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ÏÎÐßÄÊÓ
Ó êëàñi óçàãàëüíåíèõ ôóíêöié òèïó ðîçïîäiëiâ âñòàíîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i

Êîøi äëÿ åâîëþöiéíîãî ðiâíÿííÿ ç ïñåâäî-Áåññåëåâèì îïåðàòîðîì íåñêií÷åííîãî ïîðÿäêó,
ïîáóäîâàíèì çà íåãëàäêèì ó òî÷öi 0 ñèìâîëîì.

We obtain the correct solvability of the Cauchy problem for the evolution equation with a
pseudo-Bessel operator of in�nite order constructed by a smooth in zero symbol in the class of
generalized functions of distribution type.

Ó ïðàöi [1] äîñëiäæåíi âëàñòèâîñòi îïåðà-
òîðà A = F−1

Bν
[aFBν ], äå FBν , F−1

Bν
� ïðÿìå

òà îáåðíåíå ïåðåòâîðåííÿ Áåññåëÿ, a � îäíî-
ðiäíèé íåãëàäêèé ó òî÷öi 0 ñèìâîë (îïåðà-
òîð A â [1] íàçèâà¹òüñÿ ïñåâäî-Áåññåëåâèì
îïåðàòîðîì). Åâîëþöiéíi ðiâíÿííÿ ç îïåðà-
òîðîì A ¹ ïðèðîäíèìè óçàãàëüíåííÿìè ñèí-
ãóëÿðíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç îïåðàòî-
ðîì Áåññåëÿ

Bν =
d2

dx2
+

2ν + 1

x

d

dx
, ν > −1

2
,

ÿêèé âèðîäæó¹òüñÿ ïî ïðîñòîðîâié çìiííié,
à ñàìå ðiâíÿííÿ âèðîäæó¹òüñÿ íà ìåæi îáëà-
ñòi, îñêiëüêè Bν òàêîæ ìîæíà ïîäàòè ó âè-
ãëÿäi Bνϕ = −F−1

Bν
[ξ2FBν [ϕ]], äå ϕ � åëå-

ìåíò ïðîñòîðó, â ÿêîìó âêàçàíå ïåðåòâîðå-
ííÿ âèçíà÷åíå. Â [1] âñòàíîâëåíî êîðåêòíó
ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ åâîëþöiéíîãî
ðiâíÿííÿ ∂u/∂t + Au = 0, äå A � ïñåâäî-
Áåññåëåâèé îïåðàòîð, ó êëàñi óçàãàëüíåíèõ
ôóíêöié ñêií÷åííîãî ïîðÿäêó.

Ó öié ïðàöi ðîçâèâà¹òüñÿ òåîðiÿ çàäà÷i
Êîøi äëÿ åâîëþöiéíîãî ðiâíÿííÿ

∂u

∂t
+ f(A)u = 0, f(A) =

∞∑

k=1

ckA
k,

A = F−1
Bν

[aFBν ]

(f(x) =
∞∑

k=1

ckx
k � ôóíêöiÿ, ÿêà çàäîâîëü-

íÿ¹ ïåâíi óìîâè) ó âèïàäêó, êîëè ïî÷àòêîâà

ôóíêöiÿ ¹ óçàãàëüíåíîþ ôóíêöi¹þ òèïó ðîç-
ïîäiëiâ. Äîñëiäæóþòüñÿ ñòðóêòóðà òà âëà-
ñòèâîñòi ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çàäà-
÷i Êîøi, äà¹òüñÿ ôîðìóëà ðîçâ'ÿçêó çàäà÷i
Êîøi.

1. Íåõàé γ-ôiêñîâàíå ÷èñëî ç ìíîæèíè
(1, +∞)\{2, 3, ...}, ν � ôiêñîâàíå ÷èñëî ç ìíî-
æèíè

{3

2
,
5

2
,
7

2
, ...

}
, p0 := 2ν+1, γ0 := 1+[γ]+

p0, M(x) := 1 + |x|, x ∈ R,

Φ := {ϕ ∈ C∞(R) : |Dk
xϕ(x)| ≤ ckM(x)−(γ0+k),

k ∈ Z+, x ∈ R}.
Ó Φ ââîäèòüñÿ ñòðóêòóðà çëi÷åííî íîðìî-

âàíîãî ïðîñòîðó çà äîïîìîãîþ íîðì

‖ϕ‖p := sup
x∈R

{
p∑

k=0

M(x)γ0+k|Dk
xϕ(x)|

}
,

ϕ ∈ Φ, p ∈ Z+.

Ñèìâîëîì
◦
Φ ïîçíà÷àòèìåìî ñóêóïíiñòü

óñiõ ïàðíèõ ôóíêöié ç ïðîñòîðó Φ. Îñêiëü-
êè

◦
Φ óòâîðþ¹ ïiäïðîñòið Φ, òî â

◦
Φ ïðè-

ðîäíèì ñïîñîáîì ââîäèòüñÿ òîïîëîãiÿ. Öåé
ïðîñòið ç âiäïîâiäíîþ òîïîëîãi¹þ íàçèâàòè-
ìåìî îñíîâíèì ïðîñòîðîì, à éîãî åëåìåíòè
� îñíîâíèìè ôóíêöiÿìè.
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Íà ôóíêöiÿõ ç ïðîñòîðó
◦
Φ âèçíà÷åíå ïå-

ðåòâîðåííÿ Áåññåëÿ [2]:

FBν [ϕ](ξ) ≡ FB[ϕ](ξ) :=

∞∫

0

ϕ(x)jν(xξ)x2ν+1dx,

ϕ ∈ ◦
Φ

(òóò jν � íîðìîâàíà ôóíêöiÿ Áåññåëÿ). Ïðè
öüîìó FB[ϕ] � ïàðíà, îáìåæåíà, íåïåðåðâíà
íà R ôóíêöiÿ. Íàâåäåìî ùå äåÿêi âëàñòèâî-
ñòi ôóíêöi¨ FB[ϕ], âñòàíîâëåíi â [2]:

1) ÿêùî ϕ ∈ ◦
Φ, òî FB[ϕ] � íåñêií÷åííî äè-

ôåðåíöiéîâíà íà R \ {0} ôóíêöiÿ; 2) ó ôóí-
êöi¨ Dk

ξ FB[ϕ](ξ), ξ 6= 0, k ∈ N, iñíóþòü ñêií-
÷åííi îäíîñòîðîííi ãðàíèöi lim

ξ→±0
Dk

ξ FB[ϕ](ξ),
ôóíêöiÿ D2k

ξ FB[ϕ](ξ), ξ 6= 0, k ∈ N, ó òî÷öi
ξ = 0 ìà¹ óñóâíèé ðîçðèâ; 3) ôóíêöi¨ ç ïðî-
ñòîðó

◦
Ψ := FB[

◦
Φ] çàäîâîëüíÿþòü óìîâó:

∀s ∈ Z+ ∃cs > 0 : sup
ξ∈R\{0}

|ξsDs
ξψ(ξ)| ≤ cs,

ψ ∈ ◦
Ψ;

4) ξsDs
ξFB[ϕ] ∈ L1(R), ξ ∈ R \ {0}, s ∈ Z+,

äëÿ äîâiëüíî¨ ôóíêöi¨ ϕ ∈ ◦
Φ; ÿêùî |ξ| ≥ 1,

òî ïðàâèëüíîþ ¹ íåðiâíiñòü:

|Ds
ξFB[ϕ](ξ)| ≤ cs

|ξ|n+m+1
,

n = ν + 1/2, {m, s} ⊂ Z+,m ≥ s.

Íà ïiäñòàâi âëàñòèâîñòi 3) â ïðàöi [2] ó
ïðîñòîði

◦
Ψ ââîäèòüñÿ ñòðóêòóðà çëi÷åííî

íîðìîâàíîãî ïðîñòîðó çà äîïîìîãîþ ñèñòå-
ìè íîðì

‖ψ‖p := sup
ξ∈(0,∞)

{
p∑

k=0

ξ2k|D2k
ξ ψ(ξ)|

}
,

ψ ∈ ◦
Ψ, p ∈ Z+.

Çáiæíiñòü ïîñëiäîâíîñòi {ϕj, j ≥ 1} ⊂ ◦
Ψ

ó ïðîñòîði
◦
Ψ äî ôóíêöi¨ ϕ ∈ ◦

Ψ ìîæíà îõà-
ðàêòåðèçóâàòè ùå é òàê [2]: {ϕj, j ≥ 1} ⊂ ◦

Ψ

çáiãà¹òüñÿ çà òîïîëîãi¹þ ïðîñòîðó
◦
Ψ äî ϕ ∈

◦
Ψ òîäi i òiëüêè òîäi, êîëè âîíà: 1) îáìåæåíà
â

◦
Ψ, òîáòî

∀p ∈ Z+ ∃c = c(p) > 0 ∀j ≥ 1 : ‖ϕj‖p ≤ c,

2) äëÿ äîâiëüíîãî m ∈ Z+ ïîñëiäîâíiñòü
{D2m

ξ (ϕj − ϕ), j ≥ 1} çáiãà¹òüñÿ äî íóëÿ ðiâ-
íîìiðíî íà êîæíîìó êîìïàêòi K ⊂ (0,∞).

Ìóëüòèïëiêàòîðîì ó ïðîñòîði
◦
Ψ ¹ êîæíà

ïàðíà ôóíêöiÿ a ∈ C∞(R) (àáî a ∈ C∞(R \
{0}) ∩ C(R)), ÿêà çðîñòà¹ íà íåñêií÷åííîñòi
ðàçîì ç óñiìà ñâî¨ìè ïîõiäíèìè íå øâèäøå
çà ïîëiíîì [2]:

∀α ∈ Z+ ∃bα > 0 ∃mα ∈ N ∀ξ ∈ R \ {0} :

|Dα
ξ a(ξ)| ≤ bα(1 + |ξ|)mα .

Ñèìâîëîì T ξ
x ïîçíà÷èìî îïåðàòîð óçà-

ãàëüíåíîãî çñóâó àðãóìåíòó, ÿêèé âiäïîâiäà¹
îïåðàòîðó Áåññåëÿ [3]:

T ξ
xϕ(x) = bν

π∫

0

ϕ(
√

x2 + ξ2 − 2xξ cos ω)×

× sin2ν ωdω, ϕ ∈ ◦
Φ,

äå bν = Γ(ν + 1)/(Γ(1/2)Γ(ν + 1/2)). Áóäåìî
ãîâîðèòè, ùî îïåðàòîð T ξ

x âèçíà÷åíèé ó ïðî-
ñòîði

◦
Φ, ÿêùî T ξ

xϕ ∈ ◦
Φ äëÿ êîæíîãî ϕ ∈ ◦

Φ.
Ó ïðàöi [4] äîâåäåíî, ùî îïåðàòîð óçà-

ãàëüíåíîãî çñóâó àðãóìåíòó T ξ
x âèçíà÷åíèé

i íåïåðåðâíèé ó ïðîñòîði
◦
Φ, îïåðàöiÿ óçà-

ãàëüíåíîãî çñóâó àðãóìåíòó ϕ → T ξ
xϕ äèôå-

ðåíöiéîâíà ó ïðîñòîði
◦
Φ (íàâiòü íåñêií÷åí-

íî äèôåðåíöiéîâíà). Ñëiäóþ÷è [5], çãîðòêó
äâîõ ôóíêöié ç ïðîñòîðó

◦
Φ âèçíà÷èìî ôîð-

ìóëîþ:

(ϕ∗ψ)(x) =

∞∫

0

T ξ
xϕ(x)ψ(ξ)ξ2ν+1dξ, {ϕ, ψ} ⊂ ◦

Φ .

Iç âëàñòèâîñòåé îïåðàòîðà T ξ
x òà ðåçóëüòà-

òiâ, îòðèìàíèõ ó [4] âèïëèâà¹, ùî ϕ ∗ψ ∈ ◦
Φ,
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ÿêùî {ϕ, ψ} ⊂ ◦
Φ, ïðè öüîìó ïðàâèëüíîþ ¹

ôîðìóëà

FB[ϕ ∗ ψ] = FB[ϕ] · FB[ψ], {ϕ, ψ} ⊂ ◦
Φ .

Ïðîñòið óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóí-
êöiîíàëiâ íàä ïðîñòîðîì

◦
Φ çi ñëàáêîþ çái-

æíiñòþ ïîçíà÷àòèìåìî ñèìâîëîì (
◦
Φ)′. Åëå-

ìåíòè (
◦
Φ)′ íàçèâàòèìåìî óçàãàëüíåíèìè

ôóíêöiÿìè. Îñêiëüêè â ïðîñòîði
◦
Φ âèçíà÷å-

íà îïåðàöiÿ óçàãàëüíåíîãî çñóâó àðãóìåíòó,
òî çãîðòêó óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (

◦
Φ)′ ç

îñíîâíîþ ôóíêöi¹þ çàäàìî ôîðìóëîþ

(f ∗ ϕ)(x) =< fξ, T
ξ
xϕ(x) >=< fξ, T

x
ξ ϕ(ξ) >,

ïðè öüîìó f ∗ϕ ¹ íåñêií÷åííî äèôåðåíöiéîâ-
íîþ íà R ôóíêöi¹þ, áî îïåðàöiÿ óçàãàëüíå-
íîãî çñóâó àðãóìåíòó íåñêií÷åííî äèôåðåí-
öiéîâíà â ïðîñòîði

◦
Φ.

Îñêiëüêè F−1
B [ϕ] ∈ ◦

Φ, ÿêùî ϕ ∈ ◦
Ψ, òî

ïåðåòâîðåííÿ Áåññåëÿ óçàãàëüíåíî¨ ôóíêöi¨
f ∈ (

◦
Φ)′ âèçíà÷èìî çà äîïîìîãîþ ñïiââiäíî-

øåííÿ

< FB[f ], ϕ >=< f, F−1
B [ϕ] >,∀ϕ ∈ ◦

Ψ .

Ç âëàñòèâîñòåé ëiíiéíîñòi i íåïåðåðâíî-
ñòi ôóíêöiîíàëó f òà ïåðåòâîðåííÿ Áåññåëÿ
(ïðÿìîãî i îáåðíåíîãî) âèïëèâà¹ ëiíiéíiñòü
i íåïåðåðâíiñòü ôóíêöiîíàëó FB[f ] íàä ïðî-
ñòîðîì îñíîâíèõ ôóíêöié

◦
Ψ. Â [4] âñòàíîâ-

ëåíî, ùî ÿêùî óçàãàëüíåíà ôóíêöiÿ f ∈ (
◦
Φ)′

� çãîðòóâà÷ ó ïðîñòîði
◦
Φ, òî äëÿ äîâiëü-

íî¨ ôóíêöi¨ ϕ ∈ ◦
Φ ïðàâèëüíîþ ¹ ôîðìóëà

FB[f ∗ ϕ] = FB[f ] · FB[ϕ], ïðè öüîìó FB[f ] �
ìóëüòèïëiêàòîð ó ïðîñòîði

◦
Ψ.

2. Íåõàé a : R → [0, +∞) � íåïåðåðâíà,
ïàðíà íà R ôóíêöiÿ, îäíîðiäíà ïîðÿäêó γ ∈
(1, +∞)\{2, 3, 4, . . . }, òîáòî a(λx) = λγa(x),
λ > 0, ÿêà:

1)íåñêií÷åííî äèôåðåíöiéîâíà ïðè x 6= 0;
2)ïîõiäíi ôóíêöi¨ a çàäîâîëüíÿþòü óìîâó

∀k ∈ N ∃ck > 0 ∀x ∈ R\{0} :

|Dk
xa(x)| ≤ ck|x|γ−k,

ïðè÷îìó

∃c̃ > 0 ∃Ã > 0 ∀k ∈ N : ck ≤ c̃Akkk;

3)iñíóþòü ñòàëi c′0, c̃0 > 0, δ0 ≥ γ òàêi,
ùî

c′0|x|γ ≤ a(x) ≤ c̃0(1 + |x|δ0), x ∈ R.

Ìåòîþ íàøîãî äîñëiäæåííÿ ¹ äîñëi-
äæåííÿ âëàñòèâîñòåé îïåðàòîðà âèãëÿäó
∞∑

k=1

ckA
k, ck = const, ∀k ∈ Z+, ïîáóäîâàíî-

ãî çà ôóíêöi¹þ f(x) =
∞∑

k=1

ckx
k, x ∈ R, äå

îïåðàòîð A:
◦
Φ → ◦

Φ âèçíà÷à¹òüñÿ ñïiââiäíî-
øåííÿì

Aϕ = F−1
Bν

[aFBν [ϕ]], ∀ϕ ∈ ◦
Φ,

à òàêîæ âñòàíîâëåííÿ êîðåêòíî¨ ðîçâ'ÿçíî-
ñòi çàäà÷i Êîøi äëÿ åâîëþöiéíèõ ðiâíÿíü ç
òàêèì îïåðàòîðîì òà ïî÷àòêîâèìè óìîâàìè
ç ïðîñòîðó (

◦
Φ)′. Âëàñòèâîñòi îïåðàòîðà A

äîñëiäæåííi â ïðàöi [1]; çîêðåìà, â [1] âñòà-
íîâëåíî, ùî A � ëiíiéíèé íåïåðåðâíèé îïå-
ðàòîð ó ïðîñòîði

◦
Φ.

Ââàæà¹ìî, ùî ôóíêöiÿ f äîïóñêà¹ àíàëi-
òè÷íå ïðîäîâæåííÿ ó âñþ êîìïëåêñíó ïëî-
ùèíó i çàäîâîëüíÿ¹ óìîâè:

À) ∃d0 > 0 ∀x ∈ R: f(x) ≥ d0|x|;
Á) ∀α ∈ Z+ ∃pα ∈ N ∃bα > 0 ∀x ∈ R:

|Dα
xf(x)| ≤ bα(1 + |x|)pα ;
Â) ∀ε > 0 ∃cε > 0 ∀z = x+iy ∈ C: |f(z)| ≤

cε(1 + |x|)p0 exp
{
ε|y|1/[δ0]

}
(òóò δ0 � ñòàëà ç

óìîâè 3), [δ0] � öiëà ÷àñòèíà ÷èñëà δ0, p0 �
ñòàëà ç óìîâè Á)).

Çàçíà÷èìî, ùî ç óìîâè Á) âèïëèâà¹ òîé
ôàêò, ùî ôóíêöiÿ f ¹ ìóëüòèïëiêàòîðîì ó
ïðîñòîði

◦
Ψ.

Ãîâîðèòèìåìî, ùî â ïðîñòîði
◦
Φ çàäàíî

ïñåâäî-Áåññåëåâèé îïåðàòîð íåñêií÷åííîãî

ïîðÿäêó f(A) :=
∞∑

k=1

ckA
k, ÿêùî äëÿ äîâiëü-
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íî¨ îñíîâíî¨ ôóíêöi¨ ϕ ∈ ◦
Φ ðÿä

(f(A)ϕ)(x) :=
∞∑

k=1

ck(A
kϕ)(x)

çîáðàæà¹ äåÿêó îñíîâíó ôóíêöiþ ç ïðîñòîðó
◦
Φ.

Òåîðåìà 1. ßêùî ôóíêöiÿ f çàäîâîëüíÿ¹
óìîâè Á), Â), òî â ïðîñòîði

◦
Φ âèçíà÷åíèé

i ¹ íåïåðåðâíèì ïñåâäî-Áåññåëåâèé îïåðàòîð
íåñêií÷åííîãî ïîðÿäêó f(A) ≡ Af .

Äîâåäåííÿ öi¹¨ òåîðåìè àíàëîãi÷íå äîâå-
äåííþ âiäïîâiäíî¨ òåîðåìè ç ïðàöi [6, ñ. 32
� 36] i âèêîðèñòîâó¹ âëàñòèâîñòi ôóíêöié ç
ïðîñòîðó

◦
Ψ.

Ðîçãëÿíåìî åâîëþöiéíå ðiâíÿííÿ ç îïåðà-
òîðîì Af âèãëÿäó
∂u

∂t
+ Afu = 0, (t, x) ∈ (0, T ]× (0,∞) ≡ Ω+.

(2)
Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (2) ðîçóìi-

òèìåìî ôóíêöiþ u ∈ C1((0, T ],
◦
Φ), ÿêà

çàäîâîëüíÿ¹ ðiâíÿííÿ (2).
Ïðè äîñëiäæåííi âëàñòèâîñòåé ðîçâ'ÿç-

êiâ ðiâíÿííÿ (2) âàæëèâèìè ¹ ôóíêöi¨
exp{−tf(a(x))}, t ∈ (0, T ], x ∈ R,

G(t, σ) = F−1
Bν

[e−tf(a(x))](σ) ≡

≡ cν

∞∫

0

e−tf(a(x))jν(σx)x2ν+1dx, t ∈ (0, T ].

Óðàõóâàâøè âëàñòèâîñòi ôóíêöi¨ f(a) òà ðå-
çóëüòàòè, íàâåäåíi â [7, ñ. 96 � 97] îòðèìà-
¹ìî, ùî ïðè êîæíîìó t ∈ (0, T ] ôóíêöiÿ
Q(t, x) := exp{−tf(a(x))} ÿê ôóíêöiÿ x ¹
åëåìåíòîì ïðîñòîðó

◦
Ψ, ïðè öüîìó äëÿ ¨¨ ïî-

õiäíèõ ïðàâèëüíèìè ¹ íåðiâíîñòi

|Ds
xQ(t, x)| ≤ βts exp{−β0t|x|γ} · |x|ωs−s,

s ∈ N, x 6= 0, (3)

β = β(s) > 0, β0 > 0 � ñòàëà, íå çàëåæíà âiä
t òà s,

ωs =

{
δ0p̃s · s + sγ, ÿêùî |x| ≥ 1,
γ, ÿêùî |x| < 1, x 6= 0,

p̃s = max{p1, ..., ps} (p1, ..., ps � ñòàëi ç óìîâè
Á), ÿêó çàäîâîëüíÿ¹ ôóíêöiÿ f).

Ùîäî âëàñòèâîñòåé ôóíêöi¨ G, òî ìà¹-
ìî, ùî G � ïàðíà ôóíêöiÿ àðãóìåíòó σ ïðè
ôiêñîâàíîìó t ∈ (0, T ], íåñêií÷åííî äèôå-
ðåíöiéîâíà ïî σ i ¹ åëåìåíòîì ïðîñòîðó

◦
Φ

(ïðè ôiêñîâàíîìó t ∈ (0, T ]), îñêiëüêè âîíà
¹ îáåðíåíèì ïåðåòâîðåííÿì Áåññåëÿ ôóíêöi¨
Q(t, ξ). Îòæå, äëÿ ïîõiäíèõ ôóíêöi¨ G ïðà-
âèëüíi íåðiâíîñòi:

|Dm
σ G(t, σ)| ≤ cm(1 + |σ|)−(γ0+m),

t ∈ (0, T ], σ ∈ R,

ïðè÷îìó ñòàëà cm çàëåæèòü âiä t. Âèäiëèìî
â ÿâíîìó âèãëÿäi öþ çàëåæíiñòü.

Ïåðåäóñiì ðîçãëÿíåìî âèïàäîê m = 0
i ñêîðèñòà¹ìîñü çîáðàæåííÿì áåññåëåâèõ
ôóíêöié íàïiâöiëîãî àðãóìåíòó:

Jn+1/2(x) =

√
2

πx

{
sin(x− nπ

2
)Pn(

1

x
)+

+ cos(x− nπ

2
)Qn(

1

x
)

}
, x > 0, n + 1/2 := ν,

äå Pn( 1
x
) � ìíîãî÷ëåí ñòåïåíÿ n âiäíîñíî 1

x
,

Qn( 1
x
) � ìíîãî÷ëåí ñòåïåíÿ n− 1; ïðè öüîìó

Pn(0) = 1, Qn(0) = 0. Îñêiëüêè íîðìîâà-
íà ôóíêöiÿ Áåññåëÿ jν ïîâ'ÿçàíà ç ôóíêöiþ
Áåññåëÿ Jν ôîðìóëîþ

jν(x) =
2νΓ(ν + 1/2)

xν
Jν(x), x > 0,

òî ìà¹ìî íàñòóïíå çîáðàæåííÿ äëÿ ôóíêöi¨
jn+1/2 :

jν+1/2(x) =
cn

xn+1

{
sin(x− nπ

2
)Pn(

1

x
)+

+ cos(x− nπ

2
)Qn(

1

x
)

}
, n ∈ N, x > 0. (4)

Óðàõóâàâøè (4), ïîäàìî G(t, σ), σ 6= 0, ó
âèãëÿäi:

G(t, σ) = Λ1(t, σ) + Λ2(t, σ),
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äå

Λ1(t, σ) =
cn

σn+1

∞∫

0

e−tf(a(x))xn+1×

× sin(xσ − nπ

2
)Pn(

1

σx
)dx,

Λ2(t, σ) =
cn

σn+1

∞∫

0

e−tf(a(x))xn+1×

× cos(xσ − nπ

2
)Qn(

1

σx
)dx.

Ââåäåìî ïîçíà÷åííÿ:

Pn(
1

σx
) =

n∑

k=0

bk

(σx)k
, Qn(

1

σx
) =

n−1∑

k=1

dk

(σx)k
.

Òîäi

Λ1(t, σ) = cn

n∑

k=0

bk

σn+k+1
J1,k(t, σ),

J1,k(t, σ) =

∞∫

0

e−tf(a(x))xn−k+1 sin(xσ− nπ

2
)dx,

Λ2(t, σ) = cn

n−1∑

k=1

dk

σn+k+1
J2,k(t, σ),

J2,k(t, σ) =

∞∫

0

e−tf(a(x))xn−k+1 cos(xσ− nπ

2
)dx.

Îöiíèìî J1,k(σ). ßêùî σ 6= 0, òî iíòåãðó-
þ÷è s = n−k+2+[γ] ðàçiâ ÷àñòèíàìè ïîäàìî
J1,k ó âèãëÿäi:

J1,k(σ) =
(−1)s

σs
lim

ε→+0

[ +∞∫

ε

Ds
x(e

−tf(a(x))xn−k+1)×

× sin(xσ − nπ

2
+ s

π

2
)dx + Φ(ε, σ)

]
≡

≡ lim
ε→+0

(J(t, σ, ε) + Φ(ε, σ)). (41)

Ñèìâîëîì Φ(ε, σ) ïîçíà÷à¹òüñÿ ïîçàií-
òåãðàëüíèé âèðàç, ÿêèé ñêëàäà¹òüñÿ ç äî-
äàíêiâ âèãëÿäó c(xn−k+1)(l)(e−tf(a(x)))(s−1−l) ·

Λ, ÿêùî 0 ≤ l ≤ n − k, òà äîäàíêó
c(e−tf(a(x)))(s−1−l) · Λ, ÿêùî l = n − k + 1 (c
� ñòàëi, êîíêðåòíi çíà÷åííÿ ÿêèõ íà äàíèé
ìîìåíò íå âàæëèâi, Λ = sin(xσ − nπ

2
+ sπ

2
))

iç çíà÷åííÿìè â òî÷öi x = ε òà ó íåñêií÷åí-
íîñòi. Çàçíà÷èìî, ùî ÿêùî l = n− k + 1, òî
s−1−l = [γ]. Çâiäñè òà ç îöiíîê (3) âèïëèâà¹,
ùî äëÿ 0 < x < 1 ñïðàâäæó¹òüñÿ íåðiâíiñòü

|Ds−1−l
x e−tf(a(x))| ≡ |D[γ]

x e−tf(a(x))| ≤
≤ cxγ−[γ] = cx{γ},

äå c = c(t) > 0. ßêùî 0 ≤ l ≤ n − k, òî
(xn−k+1)(l) = const · xα, äå α ∈ N. Îòæå,
lim

ε→+0
Φ(ε, σ) = 0 äëÿ êîæíîãî σ. Íà íåñêií-

÷åííîñòi âêàçàíi ïîçàiíòåãðàëüíi äîäàíêè
ïåðåòâîðþþòüñÿ â íóëü çà ðàõóíîê ñïàäàííÿ
íà íåñêií÷åííîñòi ôóíêöi¨ exp{−tf(a(x))} òà
¨¨ ïîõiäíèõ.

Óðàõóâàâøè ôîðìóëó äèôåðåíöiþâàííÿ
äîáóòêó äâîõ ôóíêöié çíàéäåìî, ùî îöiíêà
|J(t, σ, ε)| çâîäèòüñÿ äî îöiíêè ñóìè iíòåãðà-
ëiâ âèãëÿäó:

|J(t, σ, ε)| ≤ 1

|σ|s
∞∫

0

|Ds
x

(
e−tf(a(x))xn−k+1

) |dx ≤

≤ 1

|σ|s
[ ∞∫

0

|Ds
xe
−tf(a(x))|xn−k+1dx+

+s(n− k + 1)

∞∫

0

|Ds−1
x e−tf(a(x))|xn−kdx + · · ·+

+
(n− k + 1)!

(n− k + 1− j)!
Cs−j

s

∞∫

0

|Ds−j
x e−tf(a(x))|×

×xn−k+1−jdx + · · ·+ (n− k + 1)!×

×
∞∫

0

|D1+[γ]
x e−tf(a(x))|dx

]
. (5)

Iç îöiíîê ïîõiäíèõ ôóíêöi¨
exp{−tf(a(x))} âèïëèâà¹, ùî âñi iíòå-
ãðàëè ¹ çáiæíèìè. Ñïðàâäi, ðîçãëÿíåìî
îäèí iç iíòåãðàëiâ ó ñóìi (5), ÿêèé âiäïî-
âiäà¹ iíäåêñó n − k + 1 − j. Óðàõóâàâøè
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(3) çíàéäåìî, ùî ïiäiíòåãðàëüíà ôóíêöiÿ ó
âiäïîâiäíîìó iíòåãðàëi äîïóñêà¹ îöiíêó

xn−k+1−j|Ds−j
x e−tf(a(x))| ≤

≤ βts−jxn−k+1−j+ωs−j−(s−j)e−β0txγ

.

Ââåäåìî ïîçíà÷åííÿ:

J(t) := ts−j

∞∫

0

e−β0txγ

xn−k+1−j+ωs−j−(s−j)dx =

= ts−j

1∫

0

e−β0txγ

xn−k+1−j+ωs−j−(s−j)dx+

+ts−j

∞∫

1

e−β0txγ

xn−k+1−j+ωs−j−(s−j)dx ≡

≡ J1(t) + J2(t).

Iíòåãðàë J1 ¹ çáiæíèì. Ñïðàâäi, íàãàäà¹-
ìî, ùî ωj = γ, ÿêùî 0 < x < 1. Òîäi äëÿ
t ∈ (0, 1] ìà¹ìî îöiíêó

J1(t) ≤ ts−j

1∫

0

e−β0txγ

x{γ}−1 ≤
1∫

0

dx

x1−{γ} < ∞.

Îöiíèìî J2(t), âèäiëèâøè ïðè öüîìó çà-
ëåæíiñòü âiä ïàðàìåòðà t òà âðàõóâàâøè, ùî

ωs−j = δ0p̃s−j(s−j)+(s−j)γ ≤ δ0p̃s ·s+sγ ≤
≤ δ0p̃0 · s̃ + s̃γ ≡ ω0,

äå s̃ = n + 2 + [γ], p̃0 = max{p1, ..., ps̃}; p1,
. . . , ps̃ � ñòàëi ç óìîâè Á), ÿêó çàäîâîëüíÿ¹
ôóíêöiÿ f . Îòæå, äëÿ t ∈ (0, 1] ïðàâèëüíîþ
¹ íåðiâíiñòü

J2(t) ≤ ts−j

∞∫

1

e−β0txγ

xωs−j−1−[γ]dx ≤

≤ ts−j

∞∫

0

e−β0txγ

xωs−j−1−[γ]dx
(β0t)1/γx=y

=

= const·ts−jt−(ωs−j−[γ])/γ

∞∫

0

e−yγ

yωs−j−1−[γ]dy =

= const · t−ωs−j/γ ≤ const · t−ω0/γ.

Òàêèì ÷èíîì,

J(t) ≤ const·t−(δ0p̃s+γ)(n+2+[γ])/γ ≡ const·t−ω0/γ,

t ∈ (0, 1].

Îöiíþþ÷è àíàëîãi÷íî êîæíèé äîäàíîê â (5),
ïðèéäåìî äî íåðiâíîñòi:

|J(t, σ, ε)| ≤ const

|σ|s t−ω0/γ, σ 6= 0, ε > 0. (6)

Óðàõóâàâøè (6) òà çäiéñíèâøè â (41) ãðà-
íè÷íèé ïåðåõiä ïðè ε → +0 çíàéäåìî, ùî
äëÿ σ 6= 0 òà t ∈ (0, 1]

|J1,k(t, σ)| ≤ const

|σ|s t−ω0/γ.

Òîäi |Λ1(t, σ)| îöiíþ¹òüñÿ íàñòóïíèì ÷èíîì:

|Λ1(t, σ)| ≤ cnt
−ω0/γ

n∑

k=0

b̃k

|σ|n+k+1+s
=

= c̃n
t−ω0/γ

|σ|2n+3+[γ]
≡ c̃nt

−ω0/γ

|σ|1+[γ]+p0
≡ c̃nt

−ω0/γ

|σ|γ0
,

σ 6= 0, t ∈ (0, 1].

Àíàëîãi÷íî îöiíþ¹ìî |Λ2(t, σ)|. Îòæå,
ÿêùî σ 6= 0, òî äëÿ ôóíêöi¨ G(t, σ) ñïðàâ-
äæó¹òüñÿ íåðiâíiñòü

|G(t, σ)| ≤ ct−ω0/γ|σ|−γ0 .

Îñêiëüêè

G(t, σ) =

∞∫

0

e−tf(a(x))jν(σx)x2ν+1dx
t−1/γy=x

=

= t−(2ν+2)/γ

∞∫

0

e−tf(t−1a(y))jν(zy)y2ν+1dy,

z = t−1/γσ,

òî, âðàõóâàâøè âëàñòèâîñòi ôóíêöié f òà a
äiñòàíåìî, ùî

|G(t, σ)| ≤ t−(2ν+2)/γ

∞∫

0

e−d0yγ

y2ν+1dy ≡
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≡ c0t
−(2ν+2)/γ ≡ c0t

−(2n+3)/γ, ∀σ ∈ R.

Îñêiëüêè ω0 > 2n + 3, òî äëÿ t ∈ (0, 1] äiñòà-
¹ìî, ùî

|G(t, σ)| ≤ ct−ω0/γ

(1 + |σ|)γ0
, ∀σ ∈ R, t ∈ (0, 1].

Íåõàé m ∈ N. Ìiðêóþ÷è àíàëîãi÷íî òî-
ìó, ÿê öå áóëî çðîáëåíî ó âèïàäêó m = 0,
ïðèéäåìî äî íåðiâíîñòi:

|Dm
σ G(t, σ)| ≤ αmt−ωm/γ(1 + [σ])−(m+γ0),

t ∈ (0, 1], σ ∈ R, m ∈ Z+, (7)

ωm = (δ0p̃m + γ)s̃m, s̃m = n + 2 + [γ] + m,

p̃m = max{p1, p2, . . . , ps̃m}, p1, . . . , ps̃m � ñòà-
ëi ç óìîâè Á), ÿêó çàäîâîëüíÿ¹ ôóíêöiÿ f ,
ñòàëà αm íå çàëåæèòü âiä t.

Ïiäñóìó¹ìî îòðèìàíi ðåçóëüòàòè ó âèãëÿ-
äi íàñòóïíîãî òâåðäæåííÿ.

Òåîðåìà 2. Ïðè êîæíîìó t > 0, G(t, σ),
ÿê ôóíêöiÿ àðãóìåíòó σ, ¹ åëåìåíòîì ïðî-
ñòîðó

◦
Φ. Äëÿ ôóíêöi¨ G(t, σ), t ∈ (0, 1],

σ ∈ R, òà ¨¨ ïîõiäíèõ ïðàâèëüíèìè ¹ îöiíêè
(7).

Íàñëiäîê 1. Âiðíèìè ¹ íåðiâíîñòi
∣∣∣∣Dm

σ

(
∂

∂t
G(t, σ)

)∣∣∣∣ ≤ α̃mt−(ωm+δ0p0)/γ×

×(1+ |σ|)−(m+γ0), t ∈ (0, 1], σ ∈ R, m ∈ Z+,
(8)

äå δ0, p0 � ñòàëi ç óìîâè 3) òà óìîâè Á)
âiäïîâiäíî, ÿêi çàäîâîëüíÿþòü ôóíêöi¨ a òà
f .

Äîâåäåííÿ íåðiâíîñòi (8) àíàëîãi÷íå äî-
âåäåííþ íåðiâíîñòi (8); ïðè öüîìó âèêîðè-
ñòîâó¹òüñÿ âèãëÿä ∂

∂t
G(t, σ) òà çìiíè, ÿêi

âíîñèòü ó âiäïîâiäíó îöiíêó ïiäiíòåãðàëüíèé
ìíîæíèê f(a(ξ)).

Ôóíêöiÿ G ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (2).
Ñïðàâäi,
∂

∂t
G(t, σ) =

∂

∂t
F−1

B [e−tf(a(ξ))] = F−1
B

[
∂

∂t
e−tf(a(ξ))

]
.

Ç iíøî¨ ñòîðîíè,

AfG(t, σ) = F−1
B [f(a(ξ))FB[G(t, σ)]] =

= F−1
B

[
f(a(ξ))e−tf(a(ξ))

]
= −F−1

B

[
∂

∂t
e−tf(a(ξ))

]
.

Çâiäñè âæå âèïëèâà¹, ùî ôóíêöiÿ G çàäî-
âîëüíÿ¹ ðiâíÿííÿ (2).

Òåîðåìà 3. Ôóíêöiÿ G(t, ·), t ∈ (0, T ∗],
T ∗ = min{1, T}, ÿê àáñòðàêòíà ôóíêöiÿ ïà-
ðàìåòðà t iç çíà÷åííÿìè â ïðîñòîði

◦
Φ, äè-

ôåðåíöiéîâíà ïî t.
Äîâåäåííÿ. Íåîáõiäíî äîâåñòè, ùî ãðà-

íè÷íå ñïiââiäíîøåííÿ

Φ4t(σ) :=
1

4t
[G(t +4t, σ)−G(t, σ)]−→

4t→0

−→
4t→0

∂

∂t
G(t, σ)

âèêîíó¹òüñÿ ó ðîçóìiííi çáiæíîñòi ó ïðîñòî-
ði Φ, òîáòî

1) ∀m ∈ Z+ Dm
σ Φ4t ⇒ Dm

σ

(
∂
∂t

G(t, ·)),
4t → 0, íà êîæíîìó âiäðiçêó [a, b] ⊂ R;

2) ∀p ∈ Z+ ∃cp > 0: ‖Φ4t‖p ≤ cp,
äå ñòàëà cp íå çàëåæèòü âiä 4t.

Ôóíêöiÿ G äèôåðåíöiéîâíà ïî t ó çâè÷àé-
íîìó ðîçóìiííi, òîìó

Φ4t(σ) = G′
t(t + θ4t, σ), 0 < θ < 1.

Îòæå,

Dm
σ Φ4t(σ) = −cν

∞∫

0

f(a(ξ))e−(t+θ4t)f(a(ξ))×

×Dm
σ jν(σξ)ξ2ν+1dξ.

Êðiì òîãî,

Dm
σ

(
∂

∂t
G(t, σ)

)
= −cν

∞∫

0

f(a(ξ))e−tf(a(ξ))×

×Dm
σ jν(σξ)ξ2ν+1dξ.

Òîäi óðàõóâàâøè íåðiâíiñòü |Dm
σ jν(σξ)| ≤

2Aνξ
m, σ ∈ R, ξ ≥ 0, çíàéäåìî, ùî

|Dm
σ (Φ4t(σ)− ∂

∂t
G(t, σ))| ≤

≤ c̃ν

∞∫

0

f(a(ξ))e−tf(a(ξ))
∣∣e−θ4tf(a(ξ)) − 1

∣∣×
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×ξm+2ν+1dξ ≤ c̃0θ
2|4t|

∞∫

0

f 2(a(ξ))e−tf(a(ξ))×

×ξm+2ν+1dξ ≤ c1|4t|, m ∈ Z+

(çáiæíiñòü îñòàííüîãî iíòåãðàëà âèïëèâà¹ ç
óìîâ, ÿêi çàäîâîëüíÿþòü ôóíêöi¨ f òà a),
ñòàëi c̃0, c1 íå çàëåæàòü âiä 4t. Çâiäñè âæå
äiñòà¹ìî, ùî

Dm
σ Φ4t(σ) → Dm

σ

(
∂

∂t
G(t, σ)

)
,4t → 0,

ðiâíîìiðíî ïî σ ∈ [a, b] ⊂ R, ùî é ïîòðiáíî
áóëî äîâåñòè.

Äîâåäåìî òåïåð, ùî óìîâà 2) òàêîæ âè-
êîíó¹òüñÿ. Âèêîðèñòîâóþ÷è îöiíêè ôóíêöi¨
G ïî ÷àñîâîìó ïàðàìåòðó òà ïî çìiííié σ
(äèâ.(8)) çíàéäåìî, ùî äëÿ äîñèòü ìàëèõ
çíà÷åíü ïàðàìåòðà 4t òàêèõ, ùî t + θ4t ≥
t/2 ñïðàâäæóþòüñÿ íåðiâíîñòi

|Dm
σ Φ4t(σ)| ≤ α̃m(t + θ4t)−(ωm+δ0p0)/γ×

×(1+|σ|)−(m+γ0) ≤ α̃m

(t/2)(ωm+δ0p0)/γ(1 + |σ|)m+γ0
.

Òîäi äëÿ äîâiëüíîãî p ∈ Z+ ìà¹ìî, ùî

sup
x∈R

{
p∑

m=0

M(σ)γ0+m|Dm
σ Φ4t(σ)|

}
≤ cp,

äå ñòàëà cp çàëåæèòü âiä t òà ν i íå çàëåæèòü
âiä 4t.

Òåîðåìà äîâåäåíà.
Íàñëiäîê 2. Ïðàâèëüíîþ ¹ ôîðìóëà
∂

∂t
(f ∗G)(t, ·) = (f ∗ ∂

∂t
G)(t, ·), ∀f ∈ (

◦
Φ)′,

t ∈ (0, T ∗].

Äîâåäåííÿ. Çà îçíà÷åííÿì çãîðòêè óçà-
ãàëüíåíî¨ ôóíêöi¨ ç îñíîâíîþ ìà¹ìî, ùî

(f ∗G)(t, x) =< fξ, T
ξ
xG(t, x) >≡

≡< fξ, T
x
ξ G(t, ξ) > .

Òîäi
∂

∂t
(f ∗G)(t, x) = lim

4t→0

1

∆t
[(f ∗G)(t +4t, x)−

−(f ∗G)(t, x)] = lim
4t→0

< fξ,
1

∆t
×

× [
T ξ

xG(t +4t, x)− T ξ
xG(t, x)

]
> .

Âíàñëiäîê òåîðåìè 3 ãðàíè÷íå ñïiâiäíîøåí-
íÿ

1

∆t

[
T ξ

xG(t +4t, x)− T ξ
xG(t, x)

] −→
4t→0

−→
4t→0

∂

∂t
T ξ

xG(t, x)

âèêîíó¹òüñÿ â ñåíñi çáiæíîñòi çà òîïîëîãi¹þ
ïðîñòîðó

◦
Φ, òîìó

∂

∂t
(f∗G)(t, x) =< fξ, lim

4t→0

1

∆t

[
T ξ

xG(t+4t, x)−

−T ξ
xG(t, x)

]
>=< fξ,

∂

∂t
T ξ

xG(t, x) >=

=< fξ, T
ξ
x

∂

∂t
G(t, x) >= (f ∗ ∂

∂t
G)(t, x).

Ñèìâîëîì (
◦

Φ∗)′ ïîçíà÷èìî ñóêóïíiñòü
óñiõ óçàãàëüíåíèõ ôóíêöié ç ïðîñòîðó (

◦
Φ)′,

ÿêi ¹ çãîðòóâà÷àìè ó ïðîñòîði
◦
Φ.

Ëåìà 1. Íåõàé f ∈ (
◦

Φ∗)′,

ω(t, x) = (f ∗G)(t, x), (t, x) ∈ (0, T ]× R.

Òîäi ãðàíè÷íå ñïiââiäíîøåííÿ ω(t, ·) → f ,
t → +0, âèêîíó¹òüñÿ ó ïðîñòîði (

◦
Φ)′.

Äîâåäåííÿ. Iç âëàñòèâîñòi íåïåðåðâíî-
ñòi ïåðåòâîðåííÿ Áåññåëÿ (ïðÿìîãî i îáåðíå-
íîãî) âèïëèâà¹, ùî äëÿ äîâåäåííÿ òâåðäæå-
ííÿ äîñèòü âñòàíîâèòè, ùî ãðàíè÷íå ñïiââiä-
íîøåííÿ

FB[ω](t, ·) −→ FB[f ], t → +0,

âèêîíó¹òüñÿ ó ïðîñòîði F
[
(
◦
Φ)′

]
= (

◦
Ψ)′.

Îñêiëüêè f � çãîðòóâà÷ ó ïðîñòîði
◦
Φ, òî

FB[ω](t, ·) = FB[(f ∗G)(t, ·)] = FB[f ] ·FB[G] =

= e−tf(a(σ))FB[f ], (9)
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ïðè÷îìó FB[f ] � ìóëüòèïëiêàòîð ó ïðîñòî-
ði

◦
Ψ. Îòæå, (9) ðiâíîñèëüíå òàêîìó ãðàíè-

÷íîìó ñïiââiäíîøåííþ: e−tf(a(σ)) → 1 ïðè
t → +0 ó ïðîñòîði (

◦
Ψ)′, òîáòî

< e−tf(a(·)), ψ >=

∞∫

0

e−tf(a(σ))ψ(σ)σ2ν+1dσ −→
4t→+0

−→
4t→+0

< 1, ψ >=

∞∫

0

ψ(σ)σ2ν+1dσ, ∀ψ ∈ ◦
Ψ .

Îñòàíí¹ æ ñïiââiäíîøåííÿ âèïëèâà¹ ç òåîðå-
ìè Ëåáåãà ïðî ãðàíè÷íèé ïåðåõiä ïiä çíàêîì
iíòåãðàëà Ëåáåãà.

Çàóâàæåííÿ 1. Íàäàëi ôóíêöiþ G(t, ·)
íàçèâàòèìåìî ôóíäàìåíòàëüíèì ðîçâ'ÿç-
êîì çàäà÷i Êîøi (ÔÐÇÊ) äëÿ ðiâíÿííÿ (2).

Ëåìà 1 äîçâîëÿ¹ ñòàâèòè çàäà÷ó Êîøi äëÿ
ðiâíÿííÿ (2) òàê. Äëÿ (2) çàäàìî ïî÷àòêîâó
óìîâó

u(t, ·)|t=0 = g, (10)

äå g ∈ (
◦

Φ∗)′. Ïiä ðîçâ'ÿçêîì çàäà÷i Êîøi
(2), (10) ðîçóìiòèìåìî ðîçâ'ÿçîê ðiâ-
íÿííÿ (2), ÿêèé çàäîâîëüíÿ¹ ïî÷àòêî-
âó óìîâó (10) ó òîìó ñåíñi, ùî u(t, ·) →
f ïðè t → +0 ó ïðîñòîði (

◦
Φ)′. Ïðàâèëüíèì

¹ íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 4. Çàäà÷à Êîøi (2), (10) êîðå-

êòíî ðîçâ'ÿçíà â êëàñi óçàãàëüíåíèõ ôóí-
êöié (

◦
Φ∗)′. Ðîçâ'ÿçîê ïîäà¹òüñÿ ó âèãëÿäi

çãîðòêè:

u(t, x) = (g ∗G)(t, x), g ∈ (
◦

Φ∗)′, t ∈ (0, T ∗],

x ∈ (0, +∞),

äå G � ÔÐÇÊ äëÿ ðiâíÿííÿ (2).
Äîâåäåííÿ. Ïåðåäóñiì ïåðåêîíà¹ìîñÿ â

òîìó, ùî ôóíêöiÿ u(t, x) ¹ ðîçâ'ÿçêîì ðiâíÿ-
ííÿ (2). Ñïðàâäi (äèâ. íàñëiäîê 2),
∂u(t, x)

∂t
=

∂

∂t
(g ∗G)(t, x) = (g ∗ ∂

∂t
G)(t, x),

Afu(t, x) = F−1
B [f(a(ξ))FB[g ∗G](ξ)](x).

Îñêiëüêè f � çãîðòóâà÷ ó ïðîñòîði
◦
Φ, òî

FB[g ∗G](ξ) = FB[g](ξ) · FB[G](t, ξ) =

= FB[g]e−tf(a(ξ)).

Îòæå,

Afu(t, x) = F−1
B

[
f(a(ξ))e−tf(a(ξ))FB[g](ξ)

]
(x) =

= −F−1
B

[
∂

∂t
e−tf(a(ξ))FB[g](ξ)

]
(x) =

= −F−1
B

[
FB

[ ∂

∂t
G

]
(t, ξ) · FB[g](ξ)

]
(x) =

= −F−1
B

[
FB

[
g ∗ ∂

∂t
G

]
(t, ξ)

]
(x) =

= −
(

g ∗ ∂

∂t
G

)
(t, x).

Çâiäñè äiñòà¹ìî, ùî ôóíêöiÿ u(t, x) çàäî-
âîëüíÿ¹ ðiâíÿííÿ (2). Ç ëåìè 1 âèïëèâà¹, ùî
u(t, ·) → g ïðè t → +0 ó ïðîñòîði (

◦
Φ)′, òîá-

òî u � ðîçâ'ÿçîê çàäà÷i Êîøi (2), (10) ç ïî-
÷àòêîâîþ óìîâîþ g ∈ (

◦
Φ∗)′. Çàçíà÷èìî òà-

êîæ, ùî u íåïåðåðâíî çàëåæèòü âiä ïî÷à-
òêîâî¨ ôóíêöi¨ g, îñêiëüêè îïåðàöiÿ çãîðòêè
âîëîäi¹ âëàñòèâiñòþ íåïåðåðâíîñòi.

Çàëèøà¹òüñÿ ïåðåêîíàòèñÿ â òîìó, ùî çà-
äà÷à Êîøi (2), (10) ìà¹ ¹äèíèé ðîçâ'ÿçîê.
Äëÿ öüîãî ðîçãëÿíåìî çàäà÷ó Êîøi
∂v

∂t
− A∗

fv = 0, (t, x) ∈ [0, t0)× (0,∞) ≡ Ω′
+,

0 ≤ t < t0 ≤ T ∗, (11)

v(t, ·)|t=t0 = g, g ∈ (
◦

Φ∗)′, (12)

äå A∗
f = Af � çâóæåííÿ ñïðÿæåíîãî îïåðà-

òîðà äî îïåðàòîðà Af íà ïðîñòið
◦
Φ ⊂ (

◦
Φ∗)′.

Óìîâà (12) ðîçóìi¹òüñÿ â ñëàáêîìó ñåíñi. Çà-
äà÷ó (11), (12) íàäàëi íàçèâàòèìåìî ñïðÿæå-
íîþ äî çàäà÷i (2), (10).

Ðîçãëÿíåìî ôóíêöiþ

G∗(t− t0, x) = F−1
B [e(t−t0)f(a(ξ))](x).

Àíàëîãi÷íî òîìó, ÿê öå áóëî çðîáëåíî ó
âèïàäêó çàäà÷i Êîøi (2),(10) äîâîäèìî, ùî
G∗, ÿê àáñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç
çíà÷åííÿìè â ïðîñòîði

◦
Φ, äèôåðåíöiéîâíà
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ïî t; ðîçâ'ÿçîê çàäà÷i Êîøi (11), (12) äà¹-
òüñÿ ôîðìóëîþ

v(t, x) = (g ∗G∗)(t− t0, x), (t, x) ∈ Ω′
+,

ïðè öüîìó v(t, ·) ∈ ◦
Φ ïðè êîæíîìó t ∈ [0, t0).

Íåõàé Qt
t0
: (

◦
Φ∗)′ →

◦
Φ � îïåðàòîð, ÿêèé çi-

ñòàâëÿ¹ ôóíêöiîíàëó g ∈ (
◦

Φ∗)′ ðîçâ'ÿçîê çà-
äà÷i (11),(12). Âií ¹ ëiíiéíèì i íåïåðåðâíèì.
Âèçíà÷åíèé Qt

t0
äëÿ äîâiëüíèõ t i t0 òàêèõ,

ùî 0 ≤ t < t0 ≤ T ∗ i âîëîäi¹ âëàñòèâîñòÿìè:

∀g ∈ (
◦

Φ∗)′ :
dQt

t0
g

dt
− A∗

fQ
t
t0
g = 0,

lim
t→t0

Qt
t0
g = g

(ãðàíèöÿ ðîçãëÿäà¹òüñÿ ó ïðîñòîði (
◦
Φ)′).

Ðîçãëÿíåìî òåïåð ðîçâ'ÿçîê u(t, x),
(t, x) ∈ Ω+, çàäà÷i Êîøi (2), (10), ÿêèé
ðîçóìiòèìåìî ÿê ôóíêöiîíàë ç ïðîñòîðó
(
◦
Φ)′ ⊃ ◦

Φ. Äîâåäåìî, ùî çàäà÷à Êîøi (2),
(10) ìîæå ìàòè ëèøå ¹äèíèé ðîçâ'ÿçîê
ó ïðîñòîði (

◦
Φ)′. Äëÿ öüîãî äîñèòü äîâå-

ñòè, ùî ¹äèíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2)
ïðè íóëüîâié ïî÷àòêîâié óìîâi ìîæå áóòè
ëèøå ôóíêöiîíàë u(t, x) ≡ 0. Çàôiêñó¹ìî
äîâiëüíèì ÷èíîì t0, 0 < t0 ≤ T ∗, i çàñòî-
ñó¹ìî ôóíêöiîíàë u(t, x) äî ôóíêöi¨ Qt

t0
ψ,

0 < t < t0 ≤ T ∗, äå ψ � äîâiëüíèé ôóí-
êöiîíàë ç ïðîñòîðó (

◦
Φ∗)′. Äèôåðåíöiþþ÷è

ïî t i âèêîðèñòîâóþ÷è ðiâíÿííÿ (2), (11)
çíàõîäèìî, ùî

∂

∂t
< u(t, ·), Qt

t0
ψ >=<

∂u

∂t
,Qt

t0
ψ > +

+ < u,
∂Qt

t0
ψ

∂t
>= − < Afu,Qt

t0
ψ > +

+ < u, A∗
fQ

t
t0
ψ >= − < Afu,Qt

t0
ψ > +

+ < Afu,Qt
t0
ψ >= 0, ∀ψ ∈ (

◦
Φ∗)′.

Çâiäñè âèïëèâà¹, ùî < u(t, ·), Qt
t0
ψ > ¹

ñòàëîþ âåëè÷èíîþ. Âèêîðèñòîâóþ÷è ïî÷à-
òêîâó óìîâó u|t=0 = 0 çíàõîäèìî, ùî öÿ âå-
ëè÷èíà ïðè âñiõ t, 0 < t ≤ t0, ðiâíà íóëþ.
Çîêðåìà, ïðè t → t0 (ó ñëàáêîìó ðîçóìií-
íi ãðàíèöi) äiñòà¹ìî, ùî < u(t0, ·), ψ >= 0.

Îñêiëüêè ψ � äîâiëüíèé åëåìåíò ç ïðîñòî-
ðó (

◦
Φ∗)′, à

◦
Φ ⊂ (

◦
Φ∗)′, òî < u(t0, ·), ψ >= 0

äëÿ âñiõ ψ ç ïðîñòîðó
◦
Φ. Îòæå, u(t0, ·) ¹ íó-

ëüîâèì ôóíêöiîíàëîì. Îñêiëüêè t0 ∈ (0, T ∗]
i âèáðàíå äîâiëüíî, òî u(t, ·) ≡ 0 äëÿ âñiõ
t ∈ (0, T ∗].

Òåîðåìà äîâåäåíà.
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