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Äîâåäåíî íîâi òåîðåìè îá ðóíòóâàííÿ ìåòîäó óñåðåäíåííÿ çà âñiìà øâèäêèìè çìiííèìè

íà ïiâîñi ïî÷àòêîâî¨ çàäà÷i äëÿ áàãàòî÷àñòîòíî¨ ñèñòåìè âèùîãî íàáëèæåííÿ iç çàïiçíåííÿì
â ïîâiëüíèõ i øâèäêèõ çìiííèõ. Âñòàíîâëåíî ÿêiñíi îöiíêè âiäõèëåíü ðîçâ'ÿçêiâ âèõiäíî¨ òà
óñåðåäíåíî¨ çàäà÷.

We prove new substantiation theorems for the averaging method with respect to all fast vari-
ables on a semi-axle for the initial value problem for multi-frequency system of high approximation
with delays in slow and fast variables. Qualitative estimations for deviations of solutions of the
given and the averaged problems have been established.

Ìåòîä óñåðåäíåííÿ îäåðæàâ ðîçïîâñþä-
æåííÿ íà äèôåðåíöiàëüíi ðiâíÿííÿ â ðiçíèõ
ôóíêöiîíàëüíèõ ïðîñòîðàõ, â òîìó ÷èñëi i
íà ðiâíÿííÿ iç çàïiçíåííÿìè. Ñóòü ìåòîäó
ïîëÿãà¹ â çàìiíi âèõiäíèõ ðiâíÿíü ïðîñòiøè-
ìè, ÿêi íàçèâàþòüñÿ óñåðåäíåíèìè. Ïðèðî-
äíiì â äàíîìó âèïàäêó ¹ ïèòàííÿ ïðî îöiíêó
âiäõèëåííÿ ðîçâ'ÿçêiâ âèõiäíî¨ òà óñåðåäíå-
íî¨ ñèñòåì. Âàæëèâèì òàêîæ ¹ äîñëiäæåí-
íÿ iñíóâàííÿ ðîçâ'ÿçêó âèõiäíî¨ ñèñòåìè íà
ïiâîñi òà îöiíêà éîãî âiäõèëåííÿ âiä ðîçâ'ÿç-
êó óñåðåäíåíî¨ ñèñòåìè. Äîñëiäæóâàëîñü öå
ïèòàííÿ äëÿ ðiçíèõ êëàñiâ äèôåðåíöiàëüíèõ
ðiâíÿíü ó ïðàöÿõ [1-4].

Ó äàíié ñòàòòi âñòàíîâëåíî äîñòàòíi óìî-
âè åôåêòèâíîãî âèêîðèñòàííÿ ìåòîäó óñåðå-
äåííÿ çà âñiìà øâèäêèìè çìiííèìè äëÿ ñè-
ñòåìè âèùîãî íàáëèæåííÿ iç çàïiçíåííÿì â
ïîâiëüíèõ òà øâèäêèõ çìiííèõ íà ïiâîñi.

Ðîçãëÿíåìî áàãàòî÷àñòîòíó ñèñòåìó äè-
ôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì âè-
ãëÿäó

dx

dτ
=

r∑

k=0

εkak(x,xλ,τ)+εr+1A(x,xλ,ϕ,ϕλ,τ, ε),

dϕ

dτ
=

r∑

k=0

εk−1bk(x,xλ,τ)+εrB(x,xλ,ϕ,ϕλ,τ,ε),

(1)

â ÿêié x=x(τ, ε) ∈ D ⊂ Rn, ϕ=ϕ(τ, ε) ∈ Rm,

τ ∈ [0, +∞), ε ∈ (0, ε0] � ìàëèé ïàðàìåòð,
xλ = x(λ(τ), ε), ϕλ = ϕ(λ(τ), ε), λ = λ(τ) �
íåïåðåðâíî-äèôåðåíöiéîâíà íà [0, +∞) ôóí-
êöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâè

λ(τ) < τ, λ(0) = −∆ < 0,

0 < σ−1
1 <

dλ(τ)

dτ
< σ1 = const, (2)

λ(τ0) = 0, τ0 ∈ (0, +∞),

∆ = const > 0, D � âiäêðèòà îáìåæåíà
îáëàñòü; äiéñíi ôóíêöi¨ ak, bk, k = 0, r, A,B
òà ¨õ ÷àñòèííi ïîõiäíi ïî x, xλ, ϕ, ϕλ, τ íåïå-
ðåðâíi òà îáìåæåíi ñòàëîþ σ1 íà ìíîæèíi
G = D2 × R2m × R+ × (0, ε0]; A,B íàëåæàòü
êëàñó ìàéæå ïåðiîäè÷íèõ ïî ϕ, ϕλ ôóíêöié,
r ≥ 1.

Çàäàìî äëÿ (1) ïî÷àòêîâó óìîâó

x(τ, ε) = f(τ),

ϕ(τ,ε)=g(τ,ε)+
1

ε

τ∫

0

Ω(t)dt, τ ∈ [−∆, 0], (3)

äå f, g, Ω � íåïåðåðâíî-äèôåðåíöiéîâíi ïî
τ ∈ [−∆, 0] ôóíêöi¨, ïðè÷îìó

∥∥∥∥
dg(τ, ε)

dτ

∥∥∥∥≤σ1, (τ, ε)∈ [−∆, 0]×(0, ε0]. (4)
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Çàñòîñó¹ìî äî (1), (3) ìåòîä óñåðåäíåííÿ
çà âñiìà øâèäêèìè çìiííèìè [1, 5]. Óñåðåä-
íåíà çà ϕ, ϕλ çàäà÷à íàáóäå âèãëÿäó

dx̄

dτ
=

r∑

k=0

εkak(x̄,x̄λ,τ)+εr+1A0(x̄,x̄λ,τ, ε), τ≥0,

x̄(τ, ε)=f(τ), τ ∈ [−∆, 0], (5)

dϕ̄

dτ
=

r∑

k=0

εk−1bk(x̄,x̄λ,τ)+εrB0(x̄,x̄λ,τ,ε), τ≥0,

ϕ̄(τ,ε)=g(τ,ε)+
1

ε

τ∫

0

Ω(t)dt, τ ∈ [−∆, 0], (6)

â ÿêié x̄= x̄(τ, ε), ϕ̄= ϕ̄(τ, ε), x̄λ = x̄(λ(τ), ε),
(A0(x̄,x̄λ,τ,ε),B0(x̄,x̄λ,τ,ε))=C0(x̄,x̄λ,τ,ε)=

= lim
T→∞

T−2m

T∫

0

. . .

T∫

0

C(x̄, x̄λ, Φ, τ, ε)dΦ1 . . . dΦ2m,

C(x̄, x̄λ, Φ, τ, ε) =

= (A(x̄, x̄λ, Φ, τ, ε), B(x̄, x̄λ, Φ, τ, ε)).

Ïîáóäîâàíà çàäà÷à (5),(6) ¹ ïðîñòiøîþ
äëÿ ðîçâ'ÿçàííÿ, íiæ (1),(3), îñêiëüêè âîíà
ðîçïàäà¹òüñÿ íà äâi çàäà÷i.

Ðîçãëÿíåìî äîïîìiæíó çàäà÷ó
dξ

dτ
= a0(ξ, ξλ, τ), τ ≥ 0,

ξ(τ) = f(τ), τ ∈ [−∆, 0],

(7)

â ÿêié ξλ = ξ(λ(τ)).
Äîñëiäèìî âiäõèëåííÿ ðîçâ'ÿçêó ξ = ξ(τ)

çàäà÷i (7) âiä ðîçâ'ÿçêó x̄ = x̄(τ, ε) çàäà÷i (5)
ïðè τ ≥ 0.

Òåîðåìà 1. Íåõàé
1) iñíó¹ ðîçâ'ÿçîê ξ = ξ(τ) ïî÷àòêîâî¨

çàäà÷i (7), ÿêèé âèçíà÷åíèé äëÿ âñiõ τ ∈
[−∆, +∞) i ëåæèòü â D ðàçîì ç äåÿêèì
ñâî¨ì ρ1-îêîëîì, ρ1 > 0;

2) ∂a0(y, τ)

∂y
îäíîñòàéíî ïî τ ∈ R+ ðiâíî-

ìiðíî íåïåðåðâíà ïî y ∈ D2, y = (x, xλ);
3) íîðìàëüíà ôóíäàìåíòàëüíà ìàòðèöÿ

Z(τ, t) ëiíiéíî¨ ñèñòåìè
dζ(τ)

dτ
= M(τ)ζ(τ), τ ≥ t, (8)

äå M(τ) =
∂a0(ξ, ξλ, τ)

∂ξ
, ξλ = ξ(λ(τ)), çàäî-

âîëüíÿ¹ îöiíêó

‖Z(τ, t)‖ ≤ K1e
−γ1(τ−t) (9)

äëÿ âñiõ τ ≥ t≥ 0 çi ñòàëèìè K1≥ 1, γ1 > 0,
à

K1γ
−1
1 sup

τ∈R+

∥∥∥∥
∂a0(ξ, ξλ, τ)

∂ξλ

∥∥∥∥ = α < 1. (10)

Òîäi ïðè äîñèòü ìàëîìó ε0 > 0 äëÿ âñiõ
τ ∈ [0,∞) i ε ∈ (0, ε0] ñïðàâåäëèâà îöiíêà

‖x̄(τ, ε)− ξ(τ)‖ ≤ c1ε (11)

çi ñòàëîþ c1, íåçàëåæíîþ âiä ε.
Äîâåäåííÿ. Ïîçíà÷èìî ζ = x̄− ξ. Òîäi ç

(5), (7) äëÿ τ > 0 ìà¹ìî, ùî
dζ

dτ
= M(τ)ζ + F (τ, ε),

äå

F(τ,ε)=

1∫

0

(
∂a0(ξ+lζ,ξλ,τ)

∂ξ
− ∂a0(ξ,ξλ,τ)

∂ξ

)
dl ζ+

+

1∫

0

(
∂a0(ξ,ξλ + lζλ,τ)

∂ξλ
− ∂a0(ξ,ξλ,τ)

∂ξλ

)
dl ζλ+

+
r∑

k=1

εkak(ζ +ξ,ζλ +ξλ,τ)+

+εr+1A0(ζ +ξ,ζλ +ξλ,τ,ε) +
∂a0(ξ,ξλ,τ)

∂ξλ
ζλ.

Îñêiëüêè âèêîíó¹òüñÿ óìîâà 3) òåîðåìè,
òî äëÿ äîâiëüíîãî ÷èñëà µ1 >0 iñíóþòü ÷èñ-
ëà µ

(1)
2 >0 i µ

(2)
2 >0 òàêi, ùî

∥∥∥∥
∂a0(ξ + lζ, ξλ, τ)

∂ξ
− ∂a0(ξ, ξλ, τ)

∂ξ

∥∥∥∥ ≤ µ1

ïðè sup
[0,T )×(0,ε0]

‖ζ(τ, ε)‖ ≤ µ
(1)
2 i

∥∥∥∥
∂a0(ξ, ξλ + lζλ, τ)

∂ξλ

− ∂a0(ξ, ξλ, τ)

∂ξλ

∥∥∥∥ ≤ µ1

ïðè ‖ζ(λ(τ), ε)‖ ≤ sup
[0,T )×(0,ε0]

‖ζ(τ, ε)‖ ≤ µ
(2)
2 .
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Âðàõó¹ìî, ùî ζ(τ, ε) ≡ 0 ïðè τ ∈
[−∆, 0], ε ∈ (0, ε0] i sup

[0,T )×(0,ε0]

‖ζ(λ(τ), ε)‖ ≤
sup

[0,T )×(0,ε0]

‖ζ(τ, ε)‖. Òîäi äëÿ

ζ(τ, ε) =

τ∫

0

Z(τ, t)F (t, ε)dt

ìà¹ìî
sup

[0,T )×(0,ε0]

‖ζ(τ, ε)‖ ≤ (
2K1γ

−1
1 µ1+

+α) sup
[0,T )×(0,ε0]

‖ζ(τ, ε)‖+ K1γ
−1
1 (r + 1)σ1ε.

Ïîêëàäåìî µ1 = (1−α)γ1

4K1
. Òîäi îäåðæó¹ìî

îöiíêó (11) çi ñòàëîþ c1 = 2K1(r+1)σ1/((1−
α)γ).

Âèáåðåìî ε0 =min
{

γ1(1−α)µ2

2(r+1)K1σ1
; γ1(1−α)ρ1

4(r+1)K1σ1

}
,

µ2 = min
{

µ
(1)
2 , µ

(2)
2

}
. Âèáðàíå òàêèì ÷è-

íîì ε0 çàáåçïå÷ó¹ íàëåæíiñòü ðîçâ'ÿçêó x̄ =
x̄(τ, ε) 1

2
ρ1-îêîëó ξ = ξ(τ) ïðè âñiõ (τ,ε) ∈

[0,+∞)×(0,ε0].
Òåîðåìó äîâåäåíî.
Íåõàé âèêîíóþòüñÿ íàñòóïíi óìîâè:
1) (n + m) � âèìiðíà âåêòîð-ôóíêöiÿ

C(y, Φ, τ, ε)=(A(y, Φ, τ, ε), B(y, Φ, τ, ε)) íàëå-
æèòü êëàñó ìàéæå ïåðiîäè÷íèõ ïî Φ ôóíê-
öié, ÿêi ðîçêëàäàþòüñÿ â ðiâíîìiðíî ïî Φ
çáiæíèé â G ðÿä Ôóð'¹

C(y, Φ, τ, ε) =
∞∑

s=0

Cs(y, τ, ε)ei(ks,Φ),

äå y=(x, xλ)∈D2, Φ=(ϕ, ϕλ)∈R2m, i=
√−1

� óÿâíà îäèíèöÿ, (ks, Φ) � ñêàëÿðíèé äîáó-
òîê â R2m, k0 = 0, ks 6= 0 ïðè s ≥ 1.

Ïðèïóñòèìî, ùî ïðè êîæíîìó ε ∈ (0, ε0]
ôóíêöiÿ C(y, Φ, τ, ε) òà ¨¨ ÷àñòèííi ïîõi-
äíi ïåðøîãî ïîðÿäêó ïî y, Φ, τ íåïåðåðâíi i
îáìåæåíi ñòàëîþ σ1 â îáëàñòi G i âèêîíó¹-
òüñÿ íåðiâíiñòü

∞∑
s=1

[(
1 +

1

‖ks‖
)

sup
G
‖Cs(y, τ, ε)‖+

+
1

‖ks‖
(

sup
G

∥∥∥∥
∂Cs(y, τ, ε)

∂y

∥∥∥∥ + (12)

+ sup
G

∥∥∥∥
∂Cs(y, τ, ε)

∂τ

∥∥∥∥
)]

≤ σ1,

äå G = D2 × [0, +∞)× (0, ε0].
2) Ω(τ) ∈ C p

[−∆,0], f(τ) ∈ C p
[−∆,0],

a0(y, τ) ∈ C p−1
(D2 × [0, +∞), σ1

)
, (13)

b0(y, τ) ∈ C p
(D2 × [0, +∞), σ1

)
,

λ(τ) ∈ C p+1 ([0, +∞), σ1) .

Òóò p ≥ 2m, à ÷åðåç C l (D2 × [0, +∞), σ1)
ïîçíà÷åíî ìíîæèíó âåêòîð-ôóíêöié, ÿêi ìà-
þòü íåïåðåðâíi i îáìåæåíi âD2×[0, +∞) ñòà-
ëîþ σ1 ÷àñòèííi ïîõiäíi ïî y, τ äî ïîðÿäêó l
âêëþ÷íî.

3) Äëÿ τ ∈ R+, τ 6= τj, j = 0, p− 1, âèêî-
íó¹òüñÿ íåðiâíiñòü

det(W T (ξ, ξλ, τ)W (ξ, ξλ, τ)) ≥ c, (14)

â ÿêié òî÷êè τj âèçíà÷àþòüñÿ ç óìîâè

λ(τj) = τj−1, j = 1, p− 1,

c � äîäàòíà ñòàëà, ξ = ξ(τ), ξλ = ξ(λ(τ)),

W (ξ,ξλ,τ)=

(
dj−1

dτ j−1
vl(ξ,ξλ,τ)

)p, 2m

j, l=1

,

W T (ξ, ξλ, τ) � òðàíñïîíîâàíà ìàòðèöÿ,
v(ξ, ξλ, τ) = (v1(ξ, ξλ, τ), ..., v2m(ξ, ξλ, τ)) �
2m-âèìiðíèé âåêòîð,

v(ξ,ξλ,τ)=





(ω(ξ,ξλ,τ), Ω(λ(τ))λ′(τ)), τ∈(0,τ0),
(ω(ξ,ξλ,τ), ω(ξλ,ξλλ,λ(τ))λ′(τ)),

τ ∈ (τ0,+∞), τ 6= τj,
j = 1, 2, ..., p− 1,

Ω(τ) = (Ω1(τ),...,Ωm(τ)), ω(ξ,ξλ,τ) = (ω1(ξ,ξλ,τ),
..., ωm(ξ,ξλ,τ))≡b0(ξ,ξλ,τ), ξ=ξ(τ), ξλ=ξ(λ(τ)),
ξλλ = ξ(λ(λ(τ))).

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ ïðèïó-
ùåííÿ 1) � 3) i óìîâè òåîðåìè 1.

Òîäi iñíóþòü òàêi äîäàòíi ñòàëi ε0 i
c2, ùî ïðè ε ∈ (0, ε0] äëÿ äîâiëüíî¨ íåïå-
ðåðâíî äèôåðåíöiéîâíî¨ ïî τ ∈ [−∆, 0] ôóí-
êöi¨ g(τ, ε), ÿêà çàäîâîëüíÿ¹ íåðiâíiñòü (4),
ðîçâ'ÿçîê x(τ, ε), ϕ(τ, ε) ïî÷àòêîâî¨ çàäà÷i
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(1),(3) âèçíà÷åíèé äëÿ âñiõ τ ∈ [0,∞), ε ∈
(0, ε0] i âèêîíóþòüñÿ íåðiâíîñòi

‖x(τ, ε)− x̄(τ, ε)‖ ≤ c2ε
r+ 1

p , (15)

‖ϕ(τ, ε)− ϕ̄(τ, ε)‖ ≤ c2(1 + τ)εr−1+ 1
p . (16)

Äîâåäåííÿ. Íåõàé [0, T ), T = T (ε), �
ìàêñèìàëüíèé ïiâiíòåðâàë, äëÿ ÿêîãî x(τ, ε)
- êîìïîíåíòà ðîçâ'ÿçêó çàäà÷i (1),(3) çàäî-
âîëüíÿ¹ íåðiâíiñòü

‖x(τ, ε)− x̄(τ, ε)‖ < εβ, τ ∈ [0, T1)

çi ñòàëîþ β = 1
2

(
r + 1

p

)
.

Îñêiëüêè âèêîíóþòüñÿ óìîâè òåîðåìè 1,
òî iñíó¹ ðîçâ'ÿçîê x̄ = x̄(τ, ε) óñåðåäíåíî¨
çàäà÷i (5), ÿêèé âèçíà÷åíèé äëÿ âñiõ τ ∈
[−∆,∞) i ëåæèòü â D ðàçîì iç ñâî¨ì ρ1 -
îêîëîì.

Ïîçíà÷èìî äàëi z(τ, ε) = x(τ, ε)− x̄(τ, ε).
Òîäi iç (1), (5) çíàõîäèìî, ùî

dz

dτ
= H1(τ, ε)z + H2(τ, ε)zλ + U(z, zλ, τ, ε) +

+ εr+1Ã(z, zλ, τ, ε), τ ∈ [0, T ), (17)

z(τ, ε) = 0, τ ∈ [−∆, 0];

H1(τ,ε)=
r∑

k=0

εk ∂ak(ξ,ξλ,τ)

∂ξ
+εr+1∂A0(ξ,ξλ,τ,ε)

∂ξ
,

H2(τ,ε)=
r∑

k=0

εk ∂ak(ξ,ξλ,τ)

∂ξλ

+εr+1∂A0(ξ,ξλ,τ,ε)

∂ξλ

,

U(z, zλ, τ, ε) =
r∑

k=0

εk (ak(z + x̄, zλ + x̄λ, τ)−

−ak(x̄, x̄λ, τ))+εr+1 (A0(z+x̄, zλ+x̄λ, τ, ε)−
− A0(x̄, x̄λ, τ, ε))−H1(τ, ε)z −H2(τ, ε)zλ,

Ã(z, zλ, τ, ε) = A(z + x̄, zλ + x̄λ, ϕ, ϕλ, τ, ε)−
− A0(z + x̄, zλ + x̄λ, τ, ε).

Ðîçãëÿíåìî äàëi ëiíiéíó ñèñòåìó
dz

dτ
= H1(τ, ε)z(τ, ε), (18)

ÿêó ïîäàìî ó âèãëÿäi
dz

dτ
=M(τ)z(τ, ε)+(H1(τ, ε)−M(τ))z(τ, ε), (19)

Ââàæàþ÷è, ùî (19) � ëiíiéíà íåîäíîðiäíà
ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü, äëÿ çíà-
õîäæåííÿ íîðìàëüíî¨ ôóíäàìåíòàëüíî¨ ìà-
òðèöi Q(τ, t, ε) ëiíiéíî¨ îäíîðiäíî¨ ñèñòåìè
(18) îäåðæèìî çàäà÷ó
dQ

dτ
=M(τ)Q(τ, t, ε)+(H1(τ, ε)−M(τ))Q(τ, t, ε),

Q(t, t, ε) = E,

çâiäêè iç âðàõóâàííÿì îöiíêè (9) äëÿ íîð-
ìàëüíî¨ ôóíäàìåíòàëüíî¨ ìàòðèöi Z(τ, t)
ñèñòåìè (8) îòðèìà¹ìî

‖Q‖ ≤ K1e
−γ1(τ−t) + ε

τ∫

t

K1e
−γ1(τ−ξ)rσ1‖Q‖dξ,

àáî
‖Q(τ, t, ε)‖ ≤ K2e

−γ2(τ−t) (20)

ïðè τ≥t≥0 i ε ∈ (0, ε
(1)
0 ], ε

(1)
0 ≤ γ1/(2K1rσ1),

äå K2≡K1, γ2 ≡ γ1 − ε
(1)
0 K1σ1r.

Âèêîíàííÿ óìîâè (10) äà¹ çìîãó âñòàíî-
âèòè íåðiâíiñòü

K2γ
−1
2 σ0 < 1 (21)

â ÿêié
σ0 = sup

τ∈R+,ε∈(0,ε0]

‖H2(τ, ε)‖.

Îñêiëüêè Q(τ, t, ε) � íîðìàëüíà ôóíäà-
ìåíòàëüíà ìàòðèöÿ ëiíiéíî¨ îäíîðiäíî¨ ñèñ-
òåìè äèôåðåíöiàëüíèõ ðiâíÿíü (18), òî ðîç-
â'ÿçîê çàäà÷i (17) ìîæíà çàïèñàòè ó âèãëÿäi

z(τ, ε) =

τ∫

0

Q(τ, t, ε)
(
H2(t, ε)zλ +

+ U(z(t, ε), z(λ(t), ε), t, ε)+ (22)

+εr+1Ã(z(t, ε), z(λ(t), ε), t, ε)
)

dt.

Îöiíèìî ‖z(τ, ε)‖. Iç îöiíîê (20), (21) i
τ∫

0

e−γ2(τ−t)dt ≤ γ−1
2 ïðè τ ≥ 0,
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ìà¹ìî íåðiâíiñòü
∥∥∥∥∥∥

τ∫

0

Q(τ, t, ε)H2(t, ε)z(λ(t), ε)dt

∥∥∥∥∥∥
≤

≤ σ0K2γ
−1
2 sup

[0,T )×(0,ε0]

‖z(τ, ε)‖.

Ïîäàìî U(z̃, τ, ε) ó âèãëÿäi

U(z̃,τ,ε)=

1∫

0

(
∂a0(ỹ+lz̃,τ)

∂ỹ
−∂a0(ỹ,τ)

∂ỹ

)
dl z̃+

+ εŨ(z̃,τ,ε),

äå z̃ = (z(τ,ε), z(λ(τ), ε)), ỹ = (x̄(τ,ε), x̄(λ(τ),ε)).

Ôóíêöiÿ ∂a0(y, τ)

∂y
îäíîñòàéíî ïî τ ∈ R+ ðiâ-

íîìiðíî íåïåðåðâíà ïî y íà ìíîæèíi D2. Òî-
ìó äëÿ äîâiëüíîãî ÷èñëà µ1 > 0 iñíó¹ ÷èñëî
µ2 >0 òàêå, ùî

∥∥∥∥
∂a0(ỹ + lz̃, τ)

∂ỹ
− ∂a0(ỹ, τ)

∂ỹ

∥∥∥∥ ≤ µ1,

ïðè ‖z̃(τ, ε)‖ ≤ µ2. Îòæå,

‖U(z̃, τ, ε)‖ ≤ (µ1+

+3σ1(r + 1)ε) sup
[0,T )×(0,ε0]

‖z(τ, ε)‖.

Iç îñòàííüî¨ íåðiâíîñòi i íåðiâíîñòi (20) äi-
ñòàíåìî, ùî

∥∥∥∥∥∥

τ∫

0

Q(τ, t, ε)U(z(t, ε), z(λ(t), ε), t, ε)dt

∥∥∥∥∥∥
≤

≤K2γ
−1
2 (µ1 + 3σ1(r + 1)ε) sup

[0,T )×(0,ε0]

‖z(τ, ε)‖.

Iç çîáðàæåííÿ z(τ, ε), çàïèñàíîãî ôîðìóëîþ
(22), çíàõîäèìî

sup
[0,T )×(0,ε0]

‖z(τ, ε)‖ ≤ K2γ
−1
2 (µ1 +

+ 3σ1(r + 1)ε + σ0) sup
[0,T )×(0,ε0]

‖z(τ, ε)‖+ (23)

+εr+1

∥∥∥∥∥∥

τ∫

0

Q(τ, t, ε)Ã(z(t, ε), z(λ(t), ε), t, ε)dt

∥∥∥∥∥∥
.

Îöiíèìî äàëi íîðìó iíòåãðàëà â îñòàííié
íåðiâíîñòi. Ó òî÷êàõ τ = τj, j = 0, p− 1,
ðîçâ'ÿçîê ξ = ξ(τ) çàäà÷i (7) ìîæå íå ìàòè
p íåïåðåðâíèõ ïîõiäíèõ [6,7]. Òîìó ïîäàìî
iíòåãðàë ó âèãëÿäi ñóìè

τ∫

0

Q(τ,t,ε)Ã(z(t,ε),z(λ(t),ε),t,ε)dt=

τ0∫

0

rs(τ, t, ε)dt+

+

p−1∑
ν=1

τν∫

τν−1

rs(τ, t, ε)dt +

q1∫

τp−1

rs(τ, t, ε)dt +

+

q2−1∑
ν=q1

ν+1∫

ν

rs(τ, t, ε)dt +

τ∫

q2

rs(τ, t, ε)dt, (24)

rs(τ,t,ε)=fs(τ,t,ε) exp





i

ε

t∫

τ0

(ks, ω̃(ξ, ξλ, l)) dl



 ,

fs(τ, t, ε)=Q(τ, t, ε)As(x(t, ε), x(λ(t), ε), t, ε)×
× exp {i(ks, Ψ(t, ε))}×

× exp



i


ks,

1

ε

t∫

τ0

(ω̃(x, xλ, l)− ω̃(x̄, x̄λ, l)) dl





×

× exp



i


ks,

1

ε

t∫

τ0

(ω̃(x̄, x̄λ, l)− ω̃(ξ, ξλ, l)) dl





 ,

q1 � öiëà ÷àñòèíà τp−1, q2 � öiëà ÷àñòèíà τ ,
Ψ(t, ε)=

(∼
ψ(t,ε), ψ

∼
(t,ε)

)
,

∼
ψ(t, ε)= ϕ(t, ε)− 1

ε

t∫

τ0

−
ω(ξ, ξλ, l)dl,

ψ
∼
(t, ε) = ϕ(λ(t), ε)− 1

ε

t∫

τ0

ω
−
(ξ, ξλ, l)dl,

−
ω(ξ, ξλ, t) = ω

(
ξ(t), ξ(λ(t)), t

)
, ω

−
(ξ, ξλ, t) =

Ω
(
λ(t)

)
λ′(t) ïðè t ∈ [0, τ0] i ω

−
(ξ, ξλ, t) =

ω
(
ξ(λ(t)), ξ(λ(λ(t))), λ(t)

)
λ′(t) ïðè t > τ0,

2m-âèìiðíèé âåêòîð ω̃(ξ, ξλ, t) âèçíà÷à¹òüñÿ
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ðiâíiñòþ ω̃(ξ, ξλ, t) =
(−
ω(ξ, ξλ, t), ω−

(ξ, ξλ, t)
)
,

ks =
(∼
ks, ks

∼

)
� 2m-âèìiðíèé âåêòîð,

∼
ks i

ks
∼

� m-âèìiðíi âåêòîðè. 2m-âèìiðíi âåêòîðè
ω̃(x, xλ, t), ω̃(x̄, x̄λ, t) âèçíà÷àþòüñÿ àíàëîãi-
÷íî ω̃(ξ, ξλ, t), ëèøå çàìiñòü ôóíêöié {ξ, ξλ}
âèêîðèñòîâóþòüñÿ {x, xλ} i {x̄, x̄λ} âiäïîâiä-
íî.

Âèêîíàííÿ óìîâ (13) i (14) ãàðàíòóþòü
[1,ñ.23] ðiâíîìiðíó íåïåðåðâíiñòü íà ïðîìiæ-
êàõ (0, τ0), (τ0, τ1), . . . , (τp−2, τp−1), (τp−1,∞),

ôóíêöié di

dτ i
ω̃(ξ, ξλ, τ), i = 0, p− 1, i ðiâíî-

ìiðíó îáìåæåíiñòü
∥∥∥
(
W T

p (ξ,ξλ,τ)Wp(ξ,ξλ,τ)
)−1

W T
p (ξ,ξλ,τ)

∥∥∥≤c∗,

c∗ = const. À òîìó ñïðàâåäëèâîþ ¹ îöiíêà
îñöèëÿöiéíîãî iíòåãðàëà [1, ñ.18]
∥∥∥∥∥∥

τ̄+τ∗∫

τ̄

F (t) exp





i

ε

t∫

t̄

(ks, ω̃(ξ, ξλ, l)) dl



 dt

∥∥∥∥∥∥
≤

≤ σ0ε
1
p

[(
1 +

1

‖ks‖
)

sup
τ∈[τ̄ ,τ̄+τ∗]

‖F (τ)‖+

+
1

‖ks‖ sup
τ∈[τ̄ ,τ̄+τ∗]

∥∥∥∥
dF (τ)

dτ

∥∥∥∥
]

(25)

äëÿ âñiõ ks 6= 0, ε ∈ (0, ε0], τ
∗ ∈ (0, δ∗], δ∗ =

max
{
1, τ0, τ1− τ0, . . . , τp−1− τp−2

}
, τ̄∈R, t̄∈R,

ïðè äîñèòü ìàëîìó ε0 çi ñòàëîþ σ0, íå çà-
ëåæíîþ âiä ks, ε, F, τ̄ , à âåêòîð-ôóíêöi¨ F (t)

i dF (t)

dt
ìàþòü êóñêîâî-íåïåðåðâíi íà [τ̄,τ̄+τ ∗]

ïîõiäíi.
Îñêiëüêè ìàòðèöÿ Q(τ, t, ε) çà îçíà÷åí-

íÿì ¹ ðîçâ'ÿçêîì ïî÷àòêîâî¨ çàäà÷i
dQ(τ, t, ε)

dτ
= H1(τ, ε)Q(τ, t, ε), τ > t,

Q(t, t, ε) = E, (26)

i âîëîäi¹ âëàñòèâiñòþ çãîðòêè, òî ëåãêî îäåð-
æàòè ðiâíiñòü

dQ(τ, t, ε)

dt
= −Q(τ, t, ε)H1(t, ε),

çâiäêè
∥∥∥∥
dQ(τ, t, ε)

dt

∥∥∥∥≤(r+2)σ1K2e
−γ2(τ−t). (27)

Âðàõîâóþ÷è îöiíêè
∥∥∥∥
dΨ(t, ε)

dt

∥∥∥∥ ≤ 2(r + 1)σ1,

∥∥∥∥
dfs(τ, t, ε)

dt

∥∥∥∥≤K2 sup
t∈Ij

‖Q‖
(

σ1 ((r+2)+

+ 2(r + 1)‖ks‖) sup
G
‖As‖+ sup

G

∥∥∥∥
∂As

∂τ

∥∥∥∥ +

+σ1(r + 2)

(
sup

G

∥∥∥∥
∂As

∂x

∥∥∥∥ + σ1 sup
G

∥∥∥∥
∂As

∂xλ

∥∥∥∥
)

+

+2σ1ε
−1‖ks‖ sup

G
‖As‖

(
sup
τ,ε
‖z(τ, ε)‖+c1ε

))
,

‖fs(τ, t, ε)‖ ≤ K2 sup
t∈Ij

‖Q‖ sup
G
‖As‖ ,

à òàêîæ (12), (20), (25) i

e−γ2τ
(
1 +

p−1∑
ν=0

eγ2τν +

q2∑
ν=q1

eγ2ν
)
≤

≤ 1

δ

τ∫

0

e−γ2(τ−t)dt ≤ 1

γ2δ
,

τ ≥ 0, δ = min
{
1, τ0, τ1−τ0, . . . , τp−1−τp−2

}
,

I =
q+1⋃
j=1

Ij = {[0, τ0], [τ0, τ1], . . . , [τp−2, τp−1],

[τp−1, q1], [q1, q1+1], . . . , [q2−1, q2], [q2, τ ]} � ìíî-
æèíà ïðîìiæêiâ iíòåãðóâàííÿ iíòåãðàëiâ ó
(24), îöiíèìî íîðìó iíòåãðàëà ó íåðiâíîñòi
(23) âåëè÷èíîþ

σ3ε
1
p +2σ0K2(δγ2)

−1σ2
1ε

1
p
−1 sup
[0,T )×(0,ε0]

‖z(τ, ε)‖,

äå σ3 = σ0K2δ
−1γ−1

2 σ2
1(5r + 8 + c1).

Âèáåðåìî µ1 =3(r+1)σ1ε0 +2σ0δ
−1σ2

1ε
r+ 1

p

0 ,
ε < ε0, ε0 ≤ min{ε(1)

0 , ε
(2)
0 }, ε

(2)
0 ≤ (1 −

K2γ
−1
2 σ0)/(2K2γ

−1
2 (3(r + 1)σ1 + 2σ0δ

−1σ2
1)).

Ïðè âèáðàíèõ çíà÷åííÿõ µ1 i ε âèðàç

1−K2γ
−1
2

(
µ1 + 3(r + 1)σ1ε + σ0

)−
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−2σ0K2δ
−1γ−1

2 σ2
1ε

r+ 1
p ≡ s

äîäàòíèé. Òîäi ç íåðiâíîñòi (23) îäåðæèìî
îöiíêó

sup
τ∈[0,T ),ε∈(0,ε0]

‖z(τ, ε)‖ ≤ s−1σ3ε
r+ 1

p . (28)

Çâiäñè âèïëèâà¹, ùî ïðè ε ∈ (0, ε0], ε0≤
ε
(3)
0 ≡ min

{
ε
(1)
0 , ε

(2)
0 , (2s−1σ3)

2/(−r− 1
p
)
}
, âèêî-

íó¹òüñÿ íåðiâíiñòü

sup
τ∈[0,T )

‖x(τ, ε)− x̄(τ, ε)‖ ≤ 1

2
εβ.

Âðàõîâóþ÷è îçíà÷åííÿ ÷èñëà T , ìà¹ìî,
ùî T = ∞ äëÿ âñiõ ε ∈ (0, ε0].

Iç íåðiâíîñòi (28) îäåðæó¹ìî îöiíêó (15)
çi ñòàëîþ c2 = s−1σ3 äëÿ âñiõ τ ∈ [0, +∞),

ε ≤ ε
(4)
0 ≡ min

{
ε
(3)
0 ,

(
ρs
2σ3

)1/(r+ 1
p)

}
.

Äîâåäåìî äàëi îöiíêó (16). Ç iíòåãðàëü-
íîãî çîáðàæåííÿ ϕ =ϕ(τ, ε) i ϕ̄ = ϕ̄(τ, ε) iç
ñèñòåì (1),(6) âèïëèâà¹ íåðiâíiñòü

‖ϕ(τ, ε)− ϕ̄(τ, ε)‖ ≤

≤
∥∥∥∥∥∥

τ∫

0

[
r∑

k=0

εk−1(bk(x, xλ, τ)− bk(x̄, x̄λ, τ))+

+εr ((B(x, xλ, ϕ, ϕλ, τ, ε)−B0(x, xλ, τ, ε))+

+(B0(x, xλ, τ, ε)−B0(x̄, x̄λ, τ, ε)))

]
dτ

∥∥∥∥∥ ,

ç ÿêî¨ äiñòàíåìî, ùî

‖ϕ(τ, ε)− ϕ̄(τ, ε)‖ ≤
≤ σ

(1)
4 (1 + τ)εr+ 1

p
−1 + εr‖J(τ, ε)‖

ïðè σ
(1)
4 = 2s−1σ1σ3(r + 2), à

J(τ,ε)=

τ∫

0

(B(x,xλ,ϕ,ϕλ,τ,ε)−B0(x,xλ,τ,ε)) dτ.

Ïî àíàëîãi¨ ç ðiâíiñòþ (24) ïîäàìî J(τ, ε)
ó âèãëÿäi ñóìè iíòåãðàëiâ ïî òàêèõ ñàìèõ
âiäðiçêàõ òà, âèêîðèñòîâóþ÷è îöiíêè (25) i
(28), îäåðæèìî íåðiâíiñòü

‖J(τ, ε)‖ ≤ σ
(2)
4 (1 + τ)ε

1
p

çi ñòàëîþ σ
(2)
4 =2σ0σ1(1+σ1+σ1(r+1)+s−1σ3+

c1). Ïîçíà÷èìî σ4 = max
{

σ
(1)
4 ; σ

(2)
4

}
, c2 =

max{σ4, s
−1σ3}. Òîäi

‖ϕ(τ, ε)− ϕ̄(τ, ε)‖ ≤ c2(1 + τ)εr−1+ 1
p .

Òåîðåìó äîâåäåíî.
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