
ÓÄÊ 517.929

c©2008 p. ß.É. Áiãóí
×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÏÐÎ ÓÑÅÐÅÄÍÅÍÍß Â ÁÀÃÀÒÎ×ÀÑÒÎÒÍÈÕ ÑÈÑÒÅÌÀÕ IÇ
ÇÌIÍÍÈÌ ÇÀÏIÇÍÅÍÍßÌ

Îáãðóíòîâàíî ìåòîä óñåðåäíåííÿ çà øâèäêèìè çìiííèìè äëÿ áàãàòî÷àñòîòíî¨ ñèñòå-
ìè iç çìiííèì çàïiçíåííÿì. Îäåðæàíî îöiíêó ïîõèáêè ìåòîäó óñåðåäíåííÿ, ÿêà ÿâíî çàëåæèòü
âiä ìàëîãî ïàðàìåòðà.

An averaging method over fast variables is justi�ed for multifrequence system which variable
delay. For error of the method, an estimate evidently dependent of a small parameter is obtained.

Ó äàíié ñòàòòi áóäó¹òüñÿ îöiíêà îñöèëÿ-
öiéíîãî iíòåãðàëà [1], êîëè ôóíêöiÿ, ùî õà-
ðàêòåðèçó¹ âiäõèëåííÿ àðãóìåíòó, çàëåæèòü
âiä ïîâiëüíîãî ÷àñó τ = εt i ìàëîãî ïàðàìå-
òðà ε. Âîíà ¹ ïðîäîâæåííÿì ðîáiò [2, 3]. Ó
ñòàòòi [2] âèâ÷åíî âèïàäîê îáìåæåíîãî çà-
ïiçíåííÿ i ëiíiéíî ïåðåòâîðåíîãî àðãóìåí-
òó, à â [3] � ñòàëîãî çàïiçíåííÿ. Íà ïiäñòà-
âi îöiíêè îñöèëÿöiéíîãî iíòåãðàëà îäåðæó¹-
òüñÿ âiäïîâiäíà îöiíêà ïîõèáêè ìåòîäó óñå-
ðåäíåííÿ äëÿ ñèñòåìè ç ïîâiëüíèìè i øâèä-
êèìè çìiííèìè, ÿêà â ïðîöåñi åâîëþöi¨ ïðî-
õîäèòü ÷åðåç ðåçîíàíñè.

Òàêèé ïiäõiä äî îáãðóíòóâàííÿ ìåòî-
äó óñåðåäíåííÿ çàïðîïîíîâàíèé â ðîáîòàõ
À.Ì.Ñàìîéëåíêà i Ð.I. Ïåòðèøèíà [1, 4], à
îäåðæàíi ðåçóëüòàòè ïiäñóìîâàíi â ìîíîãðà-
ôi¨ [5], â ÿêié íàâåäåíà áiáëiîãðàôiÿ âiäïî-
âiäíèõ ïðàöü. Iíøi ñõåìè óñåðåäíåííÿ äëÿ
áàãàòî÷àñòîòíèõ ñèñòåì áåç çàïiçíåííÿ ðîç-
ãëÿäàëèñÿ, íàïðèêëàä, â [5 � 9], à äëÿ ñèñòåì
iç çàïiçíåííÿì � â [10 � 12].

1. Ðîçãëÿäà¹òüñÿ ñèñòåìà äèôåðåíöiàëü-
íèõ ðiâíÿíü iç çàïiçíåííÿì âèãëÿäó

da

dτ
= A(τ, a, a∆, ϕ, ϕ∆),

dϕ

dτ
=

ω(τ)

ε
+ B(τ, a, a∆, ϕ, ϕ∆), (1)

äå a ∈ D ⊂ Rn, ϕ ∈ Rm, m ≥ 1, ìàëèé ïàðà-
ìåòð ε ∈ (0, ε0], τ ∈ [0, L]. Âåêòîð-ôóíêöiÿ
F := [A,B] � 2π-ïåðiîäè÷íà çà êîìïîíåí-
òàìè âåêòîðiâ ϕ i ϕ∆. Âåêòîðíó çìiííó a

ïðèéíÿòî íàçèâàòè ïîâiëüíîþ, à ϕ � øâèä-
êîþ [5]. Âiäõèëåííÿ àðãóìåíòó â a i ϕ õà-
ðàêòåðèçó¹òüñÿ ôóíêöi¹þ ∆ = ∆(τ, ε), ∆ :
[0, L]×(0, ε0] → [0, L], x∆(τ, ε) = x(∆(τ, ε), ε),
ϕ∆(τ, ε) = ϕ(∆(τ, ε), ε).

Âiäïîâiäíà (1) óñåðåäíåíà ñèñòåìà íàáó-
âà¹ âèãëÿäó

da

dτ
= A0(τ, a, a∆),

dϕ

dτ
=

ω(τ)

ε
+ B0(τ, a, a∆), (2)

äå âåêòîð-ôóíêöiÿ F0(τ, u, v) := [A0, B0] =

1

(2π)2m

2π∫

0

. . .

2π∫

0

F (τ, u, v, ϕ, ψ)dϕdψ.

Óñåðåäíåíà ñèñòåìà (2) çíà÷íî ïðîñòiøà
ïîðiâíÿíî (1), îñêiëüêè ðiâíÿííÿ äëÿ a íå
çàëåæèòü âiä øâèäêî¨ çìiííî¨. ßêùî ðîçâ'ÿ-
çîê a = a(τ, ε) çíàéäåìî, ùî

ϕ(τ, ε) = ϕ(0, ε) +

τ∫

0

[ω(s)

ε
+

B0(s, a(s, ε), a(∆(s, ε), ε))
]
ds.

Óìîâîþ ðåçîíàíñó â ñèñòåìi (1) â òî÷öi
τ ∈ [0, L] ñëóæèòü âèêîíàííÿ òî÷íî¨ àáî íà-
áëèæåíî¨ ðiâíîñòi [2]:

γλ(τ, ε) ∼= 0, (3)
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äå λ := [k, l] ∈ Z2m \ {0},

γλ(τ, ε) := (λ(1), ω(τ)) + (λ(2), ω∆(τ))
d∆(τ, ε)

dτ
.

(4)
ßêùî l = 0, òî ìà¹ìî óìîâó ðåçîíàíñó ÷à-
ñòîò äëÿ ñèñòåì áåç çàïiçíåííÿ [5 � 8]. Â [10,
11] òàêà óìîâà âèêîðèñòîâóâàëàñü i äëÿ áà-
ãàòî÷àñòîòíèõ ñèñòåì iç çàïiçíåííÿì.

Çàëåæíiñòü γλ âiä ìàëîãî ïàðàìåòðà
óñêëàäíþ¹ îáãðóíòóâàííÿ ìåòîäó óñåðåäíå-
ííÿ, îñêiëüêè øèðèíà ðåçîàíàíñíî¨ çîíè i
äîâæèíà ïðîìiæêiâ, íà ÿêèõ ñèñòåìà çàëè-
øà¹òüñÿ â çîíi, çàëåæèòü âiä ε.

2. Ñèñòåìi (1) âiäïîâiäà¹ îñöèëÿöiéíèé
iíòåãðàë âèãëÿäó

Iλ(τ, ε) =

=

τ∫

0

f(s, ε) exp
{ i

ε

s∫

0

γλ(s1, ε)ds1

}
ds, (5)

äå f � çàäàíà ôóíêöiÿ, λ := [λ(1), λ(2)] ∈
R2m \ {0}. Òàêîãî òèïó iíòåãðàë îäåðæó¹-
òüñÿ, ÿêùî çàïèñàòè ñèñòåìó (1) â iíòåãðàëü-
íié ôîðìi i â ðîçêëàäi Ôóð'¹ çà çìiííèìè ϕ,
ϕ∆ âåêòîð-ôóíêöi¨ F ïiäñòàâèòè âèðàç äëÿ
ϕ(τ, ε).

Çàïðîâàäèìî ïîçíà÷åííÿ: Wp(τ, ε) � (p ×
2m)-ìàòðèöÿ, p ≥ 2m, ïåðøi m ñòîâïöiâ ÿêî¨
óòâîðåíi ôóíêöiÿìè ω

(j)
ν (τ), ν = 1, . . . , m,

j = 0, . . . , 2p−1, åëåìåíòè ðåøòè m ñòîâïöiâ
�

(
ων(∆(τ, ε))

d∆(τ, ε)

dτ

)(j)

; ‖λ‖ :=
∑ |λν |.

Ïðèïóñòèìî, ùî äëÿ τ ∈ [0, L] i ε ∈ (0, ε0])
iñíó¹ ìàòðèöÿ (W T

p (τ, ε)Wp(τ, ε))
−1 i

‖(W T
p (τ, ε)Wp(τ, ε))

−1W T
p (τ, ε)‖ ≤ σε−β, (5)

äå 0 < β < (p + 1)−1, σ > 0.
Ó ñòàòòi [2] ðîçãëÿäàâñÿ âèïàäîê, êîëè

β = 0. ßêùî p = 2m, òî çàìiñòü íåðiâíîñòi
(6) îäåðæó¹òüñÿ óìîâà

‖(W T
p (τ, ε))−1‖ < σε−β. (7)

Ïðèêëàä 1. Íåõàé 2m = L = 2, ω(τ) =
1 + τ , ∆(τ, ε) = τ − 4

√
ε. Òîäi

(W T
2 (τ, ε))−1 =

1
4
√

ε

[
1 + τ 1

1 + τ + 4
√

ε 1

]

i ‖(W T
2 )−1‖ ≤ 4/ 4

√
ε, β = 1/2.

ßêùî ∆ = ∆(τ), òî äîñòàòíüî iñíóâàííÿ
ìàòðèöi W−1

p (τ).
Ïðèêëàä 2. Íåõàé 2L = m = 1, ω(τ) =

1 + τ , ∆(τ) = τ − ln(τ + 1). Òîäi

W2(τ) =




1 + τ τ − τ ln(τ + 1)

τ + 1

1 1− ln(τ + 1) + τ

(τ + 1)2




i det W2(τ) = (ln(τ + 1)− 1)(τ + 1)−1 > 0.
Òåîðåìà 1. Íåõàé:
1) ôóíêöi¨ ων ∈ Cp−1[0, L], ν = 1, . . . , m;
2) ∀ε ∈ (0, ε0] ôóíêöiÿ ∆(·, ε) p ðàçiâ äè-

ôåðåíöiéîâíà íà [0, L], ∆p(·, ε) ∈ Lip[0, L] i
ôóíêöiÿ ∆ ðàçîì ç ïîõiäíèìè äî ïîðÿäêó
p−1 i ñòàëîþ Ëiïøiöà ðiâíîìiðíî îáìåæå-
íi;

3) f(·, ε) ∈ C1[0, L] ∀ε ∈ (0, ε0] i îáìåæåíà
ðàçîì ç ïîõiäíîþ ïî τ ðiâíîìiðíî âiäíîñíî
ε ∈ (0, ε0];

4) âèêîíó¹òüñÿ óìîâà (6) àáî (7).
Òîäi ∃ε0, ε0 ≤ ε0, òàêå, ùî äëÿ âñiõ

(τ, ε) ∈ [0, L] × (0, ε0] ñïðàâäæó¹òüñÿ íåðiâ-
íiñòü

‖Iλ(τ, ε)‖ ≤ c4ε
α
[(

1 +
1

‖λ‖
)

sup
G0

‖f(s, ε)‖+

+
1

‖λ‖ sup
G0

∥∥∥df(s, ε)

ds

∥∥∥
]
, (8)

α = (1− β(p + 1))/p,

äå ñòàëà c4 > 0 i íå çàëåæèòü âiä λ, τ i ε.
Äîâåäåííÿ. Çàñòîñó¹ìî ñõåìó äîâåäåí-

íÿ, çàïðîïîíîâàíó â [4]. Íåõàé

Ωp(τ, ε) := col[γ(τ, ε), γ′(τ, ε), . . . , γ(p−1)(τ, ε)].

Iç ðiâíîñòi

Wp(τ, ε)λ = Ωp(τ, ε)

îäåðæèìî

λ = (W T
p (τ, ε)Wp(τ, ε))

−1Wp(τ, ε)Ωp(τ, ε),

çâiäêè ìà¹ìî

‖Ωp(τ, ε)‖ ≥ ‖λ‖
σ

εβ.
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Äëÿ êîæíîãî λ, τ i ε çíàéäåòüñÿ öiëå q =
q(τ, ε, λ) òàêå, ùî

|γ(q)
λ (τ ; ε)| = max

0≤j≤p−1
|γ(j)

λ (τ, ε)| ≥ ‖λ‖
pσ

εβ. (9)

Ðîçiá'¹ìî ïðîìiæîê [0, τ ] òî÷êàìè tν íà
ïðîìiæêè Tν äîâæèíîþ

δ(ε) = δ0ε
β, δ0 > 0.

Òîäi

[0, τ ] =
( N−1⋃

ν=0

Tν

) ⋃
[tN , τ ],

äå N(ε) = [Lδ−1
0 εα].

Çàôiêñó¹ìî âåêòîð λ 6= 0. Íåõàé tν = (tν+
tν+1)/2 i qν = q(tν , ε, λ).

Òîäi, äëÿ âñiõ (t, ε) ∈ Tν × (0, ε0] ñïðàâ-
äæóþòüñÿ íåðiâíîñòi:

|γ(qν)
λ (t, ε)| ≥ ‖λ‖

c1

εβ, c1 = 2pσ; (10)

|γ(j)
λ (t, ε)| ≤ 4|γqν

λ (t, ε)|, j = 0, . . . , p− 1. (11)

Ñïðàâäi,

|γ(qν)
λ (t, ε)| ≥ ‖λ‖

pσ
εβ − |(λ(1), ω(qν)(t)−

−ω(qν)(tν))| − |(λ(2), (ω∆(t)∆′(t, ε))(qν)−

−(ω∆(t)∆′(t, ε))(qν))| ≥ ‖λ‖
pσ

εβ − (‖λ(1)‖c2+

+‖λ(2)‖{c2)δ0ε
β ≥ ‖λ‖

c1

εβ,

ÿêùî δ0 ≤ (2pσ(c2)+c)−1, c1 i c2 � äåÿêi ñòàëi,
iñíóâàííÿ ÿêèõ çàáåçïå÷ó¹òüñÿ óìîâàìè 1 i
2 òåîðåìè.

Äðóãà ç îöiíîê îäåðæó¹òüñÿ iç òàêîãî ëàí-
öþæêà íåðiâíîñòåé:

|γj
λ(t, ε)| ≤ |γ(j)(t, ε)|+|γ(j)(t, ε)−γ(j)(tν , ε)| ≤

≤ ‖λ‖
pσ

εβ+εα‖λ‖ ≤ 2|γ(qν)
λ (t, ε)| ≤ 4|γ(qν)

λ (t, ε)|.

Çàôiêñó¹ìî ε ∈ (0, ε1]. Íåõàé qν = 0 íà Tν ,
òîáòî âèêîíó¹òüñÿ íåðiâíiñòü (10) äëÿ q = 0.

Ïðîiíòåãðóâàâøè ÎI ÷àñòèíàìè íà Tν iç
âðàõóâàííÿì (10) äëÿ qν = 0 i (11) äëÿ h = 1
îäåðæèìî
∥∥∥

∫

Tν

g(s, ε)ds
∥∥∥ ≤ c1ε

1−β

‖λ‖
[
2(1+2δ(ε)) sup

G0

‖f(s, ε)‖+

sup
G0

∥∥∥df(s, ε)

ds

∥∥∥
]
, (12)

äå G0 = [0, L] × (0, ε0], g(s, ε) =

f(s, ε) exp
{ i

ε

s∫

0

γλ(s, ε)ds1

}
.

Íåõàé äëÿ êîæíîãî ôiêñîâàíîãî ε ∈
(0, ε0 qν ≥ 1 íà Tν . Iç (10) âèïëèâà¹, ùî
γqν−1

λ (t, ε) = 0 õiáà ùî â îäíié òî÷öi àáî íå
áiëüøå îäíîãî ðàçó ãðàôiê ôóíêöi¨ γq−1

λ (t, ε)
âõîäèòü àáî âèõîäèòü iç ðåçîíàíñíî¨ çîíè

|γλ(t, ε)| ≤ c3‖λ‖εχ,

äå c3 i χ > 0 � äåÿêi ÷èñëà.
Àíàëîãi÷íî, ÿêùî qν ≥ 2, òî γ

(qν−2)
λ (t, ε) =

0 íå áiëüøå, íiæ ó äâîõ òî÷êàõ, àáî íå áiëüøå
îäíîãî ðàçó âõîäèòü i âèõîäèòü iç ðåçîíàí-
ñíî¨ çîíè. Äëÿ γλ(t, ε) íà Tν ìà¹ìî íå áiëüøå
p íóëiâ, âêëþ÷àþ÷è âõîäæåííÿ àáî âèõiä iç
ðåçîíàíñíî¨ çîíè. Â ïiäñóìêó îäåðæèìî íå
áiëüøå M = p(p + 1)/2 íóëiâ, âõîäæåíü i âè-
õîäiâ iç ðåçîíàíñíî¨ çîíè. Äëÿ êîæíîãî íóëÿ
zi

ν(ε) ôóíêöié γ
(q−1)
λ (t, ε), . . . , γλ(t, ε) ïîáóäó-

¹ìî ïðîìiæîê

[zν(ε)−µ(ε), zν(ε)+µ(ε)], µ(ε) < min(2, δ(ε)/M).

Îá'¹äíàííÿ öèõ ïðîìiæêiâ ç [tν(ε), tν(ε) +
µ(ε)/2] i [tν(ε)−µ(ε)/2, tν(ε)], ÿêùî òàêi iñíó-
þòü, ïîçíà÷èìî ÷åðåç Rν i íàçâåìî ðåçîíàí-
ñíîþ ìíîæèíîþ. Ìíîæèíó Nν = Tν \Rν �
íåðåçîíàíñíîþ.

Íà ðåçîíàíñíié ìíîæèíi Rν

∥∥∥
∫

Rν

g(s, ε)ds
∥∥∥ ≤ Mµ(ε) sup

G0

‖f(s, ε)‖. (13)

Íà íåðåçîíàíñíié ìíîæèíi

|γqν−j
λ (t, ε)| ≥ ‖λ‖

c1

εβ
(µ

2

)j

, j = 1, . . . , qν ,
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|γλ(t, ε)| ≥ ‖λ‖
c1

εβ
(µ

2

)p−1

. (14)

Íåõàé µ = 2εχ1 , 2c1c3 = 1,

χ = β + χ1(p− 1). (15)

Òîäi íà íåðåçîíàíñíié ìíîæèíi Nν

|γλ(t, ε)| ≥ ‖λ‖
c1

εβ
(µ

2

)p−1

≥ 2c3‖λ‖εχ.

Ïðîiíòåãðóâàâøè íà êîæíîìó ç âiäðiçêiâ
[αj, βj], ùî ñêëàäàþòü Nν , j = 1, . . . , M1,
M1 ≤ M +1, íà ïiäñòàâi (14) i âèáðàíèõ µ(ε),
χ, îäåðæèìî

∥∥∥
∫

Nν

g(s, ε)ds
∥∥∥ ≤

M1∑
j=1

∥∥∥
βj∫

αj

g(s, ε)ds
∥∥∥ ≤

≤ ε1−χ
(4c1M

‖λ‖ sup
G0

‖f(s, ε)‖+

+
c1δ(ε)

‖λ‖ sup
G0

∥∥∥df(s, ε)

ds

∥∥∥
)
. (16)

Òàêèì ÷èíîì, iç (13) i (16) ìà¹ìî
∥∥∥

∫

Tν

g(s, ε)ds
∥∥∥ ≤

(
2Mεχ1 + ε1−χ 4c1M1

‖λ‖ ×

× sup
G0

‖f(s, ε)‖+

+ε1−χ c1δ(ε)

‖λ‖ sup
G0

∥∥∥df(s, ε)

ds

∥∥∥. (17)

Îñêiëüêè δ(ε)N(ε) ≤ L, òî iç (12) i (17)
îäåðæèìî íåðiâíiñòü

‖Iλ(τ, ε)‖ ≤ 4c1L

‖λ‖ ε1−2β sup
G0

‖f(s, ε)‖+

+
c1L

‖λ‖ε1−β sup
G0

∥∥∥df(s, ε)

ds

∥∥∥

ó íåðåçîíàíñíîìó âèïàäêó, ÿêùî 2δ0ε
β ≤ 1.

ßêùî æ qν ≥ 1 äëÿ ν = 1, . . . , N(ε), òî

‖Iλ(τ, s)‖ ≤ 2L

δ0

(
Mεχ1−β +

2c1M1

‖λ‖ ε1−β−χ
)
×

× sup
G0

‖f(s, ε)‖+
c1L

‖λ‖ε1−χ sup
G0

∥∥∥df(s, ε)

ds

∥∥∥.

Iç óìîâè χ1 − β = 1 − β − χ çíàõîäèìî
χ1 = (1− β)/p. Òîäi

α := χ1 − β = (1− β(p + 1))/p.

Äàëi, 1− χ = α− β, 1− 2β = χ1 − β + χ2,
äå χ2 = 1− 3β − (1 + β)/p. Íåõàé

ε0 ≤ ε1 := min
((δ0

2

) 1
χ1−β

,
(M1

δ0

) 1
χ2

)
.

Òîäi
‖Iλ(τ, s)‖ ≤ εα

(2c1M1

‖λ‖ +

+
2LM

δ0

)
sup
G0

‖f(s, ε)‖+
εαc1L

‖λ‖ sup
G0

∥∥∥df(s, ε)

ds

∥∥∥.

Çâiäñè îäåðæó¹òüñÿ îöiíêà (8), ÿêùî c4 =
max(2c1M1, 2LM, c1L).

Íàñëiäîê 1. ßêùî λ ∈ Z2m \ {0}, òî
‖λ‖ ≥ 1 i íåðiâíiñòü (8) íàáóâà¹ âèãëÿäó

‖Iλ(τ, ε)‖ ≤ c5ε
α
(

sup
G0

‖f(s, ε)‖+

+
1

‖λ‖ sup
G0

∥∥∥df(s, ε)

ds

∥∥∥
)
, (18)

äå c5 = 2c4.
Íàñëiäîê 2. ßêùî β = 0, òî δ = δ0 ≤

(2pσ(c2 + c2))
−1 i α = p−1, p ≥ 2m.

3. Îáãðóíòóâàííÿ ìåòîäó óñåðåäíåííÿ íà
ïðîìiæêó [0, L] îäåðæó¹òüñÿ ÿê íàñëiäîê ç
íåðiâíîñòi (18) çà ñõåìîþ, çàïðîïîíîâàíîþ
â ïðàöi [4].

Òåîðåìà 2. Íåõàé:
1) âèêîíóþòüñÿ óìîâè 1, 2 i 4 òåîðåìè

1;
2) â îáëàñòi G = [0, L]×D×D×Rm×Rm

F ∈ C1
τ,x,x∆

(G, σ1), äå ñòàëîþ σ1, îáìåæåíà
âåêòîð-ôóíêöiÿ F òà ¨¨ ïîõiäíi;

3) äëÿ êîåôiöi¹íòiâ Ôóð'¹ âåêòîð-
ôóíêöi¨ F âèêîíó¹òüñÿ íåðiâíiñòü

sup
G1

‖F0‖+
∑

λ 6=0

(
sup
G1

‖Fλ‖+
1

‖λ‖
(

sup
G1

∥∥∥∂F

∂x

∥∥∥+

+ sup
G1

∥∥∥ ∂F

∂x∆

∥∥∥ + sup
G1

∥∥∥∂F

∂τ

∥∥∥
))

≤ σ2,
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G1 = [0, L]×D ×D;
4) iñíó¹ ðîçâ'ÿçîê a = a(τ, ε) ïåðøîãî ç

ðiâíÿíü (2), ÿêèé ëåæèòü â îáëàñòi D ðà-
çîì iç äåÿêèì ρ-îêîëîì.

Òîäi äëÿ äîñèòü ìàëîãî ε0 iñíó¹ ¹äèíèé
ðîçâ'ÿçîê ñèñòåìè (1) òàêèé, ùî a(0, ε) =
a(0, ε), ϕ(0, ε) = ϕ(0, ε) i äëÿ âñiõ (τ, ε) ∈
[0, L]× (0, ε0] âèêîíó¹òüñÿ íåðiâíiñòü

v(τ, ε) := ‖a(τ, ε)− a(τ, ε)‖+
+‖ϕ(τ, ε)− ϕ(τ, ε)‖ ≤ c6ε

α. (19)

Äîâåäåííÿ. Iç ñèñòåì (1) i (2) òà óìîâè
2 òåîðåìè 2 îäåðæèìî

v(τ, ε) ≤ 2σ1

τ∫

0

‖a(s, ε)− a(s, ε)‖ds+

+
∑

λ 6=0

∥∥∥
τ∫

0

Fλ(s, a(s, ε), a∆(s, ε)) exp[i(k, ϕ)+

+i(l, ϕ∆)]ds
∥∥∥.

Çàëèøà¹òüñÿ çàñòîñóâàòè íåðiâíiñòü (18)
äëÿ ôóíêöi¨

fλ(s, ε) = Fλ(s, a(s, ε), a∆(s, ε))×

× exp
[
− i

ε

s∫

0

γλ(s, ε)ds1+

+i(k, ϕ(s, ε)) + (l, ϕ∆(s, ε))
]
,

äå λ := [k, l], τ ∈ [0, L], ε ≤ ε1.
Íåðiâíiñòü (19) îäåðæó¹òüñÿ íà ïiäñòà-

âi íåðiâíîñòi Ãðîíóîëëà-Áåëìàíà, äå c6 =
c7 exp(2σ1L), c7 = c5σ2(1 + σ1(1 + σ3)), σ3 ≥
sup
G0

|d∆(τ,ε)
dt

|. Íåõàé 2c6ε2 ≤ ρ, òîäi ðîçâ'ÿçîê
ñèñòåìè (1) âèçíà÷åíèé äëÿ âñiõ τ ∈ [0, L],
êîëè ε ∈ (0, ε0] = min(ε1, ε2).
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