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Ðîçãëÿäà¹òüñÿ ñèñòåìà ç ïîâiëüíèìè i øâèäêèìè çìiííèìè, ÿêi çàëåæàòü âiä ëiíiéíî
ïåðåòâîðåíîãî àðãóìåíòó. Îáãðóíòîâó¹òüñÿ ìåòîä óñåðåäíåííÿ äëÿ öi¹¨ ñèñòåìè ç äâîòî÷êî-
âèìè ëiíiéíèìè êðàéîâèìè óìîâàìè íà ñêií÷åííîìó ïðîìiæêó ÷àñó.

The system with slow and fast variables dependent on linearly transformed argument is consi-
dered. The averaging method for the system with two-point linearly value problems on the �nite
time interval is justi�ed.

1. Âñòóï. Äëÿ ñèñòåì iç ïîâiëüíèìè òà
øâèäêèìè çìiííèìè âèãëÿäó

dx

dt
= εX(t, x, ϕ),

dϕ

dt
= Y (t, x, ϕ),

äëÿ ÿêèõ çàäàíî ïî÷àòêîâi óìîâè, ìåòîä óñå-
ðåäíåííÿ óçäîâæ ðîçâ'ÿçêó ϕ = ϕ(t, τ, x) íå-
çáóðåíî¨ çàäà÷i (ε = 0, τ i x � ïàðàìåòðè) îá-
ãðóíòîâàíèé Â. Ì. Âîëîñîâèì [1]. Äëÿ òàêèõ
æå ñèñòåì iç äâîòî÷êîâèìè ëiíiéíèìè êðàéî-
âèìè óìîâàìè, àëå ÿêi ìiñòÿòü i �ïîâiëüíèé
÷àñ� τ = εt, ìåòîä óñåðåäíåííÿ îáãðóíòîâà-
íèé â ïðàöi Ì. Áàëà÷àíäðè [2]. Êðiì òîãî,
â öié æå ðîáîòi íàâåäåíî çàñòîñóâàííÿ îäåð-
æàíèõ ðåçóëüòàòiâ â òåîði¨ îïòèìàëüíîãî êå-
ðóâàííÿ. Óñåðåäíåííþ â çàäà÷àõ êåðóâàííÿ
ïðèñâÿ÷åíi òàêîæ ïðàöi Â.Î. Ïëîòíiêîâà [3],
Ë.Ä. Àêóëåíêà [4] òà ií.

Ñèñòåìè ñòàíäàðòíîãî âèãëÿäó iç ïåðå-
òâîðåíèì àðãóìåíòîì òà äâîòî÷êîâèìè êðà-
éîâèìè óìîâàìè ìåòîäîì óñåðåäíåííÿ äî-
ñëiäæóâàëèñü â ðîáîòàõ [5-6], à êîëèâíi ñè-
ñòåìè iç âåêòîðîì ÷àñòîò, çàëåæíèì âiä ïî-
âiëüíèõ çìiííèõ � â [7].

Ó äàíié ðîáîòi ìåòîä óñåðåäíåííÿ, ÿê i â
[2], îáãðóíòîâó¹òüñÿ äëÿ äâîòî÷êîâî¨ êðàéî-
âî¨ çàäà÷i, àëå iç ëiíiéíî ïåðåòâîðåíèì àðãó-
ìåíòîì, êîëè íåçáóðåíà ñèñòåìà íå ìiñòèòü
âiäõèëåííÿ àðãóìåíòó. Çàóâàæèìî, ùî äëÿ

òàêî¨ çàäà÷i ïî÷àòêîâà ìíîæèíà, êîëè t = 0,
ñêëàäà¹òüñÿ ç îäíi¹¨ òî÷êè.

2. Óñåðåäíåíà çàäà÷à. Ðîçãëÿäà¹òüñÿ
êðàéîâà çàäà÷à âèãëÿäó

dx

dt
= εX(t, τ, x, xθ, ϕ, ϕθ, ε), (1)

dϕ

dt
= ω(t, τ, x, ϕ) + εY (t, τ, x, xθ, ϕ, ϕθ, ε),

A1x|t=0 + A2x|t=L = d1

B1ϕ|t=0 + B2ϕ|t=L = d2, (2)

äå x � n-âåêòîð, ϕ � m-âåêòîð, xθ(t) =
x(θt), ϕθ(t) = ϕ(θt), 0 < θ < 1, Aν , Bν � ñòà-
ëi ìàòðèöi, à d1 i d2 � n- i m-âåêòîðè âiä-
ïîâiäíî, åëåìåíòè ÿêèõ íå çàëåæàòü âiä ε.
Âåêòîð-ôóíêöi¨ X i Y âèçíà÷åíi i íåïåðåðâ-
íî äèôåðåíöiéîâíi çà âñiìà àðãóìåíòàìè â
îáëàñòi

G1 = {(t, τ, x, xθ, ϕ, ϕθ, ε) : 0 ≤ t ≤ L,

0 ≤ τ ≤ L, x, xθ ∈ D1 ⊂ Rn, ϕ, ϕθ ∈ D2 ⊆ Rm,

0 ≤ ε ≤ ε0},
âåêòîð-ôóíêöiÿ ω âèçíà÷åíà i íåïåðåðâ-
íî äèôåðåíöiéîâíà çà âñiìà àðãóìåíòàìè â
îáëàñòi:

G2 = {(t, τ, x, ϕ) : 0 ≤ t ≤ L, 0 ≤ τ ≤ L,

x ∈ D1, ϕ ∈ D2}.
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Ïîáóäó¹ìî âiäïîâiäíó (1), (2) óñåðåäíåíó
çàäà÷ó óçäîâæ ðîçâ'ÿçêó íåçáóðåíî¨ (ε = 0)
çàäà÷i. Ðîçãëÿíåìî êðàéîâó çàäà÷ó

dϕ

dt
= ω(t, τ, x, ϕ),

B1ϕ|t=0 + B2ϕ|t=L = d2, (3)

äå τ i x ðîçãëÿäàþòüñÿ ÿê ïàðàìåòðè. Íåõàé
çàäà÷à (3) ìà¹ ðîçâ'ÿçîê ϕ = ϕ(t, τ, x). Óñå-
ðåäíèìî âåêòîð-ôóíêöiþ X ïî t, ââàæàþ÷è
iíøi çìiííi ïàðàìåòðàìè:

X0(τ, x, xθ) =
1

L

L∫

0

X(t, τ, x, xθ,

ϕ(t, τ, x), ϕ(θt, θτ, xθ), 0)dt. (4)

Óñåðåäíåíà çàäà÷à äëÿ ïîâiëüíî¨ çìiííî¨
¹ òàêîþ:

dx

dt
= εX0(τ, x, xθ),

A1x|t=0 + A2x|t=L = d1. (5)

Ïðèïóñòèìî, ùî êðàéîâà çàäà÷à (5) ìà¹
ðîçâ'ÿçîê x = x(t, τ, ε). Çðîçóìiëî, ùî
ðîçâ'ÿçàííÿ çàäà÷ (3) i (5) çíà÷íî ïðîñòiøå,
ïîðiâíÿíî ç (1), (2), îñêiëüêè ðiâíÿííÿ äëÿ
x íå çàëåæèòü âiä ϕ, ϕθ, à â (3) τ i x � ïàðà-
ìåòðè.

Çàóâàæåííÿ. Çàìiñòü äðóãîãî ðiâíÿííÿ
â (1) ìîæíà ðîçãëÿíóòè çàãàëüíiøå ðiâíÿííÿ

dϕ

dt
= Y (t, τ, x, xθ, ϕ, ϕθ, ε).

Ïðèïóñòèìî, ùî ïðè ε = 0 âiäîìèé
ðîçâ'ÿçîê ϕ = ϕ(t, τ, x, xθ) âiäïîâiäíî¨ êðà-
éîâî¨ çàäà÷i, äå τ , x, xθ � ïàðàìåòðè. Òî-
äi àíàëîãi÷íî ìîæíà ïîáóäóâàòè óñåðåäíåíó
ñèñòåìó (5). Àëå ïðè öüîìó ïðîáëåìàòè÷íèì
¹ çíàõîäæåííÿ â ÿâíîìó âèãëÿäi ðîçâ'ÿçêó
ϕ = ϕ(t, τ, x, xθ) çàäà÷i ç ëiíiéíî ïåðåòâîðå-
íèì àðãóìåíòîì i, êðiì òîãî, óñêëàäíþ¹òüñÿ
óñåðåäíåíà çàäà÷à (5), òîìó ùî ðiâíÿííÿ äëÿ
x íàáóâà¹ âèãëÿäó

dx

dτ
= εX0(τ, x, xθ, xθ2).

2. Óìîâè òà îñíîâíèé ðåçóëüòàò.
ßêùî z ∈ Rk i f = f(t, ε) � ñêàëÿðíà ôóí-
êöiÿ, (t, ε) ∈ G3 = [0, L] × [0, ε0], òî ‖z‖ :=
|z1| + · · · + |zn|, ‖f‖ := max

G3

|f(t, ε)|. Ïðèïó-
ñòèìî, ùî âèêîíóþòüñÿ íàñòóïíi óìîâè.

10. Äâîòî÷êîâà çàäà÷à (3) ìà¹ ðîçâ'ÿçîê
ϕ = ϕ(t, τ, x), äå τ i x � ïàðàìåòðè, i çà öèìè
ïàðàìåòðàìè íåïåðåðâíî äèôåðåíöiéîâíà.

20. Óñåðåäíåíà çàäà÷à (5) ìà¹ ðîçâ'ÿçîê
x = x(t, ε).

Ââåäåìî ïîçíà÷åííÿ:

M := (t, τ, x(t, ε), x(θt, ε)),

M := (t, τ, x(t, ε), ϕ(t, ε))),

C(t, ε) :=
∂X0

∂x
(M), C1(t, ε) :=

∂X0

∂xθ

(M),

D(t, ε) :=
∂ω

∂ϕ
(M).

Ðîçãëÿíåìî ïðè t ≥ 0 ëiíiéíi ñèñòåìè
dη

dt
= εC(t, ε)η + εC1(t, ε)ηθ, (6)

dξ

dt
= D(t, ε)ξ. (7)

30. Íåõàé Φ(t, s, ε) � ìàòðèöÿ Êîøi ñèñòå-
ìè (6) i ∆1(ε) := A1 +A2Φ(L, 0, ε). Ðîçâ'ÿçîê
(6) ìîæíà çàïèñàòè ó âèãëÿäi[8]:

η(t, ε) = Φ(t, 0, ε)η(0, ε).

Ïðèïóñòèìî, ùî | det ∆1(ε)| ≥ δ1 > 0. Öÿ
íåðiâíiñòü ¹ óìîâîþ òîãî, ùî ðiâíÿííÿ (6) ç
êðàéîâèìè óìîâàìè âèãëÿäó (2), äå d1 = 0,
ìà¹ òiëüêè íóëüîâèé ðîçâ'ÿçîê.

40. Íåõàé Ψ(t, s, ε) � ìàòðèöÿ Êîøi ñèñòå-
ìè (7) i ∆2(ε) := B1 + B2Ψ(L, 0, ε). Ïðèïó-
ñòèìî, ùî | det ∆2(ε)| ≥ δ2 > 0 äëÿ ε ∈ [0, ε0].

50. Ââåäåìî ôóíêöiþ

w(τ, x, ε) =

t∫

0

[X(s, τ, x, xθ, ϕ, ϕθ, 0)−

−X0(τ, x, xθ)]ds,

äå
ϕ = ϕ(t, τ, x), ϕθ = ϕ(θt, θτ, xθ),
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τ , x i xθ ðîçãëÿäàþòüñÿ ÿê ïàðàìåòðè. Ïðè-
ïóñòèìî, ùî ôóíêöiÿ w íå çàëåæèòü âiä ïà-
ðàìåòðà xθ.

Ñôîðìóëþ¹ìî îñíîâíèé ðåçóëüòàò.
Òåîðåìà. Íåõàé âåêòîð-ôóíêöi¨ X, Y i

$ âèçíà÷åíi i íåïåðåðâíî äèôåðåíöiéîâíi çà
âñiìà àðãóìåíòàìè â îáëàñòi G1 i G2 âiäïî-
âiäíî i âèêîíóþòüñÿ óìîâè 10 � 50. Òîäi äëÿ
äîñèòü ìàëîãî ε > 0 äâîòî÷êîâà êðàéîâà çà-
äà÷à (1), (2) ìà¹ ðîçâ'ÿçîê x∗(t, ε), ϕ∗(t, ε).
Öåé ðîçâ'ÿçîê íåïåðåðâíèé ïî ε i

lim
ε→0

[‖x∗(t, ε)−x(t, ε)‖+‖ϕ∗(t, ε)−ϕ(t, ε)‖] = 0.

(8)

3. Äîïîìiæíà ëåìà. Ðîçãëÿíåìî êðà-
éîâó çàäà÷ó
du

dt
= εF (t, ε)u+εF1(t, ε)uθ+b(t, u, uθ, v, vθ, ε),

dv

dt
= G(t, ε)u + H(t, ε)v + d(t, u, uθ, v, vθ, ε),

(9)
A1u|t=0 + A2u|t = L = 0,

B1u|t=0 + B2u|t = L = 0,

äå u i v � n- i m-âèìiðíi âåêòîðè âiäïîâiä-
íî, F i F1, G, H � íåïåðåðâíi ìàòðèöi â G3

ðîçìiðíîñòi n × n, m × n i m ×m âiäïîâiä-
íî. Ââåäåìî ïîçíà÷åííÿ: p = col(u, uθ, v, vθ),
f = col(b, d).

Ëåìà. Íåõàé:
1) âåêòîð-ôóíêöiÿ f(t, p, ε) íåïåðåðâíà â

îáëàñòi 0 ≤ t ≤ L, 0 ≤ ε ≤ ε0, ‖p‖ ≤ ν0;
2) iñíóþòü íåñïàäíi ïî êîæíîìó àðãó-

ìåíòó ôóíêöi¨ λ(ε) i µ(ν, ε), 0 ≤ ε ≤ ε0,
0 ≤ ν ≤ ν0 òàêi, ùî λ(0) = µ(0, 0) = 0 i

‖f(t, 0, ε)‖ ≤ λ(ε),

‖a(t, p1, ε)− a(t, p2, ε)‖ ≤ µ(ν, ε)‖p1 − p2‖;
3) äëÿ ìàòðèöi Êîøi C(t, s, ε) ñèñòåìè

du

dt
= εF (t, ε)u + εF1(t, ε)uθ,

i òàêî¨ æ ìàòðèöi D(t, ε) ñèñòåìè
dv

dt
= H(t, ε)v (10)

âèêîíóþòüñÿ óìîâè 30 i 40 âiäïîâiäíî, äå
çàìiñòü ìàòðèöü ∆k(ε) áåðóòüñÿ ìàòðèöi
Γk(ε).

Òîäi ìîæíà âêàçàòè òàêi äîäàòíi ÷èñëà
ε∗ i ν∗, ν∗ ≤ ν0 i ε∗ ≤ ε0, ùî äëÿ êîæíîãî ε ∈
(0, ε∗] iñíó¹ ¹äèíèé ðîçâ'ÿçîê u∗(t, ε), v∗(t, ε)
êðàéîâî¨ çàäà÷i (9), íåïåðåðâíèé ïî ε i íîðìà
ÿêîãî íå ïåðåâèùó¹ ν∗0 .

Äîâåäåííÿ. Ðîçãëÿíåìî ëiíiéíó êðàéîâó
çàäà÷ó

du

dt
= εF (t, ε)u + εF1(t, ε)uθ + r(t, ε),

A1u|t=0 + A2u|t=L = 0, (11)

äå r ∈ Bn, òîáòî r � íåïåðåðâíå âiäîáðàæå-
ííÿ iç [0, L]× [0, ε0] â Rn.

Îñêiëüêè äëÿ ìàòðèöi Êîøi C(t, s, ε) âè-
êîíó¹òüñÿ óìîâà 30, òî iç (11) îäåðæèìî

u(0, ε) = −Γ−1
1 (ε)A2

L∫

0

C(L, s, ε)r(s, ε)ds.

Òîäi ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (11) íàáó-
âà¹ âèãëÿäó

u(t, ε) = (L1r)(t, ε),

äå L1: Bn → Rn,

(L1r)(t, ε) = −C(t, 0, ε)Γ−1
1 (ε)A2

L∫

0

C(L, s, ε)×

×r(s, ε)ds +

t∫

0

C(t, s, ε)r(s, ε)ds.

Ç óìîâ 1-2 ëåìè âèïëèâà¹, ùî ìàòðèöÿ
Êîøi C(t, s; ε) åêñïîíåíöiàëüíî îáìåæåíà [8,
òåîðåìà 1.3], òîìó çíàéäåòüñÿ c1 > 0 òàêå,
ùî

‖L1r‖ ≤ c1‖r‖. (12)

Äëÿ êðàéîâî¨ çàäà÷i
dv

dt
= G(t, ε)u + H(t, ε)v + q(t, ε), (13)

B1v|t=0 + B2v|t=L = 0
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òàêèì æå ÷èíîì çíàõîäèìî

v(t, ε) = (L2q)(t, ε),

äå
(L2q)(t, ε) = −D(t, 0, ε)Γ−1

2 (ε)×

×
L∫

0

D(L, s, ε)(G(s, ε)(L1r)(s, ε) + q(s, ε))ds+

×
t∫

0

D(t, s, ε)(G(s, ε)(L1r)(s, ε) + q(s, ε))ds

i äëÿ äåÿêî¨ ñòàëî¨ c2 > 0 âèêîíó¹òüñÿ íåðiâ-
íiñòü

‖L2q‖ ≤ c2(‖r‖+ ‖q‖). (14)

Ðîçãëÿíåìî òåïåð êðàéîâó çàäà÷ó (9). Íå-
õàé Bn

ν = {f : f ∈ Bn i ‖f‖ ≤ ν} é àíàëîãi-
÷íå ïîçíà÷åííÿ äëÿ Bm

ν . ßêùî âèêîíó¹òüñÿ
óìîâà 2 ëåìè, òî

‖a(t, p, ε)‖ ≤ ‖a(t, p, ε)− a(t, 0, ε)‖+
+‖a(t, 0, ε)‖ ≤ µ(ν, ε)‖p‖+ λ(ε),

ÿêùî 0 ≤ ε ≤ ε0 i 0 ≤ ν ≤ ν0.
Âèáåðåìî ν∗ ∈ (0, ν0] i ε1 ∈ (0, ε0] òàê,

ùîá (c1 + c2)µ(ν, ε) ≤ 0.5 äëÿ ν ≤ ν∗ i ε ≤ ε1.
Òåïåð çíàéäåòüñÿ ε∗ ∈ (0, ε1] òàêå, ùî (c1 +
c2)λ(ε∗) ≤ 0.5ν∗. Òîäi

(c1 + c2)[µ(ν, ε)ν + λ(ε)] < ν

äëÿ ν ∈ (0, ν∗] i ε ∈ (0, ε∗].

Ïîêàæåìî, ùî âiäîáðàæåííÿ L :=
[ L1

L2

]

¹ âiäîáðàæåííÿì ñòèñêó â Bm+n
ν . Ñïðàâäi, ç

íåðiâíîñòåé (12) i (14) âèïëèâà¹

‖(La)‖ ≤ (c1 + c2)‖a(t, p(t), ε)‖ ≤
≤ (c1 + c2)(µ(ν, ε1)ν + λ(ε1)) < ν,

äëÿ ‖p‖ ≤ ν ≤ ν∗, ε ≤ ε∗. Äàëi ìà¹ìî, ùî

‖La1 − La1‖ ≤ (c1 + c2)‖µ(ν, ε)‖ ‖a1 − a2‖ <

< 0.5‖a1 − a2‖
äëÿ ν ≤ ν∗ i ε ≤ ε∗.

Çãiäíî ç ïðèíöèïîì ñòèñêàþ÷èõ âiäîáðà-
æåíü iñíó¹ ¹äèíà íåðóõîìà òî÷êà [u∗, v∗] ∈
Rn+m

ν , ‖u‖ + ‖v‖ ≤ ‖p‖ ≤ ν∗, òîáòî iñíó¹
¹äèíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (9), íîð-
ìà ÿêîãî íå ïåðåâèùó¹ ν∗. Iç çîáðàæåííÿ
ðîçâ'ÿçêó âèïëèâà¹ éîãî íåïåðåðâíiñòü ïî ε.
ßêùî ε = 0, òî u∗ = v∗ = 0.

4. Äîâåäåííÿ òåîðåìè. ßê i â ðîáîòi [2]
çàïðîâàäèìî â ñèñòåìi (1) çàìiíó

x = ζ + εw(t, τ, ζ),

ϕ = ϕ(t, τ, ζ) + εψ, (15)

äå ϕ � ðîçâ'ÿçîê óñåðåäíåíî¨ êðàéîâî¨ çàäà÷i
(3). Çàóâàæèìî, ùî w(0, τ, ζ) = w(T, τ, ζ) =
0. Iç ïåðøîãî ç ðiâíÿíü (1) îäåðæèìî

(
I − ε

∂w

∂ζ

)dζ

dt
= εX0(εt, ζ, ζθ)+

+ε(X(t, εt, x, xθ, ϕ, ϕθ, ε)−

−X(t, εt, ζ, ζθ, ϕ, ϕθ, 0)) + ε2∂w

∂ζ
.

Îñêiëüêè ε
∥∥∥∂w

∂ζ

∥∥∥ < 1 äëÿ ε ∈ [0, ε0], 0 < ε0 �

äîñèòü ìàëå, òî ìàòðèöÿ I − ε
∂w

∂ζ
� íåâèðî-

äæåíà, à îáåðíåíó äî íå¨ ìîæíà çàïèñàòè ó
âèãëÿäi

I + εW (t, ζ, ζθ, ε).

Îòæå,
dζ

dt
= εX0(εt, ζ, ζθ) + ε2X1(t, ζ, ζθ, ψ, ψθ, ε),

(16)
äå

X1 = W (t, ζ, ζθ, ε)X0(εt, ζ, ζθ)+

+(I + εW (t, ζ, ζθ, ε))
[1

ε
(X(t, εt, ζ + εw, ζθ+

+εwθ, ϕ + εψ, ϕθ + εψθ, ε)−X(t, εt, ζ, ζθ, ϕ,

ϕθ, 0) +
∂w

∂τ

]
.

Iç äðóãîãî ðiâíÿííÿ (1) i (15) ìà¹ìî
dψ

dt
=

1

ε
[ω(t, εt, ζ+εw, ϕ+εψ)−ω(t, εt, ζ, ϕ)]−

−∂ϕ(t, εt, ζ)

∂ζ
X0(εt, ζ, ζθ)− ∂ϕ(t, εt, ζ)

∂τ
+
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+Y (t, εt, ζ +εw, ζθ +εw0, ϕ+εψ, ϕθ +εψθ, ε)+

+ε
∂ϕ(t, εt, ζ)

∂ζ
X1(t, ζ, ζθ, ψ, ψθ, ε).

çìiííi ζ i ψ çàäîâîëüíÿþòü êðàéîâi óìîâè

A1ζ|t=0 + A2ζ|t=L = d1,

B1ψ|t=0 + B2ψ|t=L = 0.

Çàïðîâàäèìî ùå îäíó çàìiíó

ζ = x(t, ε) + z. (17)

Â ïiäñóìêó îäåðæèìî êðàéîâó çàäà÷ó
dz

dt
= C(t, ε)z+C1(t, ε)zθ+εX2(t, z, zθ, ψ, ψθ, ε),

dψ

dt
= D(t, ε)ψ +E(t, ε)z +Y2(t, z, zθ, ψ, ψθ, ε),

(12)
A1z|t=0 + A2z|t=L = 0,

B1ψ|t=0 + B2ψ|t=L = 0,

äå ìàòðèöi C, C1 i D âèçíà÷åíi â ï.3.
Îäåðæàíà ñèñòåìà ìà¹ âèãëÿä (9). Óìîâè,

íàêëàäåíi íà ñèñòåìó (1), äîçâîëÿþòü çðî-
áèòè âèñíîâîê, ùî âèêîíàíi óìîâè ëåìè, òî-
ìó äëÿ äîñèòü ìàëîãî ε ≤ ε0 iñíó¹ ¹äèíèé
ðîçâ'ÿçîê z∗(t, ε), ψ∗(t, ε) çàäà÷i (17), íåïå-
ðåðâíèé ïî ε ïðè 0 ≤ ε ≤ ε, z∗(t, 0) =
ψ∗(t, 0) = 0. Íà ïiäñòàâi (16) i (17) îäåðæèìî
ðiâíiñòü (8). Òåîðåìó äîâåäåíî.
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