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ÀÑÈÌÏÒÎÒÈ×ÍÅ ÏÎÂÎÄÆÅÍÍß ÐÎÇÂ'ßÇÊIÂ IÑÒÎÒÍÎ
ÍÅËIÍIÉÍÈÕ ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ ÄÐÓÃÎÃÎ ÏÎÐßÄÊÓ

Âñòàíîâëåíî àñèìïòîòè÷íi çîáðàæåííÿ äëÿ ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî
ïîðÿäêó, ùî ìiñòÿòü ó ïðàââié ÷àñòèíi ñóìó äîäàíêiâ iç íåëiíiéíîñòÿìè áiëüø çàãàëüíîãî âèäó,
íiæ íåëiíiéíîñòi òèïó Åìäåíà-Ôàóëåðà.

We �nd asymptotic representations for solutions of second-order di�erential equations that
have righthand sides containing nonlinearities of a more general form than the Emden-Fovler type
nonlinearities.

1. Ôîðìóëþâàííÿ îñíîâíèõ ðåçóëü-
òàòiâ.

Ðîçãëÿäà¹òüñÿ äèôåðåíöiàëüíå ðiâíÿííÿ
äðóãîãî ïîðÿäêó

y′′ =
m∑

i=1

αipi(t)ϕi0(y)ϕi1(y
′), (1.1)

äå αi ∈ {−1, 1},(i = 1, ..., m), pi : [a, ω[→
]0, +∞[ (i = 1, ..., m), (−∞ < a < ω ≤ +∞1)
� íåïåðåðâíî-äèôåðåíöiéîâíi ôóíêöi¨, ri :
[a, ω[→ R (i = 1, ..., m) � íåïåðåðâíi ôóí-
êöi¨, ùî çàäîâîëüíÿþòü óìîâè

lim
t↑ω

ri(t) = 0(i = 1, ...,m) (1.2)

ϕik : ∆k →]0, +∞[ ( k = 0, 1; i = 1, ..., m)�
äâi÷è íåïåðåðâíî-äèôåðåíöiéîâíi ôóíêöi¨,

∆k =

{
aáî [y0

k, Yk[,
aáî ]Yk, y

0
k],

y0
k ∈ R, (1.3.1)

Yk =

{
aáî 0,
aáî ±∞,

y0
k ∈ R, k = 0, 12,

(1.3.2)
ïðè÷îìó ϕik òàêi, ùî ïðè êîæíîìó k ∈

{0, 1}
lim
z→Yk
z∈∆k

ϕik(z) = ϕ0
ik, 0 ≤ ϕ0

ik ≤ +∞, i = 1, ...,m

(1.4)

1Ïðè ω = +∞ ââàæà¹ìî, ùî a > 0.
2Ïðè Yi = +∞(Yi = −∞) ââàæà¹ìî, ùî y0

i > 0 (y0
i < 0).

i ÿêùî ϕik(z) íå ¹ ñòàëîþ íà ïðîìiæêó ∆k,
òî

ϕ′ik(z) 6= 0 ïðè z ∈ ∆k,

lim
z→Yk
z∈∆k

zϕ′ik(z)

ϕik(z)
= σik = const,

(1.5.1)

lim sup
z→Yk

z∈∆Yk

∣∣∣∣
zϕ′′ik(z)

ϕ′ik(z)

∣∣∣∣ < +∞. (1.5.2)

Ïîêëàäåìî

πω(t) =

{
t ïðè ω = +∞,
t− ω ïðè ω < +∞,

Îçíà÷åííÿ 1.1. Ðîçâ'ÿçîê y ðiâíÿííÿ (1.1),
ÿêèé âèçíà÷åíî íà ïðîìiæêó [t0, ω) ⊂ [a, ω)
áóäåìî íàçèâàòè Ïω(Y0, Y1, µ0)-ðîçâ'ÿçêîì,
äå −∞ ≤ µ0 ≤ +∞, ÿêùî âií çàäîâîëüíÿ¹
íàñòóïíi óìîâè:

y(k) : [t0, ω) → ∆k, lim
t↑ω

y(k)(t) = Yk (k = 0, 1)

(1.6)

lim
t↑ω

πω(t)y′′(t)
y′(t)

(1.7.1)

i ïðè

µ0 = ±∞ lim
t↑ω

y′′(t)y(t)

[y′(t)]2
= 1. (1.7.2)

Îçíà÷åííÿ 1.2. Áóäåìî êàçàòè, ùî ôóíê-
öiÿ ϕik (i ∈ {1, ..., m}, k ∈ {0, 1}) ìà¹ âëà-
ñòèâiñòü Lk, ÿêùî äëÿ äîâiëüíî¨ äâi÷i íåïå-
ðåðâíî äèôåðåíöiéîâíî¨ i ïîâiëüíî ìiíëèâî¨
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ôóíêöi¨ L(t) : [a, ω) → ∆k âèêîíó¹òüñÿ ïðè
t ↑ ω ðiâíiñòü

ψik

(|πω(t)|1−k+µ0L(t)
)

=

= ψik

(|πω(t)|1−k+µ0signL(t)
)
[1 + o(1)],

äå ψik(y) = ϕik(y)|y|−σik .
Ïîäiëèìî ìíîæèíó M = {1, 2, ..., m} íà

÷îòèðè ïiäìíîæèíè :

M1 = {i ∈ M : ϕ0
ik = const 6= 0, k = 0, 1};

M2 = {i ∈ M \M1 : ϕ0
i1 = const 6= 0};

M3 = {i ∈ M \M1 : ϕ0
i0 = const 6= 0};

M4 =∈ M \ (M1 ∪M2 ∪M3).

Â [4] ðîçãëÿäàëèñÿ òi Ïω(Y0, Y1, µ0)-
ðîçâ'ÿçêè, íà ÿêèõ ïðàâà ÷àñòèíà ðiâíÿííÿ
(1.1) àñèìïòîòè÷íî åêâiâàëåíòíà ïðè t ↑ ω
i-ìó äîäàíêó, äå i ∈ M1 (ÿêùî M1 6= ∅).
Ìåòîþ öi¹¨ ðîáîòè ¹ îòðèìàííÿ àíàëîãi-
÷íèõ ðåçóëüòàòiâ ó âèïàäêó, êîëè i ∈ M2+k

(k ∈ {0, 1}, M2+k 6= ∅) i µ0 ∈ R \ {0;−1}.
Ââåäåìî äîïîìiæíi ïîçíà÷åííÿ

Ii1(t) =

t∫

Ai1

pi(s) ds,

Ii2 =

t∫

Ai2

πω(s)pi(s) ds,

äå

Ai1 =





a, ÿêùî
∫ ω

a
pi(s) ds = +∞,

ω, ÿêùî
∫ ω

a
pi(s) ds < +∞,

Ai2 =





a, ÿêùî
∫ ω

a
πω(s)pi(s) ds = +∞,

ω, ÿêùî
∫ ω

a
πω(s)pi(s) ds < +∞.

Îêðiì òîãî, ïðè i ∈ M2+k (k ∈ {0, 1}) ââåäå-
ìî ôóíêöiþ

Φik(s) =

s∫

Bik

dz

ϕik(z)
,

äå

Bik =





y0
k, ÿêùî

∣∣∣
∫ Yk

y0
k

dz
ϕik(z)

∣∣∣ = +∞,

Yk, ÿêùî
∣∣∣
∫ Yk

y0
k

dz
ϕik(z)

∣∣∣ < +∞,

Äëÿ öi¹¨ ôóíêöi¨ iñíó¹ îáåðíåíà ôóíêöiÿ
Φ−1

ik , âèçíà÷åíà ïðè Bik = y0
k íà íåñêií÷åí-

íîìó ïðîìiæêó

∆ik =





[0; +∞), ÿêùî (1− σik)y
0
k < 0,

(−∞; 0], ÿêùî (1− σik)y
0
k > 0,

(1.8.1)
i ïðè Bik = Yk íà ñêií÷åííîìó ïðîìiæêó

∆ik =





[bik; 0), ÿêùî (1− σik)y
0
k < 0,

(0; bik], ÿêùî (1− σik)y
0
k > 0,

(1.8.2)

äå bik =
∫ y0

k

Yk

dz
ϕik(z)

, ïðè÷îìó

lim
y(k)→Yk

Φik(y
(k)) = ∞, lim

z→∞
Φ−1

ik (z) = Yk

(1.9.1)
ïðè Bik = y0

k,

lim
y(k)→Yk

Φik(y
(k)) = 0, lim

z→0
Φ−1

ik (z) = Yk (1.9.2)

ïðè Bik = Yk.
Âèêîðèñòîâóþ÷è ïðàâèëî Ëîïiòàëÿ, ç

(1.5.1) îòðèìà¹ìî ïðè σik < 1 ñïiââiäíîøåí-
íÿ

lim
s→Yk
s∈∆k

Φik(s)
s

ϕik(s)

=
1

1− σik

(k = 0, 1). (1.10)

Êàæåìî, ùî ïðè ôiêñîâàíîìó µ0 ∈ R
âèêîíó¹òüñÿ óìîâà Sik (i ∈ {1, ..., m}, k ∈
{0; 1}), ÿêùî M2+k 6= ∅, i ∈ M2+k i

lim sup
t↑ω

|πω(t)|
[
p′j(t)

pj(t)
− p′i(t)

pi(t)

]
< ξ0

ij

ïðè j ∈ M \ {i}, äå

ξ0
ijsignπω(t) =
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=





(1− k + µ0)σik, j ∈ M1,

(1− k + µ0)(σik − σjk), j ∈ M2+k, j 6= i,

(1− k + µ0)σik−
−(k + µ0)σj1−k, j ∈ M3−k,

(1− k + µ0)(σik−
−σjk)− (k + µ0)σj1−k, j ∈ M4,

Òåîðåìà 1.1. Íåõàé µ0 ∈ R \ {0; 1} i äëÿ
äåÿêîãî i ∈ M2 ñïðàâäæó¹òüñÿ óìîâà Si0,
ïðè÷îìó σi0 6= 1. Òîäi äëÿ iñíóâàííÿ ó ðiâíÿ-
ííÿ (1.1) Ïω(Y0, Y1, µ0)-ðîçâ'ÿçêiâ íåîáõiäíî,
à ÿêùî âèêîíó¹òüñÿ îäíà ç íàñòóïíèõ äâîõ
óìîâ:

µ0 6= −1

2
; µ0 = −1

2
i σi0 < 1 (1.11)

òî é äîñòàòíüî, ùîá

Y0 =





±∞, ÿêùî lim
t↑ω
|Ii2(t)|1−σi0 = +∞,

0, ÿêùî lim
t↑ω
|Ii2(t)|1−σi0 = 0,

(1.12.1)

Y1 =




∞, ïðè µ0πω(t) > 0,

0, ïðè µ0πω(t) < 0,
(1.12.2)

ñïðàâäæóâàëèñü íåðiâíîñòi

αiµ0(1− σi0)Ii2(t)y
0
0 > 0, t ∈ (a, ω) (1.13.1)

(1 + µ0)πω(t)y0
0y

0
1 > 0 (1.13.2)

i ìàëå ìiñöå ãðàíè÷íå ñïiââiäíîøåííÿ

lim
t↑ω

πω(t)I ′i2(t)
Ii2(t)

= (1 + µ0)(1− σi0). (1.14)

Îêðiì òîãî, êîæíèé ç öèõ ðîçâ'ÿçêiâ äîïó-
ñêà¹ ïðè t ↑ ω àñèìïòîòè÷íi çîáðàæåííÿ

y(t)

ϕi0(y(t))
=

αi(1− σi0)

µ0

ϕ0
i1Ii2(t)[1 + o(1)],

(1.15.1)
y′(t)
y(t)

=
1 + µ0

πω(t)
[1 + o(1)]. (1.15.2)

Òåîðåìà 1.2. Íåõàé µ0 ∈ R \ {0; 1} i äëÿ
äåÿêîãî i ∈ M3 ñïðàâäæó¹òüñÿ óìîâà Si1,

ïðè÷îìó σi1 6= 1. Òîäi äëÿ iñíóâàííÿ ó ðiâíÿ-
ííÿ (1.1) Ïω(Y0, Y1, µ0)-ðîçâ'ÿçêiâ íåîáõiäíî
i äîñòàòíüî, ùîá

Y1 =





±∞, ÿêùî lim
t↑ω
|Ii1(t)|1−σi1 = +∞,

0, ÿêùî lim
t↑ω
|Ii2(t)|1−σi1 = 0,

(1.16.1)

Y0 =




∞, ïðè µ0πω(t) > 0,

0, ïðè µ0πω(t) < 0,
(1.16.2)

âèêîíóâàëèñü íåðiâíîñòi

αi(1− σi1)Ii1(t)y
0
1 > 0, t ∈ (a, ω) (1.17.1)

(1 + µ0)πω(t)y0
0y

0
1 > 0 (1.17.2)

i ìàëî ìiñöå ãðàíè÷íå ñïiââiäíîøåííÿ

lim
t↑ω

πω(t)I ′i1(t)
Ii1(t)

= (1 + µ0)(1− σi1). (1.18)

Îêðiì òîãî, êîæíèé ç öèõ ðîçâ'ÿçêiâ äîïó-
ñêà¹ ïðè t ↑ ω àñèìïòîòè÷íi çîáðàæåííÿ

y′(t)
ϕi1(y′(t))

= αi(1− σi1)ϕ
0
i0Ii1(t)[1 + o(1)],

(1.19.1)
y(t)

y′(t)
=

πω(t)

1 + µ0

[1 + o(1)]. (1.19.2)

Òåîðåìà 1.3. Íåõàé âèêîíóþòüñÿ óìîâè
òåîðåìè 1.1 i, îêðiì òîãî, ôóíêöiÿ ϕi0 ìà¹
âëàñòèâiñòü L0. Òîäi êîæåí Ïω(Y0, Y1, µ0)-
ðîçâ'ÿçîê ðiâíÿííÿ (1.1) ïðè t ↑ ω ìîæå áó-
òè çîáðàæåíèé ó âèãëÿäi

y(t) =

∣∣∣∣
1− σi0

µ0

ϕ0
i1Ii2(t)ψi0

(|πω(t)|1+µ0ν0

)∣∣∣∣
1

1−σi0 ×

×ν0[1 + o(1)], (1.20.1)

y′(t) =
1 + µ0

πω(t)
×

×
∣∣∣∣
1− σi0

µ0

ϕ0
i1Ii2(t)ψi0

(|πω(t)|1+µ0ν0

)∣∣∣∣
1

1−σi0 ×

×ν0[1 + o(1)], (1.20.2)

äå ν0 = sign
(

αi(1−σi0)
µ0

Ii2(t)
)

.
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Òåîðåìà 1.4. Íåõàé âèêîíóþòüñÿ óìîâè
òåîðåìè 1.2 i, îêðiì òîãî, ôóíêöiÿ ϕi1 ìà¹
âëàñòèâiñòü L1. Òîäi êîæåí Ïω(Y0, Y1, µ0)-
ðîçâ'ÿçîê ðiâíÿííÿ (1.1) ïðè t ↑ ω ìîæå áó-
òè çîáðàæåíèé ó âèãëÿäi

y′(t) =
∣∣1− σi1ϕ

0
i0Ii1(t)ψi1 (|πω(t)|µ0ν1)

∣∣ 1
1−σi1 ×

×ν1[1 + o(1)], (1.20.1)

y(t) =
πω(t)

1 + µ0

×

×
∣∣1− σi1ϕ

0
i0Ii1(t)ψi1 (|πω(t)|µ0ν1)

∣∣ 1
1−σi1 ×

×ν1[1 + o(1)], (1.20.2)

äå ν1 = sign (αi(1− σi1)Ii1(t)) .
2. Äîïîìiæíi òâåðäæåííÿ.
Ëåìà 2.1. Íåõàé y : [t0, ω) → ∆0 �

Ïω(Y0, Y1, µ0)-ðîçâ'ÿçîê ðiâíÿííÿ (1.1). Òîäi
ìàþòü ìiñöå ãðàíè÷íi ñïiââiäíîøåííÿ

lim
t↑ω

πω(t)y′(t)
y(t)

= 1 + µ0 ïðè |µ0| < +∞,

lim
t↑ω

πω(t)y′(t)
y(t)

= ±∞ ïðè µ0 = ±∞.

Äîâåäåííÿ öüîãî òâåðäæåííÿ ïðè ðiçíèõ
çíà÷åííÿõ Y0 i µ0 ìiñòèòüñÿ ó [2,3].

Ëåìà 2.1. Íåõàé |µ0| < +∞ i âèêîíó¹-
òüñÿ óìîâà Sik, k ∈ {0, 1}, i ∈ {1, ..., m}. Òî-
äi äëÿ êîæíîãî Ïω(Y0, Y1, µ0)-ðîçâ'ÿçêà ðiâ-
íÿííÿ (1.1)

lim
t↑ω

pj(t)ϕj0(y(t))ϕj1(y
′(t))

pi(t)ϕi0(y(t))ϕi1(y′(t))
= 0 ïðè j ∈ M\{i}.

(2.1)

Äîâåäåííÿ. Íåõàé y : [t0, ω) → ∆0 �
äîâiëüíèé Ïω(Y0, Y1, µ0)-ðîçâ'ÿçîê ðiâíÿííÿ
(1.1). Ïðè k ∈ {0; 1} ââåäåìî ôóíêöi¨

zj1(t) =
pj(t)

pi(t)ϕik(y(k)(t))
, ÿêùî j ∈ M1

zj2+k(t) =
pj(t)ϕjk(y

(k)(t))

pi(t)ϕik(y(k)(t))
,

ÿêùî j ∈ M2+k, i 6= j

zj3−k(t) =
pj(t)ϕj1−k(y

(1−k)(t))

pi(t)ϕik(y(k)(t))
,

ÿêùî j ∈ M3−k

zj4(t) =
pj(t)ϕj0(y(t))ϕj1(y

′(t))
pi(t)ϕik(y(k)(t))

, ÿêùî j ∈ M4.

Òîäi

z′j1(t) =
pj(t)

pi(t)ϕik(y(k)(t))

[
p′j(t)

pj(t)
− p′i(t)

pi(t)
−

−y(k+1)(t)ϕ′ik(y
(k)(t))

ϕik(y(k)(t))

]
,

z′j2+k(t) =
pj(t)ϕjk(y

(k)(t))

pi(t)ϕik(y(k)(t))

[
p′j(t)

pj(t)
− p′i(t)

pi(t)
+

+
y(k+1)(t)ϕ′jk(y

(k)(t))

ϕjk(y(k)(t))
− y(k+1)(t)ϕ′ik(y

(k)(t))

ϕik(y(k)(t))

]
,

z′j3−k(t) =
pj(t)ϕj1−k(y

(1−k)(t))

pi(t)ϕik(y(k)(t))

[
p′j(t)

pj(t)
− p′i(t)

pi(t)
+

+
y(2−k)(t)ϕ′j1−k(y

(1−k)(t))

ϕj1−k(y(1−k)(t))
− y(k+1)(t)ϕ′ik(y

(k)(t))

ϕik(y(k)(t))

]
,

z′j4(t) =
pj(t)ϕj0(y(t))ϕj1(y

′(t))
pi(t)ϕik(y(k)(t))

[
p′j(t)

pj(t)
− p′i(t)

pi(t)
+

+
y′′(t)ϕ′j1(y

′(t))

ϕj1(y′(t))
+

y′(t)ϕ′j0(y(t))

ϕj0(y(t))
−

−y(k+1)(t)ϕ′ik(y
(k)(t))

ϕik(y(k)(t))

]
.

Çàïèøåìî öi ñïiââiäíîøåííÿ ó âèãëÿäi

z′j1(t) =
zj1(t)

|πω(t)|
[ |πω(t)|p′j(t)

pj(t)
− |πω(t)|p′i(t)

pi(t)
−

−|πω(t)|y(k+1)(t)

y(k)(t)
· y(k)(t)ϕ′ik(y

(k)(t))

ϕik(y(k)(t))

]
,

z′j2+k(t) =
zj2+k(t)

|πω(t)|
[ |πω(t)|p′j(t)

pj(t)
− |πω(t)|p′i(t)

pi(t)
+

+
|πω(t)|y(k+1)(t)

y(k)(t)

(
y(k)(t)ϕ′jk(y

(k)(t))

ϕjk(y(k)(t))
−

−y(k)(t)ϕ′ik(y
(k)(t))

ϕik(y(k)(t))

)]
,

z′j3−k(t) =
zj3−k(t)

|πω(t)|
[ |πω(t)|p′j(t)

pj(t)
− |πω(t)|p′i(t)

pi(t)
+
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+
|πω(t)|y(2−k)(t)

y(1−k)(t)
· y(1−k)(t)ϕ′j1−k(y

(1−k)(t))

ϕj1−k(y(k)(t))
−

−|πω(t)|y(k+1)(t)

y(k)(t)

y(k)(t)ϕ′ik(y
(k)(t))

ϕik(y(k)(t))

]
,

z′j4(t) =
zj4(t)

|πω(t)|
[ |πω(t)|p′j(t)

pj(t)
− |πω(t)|p′i(t)

pi(t)
+

+
|πω(t)|y′′(t)

y′(t)
· y′(t)ϕ′j1(y

′(t))

ϕj1(y′(t))
+

+
|πω(t)|y′(t)

(t)
· y(t)ϕ′j0(y(t))

ϕj0(y(t))
−

−|πω(t)|y(k+1)(t)

y(k)(t)

y(k)(t)ϕ′ik(y
(k)(t))

ϕik(y(k)(t))

]
,

Â ñèëó óìîâ (1.6) i (1.5.2)

lim
t↑ω

y(k)(t)ϕ′jk(y
(k)(t))

ϕ′jk(y
(k)(t))

= σjk (2.2)

k = 0, 1; j = 1, ..., m.

Îêðiì òîãî, çãiäíî ç óìîâàìè (1.6), (1.7.1) i
ëåìîþ 2.1

lim
t↑ω

πω(t)y(k+1)(t)

y(k)(t)
= 1− k + µ0 (2.3)

k = 0, 1; |µ0| < +∞.

Òîìó â ñèëó Sik iñíóþòü ñòàëi zil < 0 (l =
1, 4) i t1 ∈ [t0; ω) òàêi, ùî ìàþòü ìiñöå íåðiâ-
íîñòi

z′jl(t) ≤
z0

jl · zjl(t)

|πω(t)| l = 1, 4, t ∈ [t1; ω).

Çâiäñè çíàõîäèìî

ln

∣∣∣∣
zjl(t)

zjl(t1)

∣∣∣∣ ≤ z0
jl

t∫

t1

dτ

|πω(τ)| l = 1, 4, t ∈ [t1; ω).

Îñêiëüêè âèðàçè, ùî ñòîÿòü ïðàâîðó÷ ïðÿ-
ìóþòü äî (−∞) ïðè t ↑ ω, òî

lim
t↑ω

zjl(t) = 0 l = 1, 4.

Ç öèõ ãðàíè÷íèõ ñïiââiäíîøåíü, âðàõîâóþ÷è
îçíà÷åííÿ ìíîæèí Ml (l = 1, 4), âèïëèâàþòü
(2.1).

2. Äîâåäåííÿ îñíîâíèõ òåîðåì.
Äîâåäåííÿ òåîðåìè 1.1. Íåîáõiä-

íiñòü. Íåõàé y : [t0, ω) → ∆0 � äîâiëü-
íèé Ïω(Y0, Y1, µ0)-ðîçâ'ÿçîê ðiâíÿííÿ (1.1).
Îñêiëüêè µ0 6= −1, òî ç ëåìè 2.1 âèïëèâàþòü
(1.12.2), (1.13.2) i (1.15.2). Â ñèëó âèêîíàííÿ
óìîâè Si0 ç ëåìè 2.2 âèõîäèòü, ùî

y′′(t) = αipi(t)ϕi0(y(t))ϕ0
i1[1 + o(1)] ïðè t ↑ ω.

(3.1)
Âðàõîâóþ÷è (1.5.1), (3.1) i óìîâó σi0 6= 1 ç
âèêîðèñòàííÿì ïðàâèëà Ëîïiòàëÿ (ó ôîðìi
Øòîëüöà) çíàõîäèìî

lim
t↑ω

y(t)

Ii2(t)ϕi0(y(t))
= lim

t↑ω

(
y(t)

ϕi0(y(t))

)′

I ′i2(t)
=

= lim
t↑ω

y′(t)
ϕi0(y(t))

[
1− y(t)ϕ′i0(y(t))

ϕi0(y(t))

]

πω(t)pi(t)
=

= lim
t↑ω

αi

µ0

pi(t)πω(t)ϕ0
i1[1− σi0]

πω(t)pi(t)
=

=
αi[1− σi0]ϕ

0
i1

µ0

. (3.2)

Ç öüîãî ãðàíè÷íîãî ñïiââiäíîøåííÿ âèõî-
äÿòü (1.13.1) i (1.15.1). Îêðiì òîãî, ÿêùî ñêî-
ðèñòàòèñÿ (1.6), (1.5.1) i (3.2), òî îòðèìà¹ìî
ïðè t ↑ ω

|y(t)|1−σi0signy(t) ∼ αi

µ0

ϕ0
i1(1− σi0)Ii2(t),

ç ÷îãî âèïëèâà¹ óìîâà (1.12.1). Â ñèëó (3.1)
i (3.2) ïðè t ↑ ω

πω(t)y′(t)
y(t)

∼

∼
πω(t)αi

µ0
pi(t)πω(t)ϕ0

i1ϕi0(y(t))

αi(1−σi0)ϕ0
i1

µ0
Ii2(t)ϕi0(y(t))

=

=
π2

ω(t)pi(t)

(1− σi0)Ii2(t)
=

πω(t)I ′i2(t)
(1− σi0)Ii2(t)

.

Ç óðàõóâàííÿì ëåìè 2.1 ç öüîãî âèðàçó âè-
õîäèòü ñïðàâåäëèâiñòü óìîâè (1.14).

Äîñòàòíiñòü. Íåõàé ñïðàâäæóþòüñÿ
óìîâè (1.11)-(1.14). Â ñèëó (1.8.l), (1.9.l),
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(1.10), (1.12.l), (1.13.l), äå l=1,2, i óìîâè σi0 6=
1 îäíîçíà÷íî âèçíà÷àþòüñÿ çíà÷åííÿ Yk i
ïðîìiæêè ∆k, ∆ik (k = 0, 1). Âñòàíîâèâøè
Yk i ∆k (k = 0, 1), äîâåäåìî iñíóâàííÿ ó ðiâ-
íÿííÿ (1.1) ïðèíàéìíi îäíîãî Ïω(Y0, Y1, µ0)-
ðîçâ'ÿçêà, êîòðèé ìà¹ ïðè t ↑ ω àñèìïòîòè-
÷íi çîáðàæåííÿ (1.15.1), (1.15.2). Äëÿ öüîãî
çàñòîñó¹ìî äëÿ ðiâíÿííÿ (1.1) ïåðåòâîðåííÿ

Φi0(y(t)) =
αi

µ0

ϕ0
i1Ii2(t)[1 + v1(x)], (3.31)

y′(t)
y(t)

=
1 + µ0

πω(t)
[1 + v2(x)], (3.3.2)

äå
x = β ln |πω(t)|,

β =

{
1 ïðè ω = +∞,

−1 ïðè ω < +∞.

Îäåðæèìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâ-
íÿíü




v′1 = β

[
−πω(t)I ′i2(t)

Ii2(t)
[1 + v1]+

+
αiµ0[1 + µ0]

ϕ0
i1Ii2(t)

· Yi(t, v1)
ϕi0 (Yi(t, v1))

[1 + v2]

]
,

v′2 = β [1 + v2 − (1 + µ0)[1 + v2]
2+

+
π2

ω(t)
(1 + µ0)Yi(t, v1)

m∑
j=1

αjpj(t)[1 + rj(t)]×

×ϕj0 (Yi(t, v1)) ϕj1

(
Y

[
i [1](t, v1, v2)

)]
,

(3.4)
äå

Yi(t, v1) = Φ−1
i0

(
αi

µ0

ϕ0
i1Ii2(t)[1 + v1]

)
,

Y
[1]
i (t, v1, v2) =

1 + µ0

πω(t)
Yi(t, v1)[1 + v2],

t =

{
ex ïðè ω = +∞,
ω − e−x ïðè ω < +∞.

Âêàæåìî äåÿêi âëàñòèâîñòi ôóíêöié Yi i Y [1]
i .

Â ñèëó (1.12.1), (1.13.1) i óìîâè µ0 6= 0 ìî-
æíà âèáðàòè t1 ∈ (a, ω) òàê, ùîá

3

2
αiµ0ϕ

0
i1Ii2(t) ⊂ ∆i0 ïðè t ∈ [t1, ω).

Òîäi ç óðàõóâàííÿì (1.8.l), äå l=1,2, îòðèìà-
¹ìî

lim
t↑ω

Yi(t, v1) = Y0 (3.5.1)

ðiâíîìiðíî ïî v1 ∈
[−1

2
; 1

2

]
;

Yi(t, v1) ⊂ ∆0, (3.5.2)

t ∈ [t1, ω), |v1| ≤ 1
2
.

Ïðè êîæíîìó ôiêñîâàíîìó çíà÷åííi v1

Y ′
i (t, c) = ϕi0 (Yi(t, c))

αi

µ0

ϕ0
i1[1 + c]πω(t)pi(t).

Îêðiì òîãî, çà ïðàâèëîì Ëîïiòàëÿ

lim
t↑ω

Yi(t, )

ϕi0 (Yi(t, )) Ii2(t)
=

αi

µ0

(1− σi0)[1 + c]ϕ0
i1

(3.6)
àáî ïðè t ↑ ω

Yi(t, )

ϕi0 (Yi(t, ))
=

αi

µ0

(1−σi0)[1+c]ϕ0
i1Ii2(t)[1+o(1)].

Òîäi ç óðàõóâàííÿì âèäó Y ′
i (t, c) îòðèìà¹ìî

lim
t↑ω

πω(t)Y ′
i (t, c)

Yi(t, c)
= 1 + µ0 (3.7)

àáî ïðè t ↑ ω
Yi(t, c) =

= (1 + µ0)|πω(t)|1+µ0+o(1)sign (πω(t)Yi(t, c)) .

Ç îñòàííüî¨ ðiâíîñòi ç óðàõóâàííÿì óìîâ
(1.12.2), (1.13.2) i ìîíîòîííîñòi ôóíêöi¨ Yi

âèõîäèòü, ùî

lim
t↑ω

Y
[1]
i (t, v1, v2) = Y1 (3.8)

ðiâíîìiðíî ïî vk ∈
[−1

2
; 1

2

]
(k = 1, 2). Öå ãðà-

íè÷íå ñïiââiäíîøåííÿ i (1.13.2), (3.5.2) äà-
þòü ìîæëèâiñòü âèáðàòè t2 ∈ [t1, ω) òàê, ùîá

Y
[1]
i (t, v1, v2) ⊂ ∆1, (3.9)

t ∈ [t2, ω), |vk| ≤ 1
2
(k = 1, 2).

Ïîçíà÷èìî x0 = β ln |πω(t2)| i ðîçãëÿíåìî
ñèñòåìó (3.4) íà ìíîæèíi

Ω = [x0; +∞)×D,

D = {(v1, v2) : |vk| ≤ 1

2
, k = 1, 2}.
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Íà öié ìíîæèíi ôóíêöi¨ Yi(t, v1)
ϕi0 (Yi(t, v1))

i

ϕj0 (Yi(t, v1)) ϕj1

(
Y

[1]
i (t, v1, v2)

)

Yi(t, v1)
¹ íåïåðåðâíi

i äâi÷i íåïåðåðâíî äèôåðåíöiéîâíi ïî çìií-
íèì v1 i v2. Ðîçêëàäåìî öi ôóíêöi¨ ïðè êî-
æíîìó ôiêñîâàíîìó t çãiäíî ç ôîðìóëîþ
Òåéëîðà ç çàëèøêîâèì ÷ëåíîì ó ôîðìi Ëà-
ãðàíæà â îêîëi (0; 0) ∈ D ç ìåòîþ âèäiëåííÿ
ëiíiéíèõ ÷àñòèí. Ç óðàõóâàííÿì öüîãî, ïå-
ðåïèøåìî ñèñòåìó (3.4) ó âèäi





v′1 = β[f1(x) + c11(x)v1 + c12(x)v2+
+V1(x, v1, v2)],

v′2 = β[f2(x) + c21(x)v1 + c22(x)v2+
+V2(x, v1, v2)],

(3.10)
äå

f1(x) = −πω(t)I ′i2(t)
Ii2(t)

+
αiµ0(1 + µ0)

ϕ0
i1Ii2(t)

×

× Yi(t, 0)

ϕi0 (Yi(t, 0))
; c11(x) = −πω(t)I ′i2(t)

Ii2(t)
+

= (1 + µ0)

[
1− Yi(t, 0)ϕ′i0 (Yi(t, 0))

ϕi0 (Yi(t, 0))

]
;

c12(x) =
αiµ0(1 + µ0)

ϕ0
i1Ii2(t)

· Yi(t, 0)

ϕi0 (Yi(t, 0))
;

f2(x) = −µ0 +
1

1 + µ0

· πω(t)I ′i2(t)
Ii2(t)

×

×Ii2(t)ϕi0 (Yi(t, 0))

Yi(t, 0)

m∑
j=1

(
[1 + rj(t)]

αj

×

×
pj(t)ϕj0 (Yi(t, 0)) ϕj1

(
Y

[1]
i (t, 0, 0)

)

pi(t)ϕi0 (Yi(t, 0))


 ;

c21(x) =
αiϕ

0
i1

µ0(1 + µ0)
· πω(t)I ′i2(t)

Ii2(t)
×

×
(

Ii2(t)ϕi0 (Yi(t, 0))

Yi(t, 0)

)2 m∑
j=1

(
[1 + rj(t)]

αj

×

×
pj(t)ϕj0 (Yi(t, 0)) ϕj1

(
Y

[1]
i (t, 0, 0)

)

pi(t)ϕi0 (Yi(t, 0))
×

×
[
Yi(t, 0)ϕ′j0 (Yi(t, 0))

ϕj0 (Yi(t, 0))
+

+
Y

[1]
i (t, 0, 0)ϕ′j1

(
Y

[1]
i (t, 0, 0)

)

ϕj1

(
Y

[1]
i (t, 0, 0)

) − 1





 ;

c22(x) = −1− 2µ0 +
1

1 + µ0

· πω(t)I ′i2(t)
Ii2(t)

×

×Ii2(t)ϕi0 (Yi(t, 0))

Yi(t, 0)

m∑
j=1

(
[1 + rj(t)]

αj

×

×pj(t)ϕj0 (Yi(t, 0))

pi(t)ϕi0 (Yi(t, 0))
· ϕj1

(
Y

[1]
i (t, 0, 0)

)
×

×
Y

[1]
i (t, 0, 0)ϕ′j1

(
Y

[1]
i (t, 0, 0)

)

ϕj1

(
Y

[1]
i (t, 0, 0)

)

 ;

V1(x, v1, v2) =

= (1 + µ0)

[
1− Yi(t, 0)ϕ′i0 (Yi(t, 0))

ϕi0 (Yi(t, 0))

]
v1v2−

−αiϕ
0
i1(1 + µ0)

µ0

· Ii2(t)ϕi0 (Yi(t, θ1))

Yi(t, θ1)
×

×
{

Yi(t, θ1)ϕ
′
i0 (Yi(t, θ1))

ϕi0 (Yi(t, θ1))
+

+
Y 2

i (t, θ1)ϕ
′′
i0 (Yi(t, θ1))

ϕi0 (Yi(t, θ1))
−

[
Yi(t, θ1)ϕ

′
i0 (Yi(t, θ1))

ϕi0 (Yi(t, θ1))

]2
}
· v2

1

2
(1 + v2),

äå
θ1 = θ1(t, v1, v2).

V2(x, v1, v2) =
πω(t)I ′i2(t)

1 + µ0

×

×
m∑

j=1

pj(t)[1 + rj(t)]

αjpi(t)

(
αiϕ

0
i1

µ0

Ii2(t)

)2

×

×
ϕ2

i0 (Yi(t, θ1)) ϕj0 (Yi(t, θ1)) ϕj1

(
Y

[1]
i (t, θ1, θ2)

)

Y 3
i (t, θ1)

×

×
[
Y 2

i (t, θ1)ϕ
′′
j0 (Yi(t, θ1))

ϕj0 (Yi(t, θ1))
+

+2 · Yi(t, θ1)ϕ
′
j0 (Yi(t, θ1))

ϕj0 (Yi(t, θ1))
×
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×
Y

[1]
i (t, θ1, θ2)ϕ

′
j1

(
Y

[1]
i (t, θ1, θ2)

)

ϕj1

(
Y

[1]
i (t, θ1, θ2)

) +

+

(
Y

[1]
i (t, θ1, θ2)

)2

ϕ′′j1
(
Y

[1]
i (t, θ1, θ2)

)

ϕj1

(
Y

[1]
i (t, θ1, θ2)

) +

+
Yi(t, θ1)ϕ

′
i0 (Yi(t, θ1))

ϕi0 (Yi(t, θ1))
×

×
Y

[1]
i (t, θ1, θ2)ϕ

′
j1

(
Y

[1]
i (t, θ1, θ2)

)

ϕj1

(
Y

[1]
i (t, θ1, θ2)

) −

−Yi(t, θ1)ϕ
′
i0 (Yi(t, θ1))

ϕi0 (Yi(t, θ1))
−

−2 · Yi(t, θ1)ϕ
′
j0 (Yi(t, θ1))

ϕj0 (Yi(t, θ1))
−

−2 ·
Y

[1]
i (t, θ1, θ2)ϕ

′
j1

(
Y

[1]
i (t, θ1, θ2)

)

ϕj1

(
Y

[1]
i (t, θ1, θ2)

) + 2


×

×v2
1

2
+ 2 · πω(t)I ′i2(t)

1 + µ0

×

×
m∑

j=1

pj(t)[1 + rj(t)]

αjpi(t)
×

×
[
ϕ′j0 (Yi(t, θ1)) ϕi0 (Yi(t, θ1))

αiϕ
0
i1

µ0

Ii2(t)×

×

(
Y

[1]
i (t, θ1, θ2)

)2

ϕ′′j1
(
Y

[1]
i (t, θ1, θ2)

)

ϕj1

(
Y

[1]
i (t, θ1, θ2)

)


×

×v1v2 +

[
−1− µ0 +

πω(t)I ′i2(t)
1 + µ0

×

×
m∑

j=1

pj(t)[1 + rj(t)]

αjpi(t)
ϕj0 (Yi(t, θ1))×

×

(
Y

[1]
i (t, θ1, θ2)

)2

ϕ′′j1
(
Y

[1]
i (t, θ1, θ2)

)

ϕj1

(
Y

[1]
i (t, θ1, θ2)

)


 v2

2

2
,

äå θk = θk(t, v1, v2), k = 1, 2.
Â ñèëó óìîâ (1.3.l), (1.4), (1.5.1), (3.5.l),

(3.8), (3.9), äå l=1,2, ðiâíîìiðíî ïî vk ∈

[−1
2
; 1

2

]
(k = 1, 2) ìàþòü ìiñöå íàñòóïíi ãðà-

íèöi:

lim
t↑ω

Yi(t, v1)ϕ
′
j0 (Yi(t, v1))

ϕj0 (Yi(t, v1))
= σj0 (3.11.1)

∀j ∈ M ,

lim
t↑ω

Y
[1]
i (t, v1, v2)ϕ

′
j1

(
Y

[1]
i (t, v1, v2)

)

ϕj1

(
Y

[1]
i (t, v1, v2)

) =
σj1

1 + v2

(3.11.2)
∀j ∈ M , ïðè÷îìó êîëè

lim
z→Yk
z∈∆k

ϕjk(Y ) = const 6= 0,

ìà¹ìî σjk = 0, k = 0, 1. ßêùî æ âðàõóâàòè
óìîâó (3.7), òî ôóíêöi¨ Yi(t, 0) i Y

[1]
i (t, 0, 0)

ìàþòü òi âëàñòèâîñòi, ÿêi âèêîðèñòîâóâàëè-
ñÿ ïðè äîâåäåííi ëåìè 2.2. Îòæå,

lim
t↑ω

pj(t)ϕj0 (Yi(t, 0)) ϕj1

(
Y

[1]
i (t, 0, 0)

)

pi(t)ϕi0 (Yi(t, 0)) ϕi1

(
Y

[1]
i (t, 0, 0)

) = 0,

(3.12)
j ∈ M \ {i}.

Îêðiì òîãî, ôóíêöiÿ Yi ìîíîòîííà íà ïðî-
ìiæêó ∆i0 (â ñèëó îçíà÷åííÿ) i ïðàâèëüíî
ìiíëèâà â îêîëi ω (â ñèëó óìîâè (3.7)). Òîìó
ïðè t ↑ ω âiäíîøåííÿ Yi(t,θ1)

Yi(t,0)
áóäå îáìåæå-

íèì, îòæå iñíóþòü ñòàëi ljk, Ljk (k = 0, 1)
òàêi, ùî

lj0 ≤ ϕj0(Yi(t,θ1))

ϕj0(Yi(t,0))
≤ Lj0,

lj1 ≤
ϕj1

(
Y

[1]
i (t,θ1,θ2)

)

ϕj1

(
Y

[1]
i (t,0,0)

) ≤ Lj1,

(3.13)

äå j ∈ M , θk ∈
[−1

2
; 1

2

]
(k = 1, 2).

Òåïåð, ïðèéìàþ÷è äî óâàãè óìîâè (3.5.k)
(k=1,2)�(3.9), (3.1.k) (k=1,2) � (3.13) i
(1.12.k) (k=1,2), à òàêîæ çàìiíó íåçàëåæíî¨
çìiííî¨, îòðèìà¹ìî

lim
x→+∞

fk(x) = 0 (k = 1, 2), lim
x→+∞

c11(x) = 0,

lim
x→+∞

c12(x) = (1 + µ0)(1− σi0),

lim
x→+∞

c21(x) = −µ0,

62 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2008. Âèïóñê 374. Ìàòåìàòèêà.



lim
x→+∞

c22(x) = −1− 2µ0,

lim
|v1|+|v2|→0

Vk(x, v1, v2)

|v1|+ |v2| = 0 (k = 1, 2).

ðiâíîìiðíî ïî x ∈ [x0;∞).
Îòæå, ñèñòåìà (3.10) ¹ êâàçiëiíiéíîþ ñè-

ñòåìîþ äèôåðåíöiàëüíèõ ðiâíÿíü ç ìàéæå
ñòàëèìè êîåôiöi¹íòàìè. Çàïèñàâøè õàðàêòå-
ðèñòè÷íå ðiâíÿííÿ äëÿ ãðàíè÷íî¨ ìàòðèöi
êîåôiöi¹íòiâ ëiíiéíî¨ ÷àñòèíè öi¹¨ ñèñòåìè ó
âèãëÿäi

∣∣∣∣∣∣

−βλ −β(1 + µ0)(1− σi0)

−βµ0 −β(1 + 2µ0)− βλ

∣∣∣∣∣∣
= 0,

îòðèìà¹ìî

λ2 + (1 + 2µ0)λ + µ0(1 + µ0)(1− σi0) = 0.

Âíàñëiäîê (1.11) öå ðiâíÿííÿ íå ìà¹ êîðå-
íiâ ç íóëüîâîþ äiéñíîþ ÷àñòèíîþ. Òàêèì ÷è-
íîì, äëÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü
(3.10) âèêîíàíî âñi óìîâè òåîðåìè 2.1 ðî-
áîòè [1]. Íà ïiäñòàâi öi¹¨ òåîðåìè ñèñòåìà
(3.10) ìà¹ õî÷à á îäèí ðîçâ'ÿçîê (vk)

2
k=1 :

[x1, +∞) → R2, äå x1 ≥ x0, ÿêèé ïðÿìó¹
äî íóëÿ ïðè x → +∞. Éîìó, ç óðàõóâàí-
íÿì ïåðåòâîðåííÿ (3.3.k) (k=1,2) âiäïîâiäà¹
ðîçâ'ÿçîê y : [t3; ω) → ∆0, ÿêèé äîïóñêà¹
àñèìïòîòè÷íi çîáðàæåííÿ

Φi0(y(t)) =
αi

µ0

ϕ0
i1Ii2(t)[1 + o(1)],

y′(t)
y(t)

=
1 + µ0

πω(t)
[1 + o(1)].

Çâiäñè òà âíàñëiäîê ãðàíè÷íîãî ñïiââiäíî-
øåííÿ (1.10) äiñòà¹ìî ñïðàâåäëèâiñòü àñèì-
ïòîòè÷íèõ çîáðàæåíü (1.15.k) (k=1,2). Òåî-
ðåìó äîâåäåíî.

Äîâåäåííÿ òåîðåìè 1.2. Íåîáõiä-
íiñòü. Íåõàé y : [t0, ω) → ∆0 � äîâiëü-
íèé Ïω(Y0, Y1, µ0)-ðîçâ'ÿçîê ðiâíÿííÿ (1.1).
Îñêiëüêè µ0 6= −1, òî ç ëåìè 2.1 âèïëèâàþòü
(1.16.2), (1.17.2) i (1.19.2). Âíàñëiäîê âèêîíà-
ííÿ óìîâè Si1 ç ëåìè 2.2 âèõîäèòü, ùî ïðè
t ↑ ω

y′′(t) = αipi(t)ϕ
0
i0ϕi1(y

′(t))[1 + o(1)]. (3.15)

Çãiäíî ç ïðàâèëîì Ëîïiòàëÿ ó ôîðìiØòîëü-
öà, ç óðàõóâàííÿì (1.5.1) i óìîâè σi1 6= 1
îòðèìà¹ìî

lim
t↑ω

y′(t)
Ii1(t)ϕi1(y′(t))

=

= lim
t↑ω

y′′(t)
ϕi1(y′(t))

[
1− y′(t)ϕ′i1(y′(t))

ϕi1(y′(t))

]

pi(t)
=

= lim
t↑ω

αipi(t)ϕ
0
i0[1− σi1]

pi(t)
= αi[1− σi1]ϕ

0
i0,

(3.16)
àáî ïðè t ↑ ω

y′(t)
ϕi1(y′(t))

= αi[1− σi1]ϕ
0
i0Ii1(t)[1 + o(1)].

(3.16)
Ç îñòàííüîãî ñïiââiäíîøåííÿ âèïëèâàþòü
(1.17.1) i (1.19.1). Îêðiì òîãî, ÿêùî ñêîðè-
ñòàòèñÿ (1.6), (1.5.1) i (3.16), îòðèìà¹ìî ïðè
t ↑ ω

|y′(t)|1−σi1signy′(t) ∼ αi[1− σi1]ϕ
0
i0Ii1(t),

ç ÷îãî âèïëèâà¹ (1.16.1). Îñêiëüêè µ0 6= 0, ç
(1.7.1), (3.15) i (3.16) áóäåìî ìàòè ïðè t ↑ ω

αi

µ0

pi(t)πω(t)ϕ0
i0 ∼ αi[1− σi1]ϕ

0
i0Ii1(t),

àáî
lim
t↑ω

πω(t)I ′i1(t)
I ′i1(t)

− µ0(1− σi1),

òîáòî ñïðàâäæó¹òüñÿ óìîâà (1.18).
Äîñòàòíiñòü. Çàñòîñó¹ìî äî ðiâíÿííÿ

(1.1) ïåðåòâîðåííÿ

Φi1(y
′(t)) = αiϕ

0
i0Ii1(t)[1 + v2(x)], (3.31)

y′(t)
y(t)

=
1 + µ0

πω(t)
[1 + v1(x)], (3.3.2)

äå
x = β ln |πω(t)|,

β =

{
1 ïðè ω = +∞,

−1 ïðè ω < +∞.
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Îäåðæèìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâ-
íÿíü





v′1 = β [1 + v1 − (1 + µ0)[1 + v1]
2+

+
πω(t)[1 + v1]

Y
[1]
i (t, v2)

m∑
j=1

αjpj(t)[1 + rj(t)]×

×ϕj0 (Yi(t, v1, v2)) ϕj1

(
Y

[
i [1](t, v2)

)]
,

v′1 = β

[
−πω(t)I ′i1(t)

Ii1(t)
[1 + v2]+

+
αiπω(t)

ϕ0
i0Ii1(t)ϕi1

(
Y

[1]
i (t, v2)

)×

×
m∑

j=1

αjpj(t)[1 + rj(t)]×

×ϕj0 (Yi(t, v1, v2)) ϕj1

(
Y

[1]
i (t, v2)

)]
,

(3.17)
äå

Y
[1]
i (t, v2) = Φ−1

i1

(
αiϕ

0
i0Ii1(t)[1 + v2]

)
,

t =

{
ex ïðè ω = +∞,
ω − e−x ïðè ω < +∞,

Yi(t, v1, v2) =
πω(t)

(1 + µ0)[1 + v1]
Yi(t, v2).

Ðîçêëàäåìî ôóíêöi¨

ϕj0 (Yi(t, v1, v2)) ϕj1

(
Y

[1]
i (t, v2)

)

Y
[1]
i (t, v2)

i
ϕj0 (Yi(t, v1, v2)) ϕj1

(
Y

[1]
i (t, v2)

)

ϕj1

(
Y

[1]
i (t, v2)

)

ïðè êîæíîìó ôiêñîâàíîìó t çãiäíî ç ôîðìó-
ëîþ Òåéëîðà ç çàëèøêîâèì ÷ëåíîì ó ôîðìi
Ëàãðàíæà â îêîëi (0; 0) ∈ D ç ìåòîþ âèäiëå-
ííÿ ëiíiéíèõ ÷àñòèí. Ç óðàõóâàííÿì öüîãî,
ïåðåïèøåìî ñèñòåìó (3.17) ó âèäi





v′1 = β[f1(x) + c11(x)v1 + c12(x)v2+
+V1(x, v1, v2)],

v′2 = β[f2(x) + c21(x)v1 + c22(x)v2+
+V2(x, v1, v2)],

(3.18)

Âíàñëiäîê óìîâ òåîðåìè òà âëàñòèâîñòåé
ôóíêöié Yi, Y

[1]
i ìàþòü ìiñöå íàñòóïíi ãðà-

íèöi
lim

x→+∞
fk(x) = 0 (k = 1, 2),

lim
x→+∞

c11(x) = −1− µ0,

lim
x→+∞

c12(x) = −µ0, lim
x→+∞

c21(x) = 0,

lim
x→+∞

c22(x) = −µ0(1− σi1),

lim
|v1|+|v2|→0

Vk(x, v1, v2)

|v1|+ |v2| = 0 (k = 1, 2).

Çàïèñàâøè õàðàêòåðèñòè÷íå ðiâíÿííÿ
äëÿ ãðàíè÷íî¨ ìàòðèöi êîåôöi¹íòiâ ëiíiéíî¨
÷àñòèíè ñèñòåìè (3.18), îòðèìà¹ìî

λ2+(1+µ0(2−σi1))λ+(1+µ0)µ0(1−σi1) = 0.

Ó öüîãî ðiâíÿííÿ íåìà¹ êîðåíiâ ç íóëüîâîþ
äiéñíîþ ÷àñòèíîþ, òîìó ñèñòåìà (3.18) ìà¹
ðîçâ'ÿçîê (vk)

2
k=1 : [x1, +∞) → R2, ÿêèé ïðÿ-

ìó¹ äî íóëÿ ïðè x → +∞. Éîìó âiäïîâiäà¹
Ïω(Y0, Y1, µ0)-ðîçâ'ÿçîê ðiâíÿííÿ (1.1). Òåî-
ðåìó äîâåäåíî.

Äîâåäåííÿ òåîðåìè 1.3. Íåõàé âè-
êîíóþòüñÿ óìîâè òåîðåìè 1, òîäi ó ðiâíÿ-
ííÿ (1.1) iñíó¹ Ïω(Y0, Y1, µ0)-ðîçâ'ÿçîê y(t),
ÿêèé äîïóñêà¹ ïðè t ↑ ω àñèìïòîòè÷íi çîáðà-
æåííÿ (1.15.1), (1.15.2). Âíàñëiäîê îçíà÷åí-
íÿ Ïω(Y0, Y1, µ0)-ðîçâ'ÿçêó ôóíêöiÿ L(t) =

y(t)
|πω(t)| ¹ äâi÷i íåïåðåðâíî äèôåðåíöiéîâíîþ i
ïîâiëüíî ìiíëèâîþ ïðè t ↑ ω.

Òîäi, âðàõîâóþ÷è íàÿâíiñòü ó ôóíêöi¨ ϕi0

âëàñòèâîñòi L0 îòðèìà¹ìî ïðè t ↑ ω

ϕi0(y(t)) ∼ |y(t)|σi0ψi0

(|πω(t)|1+µ0signy0
0

)
.

Ç öi¹¨ ðiâíîñòi i (1.15.1) âèïëèâà¹ ñïðàâå-
äëèâiñòü (1.20.1). Â ñâîþ ÷åðãó, ç (1.20.1) i
(1.15.2) îòðèìà¹ìî (1.20.2).

Äîâåäåííÿ òåîðåìè 1.4 çäiéñíþ¹òüñÿ çà
àíàëîãi¹þ.

4. Âèñíîâêè. Öÿ ðîáîòà ïðîäîâæó¹ ðîç-
ïî÷àòå â [4] äîñëiäæåííÿ ðiâíÿííÿ (1.1), ïðà-
âà ÷àñòèíà ÿêîãî ìiñòèòü äîäàíêè ç íåëi-
íiéíîñòÿìè ÷îòèðüîõ ðiçíèõ òèïiâ, âèçíà÷å-
íèõ ìíîæèíàìè Mi (i = 1, 4). Äëÿ öüîãî
ðiâíÿííÿ áóâ âèäiëåíèé êëàñ Ïω(Y0, Y1, µ0)-
ðîçâ'ÿçêiâ i îòðèìàíi óìîâè ïðè âèêîíàííi
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ÿêèõ íà áóäü-ÿêîìó òàêîìó ðîçâ'ÿçêó (ÿêùî
âií iñíó¹) ãîëîâíèì ó ïðàâié ÷àñòèíi ¹ i-é äî-
äàíîê, äå i íàëåæèòü àáî M2 àáî M3. ßêùî
öi óìîâè ìàþòü ìiñöå i µ0 ∈ R\{0;−1}, âñòà-
íîâëåíi íåîáõiäíi i äîñòàòíi îçíàêè iñíóâàí-
íÿ ó ðiâíÿííÿ (1.1) Ïω(Y0, Y1, µ0)-ðîçâ'ÿçêiâ.
Îêðiì òîãî, îòðèìàíi àñèìïòîòè÷íi çîáðà-
æåííÿ öèõ ðîçâ'ÿçêiâ òà ¨õ ïîõiäíèõ ïåðøîãî
ïîðÿäêó ïðè t ↑ ω, ïðè÷îìó ïðè äîäàòêîâèõ
îáìåæåííÿõ íà ôóíêöi¨ ϕik öi çîáðàæåííÿ
íàäàíi ó ÿâíîìó âèãëÿäi.
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