: ÷è iñíóþòü òàêi òî-
ïîëîãi÷íi ïðîñòîðè X, Y i Z, ùî êîæíå íàði-
çíî íåïåðåðâíå âiäîáðàæåííÿ f : X×Y → Z
¹ êâàçiíåïåðåðâíèì, à äåÿêå íàðiçíî íåïå-
ðåðâíå âiäîáðàæåííÿ g : X × Y → Z íå ¹
òî÷êîâî ðîçðèâíèì? Ó öié çàìiòöi ìè äà¹ìî
ñòâåðäíó âiäïîâiäü íà öå ïðîñòiøå ïèòàííÿ
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i ðàçîì ç òèì íàâîäèìî ïðèêëàä íàðiçíî íå-
ïåðåðâíî¨ ôóíêöi¨ f : R∞ × R∞ → R, çàäà-
íî¨ íà êâàäðàòi ïðîñòîðó R∞ âñiõ ôiíiòíèõ
ïîñëiäîâíîñòåé äiéñíèõ ÷èñåë, ÿêà â æîäíié
òî÷öi íå ¹ êâàçiíåïåðåðâíîþ, à çíà÷èòü, ¹ i
ñêðiçü ðîçðèâíîþ.

2. Äîáðå âiäîìî (äèâ., íàïðèêëàä, [4]), ùî
ó êîæíîãî êâàçiíåïåðåðâíîãî âiäîáðàæåííÿ
f : X → Y òîïîëîãi÷íîãî ïðîñòîðó X ó ìå-
òðèçîâíèé ïðîñòið Y ìíîæèíà C(f) ¹ çàëè-
øêîâîþ â X, çâiäêè, çîêðåìà, âèïëèâà¹, ùî
äëÿ áåðiâñüêîãî ïðîñòîðó X i ìåòðèçîâíîãî
ïðîñòîðó Y êîæíå êâàçiíåïåðåðâíå âiäîáðà-
æåííÿ f : X → Y ¹ òî÷êîâî ðîçðèâíèì. Òî-
ìó êàíäèäàòiâ íà ïîçèòèâíó âiäïîâiäü ïðî-
áëåìè ç [3] ñëiä øóêàòè ñåðåä íå áåðiâñüêèõ
ïðîñòîðiâ, çîêðåìà, ñåðåä ïðîñòîðiâ, ÿêi ¹
ïåðøî¨ êàòåãîði¨ â ñîái. Òîìó ïðèðîäíî çàïè-
òàòè: ÷è iñíóþòü òàêi ïðîñòîðè X i Y ïåðøî¨
êàòåãîði¨ â ñîái, ùî êîæíà íàðiçíî íåïåðåðâ-
íà ôóíêöiÿ f : X × Y → R ¹ êâàçiíåïåðåðâ-
íîþ? Àáî íàâiòü òàê: ÷è iñíó¹ òîïîëîãi÷íèé
ïðîñòið X ïåðøî¨ êàòåãîði¨, òàêèé, ùî êî-
æíà íàðiçíî íåïåðåðâíà ôóíêöiÿ f : X2 → R
¹ êâàçiíåïåðåðâíîþ?

Ïðîñòið R∞ âñiõ ôiíiòíèõ ïîñëiäîâíîñòåé
äiéñíèõ ÷èñåë ç òîïîëîãi¹þ iíäóêòèâíî¨ ãðà-
íèöi ñâî¨õ ñêií÷åííîâèìiðíèõ ïiäïðîñòîðiâ
Rn = {x = (ξ1, ..., ξn, 0, 0, ...) : ξk ∈ R ïðè k =
1, 2, ..., n} (äèâ. [5, ñ.48]) ¹ ìíîæèíîþ ïåðøî¨
êàòåãîði¨ â ñîái, áî R∞ =

∞⋃
n=1

Rn, à ìíîæè-
íè Rn íiäå íå ùiëüíi â R∞. Àëå íàø ïåðøèé
ðåçóëüòàò ïîêàçó¹, ùî âií äëÿ ïîçèòèâíîãî
âèðiøåííÿ îñòàííüî¨ ïðîáëåìè íå ïiäõîäèòü.

Íåõàé sp : R2 → R � ôóíêöiÿ Øâàðöà,
ÿêà çàäà¹òüñÿ ïðàâèëîì sp(u, v) = 2uv

u2+v2 ïðè
u2 + v2 6= 0 i sp(0, 0) = 0. Äîáðå âiäîìî, ùî
öÿ ôóíêöiÿ íàðiçíî íåïåðåðâíà i ðîçðèâíà
òiëüêè â îäíié òî÷öi (0, 0).

Tåîðåìà 1. Ôîðìóëîþ

f(x, y) =
∞∑

k=1

sp(ξk, ηk),

äå x = (ξk)
∞
k=1 ∈ R∞ i y = (ηk)

∞
k=1 ∈ R∞,

âèçíà÷à¹òüñÿ íàðiçíî íåïåðåðâíà ôóíêöiÿ

f : R∞ × R∞ → R, ÿêà â æîäíié òî÷öi íå ¹
êâàçiíåïåðåðâíîþ.

Äîâåäåííÿ. Çàôiêñó¹ìî y = (ηk)
∞
k=1 ∈

R∞. Iñíó¹ òàêå m ∈ N, ùî ηk = 0 ïðè k > m.
Îñêiëüêè sp(ξ, 0) = 0 äëÿ äîâiëüíèõ ξ, òî

fy(x) =
m∑

k=1

sp(ξk, ηk)

äëÿ äîâiëüíèõ x = (ξk)
∞
k=1 ∈ R∞. Îñêiëüêè

êîîðäèíàòíi ôóíêöiîíàëè x 7→ ξk íà ïðîñòî-
ði R∞ íåïåðåðâíi, òî i ôóíêöiÿ fy : R∞ → R
íåïåðåðâíà, ÿê ñêií÷åííà ñóìà íåïåðåðâíèõ
ôóíêöié. Òàê ñàìî äîâîäèòüñÿ i íåïåðåðâ-
íiñòü ôóíêöié fx. Òàêèì ÷èíîì, f � öå íàði-
çíî íåïåðåðâíà ôóíêöiÿ.

Íåõàé p0 = (x0, y0), äå x0 = (ξ0
k)
∞
k=1 i y0 =

(η0
k)
∞
k=1 � äîâiëüíi òî÷êè ç R∞. Ðîçãëÿíåìî

äîâiëüíó ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë εk i
âiäïîâiäíi ¨é îêîëè

U = {x = (ξk)
∞
k=1 ∈ R∞ : (∀k ∈ N)(|ξk − ξ0

k| <
< εk)}
i

V = {y = (ηk)
∞
k=1 ∈ R∞ : (∀k ∈ N)(|ηk − η0

k| <
< εk)}
òî÷îê x0 i y0 â ïðîñòîði R∞. Ïîêàæåìî, ùî
f íå ¹ îáìåæåíîþ íà îêîëi U × V òî÷êè p0

â (R∞)2. Äëÿ öüîãî çíàéäåìî òàêèé íîìåð
j, ùî ξ0

k = 0 i η0
k = 0 ïðè k > j, âiçüìåìî

äîâiëüíèé íîìåð n i ðîçãëÿíåìî òî÷êè x̃ =

(ξ̃k)
∞
k=1 i ỹ = (η̃k)

∞
k=1, äå ξ̃k = ξ0

k, η̃k = η0
k

ïðè k ≤ j, ξ̃k = η̃k = 0 ïðè k > j + n i
ξ̃k = η̃k = εk

2
ïðè j < k ≤ j + n. ßñíî, ùî

p̃ = (x̃, ỹ) ∈ U × V , ïðè öüîìó

f(p̃) =

j∑

k=1

sp(ξ0
k, η

0
k)+

j+n∑

k=j+1

sp(
εk

2
,
εk

2
) = γ+n,

äå

γ =

j∑

k=1

sp(ξ0
k, η

0
k),

àäæå sp(ξ, ξ) = 1 ïðè ξ > 0. ×èñëî γ çi
çìiíîþ íîìåðà n ñàìî íå çìiíþ¹òüñÿ, îòæå,
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γ + n → ∞ ïðè n → ∞, çâiäêè i âèïëèâà¹,
ùî ôóíêöiÿ f íå ¹ îáìåæåíîþ íà U × V .

Ç äîâåäåíîãî âèïëèâà¹, ùî ôóíêöiÿ f íå ¹
îáìåæåíîþ íà æîäíié âiäêðèòié íåïîðîæíié
ìíîæèíi â (R∞)2, à òîìó íå ìîæå áóòè i êâà-
çiíåïåðåðâíîþ â æîäíié òî÷öi ç (R∞)2.

3. Íàì áóäå ïîòðiáíèé íàñòóïíèé ðåçóëü-
òàò, ÿêèé ¹ ÷àñòèííèì âèïàäêîì çàãàëüíî¨
òåîðåìè 1 ç ïðàöi [6].

Tåîðåìà 2. Íåõàé X � òîïîëîãi÷íèé
ïðîñòið, Y � öiëêîì ðåãóëÿðíèé ïðîñòið,
f : X → Y � âiäîáðàæåííÿ i x0 ∈ X. Òî-
äi âiäîáðàæåííÿ f áóäå êâàçiíåïåðåðâíèì ó
òî÷öi x0 òîäi i òiëüêè òîäi, êîëè äëÿ êî-
æíî¨ íåïåðåðâíî¨ ôóíêöi¨ g : Y → R êîìïî-
çèöiÿ h = g ◦ f : X → R áóäå êâàçiíåïåðåðâ-
íîþ â òî÷öi x0.

Çâiäñè íåãàéíî âèïëèâà¹
Tåîðåìà 3. Äëÿ äîâiëüíèõ òîïîëîãi÷íèõ

ïðîñòîðiâ X i Y íàñòóïíi óìîâè ðiâíîñèëü-
íi:

(i) êîæíà íàðiçíî íåïåðåðâíà ôóíêöiÿ
f : X × Y → R ¹ êâàçiíåïåðåðâíîþ;

(ii) äëÿ äîâiëüíîãî öiëêîì ðåãóëÿðíîãî
ïðîñòîðó Z êîæíå íàðiçíî íåïåðåðâíå âiä-
îáðàæåííÿ f : X × Y → Z ¹ êâàçiíåïåðåðâ-
íèì.

Çîêðåìà, íà îñíîâi çãàäàíîãî ó âñòóïi ðå-
çóëüòàòó Âîëüòåððè-Áåðà, îòðèìó¹ìî òàêå:

Tåîðåìà 4. Äëÿ äîâiëüíîãî öiëêîì ðå-
ãóëÿðíîãî ïðîñòîðó Z êîæíå íàðiçíî íåïå-
ðåðâíå âiäîáðàæåííÿ f : R2 → Z ¹ êâàçiíå-
ïåðåðâíèì.

Ðîçãëÿíåìî ïðîñòið Z0 = RR2 âñiõ ôóí-
êöié z : R2 → R ç òîïîëîãi¹þ ïîòî÷êîâî¨
çáiæíîñòi. Öåé ïðîñòið ¹ öiëêîì ðåãóëÿðíèì,
îñêiëüêè ïîâíà ðåãóëÿðíiñòü ¹ ìóëüòèïëiêà-
òèâíîþ âëàñòèâiñòþ [7, ñ.131]. Òîìó ç òåîðå-
ìè 4 âèïëèâà¹, ùî êîæíå íàðiçíî íåïåðåðâíå
âiäîáðàæåííÿ f : R2 → Z0 ¹ êâàçiíåïåðåðâ-
íèì.

4. Tåîðåìà 5. Íåõàé h : R2 → R � äåÿêà
íàðiçíî íåïåðåðâíà ôóíêöiÿ, ÿêà ðîçðèâíà â
òî÷öi (0, 0) i

g(x, y)(u, v) = h(x− u, y − v)

äëÿ äîâiëüíèõ òî÷îê (x, y) i (u, v) ç àðè-
ôìåòè÷íî¨ ïëîùèíè R2. Òîäi âiäîáðàæåííÿ
g : R2 → Z0 ¹ íàðiçíî íåïåðåðâíèì i ñêðiçü
ðîçðèâíèì.

Äîâåäåííÿ. Çàôiêñó¹ìî òî÷êó y0 ∈ R i
ïîêàæåìî, ùî ôóíêöiÿ gy0 : R → Z0 ¹ íå-
ïåðåðâíîþ â äîâiëüíié òî÷öi x0 ∈ R. Íåõàé
z0 = gy0(x0) = g(x0, y0). Ðîçãëÿíåìî äîâiëü-
íi òî÷êè qk = (uk, vk) ïðè k = 1, ..., n ç R2 i
÷èñëî ε > 0. �ì âiäïîâiäà¹ áàçèñíèé îêië

W = {z ∈ Z0 : max
k=1,...,n

|z(qk)− z0(qk)| < ε}

òî÷êè z0 ó ïðîñòîði Z0.Îñêiëüêè âñi ôóíêöi¨
ϕk(x) = h(x − uk, y0 − vk) ïðè k = 1, ..., n
íåïåðåðâíi, òî iñíó¹ òàêå δ > 0, ùî

max
k=1,...,n

|ϕk(x)− ϕk(x0)| < ε,

ÿê òiëüêè
|x− x0| < δ.

Â òàêîìó ðàçi, ÿêùî |x − x0| < δ, òî z =
gy0(x) ∈ W , áî z(qk) = ϕk(x) i z0(qk) = ϕk(x0)
ïðè k = 1, ..., n. Öå i äà¹ íàì íåïåðåðâ-
íiñòü âiäîáðàæåííÿ gy0 ó òî÷öi x0. Òàêèì ÷è-
íîì, âñi y-ðîçðiçè gy âiäîáðàæåííÿ g ¹ íåïå-
ðåðâíèìè. Àíàëîãi÷íî âñòàíîâëþ¹òüñÿ i íå-
ïåðåðâíiñòü x-ðîçðiçiâ gx : R → Z0. Îòæå, g
� íàðiçíî íåïåðåðâíå âiäîáðàæåííÿ.

Íåõàé p0 = (x0, y0) ∈ R2. Ïîêàæåìî, ùî
g ðîçðèâíå â òî÷öi p0. Îñêiëüêè ôóíêöiÿ h
ðîçðèâíà â òî÷öi (0, 0), òî iñíó¹ òàêå ε > 0,
ùî äëÿ äîâiëüíîãî δ > 0 iñíó¹ òàêà òî÷êà
(uδ, vδ) ç êâàäðàòà (−δ, δ)2, ùî

|h(uδ, vδ)− h(0, 0)| ≥ ε.

Ðîçãëÿíåìî îêië W0 òî÷êè z0 = g(p0) ç
ïðîñòîðó Z0, ÿêèé çàäà¹òüñÿ òàê:

W0 = {z ∈ Z0 : |z(p0)− z0(p0)| < ε}.
Äëÿ òî÷êè z = g(x, y), äå (x, y) ∈ R2, áóäåìî
ìàòè

z(p0)− z0(p0) = h(x− x0, y − y0)− h(0, 0).

Äëÿ äîâiëüíîãî δ > 0 ðîçãëÿíåìî áàçèñíèé
îêië

O = {(x, y) ∈ R2 : |x− x0| < δ i |y − y0| < δ}
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òî÷êè (x0, y0) â R2 i òî÷êè xδ = x0 + uδ òà
yδ = y0 + vδ. Äëÿ òî÷êè zδ = g(xδ, yδ) áóäåìî
ìàòè
|zδ(p0)− z0(p0)| = |h(uδ, vδ)− h(0, 0)| ≥ ε,

îòæå, zδ 6∈ W0. Êðiì òîãî, î÷åâèäíî,
(xδ, yδ) ∈ O. Öå ïîêàçó¹ ðîçðèâíiñòü g ó òî-
÷öi p0.

ßêùî çà h â òåîðåìi 5 âçÿòè êëàñè-
÷íó ôóíêöiþ Øâàðöà sp : R2 → R, òî
âiäïîâiäíà ôóíêöiÿ g äàñòü íàì âiäîìèé
ïðèêëàä Ãîôìàíà-Éîð åíñåíà íàðiçíî íåïå-
ðåðâíî¨ ñêðiçü ðîçðèâíî¨ ôóíêöi¨.

Òàêèì ÷èíîì, ìè ïðèéøëè äî òàêîãî ðå-
çóëüòàòó:

Tåîðåìà 6. Íåõàé Z0 = RR2 � ïðîñòið
âñiõ ôóíêöié z : R2 → R ç òîïîëîãi¹þ ïîòî-
÷êîâî¨ çáiæíîñòi. Òîäi êîæíå íàðiçíî íåïå-
ðåðâíå âiäîáðàæåííÿ f : R2 → Z0 ¹ êâàçiíå-
ïåðåðâíèì i ðàçîì ç òèì iñíó¹ íàðiçíî íåïå-
ðåðâíå i ñêðiçü ðîçðèâíå (à çíà÷èòü, i íå òî-
÷êîâî ðîçðèâíå) âiäîáðàæåííÿ g : R2 → Z0.

Ðåçóëüòàòè öi¹¨ çàìiòêè áóëè àíîíñîâàíi â
òåçàõ [8] i [9].
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