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ÏÐÎ ÊÎÐÅÊÒÍÓ ÐÎÇÂ'ßÇÍIÑÒÜ ÇÀÄÀ×I ÊÎØI ÄËß ÄÅßÊÈÕ
ÂÈÐÎÄÆÅÍÈÕ ÏÀÐÀÁÎËI×ÍÈÕ ÐIÂÍßÍÜ ÒÈÏÓ ÊÎËÌÎÃÎÐÎÂÀ

Íàâåäåíî òåîðåìè ïðî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ äâîõ êëàñiâ âèðîäæåíèõ
ïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà äîâiëüíèõ ïîðÿäêiâ.

We present some theorems on correct solvability of the Cauchy problem for two classes of
degenerate Kolmogorov type parabolic equations of any order.

Ó ñòàòòi [1] ðîçãëÿíóòî êëàñè ðiâíÿíü
EB

21, EB
22 i EB

23, ÿêi ìiñòÿòü ÷àñîâó çìií-
íó t, òðè ãðóïè ïðîñòîðîâèõ çìiííèõ x1, x2,
x3 i âèðîäæóþòüñÿ çà ãðóïàìè çìiííèõ x2

òà x3. Öi êëàñè óçàãàëüíþþòü âiäïîâiäíî
êëàñ E21 âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü
òèïó Êîëìîãîðîâà ïîðÿäêó 2b, êëàñ E22

óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãî-
ðîâà i êëàñ E23 âèðîäæåíèõ ðiâíÿíü òè-
ïó Êîëìîãîðîâà ç −→2b �ïàðàáîëi÷íîþ ÷àñòè-
íîþ çà îñíîâíèìè çìiííèìè t i x1 iç ìîíî-
ãðàôi¨ [2]. Äëÿ öèõ êëàñiâ ðiâíÿíü íàâåäåíî
ðåçóëüòàòè äîñëiäæåííÿ ôóíäàìåíòàëüíîãî
ðîçâ'ÿçêó çàäà÷i Êîøi (ÔÐÇÊ), ÿêi äîçâîëÿ-
þòü âèâ÷èòè âëàñòèâîñòi ïîòåíöiàëiâ, ïîðîä-
æåíèõ ÔÐÇÊ, i íà ¨õ îñíîâi äîâåñòè òåîðå-
ìè ïðî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi.
Â [1] ñôîðìóëüîâàíî òåîðåìè ïðî êîðåêò-
íó ðîçâ'ÿçíiñòü çàäà÷i Êîøi òà iíòåãðàëüíi
çîáðàæåííÿ ðîçâ'ÿçêiâ òiëüêè äëÿ ðiâíÿíü iç
êëàñó EB

22. Ðåçóëüòàòè iç öèõ òåîðåì ¹ òî÷-
íèìè, îñêiëüêè ¹ òî÷íèìè îöiíêè ÔÐÇÊ äëÿ
òàêèõ ðiâíÿíü. Äëÿ ðiâíÿíü iç iíøèõ äâîõ
êëàñiâ îöiíêè ÔÐÇÊ âæå íå ¹ íàñòiëüêè òî÷-
íèìè, ÿê äëÿ êëàñó EB

22, òîìó îäåðæàòè òî÷-
íi ðåçóëüòàòè ïðî êîðåêòíó ðîçâ'ÿçíiñòü çà-
äà÷i Êîøi íå âäà¹òüñÿ. Îäíàê, äëÿ öèõ ðiâ-
íÿíü âñå æ òàêè ìîæíà âñòàíîâèòè êîðåêòíó
ðîçâ'ÿçíiñòü çàäà÷i Êîøi â ïðîñòîðàõ ôóíê-
öié, ÿêi çðîñòàþòü ïðè |x| → ∞ ç ìàêñè-
ìàëüíèìè ïîðÿäêàìè, àëå ìàþòü ìiíiìàëü-
íèé òèï çðîñòàííÿ çà çìiííèìè x2 i x3 àáî
ïîðÿäêè çðîñòàííÿ çà öèìè çìiííèìè ìåíøi

âiä ìàêñèìàëüíèõ. Òóò íàâîäÿòüñÿ ðåçóëüòà-
òè äëÿ ðiâíÿíü iç êëàñó EB

23 i, ÿê ÷àñòèííèé
âèïàäîê, iç êëàñó EB

21 â ïðîñòîðàõ ôóíêöié,
ÿêi çðîñòàþòü ç ìàêñèìàëüíèìè ïîðÿäêàìè
ïðè |x1| → ∞ òà ¹ îáìåæåíèìè çà x2 i x3.

Âèêîðèñòîâóâàòèìåìî ïîçíà÷åííÿ òà
îçíà÷åííÿ iç [1]. ßê i â [1], ââàæàòèìåìî, ùî
n-âèìiðíà ïðîñòîðîâà çìiííà x ñêëàäà¹òüñÿ
ç n1-âèìiðíî¨ çìiííî¨ x1 := (x11, . . . , x1n1),
n2-âèìiðíî¨ çìiííî¨ x2 := (x21, . . . , x2n2) i
n3-âèìiðíî¨ çìiííî¨ x3 := (x31, . . . , x3n3),
òîáòî x := (x1, x2, x3). Òóò n1, n2 i n3 �
òàêi íàòóðàëüíi ÷èñëà, ùî n3 ≤ n2 ≤ n1 i
n1+n2+n3 = n. Âiäïîâiäíî äî öüîãî ìóëüòè-
iíäåêñ k ∈ Zn

+ çàïèñóâàòèìåìî ó âèãëÿäi
k := (k1, k2, k3), äå kl := (kl1, ..., klnl

) ∈ Znl
+ ,

l ∈ {1, 2, 3}.
Îá'¹êòîì íàøîãî äîñëiäæåííÿ ¹ ðiâíÿííÿ

âèãëÿäó

(SB −
∑

‖k1‖≤2b

ak1(t, x)∂k1
x1

)u(t, x) = f(t, x),

(t, x) ∈ Π(0,T ], (1)

äå Π(0,T ] := {(t, x)|t ∈ (0, T ], x ∈ Rn}; SB :=
∂t − (x, BDx), B � ìàòðèöÿ ðîçìiðó n × n,
ÿêà ìà¹ âèãëÿä

B :=




O B1 O
O O B2

O O O


 ,

B1, B2 � ìàòðèöi, ñêëàäåíi âiäïîâiäíî ç äiéñ-
íèõ ÷èñåë b1

sj, s ∈ {1, ..., n1}, j ∈ {1, ..., n2},
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b2
sj, s ∈ {1, ..., n2}, j ∈ {1, ..., n3}, O � íó-
ëüîâi ìàòðèöi âiäïîâiäíèõ ðîçìiðiâ, Dx :=
col(∂x11 , ..., ∂x1n1

, ∂x21 , ..., ∂x2n2
, ∂x31 , ..., ∂x3n3

),
(·, ·) � ñêàëÿðíèé äîáóòîê â Rn; b � íàé-
ìåíøå ñïiëüíå êðàòíå çàäàíèõ íàòóðàëüíèõ
÷èñåë b1, ..., bn1 i ‖k1‖ := m1k11 + ...+mn1k1n1 ,
mj := b/bj, j ∈ {1, ..., n1}.

Äëÿ ðiâíÿííÿ (1) ïðèïóñêàòèìåìî âèêî-
íàíèìè òàêi óìîâè:

α1) ìàòðèöÿ B, â ÿêié áëîêè B1 i B2

çàïèñàíi âiäïîâiäíî ó âèãëÿäi
(

B1
1

B1
2

)
i

(
B2

1

B2
2

)
, äå B1

1 , B1
2 , B2

1 i B2
2 � ìàòðèöi

âiäïîâiäíî ðîçìiðiâ n2 × n2, (n1 − n2) × n2,
n3 × n3 i (n2 − n3)× n3, çàäîâîëüíÿ¹ óìîâè

detBj
1 6= 0, j ∈ {1, 2};

α2) iñíó¹ òàêà ñòàëà δ > 0, ùî äëÿ êîæíî¨
òî÷êè (t, x) ∈ Π[0,T ] i σ1 ∈ Rn1 ñïðàâäæó¹òüñÿ
íåðiâíiñòü

Re
∑

‖k1‖=2b

ak1(t, x)(iσ1)
k1 ≤ −δ

n1∑
j=1

σ
2bj

1j ;

α3) êîåôiöi¹íòè ak1 , ‖k1‖ ≤ 2b, îáìåæåíi
òà B3-ãåëüäåðîâi ç ïîêàçíèêîì α ∈ (0, 1) â
Π[0,T ] ó ñïåöiàëüíîìó ñåíñi, âêàçàíîìó â [1];

α4) êîåôiöi¹íòè ak1 , ‖k1‖ ≤ 2b, ìàþòü
îáìåæåíi òà B3-ãåëüäåðîâi (ó òàêîìó æ, ÿê
â óìîâi α3, ñåíñi) ç ïîêàçíèêîì α ∈ (0, 1) â
Π[0,T ] ïîõiäíi òîãî ñàìîãî âèãëÿäó, ïðè ÿêèõ
âîíè ñòîÿòü.

Ïiä ðîçâ'ÿçêàìè ðiâíÿííÿ (1) ðîçóìiòèìå-
ìî L-ðîçâ'ÿçêè â ñåíñi îçíà÷åííÿ 2 ç [1], à ïiä
âèðàçîì SBu � ïîõiäíó Ëi âiä ôóíêöi¨ u (äèâ.
îçíà÷åííÿ 1 ç [1]).

Ùîá ñôîðìóëþâàòè îñíîâíèé ðåçóëüòàò
öi¹¨ ñòàòòi, ââåäåìî íåîáõiäíi ïîçíà÷åííÿ òà
îçíà÷åííÿ.

Íåõàé

X(t) := (X1(t), X2(t), X3(t)),

Xl(t) := (Xl1(t), ..., Xlnl
(t)), l ∈ {1, 2, 3},

X1j(t) := x1j, j ∈ {1, ..., n1},

X2j(t) := x2j + t

n1∑

k=1

b1
kjx1k, j ∈ {1, ..., n2},

X3j(t) := x3j+t

n2∑
s=1

b2
sjx2s+

t2

2

n1∑

k=1

n2∑
s=1

b2
sjb

1
ksx1k,

j ∈ {1, ..., n3};

M :=
3∑

s=1

ns∑
j=1

(s− 1 + 1/(2bj));

qj := 2bj/(2bj − 1), j ∈ {1, ..., n1};

Ec(t, x; τ, ξ) := exp{−c

n1∑

k=1

(t− τ)1−qk×

×|x1k − ξ1k|qk}
∞∑

j=0

(ĈΓ(α/(2b))(t− τ)α/(2b))j×

×(Γ(jα/(2b)))−1×

× exp{−cδj
0

3∑
s=1

ns∑

k=1

(t− τ)1−qks×

×|Xsk(t− τ)− ξsk|qk},
äå c, Ĉ i δ0 � äåÿêi äîäàòíi ñòàëi, ïðè÷îìó
δ0 < 1, Γ � ãàììà-ôóíêöiÿ Åéëåðà, α � ÷èñëî
ç óìîâè α3.

Â [1] çà óìîâ α1 � α3 äëÿ ðiâíÿííÿ (1)
äîâåäåíî iñíóâàííÿ ÔÐÇÊ Z òà âñòàíîâëåíî
îöiíêè

∣∣∂k1
x1

Z(t, x; τ, ξ)
∣∣ ≤ C(t− τ)−M−‖k1‖/(2b)×

×Ec(t, x; τ, ξ),

|SBZ(t, x; τ, ξ)| ≤ C(t− τ)−M−1×
×Ec(t, x; τ, ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, ‖k1‖ ≤ 2b. (2)

Çà äîäàòêîâî¨ óìîâè α4 ÔÐÇÊ ìà¹ âëàñòè-
âiñòü íîðìàëüíîñòi òà äëÿ íüîãî ¹ ïðàâèëü-
íîþ ôîðìóëà çãîðòêè.

Ðîçãëÿíåìî íàáið ôóíêöié
~k1(t,~a1) := (k11(t, a1), ..., k1n1(t, an1)),

~k1j(t,~a1j) := c0a1j(c
2bj−1
0 − a

2bj−1
1j t)1−qj ,

j ∈ {1, ..., n1},
38 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2008. Âèïóñê 421. Ìàòåìàòèêà.



äå c0 ∈ (0, c), c � ñòàëà ç îöiíîê (2), ~a1 :=
(a11, ..., a1n1) � íàáið òàêèõ íåâiä'¹ìíèõ ÷è-
ñåë, ùî T < min

j∈{1,...,n1}

(
c0
a1j

)2bj−1

.
Äëÿ p ∈ [1,∞] i ôóíêöi¨ u(t, x), (t, x) ∈

Π[0,T ], îçíà÷èìî äëÿ êîæíîãî t ∈ [0, T ] íîðìó

‖u(t, ·)‖~k1(t,~a1)
p :=

= ‖u(t, x) exp{−[~k1(t,~a1), x1]}‖Lp(Rn),

äå [~k1(t,~a1), x1] :=
n1∑

j=1

k1j(t, aj)|x1j|qj .

Áóäåìî âèêîðèñòîâóâàòè òàêi ïðîñòîðè:
L~a1

p , p ∈ [1,∞], � ïðîñòîðè âèìiðíèõ
ôóíêöié ϕ : Rn → C, äëÿ ÿêèõ ¹ ñêií÷åí-
íèìè íîðìè ‖ϕ‖~a1

p := ‖ϕ‖~k1(0,~a1)
p ;

M~a1 � ïðîñòið êîìïëåêñíîçíà÷íèõ óçà-
ãàëüíåíèõ áîðåëüîâèõ ìið µ â Rn, ÿêi çàäî-
âîëüíÿþòü óìîâó

‖µ‖~a1 :=

∫

Rn

exp{−[~a1, x1]}dµ(x) < ∞;

L
−~k1(T,~a1)
1 � ïðîñòið âèìiðíèõ ôóíêöié ψ :

Rn → C çi ñêií÷åííîþ íîðìîþ

‖ψ‖−~k1(T,~a1)
1 :=

= ‖ψ(x) exp{[~k1(T,~a1), x1]}‖L1(Rn);

C
−~k1(T,~a1)
0 � ïðîñòið òàêèõ íåïåðåðâ-

íèõ ôóíêöié ψ : Rn → C, ùî
|ψ(x)| exp{[~k1(T,~a1), x1]} →

|x|→∞
0.

Ââåäåìî ùå íîðìó

‖u(t, ·)‖~k1(t,~a1)
0 :=

= sup
x∈Rn

(|u(t, x)| exp{−[~k1(t,~a1), x1]})

i ïðîñòið C~a1
0 íåïåðåðâíèõ â Rn ôóíêöié ϕ,

ÿêi ìàþòü ñêií÷åííó íîðìó

‖ϕ‖~a1
0 := sup

x∈Rn

(|ϕ(x)| exp{−[~a1, x1]}).

Ñôîðìóëþ¹ìî îñíîâíi òåîðåìè äëÿ ðiâ-
íÿííÿ (1). Ïðè öüîìó äëÿ ïðàâî¨ ÷àñòèíè

öüîãî ðiâíÿííÿ âèêîðèñòîâóâàòèìåìî òàêi
óìîâè:

β0) ôóíêöiÿ f : Π(0,T ] → C íåïåðåðâ-
íà, ëîêàëüíî ãåëüäåðîâà çà x ðiâíîìiðíî ùî-
äî t i äëÿ áóäü-ÿêîãî t ∈ (0, T ] ¹ ñêií-
÷åííèìè âåëè÷èíè ‖f(t, ·)‖~k1(t,~a1)

0 i F0(t) :=
t∫

0

‖f(τ, ·)‖~k1(τ,~a1)
0 dτ ;

βp) ôóíêöiÿ f : Π(0,T ] → C íåïåðåðâ-
íà, ëîêàëüíî ãåëüäåðîâà çà x ðiâíîìið-
íî øîäî t i äëÿ áóäü-ÿêîãî t ∈ (0, T ]

¹ ñêií÷åííèìè âåëè÷èíè ‖f(t, ·)‖~k1(t,~a1)
p i

Fp(t) :=
t∫

0

‖f(τ, ·)‖~k1(τ,~a1)
p dτ , äå p ∈ [1,∞].

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè
α1� α4. Òîäi ïðàâèëüíi òàêi òâåðäæåíÿ:

1) äëÿ äîâiëüíèõ ôóíêöi¨ ϕ ∈ L~a1
p i ôóíê-

öi¨ f , ÿêà çàäîâîëüíÿ¹ óìîâó βp, p ∈ [1,∞],
ôîðìóëà

u(t, x) =

∫

Rn

Z(t, x; 0, ξ)ϕ(ξ)dξ+

+

t∫

0

dτ

∫

Rn

Z(t, x; τ, ξ)f(τ, ξ)dξ,

(t, x) ∈ Π(0,T ], (3)

âèçíà÷à¹ ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ (1), äëÿ
ÿêîãî ñïðàâäæóþòüñÿ îöiíêà

‖u(t, ·)‖~k1(t,~a1)
p ≤ C(‖ϕ‖~a1

p + Fp(t)),

t ∈ (0, T ],

ïðè p ∈ [1,∞) ñïiââiäíîøåííÿ

lim
t→0

‖u(t, ·)− ϕ(·)‖~k1(t,~a1)
p = 0,

à ïðè p = ∞ ñïiââiäíîøåííÿ

lim
t→0

∫

Rn

ψ(x)u(t, x)dx =

∫

Rn

ψ(x)ϕ(x)dx

äëÿ áóäü-ÿêî¨ ôóíêöi¨ ψ ∈ L
−~k1(T,~a1)
1 ;

2) äëÿ áóäü-ÿêèõ óçàãàëüíåíî¨ ìiðè µ ∈
M~a1 i ôóíêöi¨ f , ùî çàäîâîëüíÿ¹ óìîâó β1,
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ôîðìóëîþ

u(t, x) =

∫

Rn

Z(t, x; 0, ξ)dµ(x)+

+

t∫

0

dτ

∫

Rn

Z(t, x; τ, ξ)f(τ, ξ)dξ,

(t, x) ∈ Π(0,T ], (4)

âèçíà÷à¹òüñÿ ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ
(1), äëÿ ÿêîãî ñïðàâäæóþòüñÿ îöiíêà

‖u(t, ·)‖~k1(t,~a1)
1 ≤ C(‖µ‖~a1 + F1(t)),

t ∈ (0, T ],

i ñïiââiäíîøåííÿ

lim
t→0

∫

Rn

ψ(x)u(t, x)dx =

∫

Rn

ψ(x)dµ(x)

äëÿ äîâiëüíî¨ ôóíêöi¨ ψ ∈ L
−~k1(T,~a1)
1 .

Òåîðåìà 2. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâ-
íÿííÿ (1) âèêîíóþòüñÿ óìîâè α1� α4,
äëÿ éîãî ïðàâî¨ ÷àñòèíè f � óìîâà β0 i
ϕ ∈ C~a1

0 . Òîäi ôîðìóëîþ (3) âèçíà÷à¹òüñÿ
¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ (1), äëÿ ÿêîãî
ñïðàâäæóþòüñÿ îöiíêà

‖u(t, ·)‖~k1(t,~a1)
0 ≤ C(‖ϕ‖~a1

0 + F0(t)),

t ∈ (0, T ],

i äëÿ äîâiëüíîãî êîìïàêòà K ⊂ Rn ñïiââiä-
íîøåííÿ

u(t, x) →
t→0

ϕ(x) ðiâíîìiðíî ùîäî x ∈ K.

Äîâåäåííÿ òåîðåì 1 i 2 ¹ äîñèòü ãðîìiçä-
êèì. Âîíî çäiéñíþ¹òüñÿ çà äîïîìîãîþ âiä-
ïîâiäíî¨ ìîäèôiêàöi¨ ìåòîäèêè, ðîçðîáëåíî¨
ó [2]. Öÿ ìåòîäèêà  ðóíòó¹òüñÿ íà äåòàëüíî-
ìó äîñëiäæåííi âëàñòèâîñòåé ïîòåíöiàëiâ iç
ôîðìóë (3) i (4), à òàêîæ âèêîðèñòàííi ôîð-
ìóëè Ãðiíà-Îñòðîãðàäñüêîãî.
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