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ÇÀÄÀ×À ÄËß ÊÂÀÇIËIÍIÉÍÎ� ÑÈÑÒÅÌÈ ÃIÏÅÐÁÎËI×ÍÎÃÎ ÒÈÏÓ
Ó ÊÐÈÂÎËIÍIÉÍÎÌÓ ÑÅÊÒÎÐI Ç ÂIËÜÍÈÌÈ ÌÅÆÀÌÈ
Ó êðèâîëiíiéíîìó ñåêòîði ç âiëüíèìè ìåæàìè äîñëiäæåíî çàäà÷ó äëÿ êâàçiëiíiéíî¨ ãiïåð-

áîëi÷íî¨ ñèñòåìè ïåðøîãî ïîðÿäêó. Âèêîðèñòîâóþ÷è ìåòîä õàðàêòåðèñòèê i òåîðåìó Áàíàõà
ïðî íåðóõîìó òî÷êó, âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i.

A problem for a quasi-linear hyperbolic �rst-order system in a curvilinear sector with free
boundaries is investigated. By using the method of characteristics and the Banach �xed point
theorem, we established conditions for existence and uniqueness of a generalized solution to this
problem.

Âèâ÷åííÿ çàäà÷ ç íåâiäîìèìè ãðàíèöÿìè
äëÿ ãiïåðáîëi÷íèõ ðiâíÿíü i ñèñòåì (ãiïåðáî-
ëi÷íèõ çàäà÷ Ñòåôàíà) ðîçïî÷àëîñü â 70 ðî-
êàõ ìèíóëîãî ñòîëiòòÿ [1-3]. Çà äîïîìîãîþ
ìåòîäó õàðàêòåðèñòèê äîñëiäæåííÿ ãiïåðáî-
ëi÷íèõ çàäà÷ Ñòåôàíà ðîçøèðèëîñÿ íà âè-
ïàäêè íåëîêàëüíèõ ãðàíè÷íèõ óìîâ, âèðî-
äæåííÿ ëiíi¨ çàäàííÿ ïî÷àòêîâèõ óìîâ, íà-
ÿâíîñòi íåâiäîìèõ ëiíié ðîçðèâó ðîçâ'ÿçêiâ
òîùî [4-7].

Â äàíié ñòàòòi, âèêîðèñòîâóþ÷è ìåòîäè-
êó äîñëiäæåííÿ [8], âñòàíîâëåíî ëîêàëüíó
ðîçâ'ÿçíiñòü êâàçiëiíiéíî¨ ãiïåðáîëi÷íî¨ çà-
äà÷i Ñòåôàíà â êðèâîëiíiéíîìó ñåêòîði ó âè-
ïàäêó äâîõ íåçàëåæíèõ çìiííèõ òà çàãàëü-
íèõ ãðàíè÷íèõ óìîâ (ïðàâi ÷àñòèíè çàëå-
æàòü âiä ðîçâ'ÿçêó) òà ãëîáàëüíó ðîçâ'ÿ-
çíiñòü çàäà÷i, êîëè â ïðàâi ÷àñòèíè ãðàíè-
÷íèõ óìîâ íå âõîäÿòü çíà÷åííÿ øóêàíèõ
ôóíêöié.

1. Ôîðìóëþâàííÿ çàäà÷i. Óçàãàëüíå-
íèé ðîçâ'ÿçîê. Ó êðèâîëiíiéíîìó ñåêòîði
V a

T =
{
(x, t) ∈ R2 : 0 < t < T, a1(t) <

x < a2(t), a1(0) = a2(0)
}
ç íåâiäîìîþ ìåæåþ

a(t) := (a1(t), a2(t)) ðîçãëÿíåìî êâàçiëiíiéíó
ãiïåðáîëi÷íó ñèñòåìó ðiâíÿíü ç ÷àñòèííèìè
ïîõiäíèìè

∂ui

∂t
+ λi(x, t, u)

∂ui

∂x
= fi(x, t, u), (1)

i = 1, n, u := (u1, . . . , un),

à ïîâåäiíêó ìåæi îáëàñòi V a
T îáìåæèìî ñè-

ñòåìîþ äèôåðåíöiàëüíèõ ðiâíÿíü
dak(t)

dt
= hk

(
t, a(t), u(a(t), t)

)
, k = 1, 2, (2)

u(a(t), t) := (u(a1(t), t), u(a2(t), t)).

Ïî÷àòêîâi çíà÷åííÿ íåâiäîìèõ ôóíêöié çà-
äàìî óìîâàìè

a1(0) = a2(0) = 0, (3)
u(0, 0) = u0, u0 := (u0

1, . . . , u
0
n). (4)

Âèçíà÷èìî ìíîæèíè J1, J2 òà J3

J1 :=
{
i : λi(0, 0, u

0) < h1(0,0,u0)
}
,

J2 :=
{
i : λi(0, 0, u

0) > h2(0,0,u0)
}
,

J3 :=
{
i : h1(0,0,u0) < λi(0, 0, u

0) <

< h2(0,0,u0)
}
, 0 := (0, 0),u0 := (u0, u0),

i óìîâè íà ìåæi îáëàñòi çàïèøåìî ó âèãëÿäi

ui(ak(t), t) = H i
k

(
t, a(t),

(
us(ak(t), t)

)
s∈Jk

)
,

k = 1, 2, i ∈ J3−k ∪ J3. (5)

Ïîçíà÷èìî ÷åðåç ϕi(τ ; x, t, u), i = 1, n
ðîçâ'ÿçîê çàäà÷i Êîøi (ïðèïóñêà¹ìî âèêîíà-
ííÿ óìîâ îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi çàäà÷i)

dξ

dτ
= λi(ξ, τ, u(ξ, τ)), ξ(t) = x.

Öi ðîçâ'ÿçêè ¹ õàðàêòåðèñòèêàìè ñèñòåìè
(1), ïðè÷îìó çàëåæíiñòü ϕi(τ ; x, t, u) âiä u
¹ ôóíêöiîíàëîì. ×àñîâó êîîðäèíàòó òî÷êè
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ïåðåòèíó ôóíêöi¨ ϕi ç ìåæåþ îáëàñòi V a
T ïðè

ðóñi â íàïðÿìi ñïàäàííÿ àðãóìåíòó τ ïîçíà-
÷èìî ÷åðåç χi(x, t; u, a), òîáòî
χi(x, t; u, a) = min

{
τ : (ϕi(τ ; x, t, u), τ) ∈ V a

T

}

(çàëåæíiñòü χi(x, t; u, a) âiä (u, a) ¹ ôóíêöiî-
íàëîì). Ôîðìàëüíî ïðîiíòåãðóâàâøè ðiâíÿ-
ííÿ ñèñòåìè (1) âçäîâæ âiäïîâiäíèõ õàðà-
êòåðèñòèê ξ = ϕi(τ ; x, t, u), îòðèìà¹ìî ñè-
ñòåìó iíòåãðàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü

ui(x, t) = (6)
= ui(ϕi(χi(x, t; u, a); x, t, u), χi(x, t; u, a))+

+

t∫

χi(x,t;u,a)

fi

(
ϕi(τ ; x, t, u), τ, u(ϕi(τ ; x, t, u), τ)

)
dτ,

i = 1, n.
Íåõàé ST ¹ ïðîñòîðîì ïàð âåêòîð-

ôóíêöié (u, a) : V a
T × [0, T ] → Rn+2, u ∈(

C(V a
T )

)n ∩ (
Lipx(V

a
T )

)n
, a ∈ (

C1[0, T ]
)2

,
a1(t) < a2(t), 0 < t ≤ T, äëÿ ÿêèõ âèêîíà-
íi ïî÷àòêîâi óìîâè (3), (4). Íà ïðîñòîði ST

ââåäåìî ìåòðèêó ρ : ST × ST → R:
ρ
(
(u1, a1), (u2, a2)

)
= max

{
max

k,t
|a1

k(t)− a2
k(t)|,

max
i,x,t

|ū1
i (x, t)− ū2

i (x, t)|},

äå ū : R × [0, T ] → Rn ¹ ïðîäîâæåííÿì çà
ïðîñòîðîâîþ çìiííîþ ôóíêöi¨ u çãiäíî ïðà-
âèëà: ū(x, t) = u(au

1(t), t), ÿêùî x < au
1(t);

ū(x, t) = u(au
2(t), t), ÿêùî x > au

2(t).
Îçíà÷åííÿ. Óçàãàëüíåíèì ðîçâ'ÿç-

êîì çàäà÷i (1)�(5) áóäåìî íàçèâàòè ïàðó
âåêòîð-ôóíêöié (u, a) ∈ ST , ùî çàäîâîëü-
íÿþòü ñèñòåìè (2), (6) òà êðàéîâi óìîâè
(5).

2. Òåîðåìà ïðî ëîêàëüíó ðîçâ'ÿ-
çíiñòü. Ââåäåìî ïîçíà÷åííÿ
‖y‖m := max

i=1,m
|yi|, y = (y1, . . . , ym), m ∈ N,

Bm
R :=

{
y ∈ Rm : ‖y‖m ≤ R

}
, BR := B1

R,

U := ‖u0‖n, λ := (λ1, . . . , λn),

f := (f1, . . . , fn), h := (h1, h2),

Λ := max
(x,t,u)∈B1×[0,T ]×Bn

U+1

‖λ(x, t, u)‖n,

F := max
(x,t,u)∈B1×[0,T ]×Bn

U+1

‖f(x, t, u)‖n,

m = min
i, k

|λi(0, 0, u
0)− hk(0,0,u0)|.

Òåîðåìà. Ïðèïóñòèìî, ùî
1) λi(x, t, u) ∈ C

(B1 × [0, T ]× Bn
U+1

) ∩
Lipx,u

(B1 × [0, T ]× Bn
U+1

)
, i = 1, n;

2) fi(x, t, u) ∈ C
(B1 × [0, T ]× Bn

U+1

) ∩
Lipx,u

(B1 × [0, T ]× Bn
U+1

)
, i = 1, n;

3) hk(t, a, w) ∈ Lip
(
[0, T ]× B2

1 × B2n
U+1

)
,

k = 1, 2;

4) H i
k

(
t, a, (ws)s∈Jk

) ∈ Lip
(
[0, T ]× B2

1 ×
BcardJk

U+1

)
, k = 1, 2, i ∈ J3−k ∪ J3;

5) çàäîâîëüíÿþòüñÿ íåðiâíîñòi
λi(0, 0, u

0) 6=hk(0,0,u0), i = 1, n, k = 1, 2;

h1(0,0,u0) < h2(0,0,u0);

6) âèêîíóþòüñÿ ñïiââiäíîøåííÿ ïîãîäæå-
ííÿ ïî÷àòêîâèõ òà ãðàíè÷íèõ óìîâ

u0
i = H i

k

(
0,0, (u0

s)s∈Jk

)
, k = 1, 2,

i ∈ J3−k ∪ J3;

7) âèêîíó¹òüñÿ îáìåæåííÿ

H0

(2eλ0

m

(
2‖h(0,0,u0)‖2 + Λ

)
+ 1

)
< 1,

äå λ0, H0� ñòàëi Ëiïøèöÿ ôóíêöié λi

òà H i
k âiäïîâiäíî.

Òîäi çàäà÷à (1)�(5) ìà¹ ¹äèíèé ëîêàëüíèé
óçàãàëüíåíèé ðîçâ'ÿçîê.

Äîâåäåííÿ. Ðîçãëÿíåìî ïiäïðîñòið S =
S(ε, α, β, p, q) (ε, α, β, p òà q � äîäàòíi ïàðà-
ìåòðè) ïðîñòîðó Sε, ε ∈ (0, T ], îáìåæèâøè
éîãî åëåìåíòè óìîâàìè
(A) ak(t)− hk(0,0,u0)t ∈ Lip([0, ε], α),

k = 1, 2;

(B) ‖u(x, t)− u0‖n ≤ β, (x, t) ∈ V a
ε ;

(C) u ∈ (
Lipx(V

a
ε , p)

)n
;

(D) ÿêùî (xj, tj) ∈ V a
ε , j = 1, 2, t1 6= t2 ïðè

äåÿêîìó k ∈ {1, 2} çàäîâîëüíÿþòü íå-
ðiâíîñòi∣∣∣∣

x2 − x1

t2 − t1
− hk(0,0,u0)

∣∣∣∣ ≤ α, (7)
∣∣xj − hk(0,0,u0)tj

∣∣ ≤ αtj, j = 1, 2, (8)
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òî ñïðàâåäëèâà îöiíêà
|∆jui(xj, tj)| ≤ q|∆jtj|, i ∈ Jk.

Âèáåðåìî ïàðàìåòð α äîñòàòíüî ìàëèì òà
ñòàëó γ, 0 < γ < m äîñòàòíüî áëèçüêîþ äî
m, ùîá âèêîíóâàëàñü íåðiâíiñòü

K :=H0

(2eλ0

γ

(
2‖h(0,0,u0)‖2+2α+Λ

)
+1

)
<1,

ìîæëèâiñòü òàêîãî âèáîðó ñëiäó¹ ç ïðèïóùå-
ííÿ 7) òåîðåìè. ßêùî ïîòðiáíî, çìåíøèìî
α, ùîá òàêîæ çàäîâîëüíèòè íåðiâíiñòü

α <
1

2

(
h2(0,0,u0)− h1(0,0,u0)

)
, (9)

òîäi âèêîíàííÿ óìîâè a1(t) < a2(t), 0 < t ≤
T áóäå íàñëiäêîì âëàñòèâîñòi (A) ïðîñòîðó
S.

Íåõàé

ε ≤ 1

|hk(0,0,u0) + (−1)kα| , k = 1, 2, (10)

β ≤ 1, (11)
ïðè÷îìó, ÿêùî â íåðiâíîñòi (10) ïðè äåÿêî-
ìó k çíàìåííèê äîðiâíþ¹ íóëåâi, òî áóäåìî
ââàæàòè íåðiâíiñòü äëÿ öüîãî k âèêîíàíîþ.
Îáìåæåííÿ (10), (11) çàáåçïå÷àòü âêëþ÷åí-
íÿ
V a

ε ⊂ B1 × [0, ε], u(x, t) ∈ Bn
U+1, (x, t) ∈ V a

ε ,

äëÿ âñiõ (u, a) ∈ S.
Íåõàé ïàðàìåòðè ε òà β ïðîñòîðó S ¹ äî-

ñòàòíüî ìàëèìè, ùîá çàáåçïå÷èòè âèêîíàí-
íÿ óìîâè
|λi(ak(t), t, u(ak(t), t))−hk(t, a(t), u(a(t), t))|≥

≥ γ, i = 1, n, k = 1, 2, t ∈ [0, ε], (12)
äëÿ âñiõ (u, a) ∈ S. Ìîæëèâiñòü òàêîãî âè-
áîðó ñëiäó¹ ç ïðèïóùåííÿ 5) òåîðåìè òà íå-
ïåðåðâíîñòi ôóíêöié λi òà hk âiäïîâiäíî â
òî÷êàõ (0, 0, u0) òà (0,0,u0).

Íà ìíîæèíi S âèçíà÷èìî îïåðàòîð A:
A(u, a)=(Au,Aa), ïðè÷îìó Aa =(A1a,A2a) :
[0, ε] → R2, äå ôóíêöi¨ (Aka)(t), k = 1, 2 âè-
çíà÷àþòüñÿ ðiâíiñòþ

(Aka)(t) =

t∫

0

hk

(
τ, a(τ), u(a(τ), τ)

)
dτ,

à êîìïîíåíòó Au âèçíà÷èìî òðîõè ïiçíiøå.
Äëÿ ïî÷àòêó, âñòàíîâèìî îáìåæåííÿ, çà

ÿêèõ ôóíêöi¨ (Aka)(t), k = 1, 2 âîëîäiþòü
âëàñòèâiñòþ (A) ïðîñòîðó S. Íåõàé çàäî-
âîëüíÿþòüñÿ íåðiâíîñòi

ε ≤ min
{

β,
β

‖h(0,0,u0)‖2 + α

}
, (13)

β ≤ α

h0

, (14)

äå h0 � ñòàëà Ëiïøèöÿ ôóíêöié hk, k = 1, 2,
òîäi

∣∣ d
dt

(
(Aka)(t)− hk(0,0,u0)t

)∣∣ =

=
∣∣hk

(
t, a(t), u(a(t), t)

)− hk(0,0,u0)
∣∣ ≤

≤ h0 max
{
t, ‖a(t)‖2, ‖u(a(t), t)− u0‖2n

} ≤
≤ h0 max

{
ε,

(‖h(0,0,u0)‖2 + α
)
ε, β

} ≤ α,

çâiäêè, â ñâîþ ÷åðãó, ñëiäó¹ ëiïøèöåâiñòü
âiäîáðàæåíü t 7→ (Aka)(t) − hk(0,0,u0)t çi
ñòàëîþ α.

Ââåäåìî ïîçíà÷åííÿ. Íåõàé (u, a) ∈ S,
òîäi Ãu = (Ã1u, . . . , Ãnu) : V Aa

ε → Rn, äå
V Aa

ε =
{
(x, t) ∈ R2 : 0 < t < ε, (A1a)(t) <

x < (A2a)(t)
}
, à (Ãiu)(x, t), i = 1, n ¹ çâó-

æåííÿ ôóíêöié ūi íà V Aa
ε . Çàóâàæèìî, ùî

(Ãu, Aa) ∈ S, çîêðåìà, ç íåðiâíîñòi (12) âè-
ïëèâà¹ îöiíêà

|λi((Aka)(t), t, (Ãu)((Aka)(t), t))−
−hk(t, a(t), u(a(t), t))| ≥ γ, (15)
i = 1, n, k = 1, 2, t ∈ [0, ε].

Äëÿ êîæíîãî åëåìåíòó (u, a) ∈ S âèçíà-
÷èìî ôóíêöi¨ ϑi(x, t; Ãu, Aa), i = 1, n, (x, t) ∈
V Aa

ε :

ϑi(x, t; Ãu, Aa) =

=H i
k

(
χi, (Aa)(χi), ((Ãsu)((Aka)(χi), χi))s∈Jk

)
,

äå χi = χi(x, t; Ãu, Aa), à iíäåêñ k âèçíà÷à-
¹òüñÿ óìîâîþ ϕi(χi(x, t; Ãu, Aa); x, t, Ãu) =
(Aka)(χi(x, t; Ãu, Aa)). Çàóâàæèìî, ùî äëÿ
âñiõ iíäåêñiâ i òà âiäïîâiäíèõ çíà÷åíü iíäå-
êñó k ôóíêöiÿ H i

k ¹ âèçíà÷åíîþ, ùî ñëiäó¹ ç
îöiíêè (15).

Òåïåð ìîæåìî âèçíà÷èòè êîìïîíåíòó Au
îáðàçó åëåìåíòà (u, a) ∈ S ïðè äi¨ îïåðàòîðà
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A: Au = (A1u, . . . , Anu) : V Aa
ε → Rn, äå ôóí-

êöi¨ (Aiu)(x, t), i = 1, n ïðèéìàþòü çíà÷åííÿ

(Aiu)(x, t) = ϑi(x, t; Ãu, Aa)+

+

t∫

χi(x,t;Ãu,Aa)

fi

(
ϕi, τ, (Ãu)(ϕi, τ)

)∣∣∣
ϕi=ϕi(τ ;x,t,Ãu)

dτ.

Âñòàíîâèìî îáìåæåííÿ, çà ÿêèõ ôóíêöi¨
(Aiu)(x, t), i = 1, n, (u, a) ∈ S âîëîäiþòü âëà-
ñòèâîñòÿìè (B) � (D) ïðîñòîðó S. Ïî÷íå-
ìî äîñëiäæåííÿ ç âëàñòèâîñòi (B). Íåõàé
(x, t) ∈ V Aa

ε , ϕi(χi(x, t; Ãu, Aa); x, t, Ãu) =
(Aka)(χi(x, t; Ãu, Aa)). Òîäi çàïèøåìî ñïiâ-
âiäíîøåííÿ (äëÿ ñêîðî÷åííÿ ôîðìóë òóò âè-
êîðèñòàíî ïîçíà÷åííÿ χi := χi(x, t; Ãu, Aa),
h := ‖h(0,0,u0)‖2)

|(Aiu)(x, t)− u0
i | ≤ |ϑi(x, t; Ãu, Aa)− u0

i |+

+

t∫

χi

∣∣fi

(
ϕi, τ, (Ãu)(ϕi, τ)

)∣∣
∣∣∣∣
ϕi=ϕi(τ ;x,t,Ãu)

dτ ≤

≤
∣∣H i

k

(
χi, (Aa)(χi), ((Ãsu)((Aka)(χi), χi))s∈Jk

)

−H i
k(0,0, (u0

s)s∈Jk
)
∣∣ + Fε ≤

≤ H0 max
{
χi, (h + α)χi, β

}
+ Fε ≤

≤ (
H0 max

{
1, h + α

}
+ F

)
ε + H0β.

Îñêiëüêè H0 < 1, ùî âèïëèâà¹ ç ïðèïóùåí-
íÿ 7) òåîðåìè, òî, ùîá çàäîâîëüíèòè íåðiâ-
íiñòü

|(Aiu)(x, t)− u0
i | ≤ β,

äîñòàòíüî âèìàãàòè
(
H0 max

{
1, ‖h(0,0,u0)‖2 + α

}
+ F

)
ε ≤

≤ (1−H0)β. (16)

Ðîçãëÿíåìî âëàñòèâiñòü (Ñ) ïðîñòîðó S.
Íåõàé (xj, t) ∈ V Aa

ε , j = 1, 2, äëÿ âèçíà÷å-
íîñòi x1 < x2, ϕi(χi(xj, t; Ãu, Aa); xj, t, Ãu) =

(A1a)(χi(xj, t; Ãu, Aa)), j = 1, 2 (áåç âòðàòè
çàãàëüíîñòi ââàæà¹ìî, ùî îáèäâi õàðàêòåðè-
ñòèêè ïåðåòíóòü òó æ ñàìó ñòîðîíó ñåêòî-
ðà). Òîäi ïðèïóñòèâøè âèêîíàííÿ óìîâ

p ≥ 1, q ≥ max
{
1, ‖h(0,0,u0)‖2 + α

}
, (17)

λ0p
(‖h(0,0,u0)‖2 + α + Λ

)
ε ≤ γ

2
, (18)

âñòàíîâëþ¹ìî îöiíêè (äëÿ çìåíøåííÿ âè-
ðàçiâ òóò âèêîðèñòàíî íàñòóïíi ïîçíà÷åííÿ
ϕj

i := ϕi(τ ; xj, t, Ãu), χj
i := χi(xj, t; Ãu, Aa))

|∆j(Aiu)(xj, t)| ≤

≤
t∫

χ1
i

∣∣∆jfi

(
ϕj

i , τ, (Ãu)(ϕj
i , τ)

)∣∣dτ+

+

χ1
i∫

χ2
i

∣∣fi

(
ϕ2

i , τ, (Ãu)(ϕ2
i , τ)

)∣∣dτ+

+
∣∣∆jH

i
1

(
χj

i , (Aa)(χj
i ), (Ãsu)((A1a)(χj

i ), χ
j
i )

)∣∣

≤
t∫

χ1
i

f0p|∆jϕ
j
i |dτ + F |∆jχ

j
i |+

+H0 max{1, h + α, q}|∆jχ
j
i | ≤

≤ f0p|∆jxj|eλ0pεε + (F + H0q)
2

γ
|∆jxj|eλ0pε,

äå f0 � ñòàëà Ëiïøèöÿ ôóíêöié fi, i = 1, n.
Òàêèì ÷èíîì, ôóíêöiÿ Au âîëîäi¹ âëàñòèâi-
ñòþ (Ñ), ÿêùî

pε ≤ 1, (19)

f0e
λ0 + (F + H0q)

2

γ
eλ0 ≤ p. (20)

I íàñàìêiíåöü, ïðîâåäåìî äîñëiäæåííÿ
äëÿ âëàñòèâîñòi (D). Íåõàé (xj, tj) ∈ V Aa

ε ,
j = 1, 2, t1 6= t2, ïðè÷îìó çàäîâîëüíÿþòüñÿ
íåðiâíîñòi (7), (8) äëÿ k = 1. Òîäi äëÿ i ∈
J1 ñïðàâåäëèâi ñïiââiäíîøåííÿ (äëÿ çìåí-
øåííÿ âèðàçiâ òóò âèêîðèñòàíî ïîçíà÷åííÿ
ϕj

i := ϕi(τ ; xj, tj, Ãu), χj
i := χi(xj, tj; Ãu, Aa))

|∆j(Aiu)(xj, tj)| ≤

≤
∣∣∣∣∆j

tj∫

χj
i

fi

(
ϕj

i , τ, (Ãu)(ϕj
i , τ)

)
dτ

∣∣∣∣+

+
∣∣∆jH

i
2

(
χj

i , (Aa)(χj
i ), (Ãsu)((A2a)(χj

i ), χ
j
i )

)∣∣

≤
t1∫

min{t1,χ2
i }

∣∣∆jfi

(
ϕj

i , τ, (Ãu)(ϕj
i , τ)

)∣∣dτ+

+F
(|∆jtj|+ |∆jχ

j
i |
)

+ H0q|∆jχ
j
i |.
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Çàóâàæèìî, ùî ñïðàâåäëèâà îöiíêà

|∆jϕ
j
i | ≤ |∆jϕ(t1; xj, tj, Ãu)|eλ0pε ≤
≤ (|∆jxj|+ Λ|∆jtj|)eλ0pε ≤
≤ (h + α + Λ)|∆jtj|eλ0pε.

Îöiíèìî ∆jχ
j
i , äëÿ ÷îãî ðîçãëÿíåìî ìî-

æëèâi âàðiàíòè ðîçòàøóâàííÿ õàðàêòåðè-
ñòèê.

1. ßêùî χ1
i < χ2

i ≤ t1 < t2, òî

|∆jχ
j
i | ≤

2

γ
|∆jϕ(χ2

i ; xj, tj, Ãu)| ≤

≤ 2

γ
(h + α + Λ)|∆jtj|eλ0pε.

2. ßêùî χ1
i < t1 < χ2

i < t2, òî

|∆jχ
j
i | ≤ |χ2

i − t1|+ |t1 − χ1
i | ≤

≤ |∆jtj|+ 2

γ
|x1 − (A2a)(t1)| ≤

≤ |∆jtj|+ 2

γ

(|∆jxj|+ |x2 − (A2a)(χ2
i )|+

+|(A2a)(χ2
i )− (A2a)(t1)|

) ≤
≤ (2

γ
(2h + 2α + Λ) + 1

)|∆jtj|.

Óçàãàëüíèâøè, â áóäü-ÿêîìó âèïàäêó ìà¹ìî

|∆jχ
j
i | ≤

(2

γ
eλ0pε(2h + 2α + Λ) + 1

)|∆jtj|.

Ïiäñòàâèâøè îòðèìàíi îöiíêè, âñòàíîâ-
ëþ¹ìî ñïiââiäíîøåííÿ

|∆j(Aiu)(xj, tj)| ≤
≤ F

(2

γ
eλ0pε(2h + 2α + Λ) + 2

)|∆jtj|+
+f0p(h + α + Λ)|∆jtj|eλ0pεε+

+H0q
(2

γ
eλ0pε(2h + 2α + Λ) + 1

)|∆jtj|.

Îòæå, äëÿ ôóíêöi¨ Au ñïðàâåäëèâà âëàñòè-
âiñòü (D), ÿêùî

2F + (F
2

γ
+ f0pε)(2h + 2α + Λ)eλ0pε+

+H0q
(2

γ
eλ0pε(2h + 2α + Λ) + 1

) ≤ q.

Âðàõóâàâøè ïðèïóùåííÿ 7) òåîðåìè, ùîá
çàäîâîëüíèòè äàíó óìîâó, äîñòàòíüî âèìà-
ãàòè

2F + (F
2

γ
+ f0)(2h + 2α + Λ)eλ0 ≤
≤ (1−K)q. (21)

Íåõàé âèêîíàíi âñi íàâåäåíi îáìåæåííÿ,
ùî çàáåçïå÷óþòü çáåðåæåííÿ âëàñòèâîñòåé
ïðîñòîðó S ïðè äi¨ îïåðàòîðà A. Âñòàíîâèìî
óìîâè íà ïàðàìåòðè ïðîñòîðó, çà ÿêèõ îïå-
ðàòîð ¹ ñòèñíèì. Íåõàé (uj, aj) ∈ S, j = 1, 2,
i ïîçíà÷èìî ρ := ρ((u1, a1), (u2, a2)

)
. Ñïðàâå-

äëèâà îöiíêà

|∆j(Aka
j)(t)| ≤

≤
t∫

0

∣∣∆jhk

(
τ, aj(τ), uj(aj(τ), τ)

)∣∣dτ ≤

≤
t∫

0

h0 max
k,i

{|∆ja
j
k(τ)|, |∆ju

j
i (a

j
k(τ), τ)|}dτ ≤

≤ h0ερ, k = 1, 2.

Îöiíþþ÷è ∆j(Ãiuj)(x, t), îòðèìà¹ìî

|∆j(Ãuj
i )(x, t)| ≤ (1 + h0εp)ρ, i = 1, n.

Ðîçãëÿíåìî ðiçíèöþ ∆j(Auj)(x, t) (äëÿ
çìåíøåííÿ âèðàçiâ íàäàëi âèêîðèñòîâó¹ìî
òàêi ïîçíà÷åííÿ ϕj

i := ϕi(τ ; x, t, Ãuj), χj
i :=

χi(x, t; Ãuj, Aaj)).
1. ßêùî (x, t) ∈ V Aa1

ε ∩ V Aa2

ε , ïðè÷îìó
ϕi(χ

j
i ; x, t, Ãuj) = (Aka

j)(χj
i ), j = 1, 2 (äëÿ

âèçíà÷åíîñòi ïîêëàäåìî k = 1, χ1
i ≥ χ2

i ), òî

|∆j(Aiu
j)(x, t)| ≤

≤
t∫

χ1
i

∣∣∆jfi

(
ϕj

i , τ, (Ãuj)(ϕj
i , τ)

)∣∣dτ+
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+

χ1
i∫

χ2
i

∣∣fi

(
ϕ2

i , τ, (Ãu2)(ϕ2
i , τ)

)∣∣dτ+

+
∣∣∆jH

i
1

(
χj

i ,(Aa1)(χj
i ),(Ãsu

1)((A1a
1)(χj

i ), χ
j
i )

)∣∣
+

∣∣∆jH
i
1

(
χ2

i ,(Aaj)(χ2
i ),(Ãsu1)((A1a

j)(χ2
i ), χ

2
i )

)∣∣
+

∣∣∆jH
i
1

(
χ2

i ,(Aa2)(χ2
i ),(Ãsuj)((A1a

2)(χ2
i ), χ

2
i )

)∣∣
≤ f0pελ0(1 + h0εp)ερeλ0pε + f0(1 + h0εp)ερ+

+(F + H0q)
(2

γ
h0ερ +

2

γ
λ0(1 + h0εp)ερeλ0pε

)
+

+H0ph0ερ + H0(1 + h0εp)ρ.

2. Ðîçãëÿíåìî iíøó ìîæëèâiñòü: õàðàêòå-
ðèñòèêè ç ðiçíèìè çíà÷åííÿìè iíäåêñó j äî-
ñÿãàþòü ïðîòèëåæíèõ ñòîðií âiäïîâiäíèõ ñå-
êòîðiâ V Aaj

ε , ùî ìîæëèâî äëÿ i ∈ J3. Äëÿ
âèçíà÷åíîñòi ïîêëàäåìî ϕi(χ

j
i ; x, t, Ãuj) =

(Aja
j)(χj

i ), j = 1, 2, χ1
i ≥ χ2

i . Â öüîìó âè-
ïàäêó îòðèìó¹ìî

|∆j(Aiu
j)(x, t)| ≤

≤
t∫

χ1
i

∣∣∆jfi

(
ϕj

i , τ, (Ãuj)(ϕj
i , τ)

)∣∣dτ+

+

χ1
i∫

χ2
i

∣∣fi

(
ϕ2

i , τ, (Ãu2)(ϕ2
i , τ)

)∣∣dτ+

+
∣∣H i

1

(
χ1

i , (Aa1)(χ1
i ), (Ãsu

1)((A1a
1)(χ1

i ), χ
1
i )

)−
−H i

1

(
0,0, (u0

s)s∈J1

)∣∣ +
∣∣H i

2

(
0,0, (u0

s)s∈J2

)−
−H i

2

(
χ2

i , (Aa2)(χ2
i ), (Ãsu

2)((A2a
2)(χ2

i ), χ
2
i )

)∣∣≤
≤ f0pελ0(1 + h0εp)ερeλ0pε+

+f0(1 + h0εp)ερ + 2(F + H0q)χ
1
i .

Âñòàíîâèìî îöiíêó äëÿ χi(x, t; Ãu1, Aa1).
Iç âèêîíàííÿ íà åëåìåíòàõ ïðîñòîðó S
óìîâè (15) âèâîäèìî ñïðàâåäëèâiñòü íàñòó-
ïíîãî ñïiââiäíîøåííÿ äëÿ ïàðè åëåìåíòiâ{
(u1, a1), (u2, a2)

} ⊂ S:

λi

(
(A1a

1)(t), t, (Ãu2)((A1a
1)(t), t)

)−
−h1(t, a

1(t), u1(a1(t), t)) ≥ γ, i ∈ J3.

I òîìó ïiñëÿ ñòàíäàðòíèõ ìiðêóâàíü ç óðà-

õóâàííÿì (18) âèâîäèìî íåðiâíiñòü

d

dτ

(
ϕi(τ ; x, t, Ãu2)− (A1a

1)(τ)
) ≥ γ

2
, τ ∈ T ,

T :=
{
τ ∈ [0, t] : |(A1a

1)(τ)− ϕi(τ ; x, t, Ãu2)|
≤ (h + α + Λ)ε

}
. (22)

Îñêiëüêè

|(A1a
1)(t)− ϕi(t; x, t, Ãu2)| =

= |(A1a
1)(t)− ϕi(t; x, t, Ãu1)| ≤
≤ (h + α + Λ)ε,

òî t ∈ T , i ÿê íàñëiäîê,
d

dτ

(
ϕi(τ ; x, t, Ãu2)− (A1a

1)(τ)
)∣∣

τ=t
≥ γ

2
.

Ç îñòàííüîãî ñïiââiäíîøåííÿ ñëiäó¹, ùî äëÿ
äåÿêîãî δ > 0

d

dτ

(
ϕi(τ ; x, t, Ãu2)− (A1a

1)(τ)
)∣∣

τ∈[t−δ,t]
> 0.

Òàêèì ÷èíîì, [t − δ, t] ⊂ T . Íà ïiäñòàâi íå-
ïåðåðâíîñòi d

dτ
(ϕi(τ ; x, t, Ãu2)−(A1a

1)(τ)) íà
âiäðiçêó [0, t], ïðîäîâæóþ÷è îïèñàíi ìiðêó-
âàííÿ ïðè ìåíøèõ çíà÷åííÿõ τ, îñòàòî÷íî
îòðèìó¹ìî T = [0, t]. Âèêîðèñòàâøè îöiíêó
(22), çàïèøåìî íåðiâíîñòi

χi(x, t; Ãu1, Aa1) ≤
≤ 2

γ

∣∣(ϕi(χ
1
i ; x, t, Ãu2)− (A1a

1)(χ1
i )

)−

−(
ϕi(0; x, t, Ãu2)− (A1a

1)(0)
)∣∣ ≤

≤ 2

γ

∣∣ϕi(χ
1
i ; x, t, Ãu2)− (A1a

1)(χ1
i )

∣∣ =

=
2

γ
|∆jϕi(χ

1
i ; x, t, Ãuj)| ≤

≤ 2

γ
λ0(1 + h0εp)ερeλ0pε.

À îòæå,

|∆j(Aiu
j)(x, t)| ≤

≤ f0pελ0(1 + h0εp)ερeλ0pε + f0(1 + h0εp)ερ+

+2(F + H0q)
2

γ
λ0(1 + h0εp)ερeλ0pε.
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Ïðîàíàëiçóâàâøè, íà çàâåðøåííÿ, âèïà-
äîê (x, t) ∈ V Aa1

ε \ V Aa2

ε òà ñêîðèñòàâøèñü
îáìåæåííÿì (19), çíàõîäèìî çàãàëüíó îöií-
êó
|∆j(Aiuj)(x, t)| ≤ f0pελ0(1 + h0εp)ερeλ0pε+

+f0(1 + h0εp)ερ + 2(F + H0q)×
×(2

γ
h0ερ +

2

γ
λ0(1 + h0εp)ερeλ0pε

)
+

+H0ph0ερ + H0(1 + h0εp)ρ + ph0ερ ≤
≤

(
f0λ0(1 + h0)e

λ0 + f0(1 + h0)+

+
4

γ
(F + H0q)(h0 + λ0(1 + h0)e

λ0)+

+(2H0 + 1)ph0

)
ερ + H0ρ.

Îñêiëüêè çãiäíî ïðèïóùåííÿ 7) òåîðåìè
H0 < 1, òî îïåðàòîð A : S → S ¹ ñòèñíèì
çà óìîâè(

f0λ0(1 + h0)e
λ0 + f0(1 + h0)+

+
4

γ
(F + H0q)(h0 + λ0(1 + h0)e

λ0)+

+(2H0 + 1)ph0

)
ε < 1−H0. (23)

Çàóâàæèìî, ùî ñèñòåìà âñiõ âèùå îòðè-
ìàíèõ óìîâ ¹ ñóìiñíîþ. Ñïðàâäi, ñïî÷àòêó
ôiêñó¹ìî α, çàäîâîëüíèâøè óìîâó (9) òà íå-
ðiâíiñòü K < 1 ïðè äåÿêîìó γ, ïîòiì ôiêñó-
¹ìî q ó âiäïîâiäíîñòi ç óìîâàìè (17), (21),
ïiçíiøå p çãiäíî îáìåæåíü (17), (20). Âèáè-
ðà¹ìî ïàðàìåòð β äîñòàòíüî ìàëèì, ùîá âè-
êîíóâàëèñü óìîâè (11), (14), òà íåðiâíiñòü
(12) ïðè äåÿêîìó ε. Íàñàìêiíåöü çìåíøó¹ìî
ε, ùîá çàäîâîëüíèòè îáìåæåííÿ (10), (13),
(16), (18), (19) òà (23). Â ðåçóëüòàòi îòðèìó-
¹ìî íàáið ïàðàìåòðiâ (ε0, α0, β0, p0, q0), äëÿ
ÿêîãî âèêîíóþòüñÿ óñi ïðèïóùåííÿ òåîðåìè.

Íåõàé S0 = S(ε0, α0, β0, p0, q0), òîäi AS0 ⊂
S0, ïðè÷îìó îïåðàòîð A : S0 → S0 ¹ ñòèñíèì.
Çà òåîðåìîþ Áàíàõà ïðî ñòèñíi âiäîáðàæåí-
íÿ iñíó¹ ¹äèíà íåðóõîìà òî÷êà (u∗, a∗) ∈ S0

îïåðàòîðà. Iç ðiâíîñòi A(u∗, a∗) = (u∗, a∗) âè-
âîäèìî ñïiââiäíîøåííÿ

a∗k(t) =

t∫

0

hk

(
τ, a∗(τ), u∗(a∗(τ), τ)

)
dτ, (24)

u∗i (x, t) = ϑi(x, t; u∗, a∗)+ (25)

+

t∫

χi(x,t;u∗,a∗)

fi

(
ϕi, τ, u

∗(ϕi, τ)
)∣∣∣

ϕi=ϕi(τ ;x,t,u∗)
dτ.

Ïiñëÿ äèôåðåíöiþâàííÿ ðiâíÿíü (24) çà t
îòðèìó¹ìî âèêîíàííÿ ñèñòåìè (2) äëÿ ïàðè
âåêòîð-ôóíêöié (u∗, a∗). Iç ðiâíîñòåé (25) âè-
âîäèìî (òóò âèêîðèñòàíî ïîçíà÷åííÿ χk

i =
χi(a

∗
k(t), t; u

∗, a∗))

u∗i (a
∗
k(t), t) = ϑi(a

∗
k(t), t; u

∗, a∗) =

= H i
k

(
χk

i , a
∗(χk

i ), (u
∗
s(a

∗
k(χ

k
i ), χ

k
i ))s∈Jk

)
=

= H i
k

(
t, a∗(t), (u∗s(a

∗
k(t), t))s∈Jk

)
,

k = 1, 2, i ∈ J3−k ∪ J3.

Òîìó äëÿ ïàðè âåêòîð-ôóíêöié (u∗, a∗) âè-
êîíàíi êðàéîâi óìîâè (5). ßê íàñëiäîê, ïå-
ðåïèøåìî ϑi(x, t; u∗, a∗) ó âèãëÿäi (òóò âèêî-
ðèñòàíî ïîçíà÷åííÿ χi = χi(x, t; u∗, a∗))

ϑi(x, t; u∗, a∗) =

= H i
k

(
χi, a

∗(χi), (u
∗
s(a

∗
k(χi), χi))s∈Jk

)
=

= u∗i (a
∗
k(χi), χi) = u∗i (ϕi(χi; x, t, u∗), χi).

Îòæå, ïàðà âåêòîð-ôóíêöié (u∗, a∗) çàäî-
âîëüíÿ¹ ñèñòåìó (6). Òàêèì ÷èíîì, (u∗, a∗)
� óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1)�(5).

Íåõàé (u∗∗, a∗∗) ∈ Sε1 � iíøèé óçàãàëüíå-
íèé ðîçâ'ÿçîê çàäà÷i. Ìîæíà âèáðàòè ïàðà-
ìåòðè p0, q0 äîñòàòíüî âåëèêèìè, à ε0 äîñòà-
òíüî ìàëèì, ùîá âèêîíóâàëîñÿ âêëþ÷åííÿ
(u∗∗, a∗∗) ∈ S0, à òîìó (u∗∗, a∗∗) = (u∗, a∗), t ∈
[0, ε0], ùî âèïëèâà¹ ç ¹äèíîñòi íåðóõîìî¨ òî-
÷êè îïåðàòîðà A â ïðîñòîði S0. Îòæå, ëî-
êàëüíèé óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1)�
(5) iñíó¹ i ¹äèíèé. Òåîðåìó äîâåäåíî. ¤

Çàóâàæåííÿ 1. Òâåðäæåííÿ òåîðå-
ìè çàëèøà¹òüñÿ ïðàâèëüíèì, ÿêùî êóëi
Bm

1 , Bm
U+1, m ∈ N çàìiíèòè âiäïîâiäíî íà-

ñòóïíèìè Bm
r , Bm

U+r, r > 0.
Çàóâàæåííÿ 2. ßêùî ñèñòåìà ðiâíÿíü

u0
i = H i

k(0,0, (u0
s)s∈Jk

), (26)
k = 1, 2, i ∈ J3−k,

îäíîçíà÷íî âèçíà÷à¹ íàáið çíà÷åíü u0
i , i ∈

J1 ∪ J2, òî ïî÷àòêîâi óìîâè (4) ìîæíà
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íå íàêëàäàòè, à ñïiââiäíîøåííÿ ïîãîäæåí-
íÿ òåîðåìè çàìiíèòè íàñòóïíèìè
H i

1(0,0, (u0
s)s∈J1) = H i

2(0,0, (u0
s)s∈J2), i ∈ J3,

äå çíà÷åííÿ u0
s, s ∈ J1 ∪ J2 ¹ ðîçâ'ÿçêàìè ñè-

ñòåìè (26).
Çàóâàæåííÿ 3. ßêùî êðàéîâi óìîâè (5)

ñïðîñòèòè äî âèãëÿäó
ui(ak(t), t) = H i

k(t, a(t)), (27)
k = 1, 2, i ∈ J3−k ∪ J3,

òî â òåîðåìi ìîæíà âiäìîâèòèñÿ âiä ïðè-
ïóùåííÿ 7).

Çàóâàæåííÿ 4. Ëîêàëüíèé ðîçâ'ÿçîê çà-
äà÷i (1)�(4), (27) ìîæíà ïðîäîâæèòè íà
öiëèé ÷àñîâèé ïðîìiæîê [0, T ]. Äîñòàòíi
óìîâè ãëîáàëüíî¨ ðîçâ'ÿçíîñòi îòðèìó¹ìî
íà îñíîâi ðîáîòè [8].
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