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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÏÎËIÍÎÌIÀËÜÍÅ ÇÎÁÐÀÆÅÍÍß ÐÎÇÂ'ßÇÊIÂ ÅÂÎËÞÖIÉÍÈÕ
ÐIÂÍßÍÜ ÏÀÐÀÁÎËI×ÍÎÃÎ ÒÈÏÓ

Çíàéäåíî íàáëèæåíi ðîçâ'ÿçêè çàäà÷i Êîøi äëÿ åâîëþöiéíîãî ðiâíÿííÿ ç íåâiä'¹ìíèì
ñàìîñïðÿæåíèì îïåðàòîðîì.

We �nd approximate solutions of the Cauchy problem for an evolution equation with a non-
negative self-adjoint operator.

Áàãàòî çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè ìî-
æíà ïîäàòè ó âèãëÿäi çàäà÷i Êîøi äëÿ åâî-
ëþöiéíîãî ðiâíÿííÿ âèãëÿäó

u′(t) + Au(t) = 0, t ∈ (0, T ], 0 < T < ∞,

u(0) = f, (1)

äå A � íåâiä'¹ìíèé ñàìîñïðÿæåíèé îïåðà-
òîð çi ùiëüíîþ îáëàñòþ âèçíà÷åííÿ â ñå-
ïàðàáåëüíîìó ãiëüáåðòîâîìó ïðîñòîði H. Ó
ïðàöi [1] ìåòîäàìè òåîði¨ âàãîâîãî íàáëèæå-
ííÿ ôóíêöié íà ïiâîñi îäåðæàíî çîáðàæå-
ííÿ ðîçâ'ÿçêó çàäà÷i (1) ó âèãëÿäi u(t) =
lim

n→∞
Pn(t, A)f , äå Pn(t, λ) � ïîëiíîì ñòåïåíÿ

n çìiííî¨ λ ïðè ôiêñîâàíîìó t ∈ (0, T ]. Ïðè
öüîìó äà¹òüñÿ îöiíêà øâèäêîñòi çáiæíîñòi:
ïîõèáêà sup

t∈[0,T ]

‖u(t) − Pn(t, A)f‖H ñïàäà¹ ÿê

exp(−σ ln2 n), σ > 0. Â [2] çàïðîïîíîâàíî
iíøèé ìåòîä ïîáóäîâè ïîëiíîìiâ Pn, ÿêèé
áàçó¹òüñÿ íà íàáëèæåííi ôóíêöié íà ïiâîñi
÷àñòèííèìè ñóìàìè ¨õíiõ ðÿäiâ Ôóð'¹, ïî-
áóäîâàíèìè çà îðòîãîíàëüíèìè ìíîãî÷ëåíà-
ìè Ëàãåððà, ùî óòâîðþþòü îðòîíîðìîâàíèé
áàçèñ ó ïðîñòîði L2((0,∞), λα exp(−µλ)), äå
α > −1, a µ > 0 � ÷èñëî, çàëåæíå âiä âå-
êòîðà f . Öåé ìåòîä äà¹ òî÷íiøó, íiæ â [1]
îöiíêó âiäõèëåííÿ (ρn, äå 0 < ρ < 1), àëå ó
âóæ÷îìó êëàñi ïî÷àòêîâèõ äàíèõ (êëàñi àíà-
ëiòè÷íèõ âåêòîðiâ îïåðàòîðà A). Ó öié ïðàöi
çíàéäåíî êëàñ ïî÷àòêîâèõ äàíèõ (êëàñ öiëèõ
âåêòîðiâ îïåðàòîðà A), â ÿêîìó îöiíêà âiä-
õèëåííÿ sup

t∈[0,T ]

‖u(t)−Pn(t, A)f‖H ìà¹ âèãëÿä

Ln/n!, äå L > 0.

1. Óçàãàëüíåíi ìíîãî÷ëåíè Ëàãåð-
ðà. Ñèìâîëîì L̂α,µ,n(λ), n ∈ Z+, λ ∈
(0,∞), α > −1, µ > 0; α, µ � ôiêñî-
âàíi ïàðàìåòðè, ïîçíà÷àòèìåìî óçàãàëüíåíi
ìíîãî÷ëåíè Ëàãåððà, ÿêi óòâîðþþòü îðòî-
íîðìîâàíèé áàçèñ ó ãiëüáåðòîâîìó ïðîñòîði
L2((0,∞), λα exp(−µλ)). Ëåãêî ïåðåêîíàòèñÿ
â òîìó, ùî

L̂α,µ,n(λ) =
√

µ1+αL̂α,1,n(µλ), (2)

äå L̂α,1,n(λ) � ìíîãî÷ëåíè, îðòîíîðìîâàíi ç
âàãîþ λα exp(−λ), λ ∈ (0,∞). Óðàõóâàâ-
øè (2) òà ôîðìóëó Ðîäðiãà äëÿ ìíîãî÷ëåíiâ
L̂α,1,n (äèâ. [3, c. 55]) çíàéäåìî, ùî

L̂α,µ,n(λ) =
(−1)n

√
µ1+α

√
n!Γ(n + α + 1)

(µλ)−α×

×eµλ[(µλ)α+ne−µλ](n), n ∈ Z+.

Çà ñèñòåìîþ ìíîãî÷ëåíiâ L̂α,µ,n(λ), n ∈
Z+, ÿê i çà äîâiëüíîþ iíøîþ îðòî-
íîðìîâàíîþ ñèñòåìîþ, ìîæíà ïîáóäóâà-
òè ðÿäè Ôóð'¹. Íåõàé ôóíêöiÿ ϕ ∈
L2((0,∞), λα exp(−µλ)). Ïîñòàâèìî öié ôóí-
êöi¨ ó âiäïîâiäíiñòü ðÿä

∞∑
n=0

an(α, µ)L̂α,µ,n(λ), (3)

êîåôiöi¹íòè ÿêîãî âèçíà÷àþòüñÿ ôîðìóëîþ

an(α, µ) =

∞∫

0

λαe−µλϕ(λ)L̂α,µ,n(λ)dλ.
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Ðÿä (3) çàâæäè çáiãà¹òüñÿ äî ôóíêöi¨ ϕ
çà íîðìîþ ïðîñòîðó L2((0,∞), λα exp(−µλ)).
Óìîâè çáiæíîñòi ðÿäó (3) äî ôóíêöi¨ ϕ ó òî-
÷öi λ ∈ (0,∞) ìàþòü òàêèé âèãëÿä [3]:

1) ÿêùî α > 0, à ôóíêöiÿ ϕ ∈
L1((0,∞), λα exp(−µλ)) â îêîëi ôiêñîâàíî¨
òî÷êè λ ∈ (0,∞) çàäîâîëüíÿ¹ óìîâó Ëiïøè-
öÿ i, êðiì òîãî, iñíóþòü iíòåãðàëè

1∫

0

λα/2−1/4|ϕ(λ)|dλ,

∞∫

1

λα/2+1/2e−µλ/2|ϕ(λ)|dλ,

òî ðÿä Ôóð'¹ çà ìíîãî÷ëåíàìè L̂α,µ,n ôóíêöi¨
ϕ çáiãà¹òüñÿ äî öi¹¨ ôóíêöi¨ ó òî÷öi λ, òîáòî

ϕ(λ) =
∞∑

n=0

an(α, µ)L̂α,µ,n(λ); (4)

2) ÿêùî −1 < α ≤ 0, à ôóíêöiÿ ϕ ∈
L1((0,∞), λα exp(−µλ)) â îêîëi òî÷êè λ çàäî-
âîëüíÿ¹ óìîâó Ëiïøèöÿ i iñíóþòü iíòåãðàëè

1∫

0

λα/2−3/4|ϕ(λ)|dλ,

+∞∫

1

λα/2e−µλ/2|ϕ(λ)|dλ,

òî ìà¹ ìiñöå ðîçêëàä (4).

2. Äåÿêi êëàñè íåñêií÷åííî äèôå-
ðåíöiéîâíèõ âåêòîðiâ ñàìîñïðÿæåíîãî
îïåðàòîðà. Íåõàé H � ñåïàðàáåëüíèé ãiëü-
áåðòiâ ïðîñòið çi ñêàëÿðíèì äîáóòêîì (·, ·) i
íîðìîþ ‖ · ‖, A � íåâiä'¹ìíèé ñàìîñïðÿæå-
íèé îïåðàòîð â H çi ùiëüíîþ â H îáëàñòþ
âèçíà÷åííÿ D(A).

Åëåìåíò f ∈ H íàçèâà¹òüñÿ íåñêií-
÷åííî äèôåðåíöiéîâíèì âiäíîñíî îïåðàòîðà

A, ÿêùî f ∈
∞⋂

n=1

D(An). Ìíîæèíà H∞(A)

óñiõ òàêèõ âåêòîðiâ ïåðåòâîðþ¹òüñÿ â ëi-
íiéíèé ëîêàëüíî îïóêëèé òîïîëîãi÷íèé ïðî-
ñòið, ÿêùî â íié ââåñòè òîïîëîãiþ ïðîåêòèâ-
íî¨ ãðàíèöi ïîñëiäîâíîñòi ãiëüáåðòîâèõ ïðî-
ñòîðiâ Hn := D(An): H∞(A) = lim

n→∞
pr Hn ≡

∞⋂
n=1

Hn; ïðè öüîìó ñêàëÿðíèé äîáóòîê â Hn

âèçíà÷à¹òüñÿ ôîðìóëîþ
(f, g)Hn := (Anf,Ang)H , {f, g} ⊂ Hn.

Ïðîñòið H∞(A) ëåæèòü ùiëüíî â H, òîáòî
H∞(A) = H.

Íåõàé

Gβ,B(A) := {ϕ ∈ H∞(A)
∣∣∣∃c, B > 0 :

‖Anϕ‖ ≤ cBnnnβ, n ∈ Z+, β > 0}.
Ïðîñòið Gβ,B(A) ¹ áàíàõîâèì âiäíîñíî

íîðìè ‖ϕ‖β,B = sup
n

(‖Anϕ‖/Bnnnβ). Ïðîñòið
G{β}(A) := lim

B→∞
indGβ,B(A) íàçèâà¹òüñÿ ïðî-

ñòîðîì Æåâðå òèïó Ðóì'¹ ïîðÿäêó β, ÿêèé
ïîðîäæó¹òüñÿ îïåðàòîðîì A [4]. ßê äîâåäå-
íî â [4],

G{β}(A) =
⋃
µ>0

D(exp(µA1/β)),

D(exp(µA1/β)) � îáëàñòü âèçíà÷åííÿ íå-
âiä'¹ìíîãî ñàìîñïðÿæåíîãî îïåðàòîðà

eµA1/β

=

∞∫

0

eµλ1/β

dEλ,

äå Eλ, λ ≥ 0 � ðîçêëàä îäèíèöi îïåðàòîðà A.
Çàçíà÷èìî, ùî åëåìåíòè ç êëàñó G{1}(A)

íàçèâàþòüñÿ àíàëiòè÷íèìè âåêòîðàìè îïå-
ðàòîðà A.

Íàïðèêëàä, ÿêùî A � íåâiä'¹ìíèé ñàìî-
ñïðÿæåíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðî-
ñòîði H = L2(R), ïîðîäæåíèé äèôåðåí-
öiàëüíèì âèðàçîì (−1)n d2n

dx2n
, n ∈ N, òî

G{1}(A) ñêëàäà¹òüñÿ ç òèõ i ëèøå òèõ ôóí-
êöié ϕ(x), x ∈ R, ϕ ∈ C∞(R), ÿêi äîïóñêà-
þòü ïðîäîâæåííÿ äî öiëî¨ ôóíêöi¨ ϕ(x+ iy),
{x, y} ⊂ R, ïîðÿäêó íå âèùå 2n/(2n−1) ñêií-
÷åííîãî òèïó i çàäîâîëüíÿþòü íåðiâíiñòü

∫

R

|ϕ(x + iy)|2dx ≤ c exp{β|y|2n/(2n−1)}

ç äåÿêèìè ñòàëèìè c, β > 0, çàëåæíèìè âiä
ϕ [4].

3. Çàäà÷à Êîøi. Ðîçãëÿíåìî åâîëþöié-
íå ðiâíÿííÿ

u′(t) + Au(t) = 0, t ∈ (0, T ], 0 < T < ∞. (5)
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ßêùî äëÿ (5) çàäàíî ïî÷àòêîâó óìîâó

u(0) = f, f ∈ H, (6)

òî ïiä ðîçâ'ÿçêîì çàäà÷i Êîøi (5), (6) ðîçó-
ìiòèìåìî ñèëüíî íåïåðåðâíî äèôåðåíöiéîâ-
íó ôóíêöiþ u: (0, T ] → D(A), ÿêà çàäîâîëü-
íÿ¹ ðiâíÿííÿ (5) i ïî÷àòêîâó óìîâó (6) â òî-
ìó ñåíñi, ùî ‖u(t) − f‖H → 0 ïðè t → +0.
Âiäîìî [4], ùî ôóíêöiÿ u ¹ ðîçâ'ÿçêîì çàäà-
÷i (5), (6) ó âêàçàíîìó ðîçóìiííi òîäi i ëèøå
òîäi, êîëè âîíà ïîäà¹òüñÿ ó âèãëÿäi

u(t) = exp{−tA}f, t ∈ (0, T ].

Ó öié ïðàöi âèâ÷à¹òüñÿ ìîæëèâiñòü çî-
áðàæåííÿ ðîçâ'ÿçêó çàäà÷i (5), (6) ó âèãëÿäi
u(t) = lim

n→∞
Pn(t, A)f ó êëàñi öiëèõ âåêòîðiâ

îïåðàòîðà A. Ç öi¹þ ìåòîþ ïîäàìî ðîçâ'ÿ-
çîê çàäà÷i Êîøi (5), (6) ó âèãëÿäi u(t) =
v(t) + w(t), t ∈ (0, T ], äå v(t) = ch(tA)f ,
w(t) = − sh(tA)f .

Ìîæíà äîâåñòè (äèâ. [3]), ùî ðîçêëàäè
ôóíêöié ch(tλ) òà − sh(tλ), t > 0, â ðÿä
Ôóð'¹ çà ìíîãî÷ëåíàìè Ëàãåððà ìàþòü âiä-
ïîâiäíî âèãëÿä

ch(tλ)=
∞∑

k=0

ak(t, µ)L̂−1/2,µ,k(λ
2), λ ∈ (0,∞), (7)

äå

ak(t, µ) = µ−1/4 exp{t2/(4µ)}µ−k((2k)!)−1×

×t2k(k!Γ(k + 1/2))1/2;

− sh(tλ) = λ

∞∑

k=0

bk(t, µ)L̂1/2,µ,k(λ
2), λ ∈ (0,∞),

(8)
äå

bk(t, µ) = −µ−1/4 exp{t2/(4µ)}µ−k×

×((2k + 1)!)−1t2k+1(k!Γ(k + 3/2))1/2.

Ïîçíà÷èìî ÷åðåç P
(1)
µ,t,n(λ2) i P

(2)
µ,t,n(λ2) ÷à-

ñòèííi ñóìè ðÿäiâ (7) i (8) âiäïîâiäíî. Ïðà-
âèëüíèì ¹ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà. ßêùî u(0) = f ∈ G{1/2}(A), òî
äëÿ äîâiëüíîãî T > 0 iñíóþòü ñòàëi c =

c(f, T ) > 0, µ = µ(f) > 0, L = L(T ) > 0
òàêi, ùî

sup
t∈[0,T ]

‖u(t)− P
(1)
µ,t,n(A2)f − P

(2)
µ,t,n(A2)g‖ ≤

≤ sup
t∈[0,T ]

‖v(t)− P
(1)
µ,t,n(A2)f‖+ sup

t∈[0,T ]

‖w(t)−

−P
(2)
µ,t,n(A2)g‖ ≤ cLn+1/(n + 1)!, (9)

v(t) = ch(tA)f , w(t) = − sh(tA)f , g = Af .
Íàâïàêè, ÿêùî äëÿ äåÿêîãî T > 0 iñíó-

þòü äîäàòíi ñòàëi c, µ òà L òàêi, ùî äëÿ
u(t) ç u(0) = f ∈ H∞(A) âèêîíó¹òüñÿ óìîâà
(9), òî f ∈ G{1/2}(A).

Äîâåäåííÿ. Íåõàé f ∈ G{1/2}(A) =⋃
µ>0

D(exp(µA2)). Òîäi f ∈ D(exp(µA2)) ç äå-
ÿêèì µ > 0. Çàôiêñó¹ìî öå ÷èñëî µ. Îñêiëü-
êè u = v + w, òî, î÷åâèäíî, ñïðàâäæó¹òüñÿ
íåðiâíiñòü

sup
t∈[0,T ]

‖u(t)− P
(1)
µ,t,n(A2)f − P

(2)
µ,t,n(A2)g‖ ≤

≤ sup
t∈[0,T ]

‖v(t)− P
(1)
µ,t,n(A2)f‖+

+ sup
t∈[0,T ]

‖w(t)− P
(2)
µ,t,n(A2)g‖ ≡

≡ γ1(µ, T, n) + γ2(µ, T, n).

Îöiíèìî γ1(µ, T, n). Ç îñíîâíî¨ ñïå-
êòðàëüíî¨ òåîðåìè äëÿ ñàìîñïðÿæåíèõ îïå-
ðàòîðiâ âèïëèâà¹, ùî

‖v(t)− P
(1)
µ,t,n(A2)f‖2 =

=

∞∫

0

(ch(tλ)−P
(1)
µ,t,n(λ2))2e2µλ2·e−2µλ2

d(Eλf, f) ≤

≤ sup
λ∈[0,∞)

(e−µλ2| ch(tλ)− P
(1)
µ,t,n(λ2)|)2 · ‖f‖2

Hµ
,

äå

‖f‖2
Hµ

=

∞∫

0

e2µλ2

d(Eλf, f) < ∞.

Îñêiëüêè P
(1)
µ,t,n(λ2) → ch(tλ) ïðè n → ∞ ó

êîæíié òî÷öi λ ∈ (0,∞) [3], òî, âðàõóâàâøè
âèãëÿä ìíîãî÷ëåíà P

(1)
µ,t,n(λ2) îäåðæèìî, ùî

e−µλ2| ch(tλ)− P
(1)
µ,t,n(λ2)| ≤

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2008. Âèïóñê 421. Ìàòåìàòèêà. 27



≤
∞∑

k=n+1

|ak(t, µ)|e−µλ2 · |L̂−1/2,µ,k(λ
2)|.

Äëÿ òîãî, ùîá îöiíèòè âèðàç
exp(−µλ2)|L̂−1/2,µ,k(λ

2)|, ñêîðèñòà¹ìîñÿ
íàñòóïíîþ íåðiâíiñòþ ç [5]:

e−λ/2|L̂α,1,k(λ)| ≤ 1

Γ(α + 1)
×

×
(Γ(k + α + 1)

k!

)1/2

, α > −1, k ∈ Z+. (10)

Îñêiëüêè L̂α,µ,k(λ) = µ(1+α)/2L̂α,1,k(µλ), òî
ç (10) ïðè α = −1/2 âèïëèâà¹, ùî

e−µλ2|L̂−1/2,µ,k(λ
2)| ≤

≤ µ1/4

Γ(1/2)

(Γ(k + 1/2)

k!

)1/2

. (11)

Âçÿâøè äî óâàãè âèãëÿä êîåôiöi¹íòiâ
ak(t, µ), à òàêîæ íåðiâíiñòü (11), îäåðæèìî

γ1(µ, T, n) ≤ ‖f‖Hµ exp
{T 2

4µ

}
×

×
∞∑

k=n+1

T 2kΓ(k + 1/2)

(2k)!µk
√

π
=

= ‖f‖Hµ exp
{T 2

4µ

}
·

∞∑

k=n+1

(T 2

4µ

)k 1

k!
≤

≤ ‖f‖Hµ exp
{T 2

2µ

}(T 2

4µ

)n+1 1

(n + 1)!
.

Àíàëîãi÷íî äîâîäèòüñÿ íåðiâíiñòü

γ2(µ, T, n) ≤ T‖f‖Hµ exp
{T 2

2µ

}(T 2

4µ

)n+1

×

× 1

(n + 1)!
.

Îòæå,

sup
t∈[0,T ]

‖u(t)− P
(1)
µ,t,n(A2)f − P

(2)
µ,t,n(A2)g‖ ≤

≤ cLn+1/(n + 1)!,

äå

c = (1 + T ) exp
{T 2

2µ

}
‖f‖Hµ , L =

T 2

4µ
.

Íàâïàêè, íåõàé äëÿ äåÿêîãî T > 0 iñíó-
þòü äîäàòíi ñòàëi c, µ i L òàêi, ùî äëÿ ôóí-
êöi¨ u(t) ç u(0) = f ∈ H∞(A) âèêîíó¹òüñÿ
óìîâà (9). Òîäi

u(t) =
∞∑

k=0

(ak(t, µ)L̂−1/2,µ,k(A
2)f+

+bk(t, µ)L̂1/2,µ,k(A
2)g).

Ç óìîâè (9) âèïëèâà¹ òàêîæ, ùî

sup
t∈[0,T ]

‖ak(t, µ)L̂−1/2,µ,k(A
2)f‖ ≤

≤ sup
t∈[0,T ]

‖v(t)− P
(1)
µ,t,k(A

2)f‖+

+ sup
t∈[0,T ]

‖v(t)−P
(1)
µ,t,k−1(A

2)f‖ ≤ c(1+L)Lk/k!.

Òàêèì ÷èíîì, äëÿ êîæíîãî t ∈ [0, T ]

‖ak(t, µ)L̂−1/2,µ,k(A
2)f‖2 =

=

∞∫

0

a2
k(t, µ)L̂2

−1/2,µ,k(λ
2)d(Eλf, f) ≤

≤ c2(1 + L)2L2k/(k!)2. (12)

Àíàëîãi÷íî äëÿ êîæíîãî t ∈ [0, T ] âèêî-
íó¹òüñÿ íåðiâíiñòü

‖bk(t, µ)L̂1/2,µ,k(A
2)g‖2 = ‖bk(t, µ)L̂1/2,µ,k(A

2)Af‖2 =

=

∞∫

0

b2
k(t, µ)λ2L̂2

1/2,µ,k(λ
2)d(Eλf, f) ≤

≤ c2(1 + L)2L2k/(k!)2. (13)

Äëÿ òîãî, ùîá äîâåñòè íàëåæíiñòü åëå-
ìåíòà f äî êëàñó G{1/2}(A), äîñèòü âêàçàòè
ε > 0 òàêå, ùî f ∈ D(exp(εA2)). Ç öi¹þ ìå-
òîþ ñêîðèñòà¹ìîñÿ òèì, ùî ðÿä Ôóð'¹ ôóí-
êöi¨ exp(ελ), λ > 0, çà ìíîãî÷ëåíàìè L̂α,µ,k,
α > −1, µ > 0, çáiãà¹òüñÿ äî öi¹¨ ôóíêöi¨ â
êîæíié òî÷öi λ ∈ (0,∞), ÿêùî 0 < ε < µ/2,
ïðè÷îìó öåé ðîçêëàä ìà¹ âèãëÿä [3]:

exp(ελ) =
∞∑

k=0

ck(ε, α, µ)L̂α,µ,k(λ), λ > 0,
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äå

ck(ε, α, µ) = (µ1/2/(µ− ε))1+α(ε/(µ− ε))k×
×(Γ(k + α + 1)/k!)1/2.

Çâiäñè äiñòà¹ìî òàêi ðîçêëàäè:

exp(ελ2) =
∞∑

k=0

ck(ε,−1/2, µ)L̂−1/2,µ,k(λ
2),

λ exp(ελ2) = λ ·
∞∑

k=0

ck(ε, 1/2, µ)L̂1/2,µ,k(λ
2).

Ïðèïóñòèìî, ùî 0 < ε < min{µ/2, T 4}, à

Qε,µ,n(λ) :=
n∑

k=0

(ck(ε,−1/2, µ)L̂−1/2,µ,k(λ
2)+

+λck(ε, 1/2, µ)L̂1/2,µ,k(λ
2)).

Ñêîðèñòàâøèñü íåðiâíiñòþ Êîøi-
Áóíÿêîâñüêîãî, îöiíêàìè (12), (13) ïðè
t = ε1/4, à òàêîæ âðàõóâàâøè âèãëÿä êîåôi-
öi¹íòiâ ak(ε

1/4, µ), bk(ε
1/4, µ), ck(ε,−1/2, µ),

ck(ε, 1/2, µ) çíàéäåìî, ùî
∞∫

0

|Qε,µ,n(λ)|d(Eλf, f) ≤

≤ ||f‖ ·
[ n∑

k=0

|ck(ε,−1/2, µ)|
|ak(ε1/4, µ)| ×

×
( ∞∫

0

a2
k(ε

1/4, µ)L̂2
−1/2,µ,k(λ

2)d(Eλf, f)
)1/2

+

+
n∑

k=0

|ck(ε, 1/2, µ)|
|bk(ε1/4, µ)| ·

( ∞∫

0

b2
k(ε

1/4, µ)λ2×

×L̂2
1/2,µ,k(λ

2)d(Eλf, f)
)1/2]

≤ c(1 + L)‖f‖×

×
[( µ

µ− ε

)1/2
n∑

k=0

(ε1/2µL

µ− ε

)k (2k)!

(k!)2
+

+
( µ

µ− ε

)3/2 1

ε1/4µ1/2

n∑

k=0

(ε1/2µL

µ− ε

)k (2k + 1)!

(k!)2

]
.

Îñêiëüêè

(2k)!/(k!)2 ≤ eπ−1/222k,

(2k + 1)!/(k!)2 ≤ 3e(2π)−1/223k,

òî
∞∫

0

|Qε,µ,n(λ)|d(Eλf, f) ≤ c1‖f‖·
n∑

k=0

(8ε1/2µL

µ− ε

)k

,

äå
c1 = 3c(1 + L)eπ−1/2(µ/(µ− ε))1/2×

×max{1, µ1/2/(ε1/4(µ− ε))}.
ßêùî ââàæàòè äàëi, ùî

0 < ε < min{µ/2, T 4, (
√

16µ2L2 + q2µ−4µL)2q−2},
äå 0 < q < 1 � ôiêñîâàíå ÷èñëî, òî

∞∫

0

|Qε,µ,n(λ)|d(Eλf, f) ≤ c1‖f‖
∞∑

k=0

qk =

= c1(1− q)−1‖f‖ < ∞.

Îñêiëüêè |Qε,µ,n(λ)| → (1 + λ) exp(ελ2) ïðè
n → ∞ ó êîæíié òî÷öi λ ∈ (0,∞), òî íà
ïiäñòàâi ëåìè Ôàòó òâåðäèìî, ùî

∞∫

0

(1 + λ) exp(ελ2)d(Eλf, f) < ∞.

Çâiäñè âæå âèïëèâà¹, ùî
∞∫

0

exp(ελ2)d(Eλf, f) < ∞, òîáòî f ∈

D
(

exp
(ε

2
A2

))
⊂ G{1/2}(A).

Òåîðåìà äîâåäåíà.
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