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Çíàéäåíî çîáðàæåííÿ ãëàäêèõ ðîçâ'ÿçêiâ îäíîãî êëàñó åâîëþöiéíèõ ðiâíÿíü ç ãàðìî-
íiéíèì îñöèëÿòîðîì, âñòàíîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ òàêèõ ðiâíÿíü ó
ïðîñòîðàõ óëüòðàðîçïîäiëiâ.

We �nd an expansion of smooth solutions for a class of evolution equations with a harmonic
oscillator and establish the correct solvability of the Cauchy problem for these equations in spaces
of ultradistributions.

Ó ðîçâèòêó áàãàòüîõ âàæëèâèõ íàïðÿìiâ
ìàòåìàòèêè òà ôiçèêè çíà÷íó ðîëü âiäiãðà-
ëè ïîíÿòòÿ òà ìåòîäè, ÿêi âèíèêëè ïðè âè-
â÷åííi ðiâíÿííÿ Øòóðìà-Ëióâiëëÿ òà ïîâ'ÿ-
çàíîãî ç öèì ðiâíÿííÿì îïåðàòîðà Øòóðìà-
Ëióâiëëÿ A = −d2/dx2 + q(x). Ôóíêöiÿ q
íàçèâà¹òüñÿ ïîòåíöiàëîì; ÿêùî q(x) = x2,
x ∈ R, òî îïåðàòîð A íàçèâà¹òüñÿ ãàðìî-
íiéíèì îñöèëÿòîðîì. Åâîëþöiéíå ðiâíÿííÿ
ç òàêèì îïåðàòîðîì âèãëÿäó

u′(t) + Au(t) = 0, t ∈ (0, T ], (1)

âiäíîñèòüñÿ äî ðiâíÿíü ïàðàáîëi÷íîãî òè-
ïó, êîåôiöi¹íòè ÿêèõ íåîáìåæåíî çðîñòàþòü
ïðè |x| → ∞.

Ì.Ë.Ãîðáà÷óêîì, Â.I.Ãîðáà÷óê,
Î.I.Êàøïiðîâñüêèì äîâåäåíî, ùî ðîçâ'ÿçîê
ðiâíÿííÿ (1) çàâæäè ìà¹ ãðàíè÷íå çíà÷åííÿ
u(0) = lim

t→+0
u(t) ó ïðîñòîðàõ óçàãàëüíåíèõ

ôóíêöié íåñêií÷åííîãî ïîðÿäêó òèïó S ′

i çà íèì çàâæäè îäíîçíà÷íî âiäíîâëþ¹-
òüñÿ, òîáòî ïðîñòîðè òèïó S ′ ¹ ïðîñòîðàìè
ïî÷àòêîâèõ äàíèõ ãëàäêèõ ðîçâ'ÿçêiâ çà-
äà÷i Êîøi äëÿ äàíîãî ðiâíÿííÿ. Òóò S ′ �
ïðîñòîðè, òîïîëîãi÷íî ñïðÿæåíi äî ïðîñòî-
ðiâ òèïó S, ââåäåíèõ I.Ì.Ãåëüôàíäîì òà
Ã.�.Øèëîâèì.

Ó ïðàöÿõ Ì.Ë.Ãîðáà÷óêà, Ï.I.Äóäíèêîâà,
Ñ.Ä.Iâàñèøåíà, Ë.Ì.Àíäðîñîâî¨,
Î.Ã.Âîçíÿê, Â.Â.Ãîðîäåöüêîãî, I.I.Äðiíü,
Â.À.Ëiòîâ÷åíêà, Í.Ì.Øåâ÷óê òà ií. äîâå-
äåíî, ùî ïðîñòîðè òèïó S ′ ¹ ìíîæèíàìè

ïî÷àòêîâèõ äàíèõ çàäà÷i Êîøi äëÿ øèðî-
êèõ êëàñiâ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè
ïàðàáîëi÷íîãî òèïó (äî ÿêèõ âiäíîñèòüñÿ i
ðiâíÿííÿ (1)), ïðè ÿêèõ ðîçâ'ÿçêè ¹ íåñêií-
÷åííî äèôåðåíöiéîâíèìè çà ïðîñòîðîâèìè
çìiííèìè ôóíêöiÿìè. Îòæå, ïðèðîäíèì ¹
ïèòàííÿ ïðî îäåðæàííÿ àíàëîãi÷íèõ ðå-
çóëüòàòiâ äëÿ åâîëþöiéíèõ ðiâíÿíü âèùîãî
ïîðÿäêó ïî t ç îïåðàòîðîì ϕ(A), äå ϕ �
äåÿêà ôóíêöiÿ. Òóò çíàéäåíî çîáðàæåííÿ
ãëàäêèõ ðîçâ'ÿçêiâ òàêèõ åâîëþöiéíèõ ðiâ-
íÿíü ç îïåðàòîðîì ϕν(A), ν > 0, äå A �
ãàðìîíiéíèé îñöèëÿòîð, âñòàíîâëåíî êîðå-
êòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ âêàçàíèõ
ðiâíÿíü ó ïðîñòîðàõ óëüòðàðîçïîäiëiâ òèïó
S ′.

1. I.Ì.Ãåëüôàíä i Ã.�.Øèëîâ ââåëè â [1]
ñåðiþ ïðîñòîðiâ, íàçâàíèõ íèìè ïðîñòîðàìè
òèïó S. Âîíè ñêëàäàþòüñÿ ç íåñêií÷åííî äè-
ôåðåíöiéîâíèõ ôóíêöié, âèçíà÷åíèõ íà R,
íà ÿêi íàêëàäàþòüñÿ ïåâíi óìîâè ñïàäàííÿ
íà íåñêií÷åííîñòi òà çðîñòàííÿ ïîõiäíèõ. Öi
óìîâè çàäàþòüñÿ çà äîïîìîãîþ íåðiâíîñòåé
|xkϕ(m)(x)| ≤ ckm, x ∈ R, {k,m} ⊂ Z+, äå
{ckm} � äåÿêà ïîäâiéíà ïîñëiäîâíiñòü äîäà-
òíèõ ÷èñåë. ßêùî íà åëåìåíòè ïîñëiäîâíî-
ñòi {ckm} íå íàêëàäàþòüñÿ æîäíi îáìåæåííÿ
(òîáòî ckm ìîæóòü çìiíþâàòèñÿ äîâiëüíèì
÷èíîì ðàçîì ç ôóíêöi¹þ ϕ), òî ìà¹ìî, î÷å-
âèäíî, ïðîñòið Ë.Øâàðöà øâèäêî ñïàäíèõ
ôóíêöié. ßêùî æ ÷èñëà ckm çàäîâîëüíÿþòü
ïåâíi óìîâè, òî âiäïîâiäíi êîíêðåòíi ïðîñòî-
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ðè ìiñòÿòüñÿ â S i íàçèâàþòüñÿ ïðîñòîðàìè
òèïó S. Îçíà÷èìî äåÿêi ç íèõ.

Äëÿ äîâiëüíèõ α, β > 0 ïîêëàäåìî

Sβ
α(R) ≡ Sβ

α := {ϕ ∈ S
∣∣∣∃c > 0 ∃A > 0∃B > 0

∀{k,m} ⊂ Z+ ∀x ∈ R :

|xkϕ(m)(x)| ≤ cAkBmkkαmmβ}.
Ââåäåíi ïðîñòîðè ìîæíà îõàðàêòåðèçóâà-

òè òàê [1].
Ïðîñòîðè Sβ

α ñêëàäà¹òüñÿ ç òèõ i òiëüêè
òèõ íåñêií÷åííî äèôåðåíöiéîâíèõ íà R ôóí-
êöié, ÿêi çàäîâîëüíÿþòü íåðiâíîñòi

|ϕ(m)(x)| ≤ cBmmmβ exp(−a|x|1/α),

m ∈ Z+, x ∈ R,

ç äåÿêèìè äîäàòíèìè ñòàëèìè c, B i a, çàëå-
æíèìè ëèøå âiä ôóíêöi¨ ϕ.

ßêùî 0 < β < 1 i α ≥ 1−β, òî Sβ
α ñêëàäà-

¹òüñÿ ç òèõ i ëèøå òèõ ôóíêöié ϕ, ÿêi äîïó-
ñêàþòü àíàëiòè÷íå ïðîäîâæåííÿ ó âñþ êîì-
ïëåêñíó ïëîùèíó i äëÿ ÿêèõ

|ϕ(x + iy)| ≤ c exp(−a|x|1/α + b|y|1/(1−β)),

c > 0, a > 0, b > 0.

Íåõàé H = L2(R). ßê âiäîìî, ó ïðîñòî-
ði L2(R) îðòîíîðìîâàíèé áàçèñ óòâîðþþòü
ôóíêöi¨ Åðìiòà

hk(x) = (−1)kπ−1/4(2kk!)−1/2ex2/2(e−x2

)(k),

k ∈ Z+, x ∈ R.

Ñèìâîëîì Φ ïîçíà÷èìî ñóêóïíiñòü óñiõ
ôóíêöié ϕ ∈ H âèãëÿäó

ϕ(x) =
m∑

k=0

ck,ϕhk(x),

ck,ϕ ∈ C, x ∈ R,m ∈ Z+,

âiäïîâiäíî ÷åðåç Φ′ ïîçíà÷àòèìåìî ïðîñòið
óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà
Φ çi ñëàáêîþ çáiæíiñòþ. Åëåìåíòè ïðîñòîðó
Φ′ íàçèâàòèìåìî óçàãàëüíåíèìè ôóíêöiÿìè.
Çàçíà÷èìî (äèâ. [2]), ùî ìàþòü ìiñöå íåïå-
ðåðâíi òà ùiëüíi âêëàäåííÿ: Φ ⊂ H ⊂ Φ′.

Ðÿä
∞∑

k=0

ckhk, äå ck =< f, hk >, f ∈ Φ′,

íàçèâà¹òüñÿ ðÿäîì Ôóð'¹-Åðìiòà óçàãàëüíå-
íî¨ ôóíêöi¨ f ∈ Φ′, à ÷èñëà ck, k ∈ Z+, �
êîåôiöi¹íòàìè Ôóð'¹ (òóò < f, · > ïîçíà÷à¹
äiþ ôóíêöiîíàëó f íà îñíîâíó ôóíêöiþ). Iç
ðåçóëüòàòiâ, îòðèìàíèõ â [2] âèïëèâà¹, ùî
Φ′ ìîæíà ðîçóìiòè ÿê ïðîñòið ôîðìàëüíèõ

ðÿäiâ âèãëÿäó
∞∑

k=0

ckhk; ïðè öüîìó ïðàâèëü-

íèìè ¹ íàñòóïíi ñïiââiäíîøåííÿ åêâiâàëåí-
òíîñòi:

à) (f ∈ S) ⇔ (∀m ∈ N ∃c = c(m) > 0
∀k ∈ Z+: |ck| ≤ c(2k + 1)−m);

á) (f ∈ S ′) ⇔ (∃m ∈ N ∃c > 0 ∀k ∈ Z+ :
|ck| ≤ c(2k + 1)m);

â) (f ∈ Sβ
β ) ⇔ (∃µ > 0 ∃c > 0 ∀k ∈ Z+ :

|ck| ≤ c exp{−µ(2k + 1)1/(2β)});
ã) (f ∈ (Sβ

β )′) ⇔ (∀µ > 0 ∃c = c(µ) > 0

∀k ∈ Z+: |ck| ≤ c exp{µ(2k + 1)1/(2β)}).

2. Íàãàäà¹ìî, ùî ñèìâîëîì D ≡ D(R)
ïîçíà÷à¹òüñÿ ìíîæèíà âñiõ ôiíiòíèõ íåñêií-
÷åííî äèôåðåíöiéîâíèõ íà R ôóíêöié. Çái-
æíiñòü â D âèçíà÷à¹òüñÿ òàê: ïîñëiäîâíiñòü
{ϕk, k ≥ 1} ⊂ D íàçèâà¹òüñÿ çáiæíîþ â D
äî ôóíêöi¨ ϕ ∈ D, ÿêùî:

à) iñíó¹ R > 0 òàêå, ùî supp ϕk ⊂ (−R; R),
∀k ∈ N, supp ϕ ⊂ (−R; R);

á) ϕ
(m)
k

R
⇒

k→∞
ϕ(m), ∀m ∈ Z+.

Ñóêóïíiñòü âñiõ ëiíiéíèõ íåïåðåðâíèõ
ôóíêöiîíàëiâ íà D çi ñëàáêîþ çáiæíiñòþ ïî-
çíà÷à¹òüñÿ ñèìâîëîì D′ ≡ D′(R). Åëåìåíòè
D′ íàçèâàþòüñÿ óçàãàëüíåíèìè ôóíêöiÿìè.
Ñóêóïíiñòü óçàãàëüíåíèõ ôóíêöié ç D′, ÿêi
îáåðòàþòüñÿ â íóëü íà ïiâîñi (−∞, 0), ïîçíà-
÷à¹òüñÿ ÷åðåç D′

+. Âiäîìî [3], ùî äëÿ äîâiëü-
íèõ {f, g} ⊂ D′

+ ó ïðîñòîði D′
+ iñíó¹ çãîðòêà

f ∗ g, ÿêà âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

< f∗g, η >=< f(x)×g(y), η1(x)η2(y)ϕ(x+y) >,

ϕ ∈ D,

äå η1 i η2 � äîâiëüíi ôóíêöié ç ïðîñòîðó
C∞(R), ðiâíi îäèíèöi â îêîëi ïiâîñi [0,∞) i
íóëþ äëÿ äîñèòü âåëèêèõ âiä'¹ìíèõ çíà÷åíü
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àðãóìåíòó. D′
+ óòâîðþ¹ àñîöiàòèâíó i êîìó-

òàòèâíó àëãåáðó âiäíîñíî îïåðàöi¨ çãîðòêè.
Îñêiëüêè δ ∗ f = f ∗ δ = f , ∀f ∈ D′

+, òî
îäèíèöåþ â íié ¹ δ-ôóíêöiÿ Äiðàêà.

ßêùî óçàãàëüíåíà ôóíêöiÿ f = ft çàëå-
æèòü âiä ïàðàìåòðà t, ft ∈ D′

+ ïðè êîæíîìó
t, iñíó¹ ∂ft

∂t
, g ∈ D′

+, òî òîäi [3]

∂m

∂tm
(ft ∗ g) =

∂mft

∂tm
∗ g, m ∈ N.

Íåõàé óçàãàëüíåíà ôóíêöiÿ gα ∈ D′
+ çà-

ëåæèòü âiä ïàðàìåòðà α ∈ (−∞, +∞) i âè-
çíà÷à¹òüñÿ ôîðìóëîþ

gα(t) =

{
θ(t)tα−1(Γ(α))−1, α > 0,

g
(m)
α+m, α ≤ 0,

äå m � íàéìåíøå ñåðåä íàòóðàëüíèõ ÷èñåë
òàêå, ùî m + α > 0; θ � ôóíêöiÿ Õåâiñàéäà,
òîáòî

θ(t) =

{
1, t > 0,
0, t < 0.

Ïðàâèëüíèìè ¹ íàñòóïíi òâåðäæåííÿ [3]:
1) ∀{α, β} ⊂ R: gα ∗ gβ = gα+β.
2) Íåõàé I(α)g = g ∗ gα, ∀g ∈ D′

+. Òîäi
à) ∀g ∈ D′

+: I(0)g = g;

á) ∀g ∈ D′
+ ∀n ∈ N: I(−n)g = g(n);

â) ∀g ∈ D′
+ ∀n ∈ N: (I(n)g)(n) = g;

ã) ∀g ∈ D′
+ ∀{α, β} ⊂ R:

I(α)I(β)g = I(α + β)g.

Çàâäÿêè âëàñòèâîñòÿì á) i â) îïåðàòîðè
I(α) ïðè α < 0 íàçèâàþòü îïåðàòîðàìè äðî-
áîâîãî äèôåðåíöiþâàííÿ, à ïðè α > 0 � îïå-
ðàòîðàìè äðîáîâîãî iíòåãðóâàííÿ â D′

+.
Ðîçãëÿíåìî ó ïðîñòîði Φ′ îïåðàòîð Âf ,

äiÿ ÿêîãî íà åëåìåíòè ç Φ′ âèçíà÷à¹òüñÿ
ñïiââiäíîøåííÿì

Φ′ 3
∞∑

k=0

ckhk = ϕ −→
∞∑

k=0

(f(2k + 1))νckhk =

= Âfϕ ∈ Φ′,

äå ν > 0 � ôiêñîâàíèé ïàðàìåòð, f � íåïå-
ðåðâíà, íåâiä'¹ìíà íà [0,∞) ôóíêöiÿ, ÿêà çà-
äîâîëüíÿ¹ óìîâó:

∃d0 > 0 ∀x ∈ [0,∞) : f(x) ≥ d0x.

Î÷åâèäíî, îïåðàòîð Âf ¹ ëiíiéíèì i íåïå-
ðåðâíèì â Φ′.

Òåîðåìà 1. Íåõàé Ãf � çâóæåííÿ îïå-
ðàòîðà Âf íà L2(R). Òîäi Ãf � íåâiä'¹ìíèé
ñàìîñïðÿæåíèé îïåðàòîð â L2(R) çi ùiëü-
íîþ â L2(R) îáëàñòþ âèçíà÷åííÿ

D(Ãf ) = {ϕ ∈ L2(R) :
∞∑

k=0

µ2ν
k |ck(ϕ)|2 < ∞,

ck(ϕ) = (ϕ, hk)L2(R)}, (2)

µk := f(2k + 1), k ∈ Z+,

ïðè÷îìó Φ ⊂ D(Ãf ).
Äîâåäåííÿ. Îñêiëüêè L2(R) � ãiëüáåðòiâ

ïðîñòið, {hk, k ∈ Z+} � îðòîíîðìîâàíèé áà-
çèñ â L2(R), òî ç îçíà÷åííÿ îïåðàòîðà Ãf

âèïëèâà¹, ùî D(Ãf ) ìà¹ âêàçàíèé âèãëÿä.

ßêùî ϕ ∈ Φ ⊂ L2(R) ⊂ Φ′, òî ϕ =

m(ϕ)∑

k=0

ckhk,
ïðè öüîìó

Ãfϕ = Âfϕ =
m∑

k=0

µk
νckhk.

Îòæå, äëÿ ϕ ∈ Φ óìîâà (2) âèêîíó¹òüñÿ. Òà-
êèì ÷èíîì, Φ ⊂ D(Ãf ). Öèì äîâåäåíî, ùî
D(Ãf ) = L2(R).

Îïåðàòîð Ãf ñèìåòðè÷íèé â L2(R), áî

(Ãf , ψ) =
∞∑

k=0

µν
kck(ϕ)ck(ψ) = (ϕ, Ãfψ),

{ϕ, ψ} ⊂ D(Ãf ).

Îñêiëüêè D(Ãf ) = L2(R), òî iñíó¹ îïå-
ðàòîð Ã∗

f , îáëàñòü âèçíà÷åííÿ D(Ã∗
f ) ÿêî-

ãî ñêëàäà¹òüñÿ ç òèõ åëåìåíòiâ ψ ∈ L2(R),
äëÿ ÿêèõ iñíóþòü åëåìåíòè ψ∗ ∈ L2(R), ùî
çàäîâîëüíÿþòü ñïiââiäíîøåííÿ (Ãfϕ, ψ) =

(ϕ, ψ∗) äëÿ äîâiëüíîãî ϕ ∈ D(Ãf ); ïðè öüîìó
Ã∗

fψ = ψ∗.
Äîâåäåìî, ùî Ã∗

f ⊆ Ãf (áî âêëþ÷åííÿ
Ãf ⊆ Ã∗

f äëÿ ñèìåòðè÷íîãî îïåðàòîðà ¹ î÷å-
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âèäíèì). Íåõàé ψ ∈ D(Ã∗
f ) i Ã∗

fψ = ψ∗. Ïî-
êëàäåìî

ψ =
∞∑

k=0

ck(ψ)hk, ψ∗ =
∞∑

k=0

ck(ψ
∗)hk.

Òîäi

ck(ψ
∗) = (ψ∗, hk) = (hk, Ã∗

fψ) = (Ãfhk, ψ) =

= (ψ, Ãfhk) = µν
k(ψ, hk) = µν

kck(ψ)

(òóò ìè ñêîðèñòàëèñÿ òèì, ùî hk ∈ D(Ãf )
ïðè êîæíîìó k ∈ Z+, ïðè÷îìó hk ¹ âëàñíèì
âåêòîðîì îïåðàòîðà Ãf , à µν

k = (f(2k+1))ν �
âiäïîâiäíå âëàñíå ÷èñëî). Çâiäñè çíàõîäèìî,
ùî

∞∑

k=0

µ2ν
k |ck(ψ)|2 =

∞∑

k=0

|ck(ψ
∗)|2 =

= ‖ψ∗‖2
L2(R) < ∞,

òîáòî ψ ∈ D(Ãf ). Êðiì òîãî,

Ãfψ =
∞∑

k=0

µν
kck(ψ)hk =

∞∑

k=0

ck(ψ
∗)hk = ψ∗.

Îòæå, Ã∗
f ⊆ Ãf . Íåâiä'¹ìíiñòü îïåðàòîðà A

ïåðåâiðÿ¹òüñÿ áåçïîñåðåäíüî. Òåîðåìà äîâå-
äåíà.

ßê íàñëiäîê äiñòà¹ìî, ùî ñïåêòð îïåðà-
òîðà Ãf ¹ ñóòî äèñêðåòíèì ç ¹äèíîþ ãðàíè-
÷íîþ òî÷êîþ ó íåñêií÷åííîñòi.

3. Ðîçãëÿíåìî ðiâíÿííÿ

Dβ
t u(t, x) + (−1)−[β]+1D

{β}
t Ãα

f u(t, x) = 0,

(t, x) ∈ (0,∞)× R ≡ Ω∞, (3)

äå β ∈ [−3, 0), α > 0 � ôiêñîâàíi ÷èñëà, [β]
� öiëà, à {β} � äðîáîâà ÷àñòèíè ÷èñëà β,
Dβ

t ≡ I(β) � îïåðàòîð äðîáîâîãî äèôåðåí-
öiþâàííÿ, ÿêèé äi¹ ïî çìiííié t ó ïðîñòîði
D′

+, Ãα
f � ñòåïiíü îïåðàòîðà Ãf :

L2(R) ⊃ D(Ãα
f ) 3

∞∑

k=0

ck(ϕ)hk = ϕ −→

−→ Ãα
f ϕ =

∞∑

k=0

µνα
k ck(ϕ)hk ∈ L2(R),

äå

D(Ãα
f ) = {ϕ ∈ L2(R) :

∞∑

k=0

µ2να
k |ck(ϕ)|2 < ∞,

ck(ϕ) = (ϕ, hk), k ∈ Z+}.
Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (3) ðîçóìiòèìå-

ìî ôóíêöiþ u, ÿêà çàäîâîëüíÿ¹ óìîâè:
1) u(·, x) ∈ D′

+∩C−[β]((0,∞)) ïðè êîæíî-
ìó x ∈ R;

2) u(t, ·) ∈ D(Ãα
f ) ⊂ L2(R) ïðè êîæíîìó

t > 0; u(t, ·) = 0 ïðè t < 0;
3) u çàäîâîëüíÿ¹ ðiâíÿííÿ (3).
4) ∀t > 0 ∃c = c(t) > 0:

‖D{β}
t u(t, ·)‖L2(R) ≤ c.
Òåîðåìà 2. Ôóíêöiÿ u ¹ ðîçâ'ÿçêîì ðiâ-

íÿííÿ (3) òîäi i ëèøå òîäi, êîëè âîíà ïîäà-
¹òüñÿ ó âèãëÿäi

u(t, x) =
∞∑

k=0

(
θ(t) exp{−tµ

να/(−[β])
k } ∗ g−{β}(t)

)
×

×ckhk(x), t ∈ R \ {0}, x ∈ R,

äå
γ =

∞∑

k=0

ckhk ∈ (Sω
ω )′,

ω =





1

2
, ÿêùî να/(−[β]) ≡ δ0 > 1,

1

2δ0

, ÿêùî 0 < δ0 < 1,

u(t, ·) ∈ Sω
ω ïðè êîæíîìó t > 0.

Äîâåäåííÿ. Ïåðåäóñiì ñêîðèñòà¹ìîñÿ
íàñòóïíîþ âëàñòèâiñòþ îïåðàòîðiâ Dβ

t :
Dβ

t = D
[β]+{β}
t = D

[β]
t D

{β}
t . ßêùî ââåñòè ïî-

çíà÷åííÿ D
{β}
t u(t, x) = z(t, x), òî ðiâíÿííÿ

(3) ïðè t > 0 íàáóâà¹ âèãëÿäó

∂pz(t, x)

∂tp
+ (−1)p+1Ãα

f z(t, x) = 0,

(t, x) ∈ Ω∞. (4)

Òóò [β] = −p, D
[β]
t = D−p

t =
dp

dtp
. Çàçíà÷èìî,

ùî p, çãiäíî ç îáìåæåííÿì íà ïàðàìåòð β,

84 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2008. Âèïóñê 374. Ìàòåìàòèêà.



ìîæå íàáóâàòè çíà÷åíü: p = 1, ÿêùî −1 ≤
β < 0; p = 2, ÿêùî −2 ≤ β < −1; p = 3,
ÿêùî −3 ≤ β < −2.

Ôóíêöiÿ z ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (4) òîäi
i òiëüêè òîäi, êîëè âîíà ïîäà¹òüñÿ ó âèãëÿäi

z(t, x) =
∞∑

k=0

exp{−tµ
να/p
k }ckhk(x),

γ =
∞∑

k=0

ckhk ∈ (Sω
ω )′. (5)

Ñïðàâäi, ÿêùî ôóíêöiÿ z çîáðàæà¹òüñÿ
ôîðìóëîþ (5), òî áåçïîñåðåäíüî âñòàíîâëþ-
¹ìî, ùî z çàäîâîëüíÿ¹ ðiâíÿííÿ (4).

Íàâïàêè, íåõàé z � ðîçâ'ÿçîê ðiâíÿííÿ
(4). Òîäi z(t, ·) ∈ D(Ãα

f ) ⊂ L2(R) ïðè êîæíî-
ìó t > 0. Îòæå,

z(t, x) =
∞∑

k=0

ck(t)hk(x),

ck(t) = (z(t, ·), hk), k ∈ Z+,

‖z(t, ·)‖2
L2(R) =

∞∑

k=0

|ck(t)|2, t > 0. (6)

Äîìíîæèìî (4) ñêàëÿðíî íà hk, k ∈ Z+:
(

∂pz

∂tp
, hk

)
+ (−1)p+1(Ãα

f z, hk) = 0, k ∈ Z+.

Ïðè ôiêñîâàíîìó k ∈ Z+ ìà¹ìî:

(Ãα
f z, hk) = (z, Ãα

f hk) = (z, µνα
k hk) =

= µνα
k (z, hk) = µνα

k ck(t).

Îñêiëüêè
(

∂pz(t, ·)
∂tp

, hk

)
=

∂p

∂tp
(z(t, ·), hk) =

=
∂p

∂tp
ck(t), k ∈ Z+,

òî ôóíêöiÿ ck (ïðè ôiêñîâàíîìó k ∈ Z+)
¹ p ðàçiâ íåïåðåðâíî äèôåðåíöiéîâíîþ íà
(0,∞) i çàäîâîëüíÿ¹ äèôåðåíöiàëüíå ðiâíÿ-
ííÿ

c
(p)
k (t) + (−1)p+1µνα

k ck(t) = 0, k ∈ Z+. (7)

Çíàéäåìî çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ
(7). ßêùî p = 1, òî

ck(t) = ck exp{−tµνα
k }, ck = const, k ∈ Z+.

ßêùî p = 2, òî âiäïîâiäíå õàðàêòåðèñòè-
÷íå ðiâíÿííÿ ìà¹ âèãëÿä λ2−µνα

k = 0. Çâiäñè
âèïëèâà¹, ùî çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ
(7) çîáðàæà¹òüñÿ ôîðìóëîþ

ck(t) = c
(1)
k exp{−tµ

να/2
k }+ c

(2)
k exp{tµνα/2

k },
k ∈ Z+,

äå c
(1)
k , c(2)

k , k ∈ Z+ � äîâiëüíi ñòàëi. Îñêiëüêè

u(t, x) = z(t, x) ∗ g−{β}(t),

òî

D
{β}
t u(t, x) = z(t, x) ∗ g{β} ∗ g−{β}(t) = z(t, x).

Iç óìîâè 4) âèïëèâà¹, ùî ôóíêöiÿ z çàäî-
âîëüíÿ¹ óìîâó: ‖z(t, ·)‖L2(R) ≤ c äëÿ êîæíîãî
t > 0. Çâiäñè òà iç ñïiââiäíîøåííÿ (6) äiñòà-
¹ìî, ùî c

(2)
k = 0, ∀k ∈ Z+, òîáòî

ck(t) = c
(1)
k exp{−tµ

να/2
k }, k ∈ Z+, t ∈ (0,∞).

ßêùî p = 3, òî õàðàêòåðèñòè÷íå ðiâíÿí-
íÿ ìà¹ âèãëÿä

λ3 + µνα
k = 0, k ∈ Z+.

Òîäi

λ1 = −µ
να/3
k , λ2 = µ

να/3
k (

√
3/2 + i/2),

λ3 = µ
να/3
k (

√
3/2− i/2).

Çâiäñè âèïëèâà¹, ùî çàãàëüíèé ðîçâ'ÿçîê
ðiâíÿííÿ

c′′′k (t) + µνα
k ck(t) = 0, k ∈ Z+,

äà¹òüñÿ ôîðìóëîþ

ck(t) = c
(1)
k exp{−tµ

να/3
k }+

+c
(2)
k exp

{√
3

2
tµ

να/3
k

}
×

× cos

(
t

2
µ

να/3
k

)
+
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+c
(3)
k exp

{√
3

2
tµ

να/3
k

}
×

× sin

(
t

2
µ

να/3
k

)
, k ∈ Z+,

äå c
(1)
k , c

(2)
k , c

(3)
k � äîâiëüíi ñòàëi.

Iç óìîâè 4) âèïëèâà¹, ùî c
(2)
k = c

(3)
k = 0,

∀k ∈ Z+, òîáòî

ck(t) = c
(1)
k exp{−tµ

να/3
k }, k ∈ Z+.

Ó âñiõ öèõ âèïàäêàõ ìà¹ìî, ùî çàãàëüíèé
ðîçâ'ÿçîê ðiâíÿííÿ (7) çîáðàæà¹òüñÿ ôîðìó-
ëîþ

ck(t) = ck exp{−tµ
να/p
k }, k ∈ Z+, t ∈ (0,∞),

äå ck = const, k ∈ Z+. Îòæå, ðîçâ'ÿçîê ðiâ-
íÿííÿ (4) ìà¹ âèãëÿä:

z(t, x) =
∞∑

k=0

exp{−tµ
να/p
k }ckhk(x), (t, x) ∈ Ω∞.

Äîâåäåìî òåïåð, ùî γ =
∞∑

k=0

ckhk ∈

(Sω
ω )′. Äëÿ öüîãî ñêîðèñòà¹ìîñÿ òèì, ùî

‖z(t, ·)‖L2(R) ≤ c äëÿ êîæíîãî t > 0. Iç îáìå-
æåíü íà ôóíêöiþ f âèïëèâà¹, ùî

µk = f(2k + 1) ≥ d0(2k + 1). (8)

Óðàõóâàâøè (8) òà (6) çíàéäåìî, ùî
∞∑

k=0

|ck|2 exp{−2td0(2k + 1)να/p} ≤ c,

c = c(t) > 0,

òîáòî |ck| ≤ c exp{td0(2k + 1)να/p}, ∀k ∈ Z+.
Öå i îçíà÷à¹, ùî γ ∈ (Sω

ω )′. Çâiäñè âæå âè-
ïëèâà¹, ùî z(t, ·) ∈ Sω

ω ⊂ D(Ãα
f ) ïðè êîæíî-

ìó t > 0. Êðiì òîãî,

z(t, ·) = u(t, ·) ∗ g{β}(t)

(ïðè öüîìó z = 0 ïðè t < 0). Òîäi

u(t, x) = z(t, x) ∗ g−{β}(t) =

=
∞∑

k=0

(θ(t) exp{−tµ
να/(−[β])
k }∗g−{β}(t))ckhk(x),

ùî é ïîòðiáíî áóëî äîâåñòè. Òåîðåìà äîâå-
äåíà.

Íàñëiäîê 1. Ãðàíè÷íå çíà÷åííÿ
D
{β}
t u(t, ·) ïðè t → +0 iñíó¹ â ïðîñòîði

(Sω
ω )′, òîáòî

D
{β}
t u(t, ·)−→

t→+0
γ =

∞∑

k=0

ckhk.

Çàóâàæåííÿ 1. ßêùî β íàáóâà¹ çíà÷åíü
−1, −2, −3, òî ìà¹ìî âiäïîâiäíî ðiâíÿííÿ

∂u(t, x)

∂t
+ Ãα

f u(t, x) = 0, (t, x) ∈ Ω∞;

∂2u(t, x)

∂t2
− Ãα

f u(t, x) = 0, (t, x) ∈ Ω∞;

∂3u(t, x)

∂t3
+ Ãα

f u(t, x) = 0, (t, x) ∈ Ω∞;

ïðè öüîìó g−{β} = g0 = θ′ = δ, òîáòî

θ(t) exp{−tµδ0
k } ∗ g−{β}(t) =

= θ(t) exp{−tµδ0
k } ∗ δ(t) = θ(t) exp{−tµδ0

k },
δ0 = να/p.

Îòæå, ïðè t > 0 ðîçâ'ÿçêè öèõ ðiâíÿíü
çîáðàæàþòüñÿ ôîðìóëîþ

u(t, x) =
∞∑

k=0

exp{−tµ
να/p
k }ckhk(x), t > 0, x ∈ R.

Äëÿ âêàçàíèõ ðiâíÿíü íàñëiäîê 1 ôîðìó-
ëþ¹òüñÿ òàê: ãðàíè÷íå çíà÷åííÿ u(t, ·) ïðè
t → +0 iñíó¹ â ïðîñòîði (Sω

ω )′. Îòæå, (Sω
ω )′ ¹

ó ïåâíîìó ðîçóìiííi "ìàêñèìàëüíèì" ïðî-
ñòîðîì, ó ÿêîìó iñíóþòü ãðàíè÷íi çíà÷åííÿ
ôóíêöi¨ D

{β}
t u(t, ·) ïðè t → +0.

Ñêîðèñòàâøèñü íàñëiäêîì 1 ç òåîðåìè 2,
ïîñòàâèìî çàäà÷ó Êîøi äëÿ ðiâíÿííÿ (3)
òàê. Äëÿ (3) çàäàìî ïî÷àòêîâó óìîâó

D
{β}
t u(t, ·)|t=0 = γ, (9)

äå γ ∈ (Sω
ω )′. Ïiä ðîçâ'ÿçêîì çàäà÷i Êî-

øi (3), (9) ðîçóìiòèìåìî ðîçâ'ÿçîê ðiâíÿííÿ
(3), ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó (9)
ó òîìó ñåíñi, ùî

D
{β}
t u(t, ·) → γ, t → +0,
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ó ïðîñòîði (Sω
ω )′. Iç îäåðæàíèõ âèùå ðåçóëü-

òàòiâ âèïëèâà¹ íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 3. Çàäà÷à Êîøi (3), (9) êîðå-

êòíî ðîçâ'ÿçíà ó ïðîñòîði ïî÷àòêîâèõ äà-
íèõ (Sω

ω )′. �¨ ðîçâ'ÿçîê çîáðàæà¹òüñÿ ôîð-
ìóëîþ

u(t, x) =
∞∑

k=0

(θ(t) exp{−tµ
να/(−[β])
k }∗g−{β}(t))×

×ckhk(x), t ∈ R \ {0}, x ∈ R,

äå γ =
∞∑

k=0

ckhk ∈ (Sω
ω )′; u(t, ·) ∈ Sω

ω ïðè êîæ-

íîìó t > 0.
Òàêèì ÷èíîì, (Sω

ω )′ ¹ ìàêñèìàëüíèì ïðî-
ñòîðîì ïî÷àòêîâèõ äàíèõ çàäà÷i Êîøi, ïðè
ÿêèõ âiäïîâiäíi ðîçâ'ÿçêè ðiâíÿííÿ (3) ¹ ïðè
t > 0 íåñêií÷åííî äèôåðåíöiéîâíèìè ïî x
ôóíêöiÿìè.
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