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Óæãîðîäñüêèé íàöiîíàëüíèé óíiâåðñèòåò

ÏÅÐIÎÄÈ×ÍI ÐÎÇÂ'ßÇÊÈ ÑÈÑÒÅÌ ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ IÇ
ÇÀÏIÇÍÅÍÍßÌ

Ðîçãëÿäà¹òüñÿ ÷èñåëüíî-àíàëiòè÷íèé ìåòîä äîñëiäæåííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ íåëiíié-
íèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì ó ðåçîíàíñíîìó âèïàäêó.

We consider a numerically-analytic investigation method for periodic solutions of nonlinear
di�erential equation systems with delays in resonance case.

Äèôåðåíöiàëüíi ðiâíÿííÿ ç âiäõèëÿþ÷èì
àðãóìåíòîì, çîêðåìà ðiâíÿííÿ ç çàïiçíåí-
íÿì, çíàõîäÿòü ñâî¹ øèðîêå ïðàêòè÷íå çà-
ñòîñóâàííÿ ïðè äîñëiäæåííi ðiçíîìàíiòíèõ
ïðèêëàäíèõ çàäà÷. �õ äîñëiäæåííþ ïðèñâÿ-
÷åíà âåëèêà êiëüêiñòü ïðàöü ÿê óêðà¨íñüêèõ,
òàê i çàêîðäîííèõ â÷åíèõ, çîêðåìà [1-5].

Ó äàíié ðîáîòi äëÿ äîñëiäæåííÿ iñíóâà-
ííÿ òà íàáëèæåíî¨ ïîáóäîâè ïåðiîäè÷íèõ
ðîçâ'ÿçêiâ íåëiíiéíèõ ñèñòåì äèôåðåíöiàëü-
íèõ ðiâíÿíü iç çàïiçíåííÿì çàñòîñîâàíî
÷èñåëüíî-àíàëiòè÷íèé àëãîðèòì, ÿêèé áóâ
ðàíiøå çàïðîïîíîâàíèé äëÿ äîñëiäæåííÿ ïå-
ðiîäè÷íèõ ðîçâ'ÿçêiâ ñèñòåì çâè÷àéíèõ äè-
ôåðåíöiàëüíèõ ðiâíÿíü [6].

Ðîçãëÿíåìî ëiíiéíó íåîäíîðiäíó T - ïåði-
îäè÷íó ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü iç
çàïiçíþþ÷èì àðãóìåíòîì

dx

dt
= A(t)x(t) + B(t)x(t−∆) + h(t), (1)

äå ìàòðèöi-ôóíêöi¨ A(t), B(t) i âåêòîð-ôóí-
êöiÿ h(t) ¹ íåïåðåðâíèìè ïðè t∈R, A(t+T )=
A(t), B(t+T )=B(t), h(t+T )=h(t), x, h∈Rn.
Äîñëiäèìî T - ïåðiîäè÷íi ðîçâ'ÿçêè ñèñòåìè
(1), òîáòî

x(t+T )=x(t), x(t)=

{
x(t), t∈ [0, T ],
x(T +t), t∈ [−∆, 0],

Âiäîìî [1], ùî ðîçâ'ÿçîê ñèñòåìè (1) ìà¹ âè-
ãëÿä

x(t, x0)=W (0, t)x0+
t∫

0

W (s, t)h(s)ds+

+
∆∫
0

W (s, t)B(s)x(s−∆, x0)ds,

(2)

äå ðÿäêè ìàòðèöi W (s, t) ¹ ðîçâ'ÿçêàìè
ñïðÿæåíî¨ äî (1) ñèñòåìè

dw(t)

dt
= −w(t)A(t)− w(t)B(t + ∆), (3)

i W (t, t) = En, W (s, t) ≡ 0 ïðè t ≤ s ≤ t+∆.
Ïðè öüîìó ðîçãëÿíåìî êðèòè÷íèé âèïà-

äîê � êîëè
A) âiäïîâiäíà ëiíiéíà îäíîðiäíà ñèñòåìà

dx

dt
= A(t)x(t) + B(t)x(t−∆), (4)

ìà¹ k ëiíiéíî íåçàëåæíèõ T - ïåðiîäè÷íèõ
ðîçâ'ÿçêiâ, 1 ≤ k ≤ n.

Íåõàé ψ1(t), . . . , ψk(t) � ëiíiéíî íåçàëåæíi
T - ïåðiîäè÷íi ðîçâ'ÿçêè ñïðÿæåíî¨ ñèñòåìè
(3), òîäi áåç îáìåæåííÿ çàãàëüíîñòi ìîæåìî
ïðèéíÿòè, ùî

W (s, t) =

(
Ψ(s, t)
Θ(s, t)

)
,

äå Ψ(s, t) = col
(
ψ1(t), . . . , ψk(t)

)
� (k × n) -

ìàòðèöÿ, à ðÿäêè ((n−k)×n) - âèìiðíî¨ ìà-
òðèöi Θ(s, t) óòâîðåíi òèìè ðîçâ'ÿçêàìè ñè-
ñòåìè (3), ÿêi íå ¹ T - ïåðiîäè÷íèìè. Ïiäñòà-
âèìî (2) ó ïåðiîäè÷íi êðàéîâi óìîâè:

x(0) = W(0, 0)x0+
∆∫
0

W(s, 0)B(s)x(s−∆)ds,

x(T ) = W(0, T )x0 +
T∫
0

W(s, T )h(s)ds+

+
∆∫
0

W(s, T )B(s)x(s−∆)ds,

50 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2008. Âèïóñê 421. Ìàòåìàòèêà.



Îòæå, (
W (0, 0)−W (0, T )

)
x0+

+
∆∫
0

(
W(s, 0)−W(s, T )

)
B(s)x(s−∆)ds=

=
T∫
0

W(s, T )h(s)ds.

Áåðó÷è äî óâàãè T - ïåðiîäè÷íiñòü ïî t ìà-
òðèöi Ψ(s, t), îäåðæèìî

(
0

Θ(0, 0)−Θ(0, T )

)
x0 =

=
T∫
0

(
Ψ(s, T )
Θ(s, T )

)
h(s)ds−

−
∆∫
0

(
0

Θ(s, 0)−Θ(s, T )

)
B(s)x(s−∆)ds.

(5)

Àëãåáðà¨÷íà ñèñòåìà (5) ñóìiñíà òîäi i òiëü-
êè òîäi, êîëè

T∫

0

Ψ(s, T )h(s)ds = 0,

i ïðè öüîìó ïî÷àòêîâèì çíà÷åííÿì T - ïåði-
îäè÷íîãî ðîçâ'ÿçêó ñèñòåìè (1) ¹

x0 = PGk
ξ+

+G+

(
T∫
0

Θ(s, T )h(s)ds−
∆∫
0

G(s)B(s)x(s−∆)ds

)
,

äå G(s)=Θ(s, 0)−Θ(s, T ), G=G(0) ¹ ((n−k)×n)-
âèìiðíèìè ìàòðèöÿìè ðàíãó (n − k), G+ �
¹äèíà ïñåâäîîáåðíåíà ìàòðèöÿ äî G.

Ëåìà 1. ßêùî ñèñòåìà (4) ìà¹ k ëiíiéíî
íåçàëåæíèõ T - ïåðiîäè÷íèõ ðîçâ'ÿçêiâ, òî
äëÿ êîæíî¨ T - ïåðiîäè÷íî¨ ôóíêöi¨ h(t) iñíó¹
ôóíêöiÿ H(t) ïåðiîäó T òàêà, ùî ñèñòåìà
dx

dt
=A(t)x(t)+B(t)x(t−∆)+h(t)−H(t), (6)

ìà¹ k - ïàðàìåòðè÷íó ñiì'þ T - ïåðiîäè-
÷íèõ ðîçâ'ÿçêiâ.

Äîâåäåííÿ. ßê áóëî ïîêàçàíî âèùå, ñè-
ñòåìà (6) ìà¹ T -ïåðiîäè÷íi ðîçâ'ÿçêè òîäi i
òiëüêè òîäi, êîëè

T∫

0

Ψ(s, T )
(
h(s)−H(s)

)
ds = 0.

Ïîêëàäåìî
H(s) = Ψ∗(s, T ) · α, α ∈ Rn,

òîäi
T∫
0

Ψ(s, T )
(
h(s)−Ψ∗(s, T ) · α)

ds,

T∫
0

Ψ(s, T )Ψ∗(s, T )ds · α =
T∫
0

Ψ(s, T )h(s)ds.

Ïîçíà÷èìî

P (t) =

(
P1(t)
P2(t)

)
=




t∫
0

Ψ(s, t)Ψ∗(s, T )ds

t∫
0

Θ(s, t)Ψ∗(s, T )ds


,

U(s, t) =

(
U1(s, t)
U2(s, t)

)
=

=

(
Ψ(s, t)− P1(t)P

−1
1 (T )Ψ(s, T )

Θ(s, t)− P2(t)P
−1
1 (T )Ψ(s, T )

)
,

V (s, t)=

(
V1(s, t)
V2(s, t)

)
=

(
P1(t)
P2(t)

)
P−1

1 (T )Ψ(s, T ).

Îñêiëüêè ðÿäêè ìàòðèöi Ψ(s, t) ¹ ëiíié-
íî íåçàëåæíèìè ðîçâ'ÿçêàìè ñèñòåìè (3), òî
detP1(t) 6= 0, à òîìó

α = P−1
1 (T )

T∫
0

Ψ(s, T )h(s)ds,

H(s) = Ψ∗(s, T )P−1
1 (T )

T∫
0

Ψ(s, T )h(s)ds,

à T - ïåðiîäè÷íi ðîçâ'ÿçêè ñèñòåìè (6) ìàþòü
âèãëÿä

x(t, x0) = W (0, t)x0+

+
∆∫
0

W (s, t)B(s)x(s−∆)ds+

+
t∫

0

W (s, t)

{
h(s)−

−Ψ∗(s, T )P−1
1 (T )

T∫
0

Ψ(σ, T )h(σ)dσ

}
ds.

(7)

Ëåìà äîâåäåíà.
Äëÿ çíàõîäæåííÿ ïî÷àòêîâîãî çíà÷åííÿ

T - ïåðiîäè÷íîãî ðîçâ'ÿçêó ñèñòåìè (6) ïiä-
ñòàâèìî (7) ó T - ïåðiîäè÷íi êðàéîâi óìîâè:

x(0, x0) = W (0, 0)x0+

+
∆∫
0

W (s, 0)B(s)x(s−∆)ds,
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x(T, x0) = W (0, T )x0+

+
∆∫
0

W(s, T )B(s)x(s−∆)ds+
T∫
0

W(s, T )h(s)ds−

−
T∫
0

W(s, T )Ψ∗(s, T )dsP−1
1 (T )

T∫
0

Ψ(σ, T )h(σ)dσ=

= W (0, T )x0 +
∆∫
0

W (s, T )B(s)x(s−∆)ds+

+
T∫
0

(
Ψ(s, T )
Θ(s, T )

)
h(s)ds−

−
(

P1(T )
P2(T )

)
P−1

1 (T )
T∫
0

Ψ(s, T )h(s)ds=

= W (0, T )x0 +
∆∫
0

W (s, T )B(s)x(s−∆)ds+

+
T∫
0

(
0

Θ(s, T )− P2(T )P−1
1 (T )Ψ(s, T )

)
h(s)ds.

Òàêèì ÷èíîì, x0 ïîâèííî çàäîâîëüíÿòè àë-
ãåáðà¨÷íó ñèñòåìó

Gx0 =

T∫

0

U2(s, T )h(s)ds−
∆∫

0

G(s)B(s)x(s−∆)ds,

îòæå
x0 =PGk

ξ+

+G+

{
T∫
0

U2(s, T )h(s)ds−
∆∫
0

G(s)B(s)x(s−∆)ds

}
.

Îñòàòî÷íî T - ïåðiîäè÷íi ðîçâ'ÿçêè ñèñòå-
ìè (6) ìîæåìî çàïèñàòè ó âèãëÿäi

x(t, ξ) = W (0, t)PGk
ξ+

+W (0, t)G+

{
T∫
0

U2(s, T )h(s)ds−

−
∆∫
0

G(s)B(s)x(s−∆)ds

}
+

+
∆∫
0

W (s, t)B(s)x(s−∆))ds+

+
t∫

0

U(s, t)h(s)ds−
T∫
t

V (s, t)h(s)ds, ξ∈Rk,

äå PGk
� (n×k) - âèìiðíà ìàòðèöÿ-îðòîïðî-

åêòîð ç ïðîñòîðó Rn íà íóëü ïðîñòið Ker(G)
ìàòðèöi G, ïðè÷îìó ¨¨ ñòîâïöi ¹ ëiíiéíî íå-
çàëåæíèìè i óòâîðþþòü ïîâíèé áàçèñ ÿäðà
Ker(G) ìàòðèöi G:

PGk
: Rk → Ker(G), Ker(G) = PGk

Rn.

Ðîçãëÿíåìî íåëiíiéíó ñèñòåìó äèôåðåí-
öiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì
dx

dt
=A(t)x(t)+B(t)x(t−∆)+f(t, x(t), x(t−∆)), (8)

äå t∈R, x :D→Rn, f :R×D×D→Rn, A(t),
B(t), f(t, x, y) � íåïåðåðâíi ïî ñâî¨ì çìiííèì,
ïåðiîäè÷íi ïî t çi ñïiëüíèì ïåðiîäîì T : A(t+
T ) = A(t), B(t+T ) = B(t), f(t+T, x, y) =
f(t, x, y), D={x∈Rn : |x|≤a}.

Ââåäåìî äî ðîçãëÿäó âiäîáðàæåííÿ Lx :
C(R,Rn)→ C(R,Rn), ñiì'þ k - ïàðàìåòðè-
÷íèõ âiäîáðàæåíü Nξx :C(R,Rn)→C(R,Rn),
äå ξ � k -âèìiðíèé ïàðàìåòð, i ôóíêöiîíàë
µ(x) :C(R)→Rk:

(Lx)(t)
def
=

t∫
0

U(s, t)f(s, x(s), x(s−∆))ds−

−
T∫
t

V (s, t)f(s, x(s), x(s−∆))ds+

+W(0, t)G+
T∫
0

U2(s, T )f(s, x(s), x(s−∆))ds,

(Nξx)(t)
def
= W (0, t)PGk

−
−W (0, t)G+

∆∫
0

G(s)B(s)x(s−∆)ds+

+
∆∫
0

W(s, t)B(s)x(s−∆)ds,

µ(x)
def
=

T∫
0

Ψ(s, t)f(s, x(s), x(s−∆))ds.

Äëÿ íàáëèæåíîãî çíàõîäæåííÿ T - ïåðiî-
äè÷íèõ ðîçâ'ÿçêiâ ñèñòåìè (8) ïîáóäó¹ìî ïî-
ñëiäîâíiñòü T - ïåðiîäè÷íèõ ôóíêöié

xm(t, ξ) = xm−1
0 (t, ξ)+

+W(0, t)G+
T∫
0

U2(s, T)f(s, xm−1(s, ξ), xm−1(s−∆, ξ))ds+

+
t∫

0

U(s, t)f(s, xm−1(s, ξ), xm−1(s−∆, ξ))ds−

−
T∫
t

V(s, t)f(s, xm−1(s, ξ), xm−1(s−∆, ξ))ds,

xm
0 (t, ξ)=W (0, t)PGk

ξ−
−W (0, t)G+

∆∫
0

G(s)B(s)xm(s−∆, ξ)ds+

+
∆∫
0

W (s, t)B(s)xm(s−∆, ξ)ds, m∈N,

(9)
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äå x0
0(t, ξ) � T - ïåðiîäè÷íèé ðîçâ'ÿçîê ëiíié-

íî¨ îäíîðiäíî¨ ñèñòåìè (4):
x0(t, ξ)=x0

0(t, ξ)=W (0, t)PGk
ξ−

−W (0, t)G+
∆∫
0

G(s)B(s)x0
0(s−∆, ξ)ds+

+
∆∫
0

W (s, t)B(s)x0
0(s−∆, ξ)ds.

Ðîçãëÿíåìî êðèòè÷íèé âèïàäîê � êîëè
âèêîíó¹òüñÿ óìîâà A. Êðiì òîãî, ïðèïóñêà-
¹ìî, ùî â îáëàñòi (t, x, y) ∈ Ω = R × D × D
ñïðàâäæóþòüñÿ íàñòóïíi óìîâè:

B) âåêòîð-ôóíêöiÿ f(t, x, y) çàäîâîëüíÿ¹
óìîâè îáìåæåíîñòi òà Ëiïøiöà

|f(t, x, y)| ≤ m(t), (10)

|f(t, x′, y′)− f(t, x′′, y′′)| ≤
≤K1(t)|x′−x′′|+K2(t)|y′−y′′|,

äå m(t) � íåïåðåðâíà T - ïåðiîäè÷íà âåêòîð-
ôóíêöiÿ ç íåâiä'¹ìíèìè åëåìåíòàìè, K1(t),
K2(t) � (n×n) - âèìiðíi íåïåðåðâíi T - ïåði-
îäè÷íi ìàòðèöi-ôóíêöi¨ ç íåâiä'¹ìíèìè åëå-
ìåíòàìè. Ìàòðè÷íi òà âåêòîðíi íåðiâíîñòi
ðîçóìi¹ìî ïîêîìïîíåíòíî;

C) iñíó¹ íåïîðîæíÿ ìíîæèíà òî÷îê ξ ∈
D0 ∈ Rk, D0 ⊂ D òàêà, ùî âåêòîð-ôóíêöiÿ
x0

0(t, ξ) ëåæèòü â îáëàñòi D ðàçîì iç ñâî¨ì
(E+QN)−1β - îêîëîì,

β=max
t∈[0,T ]

{
T∫
0

|W(0, t)G+U2(s, T )|m(s)ds+

+
t∫

0

|U(s, t)|m(s)ds+
T∫
t

|V (s, t)|m(s)ds

}
;

(11)

D) ñïåêòðàëüíi ðàäióñè îïåðàòîðiâ QN i Q =
QN + QL ìåíøi çà îäèíèöþ, äå

(QLx)(t)=
t∫

0

|U(s, t)|(K1(s)+K2(s))x(s)ds+

+
T∫
t

|V (s, t)|(K1(s)+K2(s))x(s)ds+

+
t∫

0

|W(0, t)G+U2(s, T )|(K1(s)+K2(s))x(s)ds,

(QNx)(t)=

=
∆∫
0

|(W(s, t)−W(0, t)G+G(s))B(s)|x(s−∆)ds.

Çàóâàæèìî, ùî

(Lx)(t)=
t∫

0

W (s, t)f(s, x(s), x(s−∆))ds+

+W(0, t)G+
T∫
0

U2(s, T)f(s, x(s), x(s−∆))ds−
−P (t)P−1

1 (T )µ(x).

(12)

Äîñëiäèìî óìîâè iñíóâàííÿ T - ïåðiîäè-
÷íîãî ðîçâ'ÿçêó ñèñòåìè (8). Íåîáõiäíi óìî-
âè iñíóâàííÿ ìiñòèòü íàñòóïíå òâåðäæåííÿ.

Ëåìà 2. Íåõàé âèêîíó¹òüñÿ óìîâà A i
ϕ(t) = ϕ(t, ξ∗) ¹ T - ïåðiîäè÷íèì ðîçâ'ÿçêîì
ñèñòåìè ç çàïiçíåííÿì (8). Òîäi çíà÷åííÿ
ïàðàìåòðà ξ = ξ∗ òàêå, ùî µ(ϕ(·, ξ∗)) = 0 i
ϕ(t) ïðèéìà¹ ïî÷àòêîâå çíà÷åííÿ

ϕ(0) = ϕ(0, ξ∗) = W (0, 0)PGk
ξ∗+

+W(0, 0)G+

{
T∫
0

Θ(s, T )f(s, ϕ(s), ϕ(s−∆))ds−

−
∆∫
0

G(s)B(s)ϕ(s−∆)ds

}
+

+
∆∫
0

W (s, 0)B(s)ϕ(s−∆)ds.

(13)

Äîâåäåííÿ. Íåõàé ôóíêöiÿ ϕ(t) ¹ T - ïå-
ðiîäè÷íèì ðîçâ'ÿçêîì ñèñòåìè (8). Òîäi

ϕ(t) ≡ W (0, t)ϕ0+

+
∆∫
0

W (s, t)B(s)ϕ(s−∆)ds+

+
t∫

0

W (s, t)f(s, ϕ(s), ϕ(s−∆))ds.

Ïðè ïiäñòàíîâöi ϕ(t) â T - ïåðiîäè÷íi êðàéî-
âi óìîâè îäåðæèìî, ùî

(
W (0, 0)−W (0, T )

)
ϕ0 =

= −
∆∫
0

(W (s, 0)−W (s, T )) B(s)ϕ(s−∆)ds+

+
T∫
0

W(s, T )f(s, ϕ(s), ϕ(s−∆))ds,

(
0
G

)
ϕ0 =−

∆∫
0

(
0

G(s)

)
B(s)ϕ(s−∆)ds+

+
T∫
0

(
Ψ(s, T )
Θ(s, T )

)
f(s, ϕ(s), ϕ(s−∆))ds.
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Öÿ ñèñòåìà ¹ ñóìiñíîþ òîäi i òiëüêè òîäi, êî-
ëè µ(ϕ) = 0. Ïðè öüîìó ìà¹ìî, ùî

PG∗k

{
T∫
0

Θ(s, T )f(s, ϕ(s), ϕ(s−∆))ds−

−
∆∫
0

G(s)B(s)ϕ(s−∆)ds

}
= 0,

ϕ0=PGk
ξ∗+G+

{
T∫
0

Θ(s, T )f(s, ϕ(s), ϕ(s−∆))ds−

−
∆∫
0

G(s)B(s)ϕ(s−∆)ds

}
,

i ϕ(0) ìà¹ âèãëÿä (13). Òóò PG∗k � (k×n)- âè-
ìiðíà ìàòðèöÿ-îðòîïðîåêòîð ç ïðîñòîðó Rn

íà íóëü ïðîñòið Ker(G∗) ìàòðèöi G∗, ïðè-
÷îìó ðÿäêè ìàòðèöi PG∗k óòâîðþþòü ïîâíèé
áàçèñ ÿäðà ìàòðèöi G∗:

PG∗k : Rn → Ker(G∗), Ker(G∗) = PG∗kR
n,

rank(PGk
)=rank(PG∗k)=k=n−rank(G).

Âêàæåìî äîñòàòíi óìîâè iñíóâàííÿ T - ïåði-
îäè÷íîãî ðîçâ'ÿçêó ñèñòåìè (8).

Ëåìà 3. Íåõàé âèêîíó¹òüñÿ óìîâà A.
ßêùî ïðè öüîìó ïàðàìåòð ξ = ξ∗ i ôóíêöiÿ
ϕ(t) = ϕ(t, ξ∗) òàêi, ùî âèêîíó¹òüñÿ ñèñòå-
ìà ðiâíÿíü

ϕ = (Nξ + L)ϕ, (14)

µ(ϕ) = 0, (15)
òîäi ϕ(t) ¹ T - ïåðiîäè÷íèì ðîçâ'ÿçêîì ñè-
ñòåìè iç çàïiçíåííÿì (8) i ïðèéìà¹ ïî÷à-
òêîâå çíà÷åííÿ (13).

Äîâåäåííÿ. Íåõàé ïàðàìåòð ξ = ξ∗ i
ôóíêöiÿ ϕ(t) = ϕ(t, ξ∗) çàäîâîëüíÿþòü ðiâ-
íÿííÿ (14), (15), òîäi ç (12) âèïëèâà¹, ùî

ϕ(t) ≡ W (0, t)PGk
ξ∗+

+W (0, t)G+

{
T∫
0

Θ(s, T )f(s, ϕ(s), ϕ(s−∆))ds−

−
∆∫
0

G(s)B(s)ϕ(s−∆)ds

}
+

+
∆∫
0

W (s, t)B(s)ϕ(s−∆))ds+

+
t∫

0

W (s, t)f(s, ϕ(s), ϕ(s−∆))ds.

Ïiäñòàâëÿþ÷è t=0 â îñòàííþ òîòîæíiñòü
áà÷èìî, ùî ϕ(t) ïðèéìà¹ ïî÷àòêîâå çíà÷åí-
íÿ (13), à äèôåðåíöiþþ÷è ¨¨ ïåðåêîíó¹ìîñÿ,
ùî ϕ(t) çàäîâîëüíÿ¹ ñèñòåìó (8). Ïiäñòàâè-
ìî òåïåð ϕ(t) â êðàéîâi óìîâè:

ϕ(0)−ϕ(T )=(W (0, 0)−W (0, T )) ϕ0+

+
∆∫
0

G(s)B(s)ϕ(s−∆))ds−

−
∆∫
0

W(s, t)f(s, ϕ(s), ϕ(s−∆))ds=

=

(
0

G(s)

)
ϕ0+

∆∫
0

(
0

G(s)

)
B(s)ϕ(s)ds−

−
T∫
0

(
0

Θ(s, T )

)
f(s, ϕ(s), ϕ(s−∆)) =

=

(
0

GG+−En−k

)
T∫
0

{Θ(s, T)f(s, ϕ(s), ϕ(s−∆))ds}=

=−PG∗k

T∫
0

Θ(s, T)f(s, ϕ(s), ϕ(s−∆))ds=0.

(16)

Ëåìà äîâåäåíà.
Íà ïiäñòàâi àíàëiçó âëàñòèâîñòåé ïîñëi-

äîâíîñòi {xm(t, ξ)}, çà àíàëîãi¹þ äî òåîðå-
ìè 2 [6] ìîæåìî äîâåñòè íàñòóïíå òâåðäæåí-
íÿ, ÿêå îá ðóíòîâó¹ ìîæëèâiñòü çàñòîñóâàí-
íÿ çàïðîïîíîâàíî¨ ñõåìè äëÿ íàáëèæåíî¨ ïî-
áóäîâè T - ïåðiîäè÷íîãî ðîçâ'ÿçêó ñèñòåìè ç
çàïiçíåííÿì (8).

Òåîðåìà 1. Íåõàé ñèñòåìà (8) çàäîâîëü-
íÿ¹ óìîâè À � D. Òîäi

1) ïîñëiäîâíiñòü ôóíêöié xm(t, ξ) âèãëÿ-
äó (9) ïðè m→∞ ðiâíîìiðíî çáiãà¹òüñÿ âiä-
íîñíî (t, ξ) ∈ R × D0 äî ãðàíè÷íî¨ ôóíêöi¨
x∗(t, ξ) i ïðè âñiõ íàòóðàëüíèõ m ñïðàâäæó-
þòüñÿ îöiíêè çáiæíîñòi

|x∗(t, ξ)− xm(t, ξ)| ≤ (E −Q)−1(Q)mβ;

2) ãðàíè÷íà ôóíêöiÿ x∗(t, ξ) ¹ T - ïåðiî-
äè÷íîþ ïî t i ïðèéìà¹ ïî÷àòêîâå çíà÷åííÿ

x∗(0)=x∗(0, ξ∗)=W (0, 0)PGk
ξ∗+

+W(0, 0)G+

{
T∫
0

Θ(s, T )f(s, x∗(s), x∗(s−∆))ds−

−
∆∫
0

G(s)B(s)x∗(s−∆)ds

}
+

+
∆∫
0

W (s, 0)B(s)x∗(s−∆)ds;

(17)
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3) ôóíêöiÿ x∗(t) = x∗(t, ξ∗) ¹ T - ïåðiîäè-
÷íèì ðîçâ'ÿçêîì ñèñòåìè äèôåðåíöiàëüíèõ
ðiâíÿíü (8) òîäi i òiëüêè òîäi, êîëè òî÷êà
ξ = ξ∗ ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (15).

Äîâåäåííÿ. Ç (9), (10), (11) òà âèãëÿäó
îïåðàòîðiâ Nξ, L âèïëèâà¹, ùî

|x1(t, ξ)− x0
0(t, ξ)| = β,

|x2(t, ξ)− x0
0(t, ξ)| =

=
∣∣((Nξ+L)x1(·, ξ)

)
(t)−(Nξx

0
0(·, ξ))(t)

∣∣≤
≤

∣∣(Nξ(x1(·, ξ)−x0
0(·, ξ))

)
(t)

∣∣+|(Lx1(·, ξ))(t)|≤
≤(

QN |x1(·, ξ)−x0
0(·, ξ)|

)
(t)+β≤(E+QN)β.

Çà iíäóêöi¹þ ìîæåìî ïîêàçàòè, ùî

|xm(t, ξ)− x0
0(t, ξ)| ≤

(
m−1∑
i=0

Qi
N

)
β,

òîäi ç óìîâè D âèïëèâà¹, ùî

|xm(t, ξ)− x0
0(t, ξ)| ≤ (E −QN)−1β,

òîáòî xm(t, ξ)∈D ïðè âñiõ ξ∈D0. Êðiì òîãî,

|xm+1(t, ξ)−xm(t, ξ)|≤
∣∣xm

0 (t, ξ)−xm−1
0 (t, ξ)

∣∣+
+

∣∣(L(xm (·, ξ)− xm−1 (·, ξ)))(t)
∣∣ ≤

≤(
Q|xm(·, ξ)−xm−1(·, ξ)|

)
(t)≤

≤(
Q2|xm−1(·, ξ)−xm−2(·, ξ)|

)
(t)≤

≤(Qm |x1(·, ξ)−x0(·, ξ)|) (t)≤ Qmβ .

Ìiðêóþ÷è äàëi òàê, ÿê i ïðè äîâåäåííi òåî-
ðåìè 2 [6], çàâåðøó¹ìî äîâåäåííÿ òåîðåìè.

Êîíñòðóêòèâíi äîñòàòíi óìîâè iñíóâàí-
íÿ T - ïåðiîäè÷íèõ ðîçâ'ÿçêiâ, äëÿ ïåðåâið-
êè ÿêèõ íå ïîòðiáíî øóêàòè ãðàíè÷íó ôóíê-
öiþ x∗(t, ξ) ïîñëiäîâíîñòi (9), à äîñèòü çíàòè
òiëüêè ïîñëiäîâíi íàáëèæåííÿ xm(t, ξ), ìi-
ñòèòü íàñòóïíå òâåðäæåííÿ, ÿêå ìîæåìî äî-
âåñòè çà àíàëîãi¹þ äî òåîðåìè 3 [6].

Òåîðåìà 2. Íåõàé äëÿ ñèñòåìè (8) âèêî-
íóþòüñÿ ïðèïóùåííÿ À � D i, êðiì òîãî:

1) iñíó¹ îïóêëà, çàìêíåíà îáëàñòü D1 ⊂
D0 òàêà, ùî ïðè äåÿêîìó ôiêñîâàíîìó íà-
òóðàëüíîìó m â îáëàñòi D1 ìiñòèòüñÿ
¹äèíà îñîáëèâà òî÷êà ξ = ξm íåíóëüîâîãî

iíäåêñó âiäîáðàæåííÿ ∆m (ξ) : D0 → Rk:

∆m(ξ)
def
=

T∫

0

Ψ(s, t)f(s, xm−1(s, ξ), xm−1(s−∆, ξ))ds;

2) íà ãðàíèöi ∂D1 îáëàñòi D1 âèêîíó¹òüñÿ
íåðiâíiñòü

inf
ξ∈∂D1

|∆m (ξ)| > Q1(E −QN)−1Qm
Nβ,

äå

Q1 =

∫ T

0

|Ψ(s, T )|(K1(s) + K2(s)
)
ds.

Òîäi ñèñòåìà (8) ìà¹ T - ïåðiîäè÷íèé ðîçâ'ÿ-
çîê x(t)=x∗(t, ξ∗) ç ïî÷àòêîâèì çíà÷åííÿì
x(0)=x∗(0, ξ∗) âèãëÿäó (17), äå ξ∗∈D1.

Ó äàíié ðîáîòi îáãðóíòîâàíî ÷èñåëüíî-
àíàëiòè÷íèé àëãîðèòì iíòåãðóâàííÿ ïåðiî-
äè÷íèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü iç
çàïiçíþþ÷èì àðãóìåíòîì. Ïîáóäîâàíî ðiâ-
íîìiðíî çáiæíó ïîñëiäîâíiñòü k- ïàðàìåòðè-
÷íèõ ïåðiîäè÷íèõ íàáëèæåíü, âñòàíîâëåíî
óìîâè çáiæíîñòi òà îöiíêè ïîõèáêè. Äîñëi-
äæåíî çâ'ÿçîê ãðàíè÷íî¨ ôóíêöi¨ öi¹¨ ïîñëi-
äîâíîñòi ç òî÷íèì ïåðiîäè÷íèì ðîçâ'ÿçêîì
âèõiäíî¨ ñèñòåìè.
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