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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÎÖIÍÊÈ ÌÀÒÐÈÖI ÃÐIÍÀ Â ×ÂÅÐÒI ÏÐÎÑÒÎÐÓ B-ÏÀÐÀÁÎËI×ÍÎ�
ÑÈÑÒÅÌÈ Ç IÌÏÓËÜÑÍÎÞ ÄI�Þ

Óñòàíîâëåíî îöiíêè ìàòðèöi Ãðiíà B-ïàðàáîëi÷íî¨ ñèñòåìè ç iìïóëüñíîþ äi¹þ ó ÷âåðòi
ïðîñòîðó çà ÷àñîâîþ òà îäíi¹þ ïðîñòîðîâîþ çìiííèìè.

Estimations of Green's matrix for a parabolic system with an impulse action was established
in a quarter of the space with respect to the hour variable and one of the spatial variables.

×àñòî ïðè âèâ÷åííi åâîëþöi¨ ðåàëüíèõ
ïðîöåñiâ ç êîðîòêîòðèâàëèìè çáóðåííÿìè
çðó÷íî çíåõòóâàòè ¨õ òðèâàëiñòþ i ââàæà-
òè öi çáóðåííÿ ìèòò¹âèìè. Òàêå òðàêòóâà-
ííÿ ïðèâîäèòü äî íåîáõiäíîñòi äîñëiäæóâà-
òè äèíàìi÷íi ñèñòåìè ç ðîçðèâíèìè òðà¹-
êòîðiÿìè, àáî òàê çâàíi, äèôåðåíöiàëüíi ðiâ-
íÿííÿ ç iìïóëüñíîþ äi¹þ. Çàäà÷i äëÿ ñè-
ñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç
iìïóëüñíîþ äi¹þ ãëèáîêî âèâ÷åíi ó ïðàöÿõ
À.Ì.Ñàìîéëåíêà òà Î.Ì.Ïåðåñòþêà [3].

Ç iíøîãî áîêó, iñíó¹ çàâåðøåíà òåîðiÿ çà-
äà÷i Êîøi òà êðàéîâèõ çàäà÷ äëÿ ñèñòåì ç
ðåãóëÿðíèìè òà ñèíãóëÿðíèìè êîåôiöi¹íòà-
ìè [1, 2, 4].

Ó öié ñòàòòi ââåäåíî îçíà÷åííÿ Λω-óìîâ
ìàòðèöi Ãðiíà B-ïàðàáîëi÷íèõ ñèñòåì ç iì-
ïóëüñíîþ äi¹þ òà ðîçãëÿíóòî âèïàäêè âèêî-
íàííÿ öèõ îöiíîê.

1. Îçíà÷åííÿ òà äîïîìiæíi òâåðä-
æåííÿ. Ðîçãëÿíåìî â øàði Π+ = (t0;∞) ×
E+

n , E+
n = En−1 × (0;∞) ñèñòåìó ëiíiéíèõ

ðiâíÿíü
∂u(t, x)

∂t
=

∑

|k|+2j≤2b

Akj(t)D
k
x′B

j
xn

u(t, x), (1)

äå |k| =
n−1∑
i=1

ki, x ∈ E+
n , x = (x′, xn), x′ =

(x1, . . . , xn−1), xn > 0, Dk
x′ =

∂|k|

∂xk1
1 . . . ∂xkn

n

,

Bxn =
∂2

∂x2
n

+
2ν + 1

xn

∂

∂xn

.

Îçíà÷åííÿ B-ïàðàáîëi÷íî¨ ñèñòåìè. Ñè-
ñòåìà ðiâíÿíü (1) íàçèâà¹òüñÿ ðiâíîìiðíî B-
ïàðàáîëi÷íîþ, ÿêùî âñi êîðåíi õàðàêòåðè-
ñòè÷íîãî ðiâíÿííÿ

det

( ∑

|k|+2j=2b

Akj(t)(iσ)k(−σ2
n)j − λE

)
= 0

çàäîâîëüíÿþòü íåðiâíiñòü

Re λ(t, σ) ≤ −δ|σ|2b,

δ = const > 0.
Ïðÿìå òà îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹-

Áåññåëÿ. Ïðÿìå ïåðåòâîðåííÿ:

ψ(σ) = Fϕ(x) =

=

∫

E+
n

e−iσ′x′ϕ(x)jν(σnxn)x2ν+1
n dx (ν > −1/2),

îáåðíåíå ïåðåòâîðåííÿ:

ϕ(x) = F−1ψ = c′ν

∫

E+
n

eiσ′x′ψ(σ)jν(σnxn)σ2ν+1
n dσ,

äå c′ν = (2π)−n2−2νΓ−2(ν +1), jν(σnxn) � íîð-
ìîâàíà ôóíêöiÿ Áåññåëÿ, ÿêà äîðiâíþ¹

jν(σnxn) =
∞∑

k=0

Γ(ν + 1)

Γ(ν + 1 + k)Γ(k + 1)

(
σnxn

2

)2k

.

Çãîðòêà ôóíêöi¨. Íà åëåìåíòàõ ïðîñòîðó
íåñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié, ïàð-
íèõ ïî îñòàííüîìó àðãóìåíòó, ñïàäíèõ ïðè
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|x| → ∞ íå ïîâiëüíiøå íiæ |x|−m (m � äî-
âiëüíå ôiêñîâàíå ÷èñëî) âèçíà÷åíà îïåðàöiÿ
çãîðòêè

f ∗ g =

∫

E+
n

T ξn
xn

f(x′ − ξ′, xn)g(ξ)ξ2ν+1
n dξ,

äå
T ξn

xn
f(x) =

Γ(1 + ν)

Γ(1/2)Γ(ν + 1/2)
×

×
π∫

0

f(x′,
√

x2
n + ξ2

n − 2xnξn cos α) sin2ν αdα −

îïåðàòîð óçàãàëüíåíîãî çñóâó, ÿêèé âiäïî-
âiäà¹ îïåðàòîðó Áåññåëÿ Bxn .

Ëåìà [1, c. 36] (ïðî ïåðåòâîðåííÿ Ôóð'¹).
Íåõàé f(s) � öiëà ôóíêöiÿ n êîìïëåêñíèõ
çìiííèõ s1, s2, . . . , sn, sk = σk + iγk, ÿêà
çàäîâîëüíÿ¹ íåðiâíiñòü

|f(s)| ≤ C exp

{
−

n∑

k=1

ak|σk|pk +
n∑

k=1

bk|σk|qk

}
,

pk > 1, qk > 1, ak > 0, bk > 0.
Òîäi ¨¨ ïåðåòâîðåííÿ Ôóð'¹ ψ(z) ¹ öiëîþ

ôóíêöi¹þ çìiííèõ z1, z2, . . . , zn, zk = xk+iyk

i äëÿ íüîãî ñïðàâåäëèâà îöiíêà

|ψ(z)| = |F (f(σ))| ≤ B exp

{
−

n∑

k=1

αk|xk|q′k+

+
n∑

k=1

βk|yk|p′k
}

,

αk > 0, βk > 0, 1

pk

+
1

p′k
= 1, 1

qk

+
1

q′k
= 1.

Ëåìà [2, c. 14] (ïðî ïåðåòâîðåííÿ Áåññå-
ëÿ). Íåõàé f(s) � öiëà ïàðíà ôóíêöiÿ àðãó-
ìåíòó s = σ + iγ, äëÿ ÿêî¨ ñïðàâäæó¹òüñÿ
íåðiâíiñòü

|f(σ + iγ)| ≤ C exp{−C1|σ|p + C2|γ|q},
äå C, C1, C2 > 0, p, q > 1.

Òîäi ¨¨ ïåðåòâîðåííÿ Áåññåëÿ

f̃(x) =

∞∫

0

f(σ)jν(σx)σ2ν+1dσ

¹ öiëîþ ôóíêöi¹þ àðãóìåíòó z = x + iy i
ñïðàâåäëèâi îöiíêè

|Dk
xB

j
xT

ξ
x f̃(x)| ≤ CkjT

ξn
x {e−c2xq′},

|Dk
z f̃(x + iy)| ≤ Ck exp{c3|y|p′},

äå p′ = p(p− 1)−1, q′ = q(q− 1)−1, Ck, Ckj, c2,
c3 çàëåæàòü âiä C, C1, p, q.

2. Ïîñòàíîâêà çàäà÷i òà îöiíêè ìà-
òðèöàíòó. Çíàéäåìî êëàñè÷íèé ðîçâ'ÿçîê
çàäà÷i Êîøi ç iìïóëüñíîþ äi¹þ

∂u(t, x)

∂t
=

∑

|k|+2j≤2b

Akj(t)D
k
x′B

j
xn

u(t, x), t 6= τi,

(1)

u(t, x)|t=t0 = ϕ(x),
∂u(t, x)

∂xn

∣∣∣∣∣
xn=0

= 0, (2)

∆tu(t, x)|t=τi
= Biu(τi, x), (3)

äå åëåìåíòè ìàòðèöi Akj(t) � íåïåðåðâíi i
îáìåæåíi ïðè t ≥ t0 ≥ 0, ìàòðèöi Bi ñòàëi,
ϕ(x) äîñèòü ãëàäêà ôiíiòíà ôóíêöiÿ â E+

n ,
ïàðíà ïî xn,

∆tu|t=τi
= u(τi + 0, x)− u(τi, x),

u(τi, x) = lim
t→τi−0

u(t, x),

t0 < τ1 < τ2 < · · · < τp = T .
Çà äîïîìîãîþ ïåðåòâîðåííÿ Ôóð'¹-

Áåññåëÿ çàäà÷à Êîøi (1) � (3) çâîäèòüñÿ äî
çàäà÷i Êîøi ñèñòåìè çâè÷àéíèõ äèôåðåíöi-
àëüíèõ ðiâíÿíü

dv(t, σ)

dt
=

∑

|k|+2j≤2b

Akj(t)(iσ
′)k(−σ2

n)jv(t, σ),

t 6= τi, (4)

v(t, σ)|t=t0 = v0(σ), (5)

∆tv(t, σ)|t=τi
= Biv(τi, σ), (6)

äå

v0(σ) = Fϕ(x) =

∫

E+
n

e−iσ′x′ϕ(x)jν(σnxn)x2ν+1
n dx.
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Íåõàé Q(t, t0, σ) � íîðìàëüíà ôóíäàìåí-
òàëüíà ìàòðèöÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi [2, c.
20]

dQ

dt
=

∑

|k|+2j≤2b

Akj(t)(iσ
′)k(−σ2

n)jQ,

Q(t, t0, σ)|t=t0 = E.

Òîäi ìàòðèöàíò V (t, t0, σ) çàäà÷i (4) � (6) âè-
çíà÷à¹òüñÿ ôîðìóëîþ [3, c.51]

V (t, t0, σ) = Q(t, τp−1, σ)
1∏

i=p−1

((E + Bi)×

×Q(τi, τi−1, σ)),

τ0 = t0, τp−1 < t ≤ τp.
ßêùî ìàòðèöi E+Bi íåâèðîäæåíi, òî ìà-

òðèöàíò V (t, t0, σ) òàêîæ íåâèðîäæåíà ìà-
òðèöÿ.

Ðîçâ'ÿçîê çàäà÷i (4) � (6) âèçíà÷à¹òüñÿ
ôîðìóëîþ

v(t, σ) = V (t, t0, σ)v0(σ).

Ìàòðèöÿ Q(t, t0, σ) ïðè t > t0 ¹ öiëîþ
ôóíêöi¹þ àðãóìåíòó σ + iγ, ïàðíîþ âiäíî-
ñíî îñòàííüîãî àðãóìåíòó σn, i äëÿ ¨¨ íîðìè
âèêîíó¹òüñÿ íåðiâíiñòü [2, c.20]

|Q(t, t0,
σ + iγ

(t− t0)1/(2b)
)| ≤

≤ C exp{−δ1|σ|2b+F1|γ|2b}, 0 < δ1 < δ, F1 > 0.

Öå òâåðäæåííÿ äîâîäèòüñÿ íà îñíîâi B-
ïàðàáîëi÷íî¨ ñèñòåìè àíàëîãi÷íî, ÿê i äëÿ
ïàðàáîëi÷íèõ ñèñòåì [1, c. 46].

Íà îñíîâi îöiíîê ìàòðèöi Q(t, t0, σ) îäåð-
æóþòüñÿ âiäïîâiäíi îöiíêè ìàòðèöàíòó

|V (t, t0,
σ + iγ

(t− t0)1/(2b)
)| ≤

≤ CpB exp{−δ1|σ|2b + F1|γ|2b},

äå B =

p−1∏
i=1

|E + Bi|.

Òîäi ðîçâ'ÿçîê çàäà÷i (1) � (3) âèçíà÷à¹-
òüñÿ ôîðìóëîþ [2, c.21]

u(t, x) =

∫

E+
n

T ξn
xn

G(t, t0, x
′ − ξ′, xn)ϕ(ξ)ξ2ν+

n dξ,

(7)
äå

G(t, t0, x
′ − ξ′, xn) =

= c′ν

∫

E+
n

eiσ′(x′−ξ′)V (t, t0, σ)jν(σnxn)σ2ν+1
n dσ −

ìàòðèöÿ Ãðiíà çàäà÷i Êîøi (1) � (3).
Äëÿ äîñëiäæåííÿ âëàñòèâîñòåé ìàòðèöi

Ãðiíà çàäà÷i Êîøi â íåîáìåæåíèõ çà ÷àñî-
âîþ çìiííîþ îáëàñòÿõ, âàæëèâî îäåðæàòè
âèêîíàííÿ Λω-óìîâ. Äàëi áóäå ñôîðìóëüîâà-
íî îçíà÷åííÿ Λω-óìîâ òà ðîçãëÿíóòî êëàñè
ñèñòåì, ÿêi çàäîâîëüíÿþòü öi óìîâè.

Îçíà÷åííÿ Λω-óìîâ. Ñèñòåìà (1) çàäî-
âîëüíÿ¹ Λω-óìîâó, ω ∈ E1, ÿêùî iñíó¹ ìà-
òðèöÿ Ãðiíà çàäà÷i (1) � (3), ÿêà ìà¹ ïîõiäíi
Dk

x′D
l
xn

Bj
xn

G(t, t0, x
′, xn, ξn) i ñïðàâäæó¹òüñÿ

îöiíêà

|Dk
x′D

l
xn

Bj
xn

G(t, t0, x
′, xn, ξn)| ≤ Cklj×

×a(t, t0)
−(nν+2j+l+|k|)T ξn

xn

{
eω(t−t0)e

−c| x
a(t,t0)

|q
}

,

(8)
{t, t0} ⊂ [t0;∞), t0 < t, x ∈ E+

n , ξn > 0,
a(t, t0) � íåïåðåðâíà ìîíîòîííî çðîñòàþ÷à
ôóíêöiÿ àðãóìåíòà t òàêà, ùî a(t0, t0) = 0,
Cklj, c � äîäàòíi ñòàëi, çàëåæíi âiä δ, ν,
sup

t
|Akj(t)|, ìîäóëÿ íåïåðåðâíîñòi êîåôiöi¹í-

òiâ Akj(t) ïðè |k|+ 2j = 2b, nν = n + 2ν + 1,
q =

2b

2b− 1
.

Íàâåäåìî äåÿêi ïðèêëàäè êëàñiâ ñèñòåì,
ÿêi çàäîâîëüíÿþòü Λω-óìîâè ç ω ≤ 0.

Âèïàäîê 1. Íåõàé êîåôiöi¹íòè ñèñòåìè

∂u

∂t
=

∑

|k|+j=2b

Akj(t)D
k
x′B

j
xn

u (9)

¹ íåïåðåðâíèìè i îáìåæåíèìè ïðè t ∈ [t0,∞)
òà iñíó¹ ñòàëà µ > 0 òàêà, ùî äëÿ äîâiëüíèõ
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t, äiéñíîãî âåêòîðà σ òà êîìïëåêñíîãî âåêòî-
ðà a ñïðàâäæó¹òüñÿ îöiíêà

Re

( ∑

|k|+2j=2b

Akj(t)(iσ
′)k(−σ2

n)ja, a

)
≤

≤ −µ|σ|2b|a|2, (10)

äå µ � äîäàòíà ñòàëà, (·, ·) � ñêàëÿðíèé äî-
áóòîê ó ïðîñòîði CN . Òîäi ñèñòåìà (9) çàäî-
âîëüíÿ¹ Λ0-óìîâó ç a(t, t0) = (t− t0)

1/(2b).
Äëÿ äîâåäåííÿ ðîçãëÿíåìî âiäïîâiäíó ñè-

ñòåìó â îáðàçàõ Ôóð'¹-Áåññåëÿ
dv

dt
=

∑

|k|+2j≤2b

Akj(t)(is
′)k(−s2

n)jv ≡ P0(t, s)v,

s = σ + iγ.

Íåõàé Ql � ñòîâï÷èê ç íîìåðîì l ôóíäà-
ìåíòàëüíî¨ ìàòðèöi ðîçâ'ÿçêiâ Q(t, t0, s). Òî-
äi

Re(P0(t, s)Ql, Ql) =
1

2
[(P0(t, s)Ql, Ql)+

+(P0(t, s)Ql, Ql)] =

=
1

2

[(dQl

dt
,Ql

)
+

(
Ql,

dQl

dt

)]
=

1

2

d

dt
|Ql|2.

Ç óìîâè (10) i ëåìè 2.1 [1, c. 38] ìà¹ìî

Re(P (t, s)Ql, Ql) ≤ (−δ1|σ|2b + F1|γ|2b)|Ql|2,
0 < δ1 < δ, F1 > 0,

i
d

dt
|Ql|2 ≤ (−2δ1|σ|2b + 2F1|γ|2b)|Ql|2.

Ïðîiíòåãðóâàâøè îñòàííþ íåðiâíiñòü i
âèêîðèñòàâøè ëåìó 4.1 [1, c. 39], îäåðæèìî

|Q(t, t0, s)| ≤ Ce(−δ1|σ|2b+F1|γ|2b)(t−t0). (11)

Ç (11) i çîáðàæåííÿ ìàòðèöàíòó ìà¹ìî

|V (t, t0, s)| ≤ CpBe(−δ1|σ|2b+F1|γ|2b)a2b(t,t0),

äå a(t, t0) = (t − t0)
1/(2b), 0 < δ1 < δ, F1 > 0,

àáî

|V (t, t0,
σ + iγ

a(t, t0)
)| ≤ Cpe−δ1|σ|2b+F1|γ|2b

,

äå B =

p−1∏
i=1

|E + Bi|.
Âiäíîñíî öüîãî àðãóìåíòà ìàòðèöàíò ¹ öi-

ëîþ ôóíêöi¹þ çi ñòàëèì òèïîì.
Âèïàäîê 2. Íåõàé äëÿ B-ïàðàáîëi÷íî¨

ñèñòåìè çi ñòàëèìè êîåôiöi¹íòàìè âèãëÿäó

∂u(t, x)

∂t
=

∑

k=2r

∑

|l|+2j=k

AljD
l
x′B

j
xn

u(t, x) ≡

≡
2b∑

k=2r

Pk(D,B)u(t, x) (12)

âèêîíóþòüñÿ íàñòóïíi ïðèïóùåííÿ:
à) äiéñíi ÷àñòèíè λ-êîðåíiâ ðiâíÿííÿ

det

{
2b∑

k=2r

Pk(σ) − λE

}
= 0 äîðiâíþþòü íó-

ëåâi òiëüêè ïðè σ = 0;
á) äiéñíi ÷àñòèíè âëàñíèõ ÷èñåë ìàòðèöi

P2r(σ) íå äîðiâíþþòü íóëåâi ïðè |σ| = 1.
Òîäi ñèñòåìà (12) çàäîâîëüíÿ¹ Λ0-óìîâó ç

a(t, t0) = (t− t0)
1/(2b), t− t0 ≤ 1;

a(t, t0) = (t− t0)
1/(2r), t− t0 > 1.

Äëÿ äîâåäåííÿ öüîãî ôàêòó, îöiíèìî ìà-
òðèöàíò ñèñòåìè. Îöiíêó äîñèòü ïðîâåñòè,
ââàæàþ÷è, ùî t− t0 > 1.

Ïîçíà÷èìî α′ =
α

(t− t0)1/(2r)
, γ′ =

γ

(t− t0)1/(2r)
. Âðàõîâóþ÷è îöiíêó

∣∣∣∣∣ exp
{

P
( α + iγ

(t− τ0)1/(2r)

)
(t− τ)

}∣∣∣∣∣ ≤

≤ Ce−δ1|α|2r+F1|γ|2b

[1, c.120]

òà ââåäåíi ïîçíà÷åííÿ, îòðèìà¹ìî

| exp{P (α′ + iγ′)(t− t0)}| ≤

≤ Ce−δ1|α′|2r(t−t0)+F1|γ′|2b(t−t0)
2b
2r .

Iç çîáðàæåííÿ ìàòðèöàíòà ìà¹ìî îöiíêó
äëÿ éîãî íîðìè

|V (t, t0,
α + iγ

a(t, t0)
)| ≤ Cpe(−δ1|α|2r+F1|γ|2b).
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Âèïàäîê 3. Íåõàé êîåôiöi¹íòè B-
ïàðàáîëi÷íî¨ ñèñòåìè

∂u(t, x)

∂t
=

∑

|k|+2j≤2b

AkjD
k
x′B

j
xn

u(t, x) (13)

ñòàëi òà äiéñíi ÷àñòèíè λ-êîðåíiâ ðiâíÿííÿ

det

{ ∑

|k|+2j≤2b

Akj(t)(iσ
′)k(−σ2

n)j−λE

}
= 0 íå

äîðiâíþþòü íóëåâi ïðè æîäíèõ σ ∈ En.
Òîäi ñèñòåìà (13) çàäîâîëüíÿ¹ Λω-óìîâó

ç ω < 0, a(t, t0) = (t− t0)
1/(2b).

ßê i ðàíiøå, äëÿ äîâåäåííÿ îöiíèìî ìà-
òðèöàíò ñèñòåìè. Ðîçãëÿíåìî ðiâíÿííÿ

det

{ ∑

|k|+2j≤2b

Akj(iσ
′)k(−σ2

n)jβ2b−|k|−2j−

−λE

}
= 0.

Éîãî êîðåíi λ(σ, β) ¹ îäíîðiäíèìè ôóí-
êöiÿìè ñòåïåíÿ 2b âiä σ, β i ïðè |σ|2 +β2 = 1
âîíè çàäîâîëüíÿþòü óìîâó Re λ(σ, β) < −δ.
Äëÿ β = 0 âiä'¹ìíiñòü Re λ(σ, β) âèïëèâà¹ ç
óìîâè B-ïàðàáîëi÷íîñòi, à äîðiâíþâàòè íó-
ëåâi Re λ(σ, β) íå ìîæå çà ïðèïóùåííÿì.

Ðîçãëÿíåìî äîïîìiæíó ñèñòåìó
dW

dt
=

∑

|k|+2j≤2b

Akj(iσ
′)k(−σ2

n)jβ2b−|k|−2jW ≡

≡ P (σ, β)W, (14)

W (t, σ, β)|t=t0 ≡ W0(σ, β),

∆tW (t, σ, β)|t=τi
≡ BiW (τi, σ, β).

Ðîçâ'ÿçîê öi¹¨ ñèñòåìè äà¹òüñÿ ôîðìóëîþ

W (t, s, β) = eP (s,β)(t−τp−1)×

×
1∏

i=p−1

((E + Bi)e
P (s,β)(τi−τi−1))W0(σ, β).

Îñêiëüêè ñèñòåìà (14) ìiñòèòü ëèøå ñòàð-
øó ãðóïó ÷ëåíiâ, òî ìîæíà âèêîðèñòàòè
îöiíêó (5) ï. 2 �2 [1, c. 47]

|eP (s,β)t| ≤ Ce(−δ1|σ|2b+F1|γ|2b−δ1β2b).

Òîäi

|W (t, s, β)| ≤ CpBe(−δ1|σ|2b+F1|γ|2b−δ1β2b),

0 < δ1 < δ, F1 > F (δ1).

îñêiëüêè W (t, s, β) = V (t, s), òî

|V (t,
σ + iγ

a(t, t0)
)| ≤

≤ CpBe(−δ1|σ|2b+F1|γ|2b−δ1a2b(t,t0)).

Âèïàäîê 4. ßêùî êîåôiöi¹íòè ñèñòåìè

∂u

∂t
=

∑

|k|+2j≤2b

AkjD
k
x′B

j
xn

u ≡ P (t,D, B)u

(15)
¹ íåïåðåðâíèìè i îáìåæåíèìè ôóíêöiÿìè
ïðè t ∈ [t0,∞) òà iñíó¹ ñòàëà µ > 0 òàêà,
ùî äëÿ äîâiëüíèõ t ∈ [t0,∞), äiéñíèõ σ1, . . . ,
σn, β i êîìïëåêñíîãî a ñïðàâäæó¹òüñÿ íåðiâ-
íiñòü

Re

{ ∑

|k|+2j≤2b

Akj(iσ
′)k(−σ2

n)jβ2b−|k|−2ja, a

}
≤

≤ (|σ|2 + β2)b|a|2, (16)

òî öÿ ñèñòåìà çàäîâîëüíÿ¹ Λω-óìîâó ç ω < 0,
a(t, t0) = (t− t0)

1/(2b).
Ðîçãëÿíåìî äîïîìiæíó ñèñòåìó

dW

dt
=

∑

|k|+2j≤2b

Akj(iσ
′)k(−σ2

n)jβ2b−|k|−2jW.

(17)
Ñèñòåìà (17) âiäïîâiäà¹ B-ïàðàáîëi÷íié ñè-
ñòåìi, äëÿ ÿêî¨ âèêîíóþòüñÿ óìîâè ïðèêëà-
äó 1 i ÿêà ìiñòèòü ëèøå ñòàðøó ãðóïó ÷ëå-
íiâ, òîìó äîâåäåííÿ àíàëîãi÷íå äîâåäåííþ
âèïàäêó 1.

Âèïàäîê 5. Íåõàé äëÿ ñèñòåìè

∂u

∂t
=

∑

|k|+2j≤2b

AkjD
k
x′B

j
xn

u (18)

âèêîíóþòüñÿ íàñòóïíi óìîâè:
à) êîåôiöi¹íòè Akj(t) íåïåðåðâíi i îáìå-

æåíi ïðè t ∈ [t0,∞);

92 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2008. Âèïóñê 374. Ìàòåìàòèêà.



á) λ-êîðåíi ðiâíÿííÿ

det

{ ∑

|k|+2j≤2b

Akj(iσ
′)k(−σ2

n)jβ2b−|k|−2j−

−λE

}
= 0 (19)

çàäîâîëüíÿþòü óìîâó

Reλ(t, σ, β) < −δ, δ > 0,

äëÿ äîâiëüíèõ t ∈ [t0,∞), äiéñíèõ σ i β òà-
êèõ, ùî |σ|2 + β2 = 1;

â) iñíóþòü ÷èñëà ε > 0, ∆ > 0 i R > 0 òàêi,
ùî äëÿ {t1, t2} ⊂ [t0,∞), |t1| ≥ R, |t2| ≥ R,
|t1 − t2| < ∆, ñïðàâäæóþòüñÿ íåðiâíîñòi

|Akj(t1)− Akj(t2)| < ε.

Òîäi ñèñòåìà (18) çàäîâîëüíÿ¹ Λω-óìîâó
ç ω < 0, a(t, t0) = (t− t0)

1/(2b).
Ùîá äîâåñòè Λω-óìîâó, çíàéäåìî îöiíêó

ìàòðèöiàíòó. Äëÿ öüîãî îöiíèìî íîðìàëüíó
ôóíäàìåíòàëüíó ìàòðèöþ Q(t, t0, s) ñèñòåìè
(17). Çà äîïîìîãîþ ìiðêóâàíü, ïðîâåäåíèõ
â ïåðøîìó âèïàäêó òà óìîâè á), âèáðàâøè
äîñèòü ìàëèì ε i âèêîðèñòîâóþ÷è ìåòîäèêó
ç [1, c. 46], ïðèéäåìî äî íåðiâíîñòi

|Q(t, t0, s)| ≤ C̃|Q(tm, t0, s)|×

×e(−δ1|σ|2b+F |γ|2b−δ1)(t−tm), t ∈ [tm, tm+1],

äå t0 ≥ R, tm = t0 + (m − 1)∆, m ≥ 1, 0 <
δ1 < δ, C̃ > 0, F > 0.

Âiçüìåìî ∆ =
2

δ1

ln C̃ i äîâåäåìî ïðàâèëü-
íiñòü äëÿ m ≥ 1 îöiíêè

|Q(t, t0, s)| ≤ C̃ exp

{(
−δ1

2
(t−tm)−δ1

2
(t−t0)

)
+

+(−δ1|σ|2b + F |γ|2b)(t− t0)

}
, t ∈ [tm, tm+1].

Ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ áåçïîñå-
ðåäíüî ìîæíà äîâåñòè, ùî

|Q(t, t0, s)| ≤ Ce

(
− δ1

2
−δ1|σ|2b+F |γ|2b

)
(t−t0)

äëÿ äîâiëüíèõ t, t0 òàêèõ, ùî R ≤ t0 ≤ t.
Äëÿ ìàòðèöàíòó ìà¹ìî

|V (t, t0,
σ + iγ

a(t, t0)
)| ≤ CpB×

×e(−δ1|σ|2b+F |γ|2b− δ1
2

a2b(t,t0)),

äå a(t, t0) = (t− t0)
1/(2b).

3. Îöiíêà ìàòðèöi Ãðiíà. Â ïîïåðå-
äíüîìó ïóíêòi ââîäèëîñÿ îçíà÷åííÿ Λω-óìîâ
òà ðîçãëÿäàëèñÿ êëàñè ñèñòåì, ÿêi çàäîâîëü-
íÿþòü öi óìîâè. Â êîæíîìó ç âèïàäêiâ îäåð-
æóâàëèñÿ îöiíêè ìàòðèöàíòó. Â äàíîìó ïóí-
êòi áóäå ïîêàçàíî, ÿê áåçïîñåðåäíüî ç îöiíîê
ìàòðèöiàíòó îäåðæóþòüñÿ Λω-óìîâè äëÿ ìà-
òðèöi Ãðiíà.

Íåõàé

|V (t, t0,
σ + iγ

a(t, t0)
)| ≤ C exp{−δ1|σ|2b+

+F1|γ|2b + ω(t− t0)},
a(t, t0) = (t− t0)

1/(2b), ω ≤ 0.
Ïîçíà÷èìî σ̂ =

σ

a(t, t0)
. Çàïèøåìî

ïåðåòâîðåííÿ Ôóð'¹-Áåññåëÿ ìàòðèöàíòó
V (t, t0, σ̂):

G(t, t0, x) = c′ν

∫

E+
n

eiσ̂′x′V (t, t0, σ̂)jν(σ̂nxn)×

×σ̂2ν+1
n dσ̂ = c′ν

∫

En−1

eiσ′x̂′
( ∞∫

0

V (t, t0, σ̂)×

×jν(σnx̂n)σ2ν+1
n (t−t0)

− 2ν+1
2b dσn

)
dσ̂′(t−t0)

− n
2b =

= c′ν

∫

En−1

eiσ′x̂′ψ(t, t0, σ̂
′, x̂n)dσ′(t− t0)

− 2ν+1+n
2b ,

(20)
äå

ψ(t, t0, σ̂
′, x̂n) =

=

∞∫

0

V (t, t0, σ̂)jν(σnx̂n)σ2ν+1
n dσn.

Ôóíêöiÿ V (t, t0, σ̂) çàäîâîëüíÿ¹ âñi óìî-
âè ëåìè ïðî ïåðåòâîðåííÿ Áåññåëÿ öiëèõ
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ôóíêöié, òîìó ψ(t, t0, σ̂
′, x̂n) � íåñêií÷åííî-

äèôåðåíöiéîâíà ôóíêöiÿ ïî xn i çàäîâîëü-
íÿ¹ íåðiâíiñòü:

|Dl
x̂n

Dj
x̂n

T ξ̂n

x̂n
ψ(t, t0, σ̂

′, x̂n)| ≤

≤ Clje
−δ1|σ′|2b+F1|γ′|2b+ω(t−t0)T ξ̂n

x̂n
{e−c1x̂q

n}. (21)

Iíòåãðàë (20) ¹ ïåðåòâîðåííÿì Ôóð'¹ ïî σ′

ôóíêöi¨ ψ(t, t0, σ̂
′, x̂n), ÿêà ¹ öiëîþ i çàäî-

âîëüíÿ¹ (21). Çãiäíî ç ëåìîþ ïðî ïåðåòâî-
ðåííÿ Ôóð'¹ ôóíêöiÿ G(t, t0, x) ÿê ôóíêöiÿ
àðãóìåíòiâ x̂1, . . . , x̂n−1 ¹ öiëîþ ôóíêöi¹þ i
äëÿ íå¨ ñïðàâåäëèâà îöiíêà

|G(t, t0, x + iy′)| ≤ C(t− t0)
− 2ν+1+n

2b ×

× exp

{
− c

n∑
s=1

x̂q
s + c1

n−1∑
s=1

ŷq
s + ω(t− t0)

}

àáî

|G(t, t0, x + iy′)| ≤ C(t− t0)
−nν

2b ×

× exp

{
− c

n∑
s=1

(
xs

a(t, t0)

)q

+

+c1

n−1∑
s=1

(
ys

a(t, t0)

)q

+ ω(t− t0)

}
.

Îòæå,

|G(t, t0, x + iy′)| ≤ Ca(t, t0)
nν×

× exp

{
−c

∣∣∣∣∣
x

a(t, t0)

∣∣∣∣∣

q

+c1

∣∣∣∣∣
y

a(t, t0)

∣∣∣∣∣

q

+ω(t−t0)

}
,

äå a(t, t0) = (t− t0)
1/(2b), nν = 2ν + 1 + n, q =

2b

2b− 1
, C, c, c1 � äîäàòíi ñòàëi, ÿêi çàëåæàòü

âiä δ, ν; sup
t
|Akj(t)|, ìîäóëÿ íåïåðåðâíîñòi

Akj(t) ïðè |k|+ 2j = 2b.
Äàëi îäåðæèìî îöiíêè äëÿ ïîõiäíèõ ìà-

òðèöi Ãðiíà. Äëÿ öüîãî îá÷èñëèìî

Dk
x′D

l
xn

Bj
xn

G(t, t0, x, ξ) = Dk
x′D

l
xn

Bj
xn

T ξn
xn
×

×G(t, t0, x
′ − ξ′, xn) = Dk

x′D
l
xn

Bj
xn

T ξn
xn
×

×
(

c′ν

∫

En−1

eiσ̂′(x′−ξ′)ψ(t, t0, σ̂
′, xn)dσ̂′

)
=

= c′ν

∫

En−1

eiσ′(x̂′−ξ̂′)Dl
x̂n

Bj
x̂n

T ξ̂n

x̂n
ψ(t, t0, σ̂

′, xn)×

×(iσ̂′)kdσ′(t− t0)
−n−1

2b =

= c′ν

∫

En−1

eiσ′(x̂′−ξ̂′)Dl
x̂n

Bj
x̂n

T ξ̂n

x̂n
ψ(t, t0, σ̂

′, xn)×

×(iσ̂′)kdσ′(t− t0)
−nν+2j+l+|k|

2b .

Âèêîðèñòîâóþ÷è îöiíêó (19) i ëåìó ïðî
ïåðåòâîðåííÿ Ôóð'¹, îòðèìà¹ìî Λω-óìîâó:

|Dk
x′D

l
xn

Bj
xn

G(t, t0, x
′, xn, ξn) ≤

≤ Cklj(t− t0)
−nν+2j+l+|k|

2b ×

× exp

{
−c

∣∣∣∣∣
x′

(t− t0)1/(2b)

∣∣∣∣∣

q

+c1

∣∣∣∣∣
y′

(t− t0)1/(2b)

∣∣∣∣∣

q

+

+ω(t− t0)

}
T ξn

xn

{
e
−c1

∣∣∣ xn

(t−t0)1/(2b)

∣∣∣
q}

=

= Cklja(t, t0)
−(nν+2j+l+|k|)T ξn

xn

{
eω(t−t0)×

×e
−c

∣∣∣ x
a(t,t0)

∣∣∣
q

+c1

∣∣∣ y′
a(t,t0)

∣∣∣
q}

,

äå a(t, t0) = (t − t0)
1
2b , nν = n + 2ν + 1, q =

2b

2b− 1
, Cklj, c, c1 � äîäàòíi ñòàëi, çàëåæíi âiä

δ, ν, sup
t
|Akj(t)|, ìîäóëÿ íåïåðåðâíîñòi Akj(t)

ïðè |k|+ 2j = 2b.
Òåîðåìà. Íåõàé â øàði Π+ çàäàíî B-

ïàðàáîëi÷íó ñèñòåìó (1) çi ñòàëèìè àáî çà-
ëåæíèìè âiä t êîåôiöi¹íòàìè, çàäàíî ïî-
÷àòêîâó óìîâó (2) òà iìïóëüñíó äiþ (3).
Íåõàé êîåôiöi¹íòè Akj(t) íåïåðåðâíi i îáìå-
æåíi, ïî÷àòêîâà ôóíêöiÿ ϕ(x) ¹ äîñèòü
ãëàäêîþ ôiíiòíîþ ôóíêöi¹þ â E+

n , ïàðíîþ
ïî xn, ìàòðèöi B ñòàëi òàêi, ùî E + Bi �
íåâèðîäæåíi.

ßêùî ó âèïàäêó 1 âèêîíó¹òüñÿ óìîâà
ñèëüíî¨ ïàðàáîëi÷íîñòi (10), ó âèïàäêó 2 �
óìîâè à) i á), ó âèïàäêó 3 � óìîâè íà êîðå-
íi õàðàêòåðèñòè÷íîãî ðiâíÿííÿ, ó âèïàäêó
4 � óìîâà (16) òà ó âèïàäêó 5 � óìîâè à)
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� â) íà êîåôiöi¹íòè ñèñòåìè (1) òà êîðåíi
õàðàêòåðèñòè÷íîãî ðiâíÿííÿ (19), òî iñíó¹
ìàòðèöÿ Ãðiíà çàäà÷i (1) � (3), äëÿ ïîõi-
äíèõ ÿêî¨ âèêîíóþòüñÿ Λω-óìîâè.
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