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ÅÔÅÊÒÈÂÍÀ ÎÇÍÀÊÀ ÇÁIÆÍÎÑÒI ÄÅßÊÎÃÎ ÃIËËßÑÒÎÃÎ
ËÀÍÖÞÃÎÂÎÃÎ ÄÐÎÁÓ Ç ÍÅÐIÂÍÎÇÍÀ×ÍÈÌÈ ÇÌIÍÍÈÌÈ

Âñòàíîâëåíî åôåêòèâíó îçíàêó çáiæíîñòi ãiëëÿñòîãî ëàíöþãîâîãî äðîáó ç íåðiâíîçíà÷íè-
ìè çìiííèìè, íà îñíîâi ÿêî¨ âñòàíîâëåíî ðiçíi îçíàêè çáiæíîñòi ïîäiáíèõ ÃËÄçÍÇ òà äîñëi-
äæåíî ïîëiêðóãîâó îáëàñòü çáiæíîñòi áàãàòîâèìiðíîãî g-äðîáó ç íåðiâíîçíà÷íèìè çìiííèìè.

In this paper a convergence criteria of a branched continued fraction with nonequivalent

variables whose partial quotients are of the form
qik

i(k)q
ik−1
i(k−1)(1− qi(k−1))zi(k)

1
is established. As a

results, convergence criterions for similar branched continued fractions with nonequivalent variables
are established and the convergence domain for multidimensional g-fraction with nonequivalent
variables in the polydisk is investigated.

Âñòóï. Îäíèì iç íàéâàæëèâèõ ïèòàíü àíà-
ëiòè÷íî¨ òåîði¨ íåïåðåðâíèõ äðîáiâ òà ¨õ áà-
ãàòîâèìiðíèõ óçàãàëüíåíü � ãiëëÿñòèõ ëàí-
öþãîâèõ äðîáiâ � ¹ âñòàíîâëåííÿ åôåêòèâ-
íèõ îçíàê çáiæíîñòi òàêèõ äðîáiâ. Ðiçíi
îçíàêè çáiæíîñòi íåïåðåðâíèõ äðîáiâ ç ÷à-
ñòèííèìè ëàíêàìè âèãëÿäó

gk(1− gk−1)zk

1

íàâåäåíî â ìîíîãðàôi¨ [8, ñòîð. 45�50], à ¨õ
óçàãàëüíåíü � â ðîáîòàõ [1, ñòîð. 147�149],
[2�7].

Ó äàíié ðîáîòi âñòàíîâëåíî åôåêòèâ-
íó îçíàêó çáiæíîñòi ãiëëÿñòîãî íåïåðåðâ-
íîãî äðîáó ç íåðiâíîçíà÷íèìè çìiííèìè
(ÃËÄçÍÇ), ÷àñòèííi ëàíêè ÿêîãî ìàþòü âè-
ãëÿä

qik
i(k)q

ik−1
i(k−1)(1− qi(k−1))zi(k)

1
,

íà îñíîâi ÿêî¨ âñòàíîâëåíî ðiçíi îçíàêè çái-
æíîñòi ïîäiáíèõ ÃËÄçÍÇ. Êðiì òîãî, äîñëi-
äæåíî çáiæíiñòü áàãàòîâèìiðíîãî g-äðîáó ç
íåðiâíîçíà÷íèìè çìiííèìè â îäèíè÷íié ïî-
ëiêðóãîâié îáëàñòi ïðîñòîðó CN .

Îçíàêè çáiæíîñòi. Íåõàé N � äîâiëüíå
íàòóðàëüíå ÷èñëî,

Jr = {i(k) = i1, i2, . . . , ik : k ≥ 1,

r ≤ in ≤ in−1, 1 ≤ n ≤ k, i0 = N},

1 ≤ r ≤ N, � ìíîæèíà ìóëüòèiíäåêñiâ.

Òåîðåìà 1. Íåõàé zi(k), i(k) ∈ J1, � êîì-
ïëåêñíi çìiííi, qi(k), i(k) ∈ J1, � äiéñíi ñòà-
ëi, äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè

0 ≤ q0 < 1,

0 ≤ qi(k) < 1 äëÿ âñiõ i(k) ∈ J1

}
(1)

àáî

0 < q0 ≤ 1,

0 < qi(k) ≤ 1 äëÿ âñiõ i(k) ∈ J1.

}
(2)

Òîäi
1) ÃËÄçÍÇ

qN
i(0)

1 +

∞

D
k=1

ik−1∑
ik=1

qik
i(k)q

ik−1
i(k−1)(1− qi(k−1))zi(k)

1

, (3)

äå qi(0) = q0, ðiâíîìiðíî çáiæíèé, ÿêùî

|zi(k)| ≤ 1 äëÿ âñiõ i(k) ∈ J1. (4)

2) Çíà÷åííÿ ÃËÄçÍÇ (3) i âñiõ éîãî àïðî-
êñèìàíò íàëåæàòü êðóãó

|z| ≤
N∏

n=1

Sn

1 + Sn

, (5)
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äå

Sn =
∞∑

r=1


 q0

1− q0

r−1∏

k=1

qnn . . . n︸ ︷︷ ︸
k

1− qnn . . . n︸ ︷︷ ︸
k


 . (6)

Ä î â å ä å í í ÿ ïðîâîäèìî ïîåòàïíî. Íà
ïåðøîìó åòàïi çà äîïîìîãîþ åêâiâàëåíòíèõ
ïåðåòâîðåíü ρ

(1)
0 = 1/Q

(1)
0 , ρ

(1)
i(k) = 1/Q

(1)
i(k) äëÿ

âñiõ i(k) ∈ J1 [1, ñòîð. 29�33], äå

Q
(1)
0 = 1 +

q1(1− q0)z1

1 +
q11(1− q1)z11

1+...

,

Q
(1)
i(k) = 1 +

qi(k)1(1− qi(k))zi(k)1

1 +
qi(k)11(1− qi(k)1)zi(k)11

1+...
äëÿ âñiõ i(k) ∈ J2 i Q

(1)
i(k) = 1 äëÿ âñiõ i(k) ∈

J1\J2, ÃËÄçÍÇ (3) çâîäèìî äî âèãëÿäó

qN−1
0

q0

Q
(1)
0

1 +

∞

D
k=1

ik−1∑
ik=2

qik−1
i(k) qik−2

i(k−1)(1− qi(k−1))z
(1)
i(k)

1

, (7)

äå

z
(1)
i(k) =

qi(k)qi(k−1)

Q
(1)
i(k)Q

(1)
i(k−1)

zi(k) äëÿ âñiõ i(k) ∈ J2,

ïðè÷îìó qi(0)/Q
(1)
i(0) = q0/Q

(1)
0 .

Çãiäíî ç òåîðåìîþ 11.1 [8, còîð. 45] äëÿ
âñiõ ìóëüòèiíäåêñiâ i(k) ∈ J2 íåïåðåðâíi
äðîáè qi(k)/Q

(1)
i(k) i äðiá q0/Q

(1)
0 çáiãàþòüñÿ ðiâ-

íîìiðíî, ÿêùî âèêîíóþòüñÿ óìîâè (1) àáî
(2) i óìîâè (4), çíà÷åííÿ öèõ äðîáiâ òà ¨õ
àïðîêñèìàíò íàëåæàòü êðóãó |z| ≤ 1, òîáòî
äëÿ äîâiëüíîãî r ≥ 1 i äëÿ âñiõ i(k) ∈ J2

ñïðàâäæóþòüñÿ íåðiâíîñòi
∣∣∣∣∣

q0

Q
(1)r
0

∣∣∣∣∣ ≤ 1,

∣∣∣∣∣
qi(k)

Q
(1)r
i(k)

∣∣∣∣∣ ≤ 1, (8)

äå Q
(1)r
0 , Q

(1)r
i(k) � r-òi àïðîêñèìàíòè äðîáiâ

Q
(1)
0 i Q

(1)
i(k) âiäïîâiäíî.

Âèêîðèñòîâóþ÷è íåðiâíîñòi (8), äëÿ áóäü-
ÿêîãî ìóëüòèiíäåêñó i(k) ∈ J2 i íàòóðàëüíî-
ãî r ïðè âèêîíàííi óìîâ (1) àáî (2) i óìîâ
(4) ìà¹ìî

∣∣∣z(1)r
i(k)

∣∣∣ =

∣∣∣∣∣
qi(k−1)qi(k)

Q
(1)r
i(k−1)Q

(1)r
i(k)

zi(k)

∣∣∣∣∣ ≤ 1. (9)

Íà äðóãîìó åòàïi åêâiâàëåíòíèìè ïåðå-
òâîðåííÿìè àíàëîãi÷íèìè ïåðøîìó åòàïó
ÃËÄçÍÇ (7) çâîäèìî äî âèãëÿäó

qN−2
0

q0

Q
(1)
0

q0

Q
(2)
0

1 +

∞

D
k=1

ik−1∑
ik=3

qik−2
i(k) qik−3

i(k−1)(1− qi(k−1))z
(2)
i(k)

1

,

äå

Q
(2)
0 = 1 +

q2(1− q0)z
(1)
2

1 +
q22(1− q2)z

(1)
22

1+...

;

z
(2)
i(k) =

qi(k)qi(k−1)

Q
(2)
i(k)Q

(2)
i(k−1)

z
(1)
i(k),

Q
(2)
i(k) = 1 +

qi(k)2(1− qi(k))z
(1)
i(k)2

1 +
qi(k)22(1− qi(k)2)z

(1)
i(k)22

1+...
äëÿ âñiõ i(k) ∈ J3; qi(0)/Q

(2)
i(0) = q0/Q

(2)
0 .

Îñêiëüêè iç ñïiââiäíîøåííÿ (9)
∣∣∣z(1)

i(k)

∣∣∣ = lim
r→∞

∣∣∣z(1)r
i(k)

∣∣∣ ≤ 1

äëÿ âñiõ i(k) ∈ J2, òî íåïåðåðâíèé äðiá
q0/Q

(2)
0 , ÿê i äðiá q0/Q

(2)
0 , çáiãà¹òüñÿ ðiâíî-

ìiðíî, çíà÷åííÿ öüîãî äðîáó òà éîãî àïðî-
êñèìàíò íàëåæàòü êðóãó |z| ≤ 1. Iç òàêèõ ñà-
ìèõ ìiðêóâàíü ðîáèìî àíàëîãi÷íi âèñíîâêè
äëÿ íåïåðåðâíèõ äðîáiâ qi(k)/Q

(2)
i(k) äëÿ âñiõ

i(k) ∈ J3. Êðiì òîãî, çâiäñè, ÿê i âèùå, âè-
êîðèñòîâóþ÷è ñïiââiäíîøåííÿ (9), äëÿ áóäü-
ÿêîãî ìóëüòèiíäåêñó i(k) ∈ J3 i íàòóðàëü-
íîãî r îòðèìó¹ìî ñïðàâåäëèâiñòü ñïiââiäíî-
øåíü

∣∣∣z(2)r
i(k)

∣∣∣ =

∣∣∣∣∣
qi(k−1)qi(k)

Q
(2)r
i(k−1)Q

(2)r
i(k)

z
(1)r
i(k)

∣∣∣∣∣ ≤ 1,
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äå Q
(2)r
0 , Q

(2)r
i(k) � r-òi àïðîêñèìàíòè äðîáiâ

Q
(2)
0 i Q

(2)
i(k) âiäïîâiäíî.

Çàñòîñîâóþ÷è äàëi ìåòîä ñêií÷åííî¨ ìà-
òåìàòè÷íî¨ iíäóêöi¨ ïðè

∣∣∣z(n)r
i(k)

∣∣∣ =

∣∣∣∣∣
qi(k)qi(k−1)

Q
(n)r
i(k) Q

(n)r
i(k−1)

z
(n−1)r
i(k)

∣∣∣∣∣ ≤ 1 (10)

äëÿ âñiõ i(k) ∈ Jn+1, 1 ≤ n ≤ N − 2, i íà-
òóðàëüíîãî r, äå Q

(n)r
i(0) = Q

(n)r
0 , Q

(n)r
i(k) � r-i

àïðîêñèìàíòè äðîáiâ

Q
(n)
0 = 1 +

qn(1− q0)z
(n−1)
n

1 +
qnn(1− qn)z

(n−1)
nn

1+...

, (11)

Q
(n)
i(k) = 1 +

qi(k)n(1− qi(k))z
(n−1)
i(k)n

1 +
qi(k)nn(1− qi(k)n)z

(n−1)
i(k)nn

1+...

, (12)

âiäïîâiäíî, ïðè÷îìó z
(0)
i(k) = zi(k),

z
(0)
11 . . . 1︸ ︷︷ ︸

r

= z11 . . . 1︸ ︷︷ ︸
r

, z
(0)
i(k) 11 . . . 1︸ ︷︷ ︸

r

= zi(k) 11 . . . 1︸ ︷︷ ︸
r

,

r ≥ 1; íà (N − 1)-ó åòàïi îòðèìó¹ìî íåïå-
ðåðâíèé äðiá

q0

N−1∏
n=1

q0

Q
(n)
0

1 +
qN(1− q0)z

(N−1)
N

1 +
qNN(1− qN)z

(N−1)
NN

1+...

, (13)

äå

z
(N−1)

NN . . . N︸ ︷︷ ︸
k

= z
(N−1)
i(k) =

qi(k)qi(k−1)

Q
(N−1)
i(k) Q

(N−1)
i(k−1)

z
(N−2)
i(k)

äëÿ âñiõ i(k) ∈ JN , Q
(N−1)
i(0) = Q

(N−1)
0 , äðîáè

Q
(N−1)
0 , Q

(N−1)
i(k) âèçíà÷àþòüñÿ çà ôîðìóëàìè

(11) i (12) âiäïîâiäíî ïðè n = N − 1.
Îñêiëüêè iç ñïiââiäíîøåííÿ (10)

∣∣∣z(N−2)
i(k)

∣∣∣ = lim
r→∞

∣∣∣z(N−2)r
i(k)

∣∣∣ ≤ 1

äëÿ âñiõ i(k) ∈ JN−1, òî çãiäíî ç òåîðå-
ìîþ 11.1 [8, còîð. 45] äëÿ âñiõ ìóëüòèiíäå-
êñiâ i(k) ∈ JN íåïåðåðâíi äðîáè Q

(N−1)
i(k) i

äðiá Q
(N−1)
0 çáiãàþòüñÿ ðiâíîìiðíî, çíà÷åí-

íÿ öèõ äðîáiâ òà ¨õ àïðîêñèìàíò íàëåæàòü
êðóãó |z| ≤ 1.

Äàëi, âèêîðèñòîâóþ÷è íåðiâíîñòi (10),
äëÿ áóäü-ÿêîãî ìóëüòèiíäåêñó i(k) ∈ JN i
íàòóðàëüíîãî r ìà¹ìî

∣∣∣z(N−1)r
i(k)

∣∣∣ =

∣∣∣∣∣
qi(k−1)qi(k)

Q
(N−1)r
i(k−1) Q

(N−1)r
i(k)

z
(N−2)r
i(k)

∣∣∣∣∣ ≤ 1,

çâiäêè
∣∣∣z(N−1)

i(k)

∣∣∣ = lim
r→∞

∣∣∣z(N−1)r
i(k)

∣∣∣ ≤ 1 (14)

äëÿ âñiõ i(k) ∈ JN .
Çãiäíî ç òåîðåìîþ 11.1 [8, còîð. 45] íåïå-

ðåðâíi äðîáè q0/Q
(n)
0 , 1 ≤ n ≤ N, äå Q

(n)
0 âè-

çíà÷àþòüñÿ çà ôîðìóëàìè (13), çáiãàþòüñÿ
ðiâíîìiðíî, ÿêùî âèêîíóþòüñÿ óìîâè (14),
çíà÷åííÿ öèõ äðîáiâ òà ¨õ àïðîêñèìàíò íà-
ëåæàòü âiäïîâiäíî êðóãàì

|z| ≤ Sn

1 + Sn

, 1 ≤ n ≤ N,

äå Sn âèçíà÷àþòüñÿ çà ôîðìóëàìè (6). Ç
îãëÿäó íà îñòàííi íåðiâíîñòi äîõîäèìî âè-
ñíîâêó, ùî çíà÷åííÿ íåïåðåðâíîãî äðîáó
(13) òà éîãî àïðîêñèìàíò íàëåæàòü êðóãó
(5).

Íàðåøòi, iç åêâiâàëåíòíîñòi äðîáiâ (3) i
(13) ðîáèìî âèñíîâîê ïðî ñïðàâåäëèâiñòü
òâåðäæåíü òåîðåìè. ¤

Âñòàíîâèìî îçíàêè çáiæíîñòi iíøîãî ÃË-
ÄçÍÇ, ÷àñòèííi ëàíêè ÿêîãî ìàþòü âèãëÿä

qik
i(k)q

ik−1
i(k−1)(1− qi(k−1))zi(k)

1
.

Òåîðåìà 2. Íåõàé zi(k), i(k) ∈ J1, � êîì-
ïëåêñíi çìiííi, qi(k), i(k) ∈ J1, � äiéñíi ñòà-
ëi, äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè

0 ≤ qi(k) < 1 äëÿ âñiõ i(k) ∈ J1 (15)
àáî

0 < qi(k) ≤ 1 äëÿ âñiõ i(k) ∈ J1 (16)
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i óìîâà
N∑

i1=1

i1∏
n=1

Si1
n

1 + Si1
n

< 1, (17)

äå

Si1
n =

∞∑
r=1

r−1∏

k=1

qi1 nn . . . n︸ ︷︷ ︸
k

1− qi1 nn . . . n︸ ︷︷ ︸
k

. (18)

Òîäi ÃËÄçÍÇ
1

1 +
N∑

i1=1

qi1
i(1)zi(1)

1 +

∞

D
k=2

ik−1∑
ik=1

si(k)zi(k)

1

, (19)

äå si(k) = qik
i(k)q

ik−1
i(k−1)(1−qi(k−1)) äëÿ âñiõ i(k) ∈

J1, k ≥ 2, çáiãà¹òüñÿ ðiâíîìiðíî, ÿêùî âè-
êîíóþòüñÿ óìîâè (4).

Ä î â å ä å í í ÿ. Çãiäíî ç òåîðåìîþ 1
ïðè âèêîíàííi óìîâ (15) àáî (16) i óìîâ (4)
ÃËÄçÍÇ

qi1
i(1)

1 +

∞

D
k=2

ik−1∑
ik=1

qik
i(k)q

ik−1
i(k−1)(1− qi(k−1))zi(k)

1

,

äå 1 ≤ i1 ≤ N, çáiãàþòüñÿ ðiâíîìiðíî, çíà÷å-
ííÿ öèõ äðîáiâ òà ¨õ àïðîêñèìàíò íàëåæàòü
âiäïîâiäíî êðóãàì

|z| ≤
i1∏

n=1

Si1
n

1 + Si1
n

, 1 ≤ i1 ≤ N,

äå Si1
n âèçíà÷àþòüñÿ çà ôîðìóëàìè (18).

Òîìó, ïðè âèêîíàííi óìîâè (17) ìîäóëi
ÃËÄçÍÇ (19) i éîãî àïðîêñèìàíò íå áiëüøi,
íiæ

1

1−
N∑

i1=1

i1∏
n=1

Si1
n

1 + Si1
n

< 1.

Òàêèì ÷èíîì, ÃËÄçÍÇ (19) çáiãà¹òüñÿ
ðiâíîìiðíî, ÿêùî âèêîíóþòüñÿ óìîâè òåîðå-
ìè. ¤

Ç îãëÿäó íà äîâåäåííÿ òåîðåìè 2 äîõîäè-
ìî âèñíîâêó, ùî ó âèïàäêó, êîëè

N∑
i1=1

i1∏
n=1

Si1
n

1 + Si1
n

= 1, (20)

äå Si1
n âèçíà÷àþòüñÿ çà ôîðìóëàìè (18), i

iñíó¹ iíäåêñ i1, 1 ≤ i1 ≤ N, òàêèé, ùî

|zi1| < 1− ε, 0 < ε < 1,

ÃËÄçÍÇ (19) çáiãà¹òüñÿ ðiâíîìiðíî.
Òàêèì ÷èíîì, ñïðàâäæó¹òüñÿ òåîðåìà.

Òåîðåìà 3. Íåõàé zi(k), i(k) ∈ J1, � êîì-
ïëåêñíi çìiííi, qi(k), i(k) ∈ J1, � äiéñíi ñòà-
ëi, äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè (15) àáî
(16) i óìîâà (20). Òîäi ÃËÄçÍÇ (19) çáiãà-
¹òüñÿ, ÿêùî âèêîíóþòüñÿ óìîâè (4) i iñíó¹
iíäåêñ i1, 1 ≤ i1 ≤ N, òàêèé, ùî

|zi1| < 1− ε, 0 < ε < 1.

ÃËÄçÍÇ (19) ðîçáiæíèé ïðè zi(k) = −1
äëÿ âñiõ i(k) ∈ J1, ÿêùî âèêîíó¹òüñÿ óìîâà
(20) i ðÿäè

Si(k)
n =

∞∑
r=1

r−1∏
s=1

qi(k)nn . . . n︸ ︷︷ ︸
s

1− qi(k)nn . . . n︸ ︷︷ ︸
s

, (21)

äå 1 ≤ n ≤ ik−1, i(k) ∈ J2, ðîçáiæíi äëÿ âñiõ
i(k) ∈ J2. Ó öüîìó âèïàäêó ç îãëÿäó íà äî-
âåäåííÿ òåîðåìè 11.3 [8, còîð. 45] i òåîðåìè
2 ìà¹ìî ñïðàâåäëèâiñòü íàñòóïíî¨ òåîðåìè.

Òåîðåìà 4. Íåõàé zi(k), i(k) ∈ J1, � êîì-
ïëåêñíi çìiííi, qi(k), i(k) ∈ J1, � äiéñíi
ñòàëi, äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè 0 <
qi(k) < 1 äëÿ âñiõ i(k) ∈ J1, óìîâà (20) i
ðÿäè (21) ðîçáiæíi äëÿ âñiõ i(k) ∈ J2. Òîäi
ÃËÄçÍÇ (19) çáiãà¹òüñÿ, ÿêùî âèêîíóþ-
òüñÿ óìîâè (4) i iñíó¹ iíäåêñ i(k) ∈ J1 òà-
êèé, ùî zi(k) 6= −1.

Ìiðêóþ÷è òàê, ÿê i ïðè âñòàíîâëåí-
íi îçíàê çáiæíîñòi ÃËÄçÍÇ (19), îòðèìó-
¹ìî àíàëîãi÷íi îçíàêè çáiæíîñòi ïîäiáíîãî
ÃËÄçÍÇ. À, ñàìå:
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Òåîðåìà 5. Íåõàé zi(k), i(k) ∈ J1, � êîì-
ïëåêñíi çìiííi, qi(k), i(k) ∈ J1, � äiéñíi ñòà-
ëi, äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè (15) àáî
(16) i óìîâà

N∑
i1=1

qi1 < 1.

Òîäi ÃËÄçÍÇ
1

1 +
N∑

i1=1

qi1+1
i(1) zi(1)

1 +

∞

D
k=2

ik−1∑
ik=1

si(k)zi(k)

1

, (22)

äå si(k) = qik
i(k)q

ik−1
i(k−1)(1−qi(k−1)) äëÿ âñiõ i(k) ∈

J1, k ≥ 2, çáiãà¹òüñÿ ðiâíîìiðíî, ÿêùî âè-
êîíóþòüñÿ óìîâè (4).
Òåîðåìà 6. Íåõàé zi(k), i(k) ∈ J1, � êîì-
ïëåêñíi çìiííi, qi(k), i(k) ∈ J1, � äiéñíi ñòà-
ëi, äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè (15) àáî
(16) i óìîâà

N∑
i1=1

qi1 = 1.

Òîäi ÃËÄçÍÇ (22) çáiãà¹òüñÿ ðiâíîìiðíî,
ÿêùî âèêîíóþòüñÿ óìîâè (4) i iñíó¹ iíäåêñ
i1, 1 ≤ i1 ≤ N, òàêèé, ùî

|zi1| < 1− ε, 0 < ε < 1.

Òåîðåìà 7. Íåõàé zi(k), i(k) ∈ J1, � êîì-
ïëåêñíi çìiííi, qi(k), i(k) ∈ J1, � äiéñíi ñòà-
ëi, äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè

0 < qi(k) < 1 äëÿ âñiõ i(k) ∈ J1,

N∑
i1=1

qi1 = 1

i ðÿäè (21) ðîçáiæíi äëÿ âñiõ i(k) ∈ J2. Òî-
äi ÃËÄçÍÇ (22) çáiãà¹òüñÿ, ÿêùî âèêîíóþ-
òüñÿ óìîâè (4) i iñíó¹ iíäåêñ i(k) ∈ J1 òà-
êèé, ùî zi(k) 6= −1.

Çàóâàæèìî, ùî òåîðåìè 1-7 ìîæíà çàñòî-
ñóâàòè äî ÃËÄçÍÇ âèäó

a0

b0 +

∞

D
k=1

ik−1∑
ik=1

ai(k)

bi(k)

, (23)

äå a0, b0, ai(k), bi(k), i(k) ∈ J1, � êîìïëå-
êñíi ÷èñëà, ÿêùî éîãî çà äîïîìîãîþ åêâi-
âàëåíòíèõ ïåðåòâîðåíü çâåñòè äî ÃËÄçÍÇ ç
÷àñòèííèìè çíàìåííèêàìè ðiâíèìè îäèíè-
öi. Íàïðèêëàä, ÃËÄçÍÇ (23) çáiãà¹òüñÿ ðiâ-
íîìiðíî, ÿêùî iñíóþòü äiéñíi ñòàëi q0, qi(k),
i(k) ∈ J1, òàêi, ùî äëÿ âñiõ i(k) ∈ J1 ñïðàâ-
äæóþòüñÿ íåðiâíîñòi

∣∣∣∣
ai(k)

bi(k)bi(k−1)

∣∣∣∣ ≤ qik
i(k)q

ik−1
i(k−1)(1− qi(k−1)),

äå 0 < q0 < 1, 0 < qi(k) < 1 äëÿ âñiõ i(k) ∈ J1,
ïðè÷îìó bi(0) = b0, qi(0) = q0.

Îáëàñòü çáiæíîñòi. Íàñòóïíà òåîðåìà ïðî
ïîëiêðóãîâó îáëàñòü çáiæíîñòi áàãàòîâèìið-
íîãî g-äðîáó ç íåðiâíîçíà÷íèìè çìiííèìè

s0

1 +
N∑

i1=1

gi(1)zi1

1 +

∞

D
k=2

ik−1∑
ik=1

gi(k)(1− gi(k−1))zik

1

, (24)

äå s0 > 0, gi(k), i(k) ∈ J1, � äiéñíi ñòàëi
òàêi, ùî 0 < gi(k) < 1 äëÿ âñiõ i(k) ∈ J1,
z = (z1, z2, . . . , zN) ∈ CN .

Òåîðåìà 8. Áàãàòîâèìiðíèé g-äðiá ç íåðiâ-
íîçíà÷íèìè çìiííèìè (24) ðiâíîìiðíî çái-
æíèé â îáëàñòi

Q = {z ∈ CN : |zk| < 1, 1 ≤ k ≤ N},
ÿêùî iñíóþòü äiéñíi ñòàëi qi(k), i(k) ∈ J1,
òàêi, ùî 0 < qi(k) < 1 äëÿ âñiõ i(k) ∈ J1,

gi1 = qi1+1
i1

, 1 ≤ i1 ≤ N,

gi(k)(1− gi(k−1)) = qik
i(k)q

ik−1
i(k−1)(1− qi(k−1)),

äëÿ âñiõ i(k) ∈ J1, k ≥ 2, i, êðiì òîãî,
N∑

i1=1

i1+1
√

gi1 ≤ r < 1, 0 < r < 1.

Ä î â å ä å í í ÿ. Íåõàé iñíóþòü äiéñíi
ñòàëi qi(k), i(k) ∈ J1, òàêi, ùî 0 < qi(k) < 1

äëÿ âñiõ i(k) ∈ J1, gi1 = qi1+1
i1

, 1 ≤ i1 ≤ N,

gi(k)(1− gi(k−1)) = qik
i(k)q

ik−1
i(k−1)(1− qi(k−1)),
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äëÿ âñiõ i(k) ∈ J1, k ≥ 2, i, íåõàé
N∑

i1=1

i1+1
√

gi1 ≤ r < 1, 0 < r < 1.

Òîäi áàãàòîâèìiðíèé g-äðiá ç íåðiâíîçíà÷íè-
ìè çìiííèìè (24) çàïèøåìî ó âèãëÿäi

s0

1 +
N∑

i1=1

qi1+1
i(1) zi1

1 +

∞

D
k=2

ik−1∑
ik=1

qik
i(k)q

ik−1
i(k−1)(1− qi(k−1))zik

1

.

Çàñòîñîâóþ÷è òåîðåìó 5 äî öüîãî äðîáó, ðî-
áèìî âèñíîâîê ïðî ñïðàâåäëèâiñòü òâåðäæå-
ííÿ òåîðåìè. ¤

Òåîðåìà 9. Áàãàòîâèìiðíèé g-äðiá ç íåðiâ-
íîçíà÷íèìè çìiííèìè (24) ðiâíîìiðíî çái-
æíèé â îáëàñòi

Q = {z ∈ CN : |zk| < 1, 1 ≤ k ≤ N},
ÿêùî iñíóþòü äiéñíi ñòàëi q0, qi(k), i(k) ∈
J1, òàêi, ùî

0 < q0 < 1, 0 < qi(k) < 1

äëÿ âñiõ i(k) ∈ J1 i

gi(k)(1− gi(k−1)) = qik
i(k)q

ik−1
i(k−1)(1− qi(k−1)),

äëÿ âñiõ i(k) ∈ J1, äå gi(0) = 0, qi(0) = q0.

Ä î â å ä å í í ÿ ïðîâîäèòüñÿ ìiðêóâàí-
íÿìè òàêèìè, ÿê i ïðè äîâåäåííi òåîðåìè 8
iç âèêîðèñòàííÿì òåîðåìè 1. ¤

Âiäìiòèìî, ùî ç îãëÿäó íà òåîðåìó 1 [5]
ðîáèìî âèñíîâîê, ùî áàãàòîâèìiðíèé g-äðiá
ç íåðiâíîçíà÷íèìè çìiííèìè ðiâíîìiðíî çái-
æíèé â îáëàñòi

G =

{
z ∈ CN :

N∑

k=1

|zk| < 1

}
.

Îòæå, â òåîðåìàõ 8 i 9 äîñëiäæåíî áiëüø
øèðøó îáëàñòü çáiæíîñòi áàãàòîâèìiðíîãî
g-äðîáó ç íåðiâíîçíà÷íèìè çìiííèìè, íiæ
îáëàñòü G.

Âèñíîâêè. Çàïðîïîíîâàíî íîâèé ìåòîä
âñòàíîâëåííÿ îçíàê çáiæíîñòi ÃËÄçÍÇ. Íà
îñíîâi âñòàíîâëåíî¨ åôåêòèâíî¨ îçíàêè çái-
æíîñòi ÃËÄçÍÇ, ÷àñòèííi ëàíêè ÿêîãî ìà-
þòü âèãëÿä

qik
i(k)q

ik−1
i(k−1)(1− qi(k−1))zi(k)

1
,

ìîæíà äîñëiäæóâàòè iíøi ÃËÄçÍÇ, ÿêi çà
äîïîìîãîþ åêâiâàëåíòíèõ ïåðåòâîðåíü çâî-
äÿòüñÿ äî ÃËÄçÍÇ ç ÷àñòèííèìè çíàìåííè-
êàìè ðiâíèìè îäèíèöi.
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