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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

ÎÁÅÐÍÅÍÀ ÇÀÄÀ×À Â ÎÁËÀÑÒI Ç ÂIËÜÍÎÞ ÌÅÆÅÞ ÄËß
ÀÍIÇÎÒÐÎÏÍÎÃÎ ÐIÂÍßÍÍß ÏÀÐÀÁÎËI×ÍÎÃÎ ÒÈÏÓ
Âñòàíîâëåíî óìîâè iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i âèçíà÷åííÿ íåâiäî-

ìèõ, çàëåæíèõ âiä ÷àñó, êîåôiöi¹íòiâ òåïëîïðîâiäíîñòi â àíiçîòðîïíîìó ïàðàáîëi÷íîìó ðiâ-
íÿííi â îáëàñòi ç âiëüíîþ ìåæåþ.

We establish conditions of existence and uniqueness for a solution of the inverse problem to
�nding out of the unknown time-dependent coe�cients of heat conductivity for the anisotropic
parabolic equation in a domain with free bound.

Îáåðíåíi çàäà÷i äëÿ àíiçîòðîïíèõ òië ç
íåâiäîìèìè òåïëîâèìè õàðàêòåðèñòèêàìè,
ùî çàëåæàòü âiä íàïðÿìêó, ìàþòü òåîðåòè-
÷íå òà ïðàêòè÷íå çíà÷åííÿ. Òàêi çàäà÷i áó-
ëî ðîçãëÿíóòî â ðîáîòi [1], äå áóëî çíàéäåíî
óìîâè ¹äèíîñòi ðîçâ'ÿçêó. Â [2] áóëî âñòàíîâ-
ëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó
îáåðíåíî¨ çàäà÷i äëÿ àíiçîòðîïíîãî ðiâíÿí-
íÿ òåïëîïðîâiäíîñòi.

Îáåðíåíi çàäà÷i â îáëàñòi ç âiëüíèìè ìå-
æàìè - öå ïî¹äíàííÿ çàäà÷i çíàõîäæåííÿ íå-
âiäîìî¨ ìåæi îáëàñòi òà îáåðíåíî¨ çàäà÷i âè-
çíà÷åííÿ íåâiäîìèõ ïàðàìåòðiâ ðiâíÿííÿ. Ó
ðîáîòi [3] áóëî äîñëiäæåíî îáåðíåíó çàäà÷ó
äëÿ äâîâèìiðíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ â
îáëàñòi ç âiëüíèìè ìåæàìè.

Äàíà ðîáîòà âiäðiçíÿ¹òüñÿ âiä [3] òèì,
ùî ðiâíÿííÿ ¹ àíiçîòðîïíèì ðiâíÿííÿì ïà-
ðàáîëi÷íîãî òèïó ç íåâiäîìèìè, çàëåæíèìè
âiä ÷àñó, êîåôiöi¹íòàìè òåïëîïðîâiäíîñòi.

Â îáëàñòi ΩT ≡ {(x1, x2, t) : 0 < x1 <
l(t) , 0 < x2 < h(t) , 0 < t < T < ∞} ç íåâi-
äîìèìè ìåæàìè x1 = l(t), x2 = h(t) ðîçãëÿ-
íåìî ïàðàáîëi÷íå ðiâíÿííÿ

ut = a(1)(t)ux1x1 + a(2)(t)ux2x2+

+b (x1, x2, t) ux1 + c (x1, x2, t) ux2+

+d (x1, x2, t) u + f(x1, x2, t) , (1)

â ÿêîìó a(1)(t), a(2)(t) - íåâiäîìi êîåôiöi¹íòè.

Çàäàìî ïî÷àòêîâó óìîâó

u(x1, x2, 0) = ϕ (x1, x2) ,

(x1, x2) ∈ [0, l0]× [0, h0] , (2)

äå l0 ≡ l(0), h0 ≡ h(0), êðàéîâi óìîâè

u(0, x2, t) = µ1(x2, t) ,

u(l(t), x2, t) = µ2(x2, t) ,

u(x1, 0, t) = µ3(x1, t) ,

u(x1, h(t), t) = µ4(x1, t) ,

x1 ∈ [0, l(t)] , x2 ∈ [0, h(t)] , t ∈ [0, T ] (3)

òà óìîâè ïåðåâèçíà÷åííÿ
l(t)∫

0

h(t)∫

0

u(x1, x2, t) dx2dx1 = µ5(t) ,

t ∈ [0, T ] , (4)
l(t)∫

0

h(t)∫

0

x2u(x1, x2, t) dx2dx1 = µ6(t) ,

t ∈ [0, T ] , (5)

a(1)(t) ux1(0, x
(2), t) = µ7(t) , t ∈ [0, T ] , (6)

a(2)(t) ux2(x
(1), 0, t) = µ8(t) , t ∈ [0, T ] , (7)
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äå x(1) ∈ (0, l(t)), x(2) ∈ (0, h(t)) - äåÿêi ôi-
êñîâàíi òî÷êè.

Çàìiíîþ y1 = x1

l(t)
, y2 = x2

h(t)
, t = t çâå-

äåìî çàäà÷ó (1)-(7) äî îáåðíåíî¨ çàäà÷i ñòî-
ñîâíî íåâiäîìèõ a(t), l(t), h(t), v(y1, y2, t) ≡
u(y1l(t), y2h(t), t) â îáëàñòi ç âiäîìèìè ìåæà-
ìè QT ≡ {(y1, y2, t) : 0 < y1 < 1 , 0 < y2 <
1 , 0 < t < T}:

vt =
a(1)(t)

l2(t)
vy1y1 +

a(2)(t)

h2(t)
vy2y2+

+
b (y1l(t), y2h(t), t) + y1l

′(t)
l(t)

vy1+

+
c (y1l(t), y2h(t), t) + y2h

′(t)
h(t)

vy2+

+d (y1l(t), y2h(t), t) v + f(y1l(t), y2h(t), t) ,

(y1, y2, t) ∈ QT , (8)

v(y1, y2, 0) = ϕ(y1l0, y2h0) ,

yi ∈ [0, 1] , i = 1, 2, (9)

v(0, y2, t) = µ1(y2h(t), t) ,

v(1, y2, t) = µ2(y2h(t), t) ,

v(y1, 0, t) = µ3(y1l(t), t) ,

v(y1, 1, t) = µ4(y1l(t), t) ,

y1 ∈ [0, 1] , y2 ∈ [0, 1] , t ∈ [0, T ] , (10)

l(t)h(t)

1∫

0

1∫

0

v(y1, y2, t) dy2dy1 =

= µ5(t) , t ∈ [0, T ] , (11)

l(t)h2(t)

1∫

0

1∫

0

y2v(y1, y2, t) dy2dy1 =

= µ6(t) , t ∈ [0, T ] , (12)

a(1)(t)

l(t)
vy1

(
0,

x(2)

h(t)
, t

)
= µ7(t) ,

t ∈ [0, T ] , (13)

a(2)(t)

h(t)
vy2

(
x(1)

l(t)
, 0, t

)
= µ8(t) ,

t ∈ [0, T ] . (14)

Îçíà÷åííÿ. Ôóíêöi¨ (a(1), a(2), l, h, v) ∈
(C[0, T ])2 × (C1[0, T ])2 × C 2,1(QT ), a(1)(t) >
0, a(2)(t) > 0, l(t) > 0, h(t) > 0, t ∈ [0, T ],
ÿêi çàäîâîëüíÿþòü óìîâè (8)-(14), íàçâåìî
ðîçâ'ÿçêîì çàäà÷i (8)-(14).

Çàóâàæèìî, çàïèñ v ∈ C 2,1(QT ) îçíà÷à¹,
ùî ôóíêöiÿ v ¹ äâi÷i íåïåðåðâíî äèôåðåí-
öiéîâíîþ ïî ïðîñòîðîâèõ çìiííèõ òà íåïå-
ðåðâíî äèôåðåíöiéîâíîþ ïî ÷àñîâié çìiííié
â îáëàñòi QT .

Òåîðåìà iñíóâàííÿ. Íåõàé âèêîíóþ-
òüñÿ óìîâè:

1)ϕ ∈ C([0, +∞) × [0, +∞)), µi ∈
C([0, +∞)× [0, T ]), i = 1, 4, f ∈ C([0, +∞)×
[0, +∞)× [0, T ]);

2) 0 < ϕ0 ≤ ϕ(x1, x2) ≤ ϕ1 < ∞, (x1, x2) ∈
[0, +∞) × [0, +∞), µi(t) > 0, i = 5, 8, t ∈
[0, T ], 0 < µi0 ≤ µi(x2, t) ≤ µi1 < ∞ , i =
1, 2 , (x2, t) ∈ [0, +∞) × [0, T ], 0 < µk0 ≤
µk(x1, t) ≤ µk1 < ∞ , k = 3, 4 , (x1, t) ∈
[0, +∞) × [0, T ], d(x1, x2, t) ≤ 0 , (x1, x2, t) ∈
[0, +∞) × [0, +∞) × [0, T ], 0 ≤ f(x1, x2, t) ≤
f1 < ∞ , (x1, x2, t) ∈ [0, +∞)×[0, +∞)×[0, T ],
µix2(x2, t) > 0, (x2, t) ∈ [0, H2] × [0, T ] , i =
1, 2, µkx1(x1, t) > 0, (x1, t) ∈ [0, L2] ×
[0, T ] , k = 3, 4, ϕxi

(x1, x2) > 0, (x1, x2) ∈
[0, l0] × [0, h0] , i = 1, 2, 0 < x(1) < L1, 0 <
x(2) < H1, äå l0, h0, H1, L1, H2, L2- äåÿêi
äîäàòíi ñòàëi, çíà÷åííÿ ÿêèõ áóäå âêàçàíî;

3)ϕ ∈ C2([0, l0] × [0, h0]), µm ∈
C1[0, T ], m = 5, 6, µj ∈ C[0, T ], j = 7, 8,
µi ∈ C2 ,1([0, H2] × [0, T ]), i = 1, 2, µk ∈
C2 ,1([0, L2] × [0, T ]), k = 3, 4, b, c, f ∈
C1 ,0([0, L2]× [0, H2]× [0, T ]);

4) óìîâè óçãîäæåííÿ íóëüîâîãî òà ïåðøî-
ãî ïîðÿäêiâ.

Òîäi ìîæíà âêàçàòè òàêå ÷èñëî t0, 0 <
t0 ≤ T , ùî ðîçâ'ÿçîê çàäà÷i (8)-(14) iñíó¹
ïðè 0 ≤ yi ≤ 1 , i = 1, 2, 0 ≤ t ≤ t0.

Äîâåäåííÿ. Ç óìîâ (2), (4), (5) îòðèìà¹ìî
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ñèñòåìó ðiâíÿíü ñòîñîâíî íåâiäîìèõ l0 , h0:
l0∫

0

h0∫

0

ϕ(x1, x2) dx2dx1 = µ5(0) ,

l0∫

0

h0∫

0

x2ϕ(x1, x2) dx2dx1 = µ6(0) .

Ïîçíà÷èâøè
l0∫
0

ϕ(x1, x2)dx1 ≡ ψ(l0, x2),
ñèñòåìó çàïèøåìî ó âèãëÿäi

h0∫

0

ψ(l0, x2) dx2 = µ5(0) ,

h0∫

0

x2ψ(l0, x2) dx2 = µ6(0). (15)

Ç ïðèïóùåíü òåîðåìè îòðèìà¹ìî, ùî
ϕ0l0 ≤ ψ(l0, x2) ≤ ϕ1l0. Òîäi ϕ0l0h0 ≤
h0∫
0

ψ(l0, x2) dx2 ≤ ϕ1l0h0. Ôóíêöiÿ y =

h0∫
0

ψ(l0, x2) dx2 ïðè äîâiëüíîìó ôiêñîâàíîìó
l0 > 0 ìîíîòîííî çðîñòàþ÷à ñòîñîâíî h0. Îò-
æå, ç óìîâ òåîðåìè âèïëèâà¹, ùî iñíó¹ ¹äèíå
çíà÷åííÿ h0(l0), ÿêå ¹ ðîçâ'ÿçêîì ðiâíÿííÿ
h0(l0)∫

0

ψ(l0, x2) dx2 = µ5(0) i µ5(0)
ϕ1l0

≤ h0(l0) ≤
µ5(0)
ϕ0l0

. Òîäi

ϕ0µ
2
5(0)

2ϕ2
1l0

≤ ϕ0l0
h2

0(l0)

2
≤

≤
h0(l0)∫

0

x2ψ(l0, x2) dx2 ≤

≤ ϕ1l0
h2

0(l0)

2
≤ ϕ1µ

2
5(0)

2ϕ2
0l0

. (16)

Ôóíêöiÿ y =
h0(l0)∫

0

x2ψ(l0, x2) dx2 ¹ ìîíîòîí-
íî ñïàäíîþ ôóíêöi¹þ çìiííî¨ l0, ãðàôiê ÿêî¨
ïåðåòèíà¹ ïðÿìó y = µ6(0) ëèøå â îäíié òî-
÷öi. Îòæå, iñíó¹ ¹äèíå çíà÷åííÿ l0 , h0, ÿêå ¹
ðîçâÿçêîì ñèñòåìè (15).

Ç ïðèïóùåíü òåîðåìè çà ïðèíöèïîì ìà-
êñèìóìó äëÿ ðîçâ'ÿçêó çàäà÷i (8)-(10) ñïðàâ-
äæó¹òüñÿ îöiíêà

0 < M0 ≤ v(y1, y2, t) ≤ M1 < ∞ ,

(y1, y2, t) ∈ QT , (17)

äå M0 , M1 - âiäîìi âåëè÷èíè, ÿêi âèçíà÷àþ-
òüñÿ ÷åðåç âèõiäíi äàíi.

Ç óìîâ (11) òà (12) îòðèìà¹ìî òàêi îöiíêè:

0 < H1 ≤ h(t) ≤ H2 < ∞ ,

0 < L1 ≤ l(t) ≤ L2 < ∞ ,

t ∈ [0, T ] . (18)

Çàäà÷à (8)-(10) åêâiâàëåíòíà ðiâíÿííþ

v(y1, y2, t) = v0(y1, y2, t)+

+

t∫

0

1∫

0

1∫

0

G11(y1, y2, t, ξ1, ξ2, τ)×

×
(

b (ξ1l(τ), ξ2h(τ), τ) + ξ1l
′(τ)

l(τ)
vξ1(ξ1, ξ2, τ)+

+
c (ξ1l(τ), ξ2h(τ), τ) + ξ2h

′(τ)

h(τ)
vξ2(ξ1, ξ2, τ)+

+d (ξ1l(τ), ξ2h(τ), τ)v(ξ1, ξ2, τ)

)
dξ1 dξ2 dτ ,

(y1, y2, t) ∈ QT , (19)

äå

v0(y1, y2, t) =

1∫

0

1∫

0

G11(y1, y2, t, ξ1, ξ2, 0)×

×ϕ(ξ1l0, ξ2h0) dξ1 dξ2+

+

t∫

0

1∫

0

G11ξ1(y1, y2, t, 0, ξ2, τ)×

×a(1)(τ)

l2(τ)
µ1(ξ2h(τ), τ) dξ2 dτ−
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−
t∫

0

1∫

0

G11ξ1(y1, y2, t, 1, ξ2, τ)×

×a(1)(τ)

l2(τ)
µ2(ξ2h(τ), τ) dξ2 dτ+

+

t∫

0

1∫

0

G11ξ2(y1, y2, t, ξ1, 0, τ)×

×a(2)(τ)

h2(τ)
µ3(ξ1l(τ), τ) dξ1 dτ−

−
t∫

0

1∫

0

G11ξ2(y1, y2, t, ξ1, 1, τ)×

×a(2)(τ)

h2(τ)
µ4(ξ1l(τ), τ) dξ1 dτ +

+

t∫

0

1∫

0

1∫

0

G11(y1, y2, t, ξ1, ξ2, τ)×

×f(ξ1l(τ), ξ2h(τ), τ) dξ1 dξ2 dτ , (20)

Gkl(y1, y2, t, ξ1, ξ2, τ) =

=
1

4π
√

(θ1(t)− θ1(τ))(θ2(t)− θ2(τ))
×

×
+∞∑

m,n=−∞

(
exp

(
− (y1 − ξ1 + 2n)2

4(θ1(t)− θ1(τ))

)
+

+(−1)k exp

(
− (y1 + ξ1 + 2n)2

4(θ1(t)− θ1(τ))

))
×

×
(

exp

(
−(y2 − ξ2 + 2m)2

4(θ2(t)− θ2(τ))

)
+

+(−1)l exp

(
−(y2 + ξ2 + 2m)2

4(θ2(t)− θ2(τ))

))
,

k, l = 1, 2, θ1(t) =
t∫

0

a(1)(σ)
l2(σ)

dσ,

θ2(t) =
t∫

0

a(2)(σ)
h2(σ)

dσ. Çàçíà÷èìî, ùî
G11(y1, y2, t, ξ1, ξ2, τ) - ôóíêöiÿ Ãðiíà ðiâíÿ-
ííÿ

vt =
a(1)(t)

l2(t)
vy1y1 +

a(2)(t)

h2(t)
vy2y2+

+f(y1l(t), y2h(t), t) , (y1, y2, t) ∈ QT , (21)

ç êðàéîâèìè óìîâàìè (10), à v0(y1, y2, t) ¹
ðîçâ'ÿçêîì çàäà÷i (21), (9), (10). Âðàõîâóþ-
÷è âëàñòèâîñòi ôóíêöi¨ Ãðiíà, ç (18) çíàéäå-
ìî vy1(y1, y2, t):

vy1(y1, y2, t) = v0 y1(y1, y2, t)+

+

t∫

0

1∫

0

1∫

0

G11 y1(y1, y2, t, ξ1, ξ2, τ)×

×
(

b (ξ1l(τ), ξ2h(τ), τ) + ξ1l
′(τ)

l(τ)
vξ1(ξ1, ξ2, τ)+

+
c (ξ1l(τ), ξ2h(τ), τ) + ξ2h

′(τ)

h(τ)
vξ2(ξ1, ξ2, τ)+

+d (ξ1l(τ), ξ2h(τ), τ)v(ξ1, ξ2, τ)) dξ1 dξ2 dτ ,

(y1, y2, t) ∈ QT , (22)

äå

v0 y1(y1, y2, t) = l0

1∫

0

1∫

0

G21(y1, y2, t, ξ1, ξ2, 0)×

×ϕη(η, ξ2h0)|η=ξ1l0 dξ1 dξ2−

−
t∫

0

1∫

0

G21(y1, y2, t, 0, ξ2, τ)
(
ξ2h

′(τ)µ1η(η, τ)−

−a(2)(τ)µ1ηη(η, τ) + µ1τ (η, τ)
)
|η=ξ2h(τ) dξ2 dτ+

+

t∫

0

1∫

0

G21(y1, y2, t, 1, ξ2, τ)
(
ξ2h

′(τ)µ2η(η, τ)−

−a(2)(τ)µ2ηη(η, τ) + µ2τ (η, τ)
)
|η=ξ2h(τ) dξ2 dτ+

+

t∫

0

1∫

0

G21ξ2(y1, y2, t, ξ1, 0, τ)
a(2)(τ)

h2(τ)
l(τ)×

×µ3η(η, τ)|η=ξ1l(τ) dξ1 dτ−

−
t∫

0

1∫

0

G21ξ2(y1, y2, t, ξ1, 1, τ)
a(2)(τ)

h2(τ)
l(τ)×

×µ4η(η, τ)|η=ξ1l(τ) dξ1 dτ+
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+

t∫

0

1∫

0

1∫

0

G11y1(y1, y2, t, ξ1, ξ2, τ)×

×f(ξ1l(τ), ξ2h(τ), τ) dξ1 dξ2 dτ . (23)

Ðiâíîñòi (11)-(14) çàïèøåìî ó âèãëÿäi ðiâ-
íÿííü ñòîñîâíî íåâiäîìèõ a(1)(t), a(2)(t), h(t),
l(t). Ïðîäèôåðåíöiþâàâøè (11), (12) ïî t, âè-
êîðèñòîâóþ÷è ðiâíÿííÿ (8) òà óìîâè (11),
(12), îòðèìà¹ìî ðiâíÿííÿ ñòîñîâíî íåâiäî-
ìèõ h′(t), l′(t). Îòæå, çàäà÷ó (8)-(14) çâåäåíî
äî ñèñòåìè ðiâíÿíü:

a(1)(t) =
µ7(t) l(t)

w1 (0, x(2)h−1(t), t)
, t ∈ [0, T ] , (24)

a(2)(t) =
µ8(t) h(t)

w2 (x(1)l−1(t), 0, t)
, t ∈ [0, T ] , (25)

h(t) =

µ6(t)
1∫
0

1∫
0

v(y1, y2, t) dy2dy1

µ5(t)
1∫
0

1∫
0

y2v(y1, y2, t) dy2dy1

,

t ∈ [0, T ] , (26)

l(t) =
µ5(t)

h(t)
1∫
0

1∫
0

v(y1, y2, t) dy2dy1

,

t ∈ [0, T ] , (27)

p (t) h(t)

1∫

0

µ2(y2h(t), t) dy2 + g(t) l(t)×

×
1∫

0

µ4(y1l(t), t) dy1 +
a(1)(t) h(t)

l(t)
×

×
1∫

0

(vy1(1, y2, t)− vy1(0, y2, t)) dy2+

+
a(2)(t) l(t)

h(t)

1∫

0

(vy2(y1, 1, t)−

−vy2(y1, 0, t)) dy1 = µ′5(t)−

−h(t)

1∫

0

(b (l(t), y2h(t), t) µ2(y2h(t), t)−

−b (0, y2h(t), t) µ1(y2h(t), t)) dy2−

−l(t)

1∫

0

(c (y1l(t), h(t), t)µ4(y1l(t), t)−

−c (y1l(t), 0, t)µ3(y1l(t), t)) dy1+

+l(t) h(t)

1∫

0

1∫

0

(
bη(η, y2h(t), t) |η=y1l(t) +

+cη(y1l(t), η, t) |η=y2h(t) −
−d (y1l(t), y2h(t), t)) v(y1, y2, t) dy1 dy2−

−l(t) h(t)

1∫

0

1∫

0

f(y1l(t), y2h(t), t) dy1 dy2 ,

t ∈ [0, T ] , (28)

p (t) h2(t)

1∫

0

(1− y2) µ2(y2h(t), t) dy2+

+
a(1)(t) h2(t)

l(t)

1∫

0

(1− y2) (vy1(1, y2, t)−

−vy1(0, y2, t)) dy2 − a(2)(t) l(t)×

×
1∫

0

(vy2(y1, 0, t) + µ3(y1l(t), t)−

−µ4(y1l(t), t)) dy1 = µ′5(t) h(t)− µ′6(t)+

+h(t) l(t)

1∫

0

c (y1l(t), 0, t) µ3(y1l(t), t) dy1−

−h(t) l(t)

1∫

0

1∫

0

c (y1l(t), y2h(t), t)×

×v(y1, y2, t) dy1 dy2 − h2(t)

1∫

0

(1− y2)×

× (b (l(t), y2h(t), t) µ2(y2h(t), t)−
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−b (0, y2h(t), t) µ1(y2h(t), t)) dy2+

+l(t) h2(t)

1∫

0

1∫

0

(1− y2)×

× (
bη(η, y2h(t), t) |η=y1l(t) +

+cη(y1l(t), η, t) |η=y2h(t) −
−d (y1l(t), y2h(t), t)) v(y1, y2, t) dy1 dy2−

−l(t) h2(t)

1∫

0

1∫

0

(1− y2)×

×f(y1l(t), y2h(t), t) dy1 dy2 , t ∈ [0, T ] , (29)

v(y1, y2, t) = v0(y1, y2, t)+

+

t∫

0

1∫

0

1∫

0

G11(y1, y2, t, ξ1, ξ2, τ)×

×
(

b (ξ1l(τ), ξ2h(τ), τ) + ξ1p (τ)

l(τ)
w1(ξ1, ξ2, τ)+

+
c (ξ1l(τ), ξ2h(τ), τ) + ξ2g (τ)

h(τ)
w2(ξ1, ξ2, τ)+

+d (ξ1l(τ), ξ2h(τ), τ) v(ξ1, ξ2, τ)

)
dξ1 dξ2 dτ ,

(y1, y2, t) ∈ QT , (30)

wi(y1, y2, t) = v0 yi
(y1, y2, t)+

+

t∫

0

1∫

0

1∫

0

G11 yi
(y1, y2, t, ξ1, ξ2, τ)×

×
(

b (ξ1l(τ), ξ2h(τ), τ) + ξ1p (τ)

l(τ)
w1(ξ1, ξ2, τ)+

+
c (ξ1l(τ), ξ2h(τ), τ) + ξ2g (τ)

h(τ)
w2(ξ1, ξ2, τ)+

+d (ξ1l(τ), ξ2h(τ), τ) v(ξ1, ξ2, τ)

)
dξ1 dξ2 dτ ,

i = 1, 2 , (y1, y2, t) ∈ QT , (31)

äå p (t) ≡ l′(t), g(t) ≡ h′(t), wi(y1, y2, t) ≡
vyi

(y1, y2, t), i = 1, 2, v0 y1 çàäàíî ôîðìóëîþ
(23), à v0 y2 ìà¹ âèãëÿä:

v0 y2(y1, y2, t) = h0

1∫

0

1∫

0

G12(y1, y2, t, ξ1, ξ2, 0)×

×ϕη(ξ1l0, η)|η=ξ2h0 dξ1 dξ2−

−
t∫

0

1∫

0

G12(y1, y2, t, ξ1, 0, τ)
(
ξ1l

′(τ)µ3η(η, τ)−

−a(1)(τ)µ3ηη(η, τ) + µ3τ (η, τ)
)
|η=ξ1l(τ) dξ1 dτ+

+

t∫

0

1∫

0

G12(y1, y2, t, ξ1, 1, τ)
(
ξ1l

′(τ)µ4η(η, τ)−

−a(1)(τ)µ4ηη(η, τ) + µ4τ (η, τ)
)
|η=ξ1l(τ) dξ1 dτ+

+

t∫

0

1∫

0

G12ξ1(y1, y2, t, 0, ξ2, τ)
a(1)(τ)

l2(τ)
h(τ)×

×µ1η(η, τ)|η=ξ2h(τ) dξ2 dτ−

−
t∫

0

1∫

0

G12ξ1(y1, y2, t, 1, ξ2, τ)
a(1)(τ)

l2(τ)
h(τ)×

×µ2η(η, τ)|η=ξ2h(τ) dξ2 dτ+

+

t∫

0

1∫

0

1∫

0

G11y2(y1, y2, t, ξ1, ξ2, τ)×

×f(ξ1l(τ), ξ2h(τ), τ) dξ1 dξ2 dτ . (32)

Çi ñïîñîáó îòðèìàííÿ ñèñòåìè ðiâíÿíü
(24)-(31) âèïëèâà¹, ùî êîëè ôóíêöi¨ (a(1),
a(2), l, h, v) ∈ (C[0, T ])2 × (C1[0, T ])2 ×
C2, 1(QT ), a(1)(t) > 0, a(2)(t) > 0, l(t) > 0,
h(t) > 0 , t ∈ [0, T ] ¹ ðîçâ'ÿçêîì çàäà÷i (8)-
(14), òî ôóíêöi¨ (a(1), a(2), l, h, p, g, v, wi, i =
1, 2) ∈ (C[0, T ])6 × (C(QT ))3, a(1)(t) > 0,
a(2)(t) > 0, l(t) > 0, h(t) > 0 ¹ ðîçâ'ÿç-
êîì ñèñòåìè (24)-(31). Ïîêàæåìî, ùî ïðà-
âèëüíå i îáåðíåíå òâåðäæåííÿ, òîáòî, ÿêùî
ôóíêöi¨ (a(1), a(2), l, h, p, g, v, wi, i = 1, 2),
a(1)(t) > 0, a(2)(t) > 0, l(t) > 0, h(t) > 0
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ç êëàñó (C[0, T ])6 × (C(QT ))3 ¹ ðîçâ'ÿçêîì
ñèñòåìè (24)-(31), òî ôóíêöi¨ (a(1), a(2), l,
h, v), a(1)(t) > 0, a(2)(t) > 0, l(t) > 0,
h(t) > 0 íàëåæàòü äî êëàñó (C[0, T ])2 ×
(C1[0, T ])2 × C2, 1(QT ) i ¹ ðîçâ'ÿçêîì çàäà-
÷i (8)-(14). Îñêiëüêè ôóíêöiÿ v0(y1, y2, t) ¹
ðîçâ'ÿçêîì çàäà÷i (21), (9), (10), òî ç óìîâ
òåîðåìè âèïëèâà¹, ùî v0 ∈ C2, 1(QT ). Ïðîäè-
ôåðåíöiþâàâøè (30) îäèí ðàç ïî yi, i = 1, 2,
îòðèìà¹ìî, ùî vyi

≡ wi, i = 1, 2. Ç (30) âè-
ïëèâà¹, ùî v ∈ C2, 1(QT ) ¹ ðîçâ'ÿçêîì ðiâíÿ-
ííÿ

vt =
a(1)(t)

l2(t)
vy1y1 +

a(2)(t)

h2(t)
vy2y2+

+
b (y1l(t), y2h(t), t) + y1p(t)

l(t)
vy1+

+
c (y1l(t), y2h(t), t) + y2g(t)

h(t)
vy2+

+d (y1l(t), y2h(t), t) v + f(y1l(t), y2h(t), t) (33)

i çàäîâîëüíÿ¹ óìîâè (9), (10). Ïðîäèôåðåí-
öiþ¹ìî (26), (27) òà âðàõó¹ìî, ùî v(y1, y2, t)
¹ ðîçâ'ÿçêîì ðiâíÿííÿ (33). Ïðîâiâøè ñïðî-
ùåííÿ, îòðèìà¹ìî

p (t) h(t)

1∫

0

µ2(y2h(t), t) dy2 + g(t) l(t)×

×
1∫

0

µ4(y1l(t), t) dy1 +
a(1)(t) h(t)

l(t)
×

×
1∫

0

(vy1(1, y2, t)− vy1(0, y2, t)) dy2+

+
a(2)(t) l(t)

h(t)

1∫

0

(vy2(y1, 1, t)−

−vy2(y1, 0, t)) dy1 = µ′5(t)−

−h(t)

1∫

0

(b (l(t), y2h(t), t) µ2(y2h(t), t)−

−b (0, y2h(t), t) µ1(y2h(t), t)) dy2−

−l(t)

1∫

0

(c (y1l(t), h(t), t)µ4(y1l(t), t)−

−c (y1l(t), 0, t)µ3(y1l(t), t)) dy1+

+l(t) h(t)

1∫

0

1∫

0

(
bη(η, y2h(t), t) |η=y1l(t) +

+cη(y1l(t), η, t) |η=y2h(t) −
−d (y1l(t), y2h(t), t)) v(y1, y2, t) dy1 dy2−

−l(t) h(t)

1∫

0

1∫

0

f(y1l(t), y2h(t), t) dy1 dy2+

+h(t)
(
p (t)− l′(t)

) 1∫

0

1∫

0

v(y1, y2, t) dy1 dy2+

+l(t)
(
g (t)− h′(t)

) 1∫

0

1∫

0

v(y1, y2, t) dy1 dy2 ,

p (t) h2(t)

1∫

0

(1− y2) µ2(y2h(t), t) dy2+

+
a(1)(t) h2(t)

l(t)

1∫

0

(1− y2) (vy1(1, y2, t)−

−vy1(0, y2, t)) dy2 − a(2)(t) l(t)×

×
1∫

0

(vy2(y1, 0, t) + µ3(y1l(t), t)−

−µ4(y1l(t), t)) dy1 = µ′5(t) h(t)− µ′6(t)+

+h(t) l(t)

1∫

0

c (y1l(t), 0, t) µ3(y1l(t), t) dy1−

−h(t) l(t)

1∫

0

1∫

0

c (y1l(t), y2h(t), t)×

×v(y1, y2, t) dy1 dy2 − h2(t)

1∫

0

(1− y2)×

× (b (l(t), y2h(t), t) µ2(y2h(t), t)−
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−b (0, y2h(t), t) µ1(y2h(t), t)) dy2+

+l(t) h2(t)

1∫

0

1∫

0

(1− y2)×

× (
bη(η, y2h(t), t) |η=y1l(t) +

+cη(y1l(t), η, t) |η=y2h(t) −
−d (y1l(t), y2h(t), t)) v(y1, y2, t) dy1 dy2−

−l(t) h2(t)

1∫

0

1∫

0

(1− y2)×

×f(y1l(t), y2h(t), t) dy1 dy2 + h2(t)
(
p (t)−

−l′(t)
) 1∫

0

1∫

0

(1− y2) v(y1, y2, t) dy1 dy2+

+l(t) h(t)
(
g (t)− h′(t)

)×

×
1∫

0

1∫

0

(1− y2) v(y1, y2, t) dy1 dy2 .

Âiäíÿâøè âiä öèõ ðiâíîñòåé (28), (29),
îòðèìà¹ìî îäíîðiäíó ñèñòåìó ðiâíÿíü

(g(t)− h′(t))l(t)
(
h(t)µ5(t)− 2µ6(t)

)
+

+(p (t)− l′(t))h(t)
(
h(t)µ5(t)− µ6(t)

)
= 0 ,

(g(t)− h′(t))l(t)µ5(t)+

+(p (t)− l′(t))h(t)µ5(t) = 0 .

Âèçíà÷íèê öi¹¨ ñèñòåìè ∆ =
−h(t) l(t)µ5(t)µ6(t) 6= 0. Îòæå, p (t) ≡ l′(t),
g(t) ≡ h′(t). Âèêîíàííÿ óìîâ (11)-(14)
âèïëèâà¹ ç (24)-(27). Åêâiâàëåíòíiñòü çà-
äà÷i (8)-(14) òà ñèñòåìè ðiâíÿíü (24)-(31)
âñòàíîâëåíî.

Çàñòîñîâóþ÷è òåîðåìó Øàóäåðà ïðî íå-
ðóõîìó òî÷êó öiëêîì íåïåðåðâíîãî îïåðà-
òîðà, äîâåäåìî iñíóâàííÿ ðîçâ'ÿçêó ñèñòåìè
ðiâíÿíü (24)-(31). Âñòàíîâèìî îöiíêè íåâiäî-
ìèõ wi(y1, y2, t) , i = 1, 2, a(1)(t), a(2)(t), p(t),
g(t).

Îöiíèìî â (23) ñóìó òàêèõ äîäàíêiâ:

l0

1∫

0

1∫

0

G21(y1, y2, t, ξ1, ξ2, 0)×

×ϕη(η, ξ2h0)|η=ξ1l0 dξ1 dξ2+

+

t∫

0

1∫

0

G21ξ2(y1, y2, t, ξ1, 0, τ)
a(2)(τ)

h2(τ)
l(τ)×

×µ3η(η, τ)|η=ξ1l(τ) dξ1 dτ−

−
t∫

0

1∫

0

G21ξ2(y1, y2, t, ξ1, 1, τ)
a(2)(τ)

h2(τ)
l(τ)×

×µ4η(η, τ)|η=ξ1l(τ) dξ1 dτ ≥
≥ l0 min

(x1,x2)∈[0,l0]×[0,h0]
ϕx1(x1, x2)×

×
1∫

0

1∫

0

G21(y1, y2, t, ξ1, ξ2, 0) dξ1 dξ2+

+ min
(x1,t)∈[0,L2]×[0,T ]

l(t)µ3x1(x1, t)×

×
t∫

0

1∫

0

G21ξ2(y1, y2, t, ξ1, 0, τ)
a(2)(τ)

h2(τ)
dξ1 dτ+

+ min
(x1,t)∈[0,L2]×[0,T ]

l(t)µ4x1(x1, t)×

×
(
−

t∫

0

1∫

0

G21ξ2(y1, y2, t, ξ1, 1, τ)
a(2)(τ)

h2(τ)
×

× dξ1 dτ

)
≥ min{ min

(x1,x2)∈[0,l0]×[0,h0]
ϕx1(x1, x2),

min
(x1,t)∈[0,L2]×[0,T ]

l(t)µ3x1(x1, t),

min
(x1,t)∈[0,L2]×[0,T ]

l(t)µ4x1(x1, t)}×

×
( 1∫

0

G1(y2, t, ξ2, 0) dξ2 +

t∫

0

G1ξ2(y2, t, 0, τ)×

×a(2)(τ)

h2(τ)
dτ −

t∫

0

G1ξ2(y2, t, 1, τ)
a(2)(τ)

h2(τ)
dτ

)
,

äå

G1(y2, t, ξ2, τ) =
1

2
√

π(θ2(t)− θ2(τ))
×

×
+∞∑

m=−∞

(
exp

(
−(y2 − ξ2 + 2m)2

4(θ2(t)− θ2(τ))

)
−

20 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2008. Âèïóñê 374. Ìàòåìàòèêà.



− exp

(
−(y2 + ξ2 + 2m)2

4(θ2(t)− θ2(τ))

))

- ôóíêöiÿ Ãðiíà ðiâíÿííÿ

vt =
a(2)(t)

h2(t)
vyy , 0 < y < 1 , 0 < t < T , (34)

ç êðàéîâèìè óìîâàìè ïåðøîãî ðîäó.
Ðîçãëÿíóâøè äîïîìiæíó çàäà÷ó äëÿ ðiâ-

íÿííÿ (34) ç óìîâàìè v(y, 0) = 1, y ∈ [0, 1],
v(0, t) = 1, v(1, t) = 1, t ∈ [0, T ], ëåãêî ïåðå-
êîíàòèñÿ, ùî

1∫

0

G1(y2, t, ξ2, 0) dξ2 +

t∫

0

G1ξ2(y2, t, 0, τ)×

×a(2)(τ)

h2(τ)
dτ −

t∫

0

G1ξ2(y2, t, 1, τ)
a(2)(τ)

h2(τ)
dτ ≡ 1 .

Îòæå,

l0

1∫

0

1∫

0

G21(y1, y2, t, ξ1, ξ2, 0)×

×ϕη(η, ξ2h0)|η=ξ1l0 dξ1 dξ2+

+

t∫

0

1∫

0

G21ξ2(y1, y2, t, ξ1, 0, τ)
a(2)(τ)

h2(τ)
l(τ)×

×µ3η(η, τ)|η=ξ1l(τ) dξ1 dτ−

−
t∫

0

1∫

0

G21ξ2(y1, y2, t, ξ1, 1, τ)
a(2)(τ)

h2(τ)
l(τ)×

×µ4η(η, τ)|η=ξ1l(τ) dξ1 dτ ≥ M2 > 0 .

Ðåøòà äîäàíêiâ â (31) ïðè t = 0 äîðiâíþ-
þòü íóëþ. Òîìó iñíó¹ äåÿêå ÷èñëî t1 : 0 <
t1 ≤ T , ïðè ÿêîìó âèêîíó¹òüñÿ îöiíêà

w1(y1, y2, t) ≥ 1

2
M2 , (y1, y2, t) ∈ Qt1 . (35)

Àíàëîãi÷íèìè ìiðêóâàííÿìè îòðèìà¹ìî
îöiíêó äëÿ w2:

w2(y1, y2, t) ≥ 1

2
M3 , (y1, y2, t) ∈ Qt2 . (36)

Âðàõîâóþ÷è óìîâè òåîðåìè òà îöiíêè
(18), (35), (36), ç (24) òà (25) îòðèìà¹ìî îöií-
êè çâåðõó äëÿ a(1)(t), a(2)(t):

0 < a(1)(t) ≤ A1 , 0 < a(2)(t) ≤ A2 ,

t ∈ [0, t3], t3 = min(t1, t2) . (37)

Ââåäåìî ïîçíà÷åííÿ

W (t) ≡ max
0≤yi≤1, i=1, 2

| w1(y1, y2, t) | +

+ max
0≤yi≤1, i=1, 2

| w2(y1, y2, t) | .

Ç (31) îòðèìà¹ìî

W (t) ≤ C1 + C2

t∫

0

(
1√

θ1(t)− θ1(τ)
+

+
1√

θ2(t)− θ2(τ)

)(
1+ | p (τ) | + | g(τ) |

)
×

×(1 + W (τ)) dτ . (38)

Ç (28) òà (29) âèïëèâà¹

|p (t)| ≤ C3 + C4 W (t) ,

|g(t)| ≤ C5 + C6 W (t) . (39)

Îòæå, ââiâøè ïîçíà÷åííÿ W∗(t) ≡ 1 + W (t),
a

(1)
min(t) ≡ min

0≤τ≤t

a(1)(τ)
l2(τ)

, a
(2)
min(t) ≡ min

0≤τ≤t

a(2)(τ)
h2(τ)

,
âðàõóâàâøè, ùî

1√
θn(t)− θn(τ)

≤ 1√
a

(n)
min(t)(t− τ)

, n = 1, 2 ,

òà íåðiâíîñòi (39), îöiíêè (18) äëÿ l(t), h(t),
íåðiâíiñòü (38) çàïèøåìî ó âèãëÿäi

W∗(t) ≤ C7 + C8A(t)

t∫

0

W 2
∗ (τ)dτ√
t− τ

,

äå A(t) = 1√
a

(1)
min(t)

+ 1√
a

(2)
min(t)

.
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Ïðîâåäåìî ïåðåòâîðåííÿ àíàëîãi÷íî äî
[4], òîäi íåðiâíiñòü íàáóäå âèãëÿäó:

W∗(t) ≤ C9 + C10A(t) +

+C11A
3(t)

t∫

0

W 4
∗ (t) dτ . (40)

Ââiâøè ïîçíà÷åííÿ α (t) ≡ C9 + C10A(t),
β (t) ≡ C11A

3(t), íåðiâíiñòü (40) ïîäàìî ó âè-
ãëÿäi

W∗(t) ≤ α (t) + β (t)

t∫

0

W 4
∗ (t) dτ .

Ïîäiëèìî íà β (t) òà ââåäåìî ïîçíà÷åííÿ
ω (t) ≡ α (t)

β (t)
+

t∫
0

W 4
∗ (t) dτ . Òîäi, ïðîäèôå-

ðåíöiþâàâøè ω (t) ïî t òà âðàõóâàâøè, ùî
0 < W∗(t) ≤ β (t) ω (t), îòðèìà¹ìî äèôåðåí-
öiàëüíó íåðiâíiñòü:

ω′ (t) ≤
(

α (t)

β (t)

)′
+ β4 (t) ω4 (t) .

Ðîçâ'ÿçàâøè öþ íåðiâíiñòü, ïîâåðíóâøèñü
äî ôóíêöié, ÿêi ìè çàìiíèëè ÷åðåç α (t) i
β (t), òà âðàõóâàâøè, ùî W∗(t) ≤ β (t) ω (t),
îòðèìà¹ìî îöiíêó

W∗(t) ≤ C9 + C10A(t)+

+
C12A

6(t)

1− C13

t∫
0

A12(τ) dτ

t∫

0

A12(τ) dτ .

Ç îöiíîê (18) òà a(t) ≥ C14

W (t)
âèïëèâà¹, ùî

A(t) ≤ C15

√
W∗(t). Îòæå

W∗(t) ≤ C9 + C16

√
W∗(t)+

+
C17W

3
∗ (t)

1− C18

t∫
0

W 6∗ (τ) dτ

t∫

0

W 6
∗ (τ) dτ .

Çâóçèìî ïðîìiæîê ïî ÷àñîâié çìiííié äî òà-
êîãî t4 : 0 < t4 ≤ T , ïðè ÿêîìó

1− C18

t2∫

0

W 6
∗ (τ) dτ ≥ 1

2
.

Òîäi

W∗(t) ≤ C19 + C20W
3
∗ (t)

t∫

0

W 6
∗ (τ) dτ ,

t ∈ [0, t4] .

Öþ íåðiâíiñòü çàïèøåìî ó âèãëÿäi:

W∗(t)


1− C20W

2
∗ (t)

t∫

0

W 6
∗ (τ) dτ


 ≤ C19 .

Iñíó¹ òàêå t5 : 0 < t5 ≤ t4 ≤ T , ïðè ÿêîìó
äëÿ äîâiëüíîãî t ∈ [0, t5] âèêîíó¹òüñÿ óìîâà

C20W
2
∗ (t)

t∫

0

W 6
∗ (τ) dτ ≤ 1

2
.

Òîäi îòðèìà¹ìî îöiíêó

W∗(t) ≤ 2 C19 , t ∈ [0, t5] .

Îòæå, ïðàâèëüíà íàñòóïíà îöiíêà:

|wi(y1, y2, t)| ≤ W∗(t) ≤ M4 < ∞
i = 1, 2 , (y1, y2, t) ∈ Qt5 . (41)

Òîäi ç (24), (25), (39) âèïëèâàþòü îöiíêè
äëÿ p (t), g (t) òà a(i)(t), i = 1, 2:

a(1)(t) ≥ A3 > 0 , a(2)(t) ≥ A4 > 0 ,

|p (t)| ≤ P1 , |g (t)| ≤ P2 , t ∈ [0, t5] . (42)

Ñèñòåìó ðiâíÿíü (24)-(31) ïîäàìî ó âè-
ãëÿäi ðiâíÿííÿ ν = F ν, äå ν =
(a(1)(t), a(2)(t), h(t), l(t), p(t), g(t), v(y1, y2, t),
wi(y1, y2, t), i = 1, 2), à îïåðàòîð F âèçíà-
÷à¹òüñÿ ðiâíÿííÿìè (24)-(27), (30), (31) òà
ðiâíÿííÿìè (28), (29), ÿêi ðîçâ'ÿçíi ñòîñîâíî
p(t) òà g(t). Âèçíà÷èìî ìíîæèíó N ≡ {(a(1),
a(2), h, l, p, g, v, wi, i = 1, 2) ∈ (C[0, t0])

5 ×
(C(Qt0))

3: A3 ≤ a(1)(t) ≤ A1, A4 ≤ a(2)(t) ≤
A2, H1 ≤ h(t) ≤ H2, L1 ≤ l(t) ≤ L2, |p(t)| ≤
P1, |g(t)| ≤ P2, M0 ≤ v(y1, y2, t) ≤ M1, 1

2M2 ≤
w1(y1, y2, t) ≤ M4 , 1

2M3 ≤ w2(y1, y2, t) ≤
M4}, äå t0 = min{t3, t4, t5}.

Ç âñòàíîâëåíèõ îöiíîê âèïëèâà¹, ùî îïå-
ðàòîð F âiäîáðàæà¹ ìíîæèíó N â ñåáå. Òå,
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ùî îïåðàòîð F ¹ öiëêîì íåïåðåðâíèì, äîâå-
äåíî â [4]. Çà òåîðåìîþ Øàóäåðà [5] ðîçâ'ÿ-
çîê ñèñòåìè ðiâíÿíü (24)-(31) iñíó¹, à îòæå,
iñíó¹ i ðîçâ'ÿçîê çàäà÷i (8)-(14).

Òåîðåìà ¹äèíîñòi. Íåõàé âèêîíóþòüñÿ
óìîâè:

1) d, f ∈ C1 ,0([0, +∞) × [0, +∞) × [0, T ]),
b, c ∈ C2 ,0([0, +∞) × [0, +∞) × [0, T ]),
µn ∈ C3 ,0([0, +∞) × [0, T ]) , n = 1, 4,
µi t x2 ∈ C([0, +∞) × [0, T ]) , i = 1, 2, µk t x1 ∈
C([0, +∞)× [0, T ]) , k = 3, 4,

2) 0 < ϕ0 ≤ ϕ(x1, x2) ≤ ϕ1 < ∞, (x1, x2) ∈
[0, +∞) × [0, +∞), d(x1, x2, t) ≤ 0, 0 ≤
f(x1, x2, t) ≤ f1 < ∞ , (x1, x2, t) ∈ [0, +∞) ×
[0, +∞) × [0, T ], µi(t) > 0, i = 5, 6, t ∈
[0, T ], µk(t) 6= 0, k = 7, 8, t ∈ [0, T ], 0 <
µi0 ≤ µi(x2, t) ≤ µi1 < ∞ , i = 1, 2 , (x2, t) ∈
[0, +∞) × [0, T ], 0 < µk0 ≤ µk(x1, t) ≤ µk1 <
∞ , k = 3, 4 , (x1, t) ∈ [0, +∞) × [0, T ], 0 <
x(1) < L1, 0 < x(2) < H1, äå L1, H1- äåÿêi äî-
äàòíi ñòàëi, ÿêèìè îáìåæåíi çíèçó ôóíêöi¨
l(t) òà h(t).

Òîäi ðîçâ'ÿçîê çàäà÷i (8)-(14) ¹äèíèé.
Äîâåäåííÿ. Ïðèïóñòèìî, ùî iñíóþòü

äâà ðîçâ'ÿçêè (a
(1)
i (t), a

(2)
i (t), hi(t), li(t),

vi(y1, y2, t)), i = 1, 2 çàäà÷i (8)-(14). Ââåäåìî

ïîçíà÷åííÿ: a
(1)
i (t)
l2i (t)

= ã1i(t), a
(2)
i (t)
h2

i (t)
= ã2i(t),

l′i(t)
li(t)

= q1i(t), h′i(t)
hi(t)

= q2i(t). Òîäi ðiçíèöi
b1(t) = ã12(t) − ã11(t), b2(t) = ã22(t) − ã21(t),
q1(t) = q12(t) − q11(t), q2(t) = q22(t) − q21(t),
v(y1, y2, t) = v2(y1, y2, t) − v1(y1, y2, t) çàäî-
âîëüíÿòèìóòü ðiâíÿííÿ

vt = ã11(t)vy1y1 + ã21(t)vy2y2+

+

(
y1q11(t) +

b(y1l1(t), y2h1(t), t)

l1(t)

)
vy1+

+

(
y2q21(t) +

c(y1l1(t), y2h1(t), t)

h1(t)

)
vy2+

+d(y1l1(t), y2h1(t), t) v + b1(t)v2y1y1+

+b2(t)v2y2y2 +

(
1

l1(t)
(b(y1l2(t), y2h2(t), t)−

−b(y1l1(t), y2h1(t), t)) + y1q1(t)+

+

(
1

l2(t)
− 1

l1(t)

)
b(y1l2(t), y2h2(t), t)

)
v2y1+

+

(
1

h1(t)
(c(y1l2(t), y2h2(t), t)−

−c(y1l1(t), y2h1(t), t)) + y2q2(t)+

+

(
1

h2(t)
− 1

h1(t)

)
c(y1l2(t), y2h2(t), t)

)
v2y2+

+ (d(y1l2(t), y2h2(t), t)− d(y1l1(t), y2h1(t), t)) v2+

+f(y1l2(t), y2h2(t), t)− f(y1l1(t), y2h1(t), t) ,

(y1, y2, t) ∈ QT (43)

òà óìîâè

v(y1, y2, 0) = 0 , 0 ≤ yi ≤ 1 , i = 1, 2 (44)

v(0, y2, t) = µ1(y2h2(t), t)− µ1(y2h1(t), t) ,

v(1, y2, t) = µ2(y2h2(t), t)− µ2(y2h1(t), t) ,

(y2, t) ∈ [0, 1]× [0, T ] , (45)

v(y1, 0, t) = µ3(y1l2(t), t)− µ3(y1l1(t), t) ,

v(y1, 1, t) = µ4(y1l2(t), t)− µ4(y1l1(t), t) ,

(y1, t) ∈ [0, 1]× [0, T ] , (46)
1∫

0

1∫

0

v(y1, y2, t) dy2dy1 = µ5(t)

(
1

l2(t)h2(t)
−

− 1

l1(t)h1(t)

)
, t ∈ [0, T ] , (47)

1∫

0

1∫

0

y2v(y1, y2, t) dy2dy1 = µ6(t)

(
1

l2(t)h2
2(t)

−

− 1

l1(t)h2
1(t)

)
, t ∈ [0, T ] , (48)

b1(t)v2y1

(
0, x(2)h−1

2 (t), t
)

= µ7(t)

(
1

l2(t)
−

− 1

l1(t)

)
− ã11(t)vy1

(
0, x(2)h−1

2 (t), t
)−

−ã11(t)
(
v1y1

(
0, x(2)h−1

2 (t), t
)−

−v1y1

(
0, x(2)h−1

1 (t), t
))

, t ∈ [0, T ] , (49)

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2008. Âèïóñê 374. Ìàòåìàòèêà. 23



b2(t)v2y2

(
x(1)l−1

2 (t), 0, t
)

= µ8(t)

(
1

h2(t)
−

− 1

h1(t)

)
− ã21(t)vy2

(
x(1)l−1

2 (t), 0, t
)−

−ã21(t)
(
v1y2

(
x(1)l−1

2 (t), 0, t
)−

−v1y2

(
x(1)l−1

1 (t), 0, t
))

, t ∈ [0, T ] . (50)

Çàäà÷à (43)-(46) åêâiâàëåíòíà ðiâíÿííþ

v(y1, y2, t) =

t∫

0

1∫

0

G∗
11ξ1

(y1, y2, t, 0, ξ2, τ)×

×
(
µ1(ξ2h2(τ), τ)− µ1(ξ2h1(τ), τ)

)
×

×ã11(τ) dξ2 dτ −
t∫

0

1∫

0

G∗
11ξ1

(y1, y2, t, 1, ξ2, τ)×

×
(
µ2(ξ2h2(τ), τ)− µ2(ξ2h1(τ), τ)

)
×

×ã11(τ) dξ2 dτ +

t∫

0

1∫

0

G∗
11ξ2

(y1, y2, t, ξ1, 0, τ)×

×
(
µ3(ξ1l2(τ), τ)− µ3(ξ1l1(τ), τ)

)
×

×ã21(τ) dξ1 dτ −
t∫

0

1∫

0

G∗
11ξ2

(y1, y2, t, ξ1, 1, τ)×

×
(
µ4(ξ1l2(τ), τ)− µ4(ξ1l1(τ), τ)

)
×

×ã21(τ) dξ1 dτ+

t∫

0

1∫

0

1∫

0

G∗
11(y1, y2, t, ξ1, ξ2, τ)×

×
((

ξ1q11(τ) +
b(ξ1l1(τ), ξ2h1(τ), τ)

l1(τ)

)
vξ1+

+

(
ξ2q21(τ) +

c(ξ1l1(τ), ξ2h1(τ), τ)

h1(τ)

)
vξ2+

+d(ξ1l1(τ), ξ2h1(τ), τ) v + b1(τ)v2ξ1ξ1+

+b2(τ)v2ξ2ξ2 +

(
1

l1(τ)
(b(ξ1l2(τ), ξ2h2(τ), τ)−

−b(ξ1l1(τ), ξ2h1(τ), τ)) + ξ1q1(τ)+

+

(
1

l2(τ)
− 1

l1(τ)

)
b(ξ1l2(τ), ξ2h2(τ), τ)

)
v2ξ1+

+

(
1

h1(τ)
(c(ξ1l2(τ), ξ2h2(τ), τ)−

−c(ξ1l1(τ), ξ2h1(τ), τ)) + ξ2q2(τ)+

+

(
1

h2(τ)
− 1

h1(τ)

)
c(ξ1l2(τ), ξ2h2(τ), τ)

)
v2ξ2+

+ (d(ξ1l2(τ), ξ2h2(τ), τ)− d(ξ1l1(τ), ξ2h1(τ), τ))×
×v2 + f(ξ1l2(τ), ξ2h2(τ), τ)−

−f(ξ1l1(τ), ξ2h1(τ), τ)

)
dξ1 dξ2 dτ , (51)

äå G∗
11(y1, y2, t, ξ1, ξ2, τ) ¹ ôóíêöi¹þ Ãðiíà

ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

vt = ã11(t)vy1y1 + ã21(t)vy2y2 .

Îñêiëüêè ôóíêöi¨ (a
(1)
i (t), a

(2)
i (t), li(t),

hi(t), vi(y1, y2, t)), i = 1, 2 ¹ ðîçâ'ÿçêîì çà-
äà÷i (8)-(14), òî âîíè çàäîâîëüíÿþòü ðiâíÿ-
ííÿ (28), (29). Âiäíÿâøè öi ðiâíîñòi îäíó âiä
îäíî¨, îòðèìà¹ìî ðiâíÿííÿ

q1(t)

1∫

0

(1− y2)µ2(y2h2(t), t) dy2 =

= b2(t)

1∫

0

(v2y2(y1, 0, t)− µ4(y1l2(t), t)+

+µ3(y1l2(t), t)) dy1 − b1(t)

1∫

0

(1− y2)×

× (v2y1(1, y2, t)− v2y1(0, y2, t)) dy2−

−ã11(t)

1∫

0

(1−y2) (vy1(1, y2, t)− vy1(0, y2, t))×

×dy2 + ã21(t)

1∫

0

(
vy2(y1, 0, t) + µ3(y1l2(t), t)−

−µ3(y1l1(t), t)+µ4(y1l1(t), t)−µ4(y1l2(t), t)

)
×
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×dy1 − q11(t)

1∫

0

(1− y2) (µ2(y2h2(t), t)−

−µ2(y2h1(t), t)) dy2 + µ′5(t)
(

1

l2(t)h2(t)
−

− 1

l1(t)h1(t)

)
−µ′6(t)

(
1

l2(t)h2
2(t)

− 1

l1(t)h2
1(t)

)
−

−
1∫

0

1∫

0

(1− y2) (f(y1l2(t), y2h2(t), t)−

−f(y1l1(t), y2h1(t), t)) dy1 dy2 +

(
1

h2(t)
−

− 1

h1(t)

) 1∫

0

c(y1l2(t), 0, t)µ3(y1l2(t), t) dy1+

+
1

h1(t)

1∫

0

(c(y1l2(t), 0, t) (µ3(y1l2(t), t)−

−µ3(y1l1(t), t)) + (c(y1l2(t), 0, t)−

−c(y1l1(t), 0, t)) µ3(y1l1(t), t)) dy1 +

(
1

l2(t)
−

− 1

l1(t)

) 1∫

0

(1−y2) (b(0, y2h2(t), t)µ1(y2h2(t), t)−

−b(l2(t), y2h2(t), t)µ2(y2h2(t), t)) dy2+

+
1

l1(t)

1∫

0

(1−y2) (b(0, y2h2(t), t) (µ1(y2h2(t), t)−

−µ1(y2h1(t), t)) + (b(0, y2h2(t), t)−

−b(0, y2h1(t), t)) µ1(y2h1(t), t)) dy2 − 1

l1(t)
×

×
1∫

0

(1−y2) (b(l2(t), y2h2(t), t) (µ2(y2h2(t), t)−

−µ2(y2h1(t), t)) + (b(l2(t), y2h2(t), t)−
−b(l1(t), y2h1(t), t)) µ2(y2h1(t), t)) dy2+

+

1∫

0

1∫

0

(1− y2)
(
bη(η, y2h2(t), t) |η=y1l2(t) +

+cη(y1l2(t), η, t) |η=y2h2(t) −
−d(y1l2(t), y2h2(t), t)) v(y1, y2, t) dy1 dy2−

−
1∫

0

1∫

0

(1− y2)
(
bη(η, y2h1(t), t) |η=y1l1(t) +

+cη(y1l1(t), η, t) |η=y2h1(t) −
−d(y1l1(t), y2h1(t), t)) v(y1, y2, t) dy1 dy2 ,

t ∈ [0, T ] , (52)

q1(t)

1∫

0

µ2(y2h2(t), t) dy2+

+q2(t)

1∫

0

µ4(y1l2(t), t) dy1 =

= −b2(t)

1∫

0

(v2y2(y1, 1, t)− v2y2(y1, 0, t)) dy1−

−b1(t)

1∫

0

(v2y1(1, y2, t)− v2y1(0, y2, t)) dy2−

−ã11(t)

1∫

0

(vy1(1, y2, t)− vy1(0, y2, t)) dy2−

−ã21(t)

1∫

0

(vy2(y1, 1, t)− vy2(y1, 0, t)) dy1−

−q11(t)

1∫

0

(µ2(y2h2(t), t)− µ2(y2h1(t), t)) dy2−

−q21(t)

1∫

0

(µ4(y1l2(t), t)− µ4(y1l1(t), t)) dy1+

+µ′5(t)
(

1

l2(t)h2(t)
− 1

l1(t)h1(t)

)
−

−
1∫

0

1∫

0

(f(y1l2(t), y2h2(t), t)−

−f(y1l1(t), y2h1(t), t)) dy1 dy2 +

(
1

l2(t)
−

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2008. Âèïóñê 374. Ìàòåìàòèêà. 25



− 1

l1(t)

) 1∫

0

(b(0, y2h2(t), t)µ1(y2h2(t), t)−

−b(l2(t), y2h2(t), t)µ2(y2h2(t), t)) dy2+

+
1

l1(t)

1∫

0

(b(0, y2h2(t), t) (µ1(y2h2(t), t)−

−µ1(y2h1(t), t)) + (b(0, y2h2(t), t)−
−b(0, y2h1(t), t)) µ1(y2h1(t), t)) dy2−

− 1

l1(t)

1∫

0

(b(l2(t), y2h2(t), t) (µ2(y2h2(t), t)−

−µ2(y2h1(t), t)) + (b(l2(t), y2h2(t), t)−
−b(l1(t), y2h1(t), t)) µ2(y2h1(t), t)) dy2+

+

(
1

h2(t)
− 1

h1(t)

) 1∫

0

(c(y1l2(t), 0, t)×

×µ3(y1l2(t), t)− c(y1l2(t), h2(t), t)×

× µ4(y1l2(t), t)) dy1 +
1

h1(t)

1∫

0

×

× (c(y1l2(t), 0, t) (µ3(y1l2(t), t)−
−µ3(y1l1(t), t)) + (c(y1l2(t), 0, t)−
−c(y1l1(t), 0, t)) µ3(y1l1(t), t)) dy1−

− 1

h1(t)

1∫

0

(c(y1l2(t), h2(t), t) (µ4(y1l2(t), t)−

−µ4(y1l1(t), t)) + (c(y1l2(t), h2(t), t)−
−c(y1l1(t), h1(t), t)) µ4(y1l1(t), t)) dy1+

+

1∫

0

1∫

0

(
bη(η, y2h2(t), t) |η=y1l2(t) +

+cη(y1l2(t), η, t) |η=y2h2(t) −
−d(y1l2(t), y2h2(t), t)) v(y1, y2, t) dy1 dy2−

−
1∫

0

1∫

0

(
bη(η, y2h1(t), t) |η=y1l1(t) +

+cη(y1l1(t), η, t) |η=y2h1(t) −

−d(y1l1(t), y2h1(t), t)) v(y1, y2, t) dy1 dy2 ,

t ∈ [0, T ] . (53)

Âèêîðèñòîâóþ÷è âëàñòèâîñòi ôóíêöi¨
Ãðiíà, ç (51), çíàéäåìî vy1 , vy2 :

vy1(y1, y2, t) = −
t∫

0

1∫

0

G∗
21(y1, y2, t, 0, ξ2, τ)×

×
(
ξ2

(
h′2(τ)µ1η(η, τ)|η=ξ2h2(τ)−

−h′1(τ)µ1ζ(ζ, τ)|ζ=ξ2h1(τ)

)
− ã21(τ)×

×
(
µ1ηη(η, τ)|η=ξ2h2(τ) − µ1ζζ(ζ, τ)|ζ=ξ2h1(τ)

)
+

+µ1τ (ξ2h2(τ), τ)− µ1τ (ξ2h1(τ), τ)
)

dξ2 dτ−

+

t∫

0

1∫

0

G∗
21(y1, y2, t, 1, ξ2, τ)

(
ξ2

(
h′2(τ)×

×µ2η(η, τ)|η=ξ2h2(τ)−h′1(τ)µ2ζ(ζ, τ)|ζ=ξ2h1(τ)

)
−

−ã21(τ)
(
µ2ηη(η, τ)|η=ξ2h2(τ)−

−µ2ζζ(ζ, τ)|ζ=ξ2h1(τ)

)
+

+µ2τ (ξ2h2(τ), τ)− µ2τ (ξ2h1(τ), τ)
)

dξ2 dτ+

+

t∫

0

1∫

0

G∗
21ξ2

(y1, y2, t, ξ1, 0, τ)ã21(τ)
(
l2(τ)×

×µ3η(η, τ)|η=ξ1l2(τ) − l1(τ)µ3ζ(ζ, τ)|ζ=ξ1l1(τ)

)
×

×dξ1 dτ −
t∫

0

1∫

0

G∗
21ξ2

(y1, y2, t, ξ1, 1, τ)ã21(τ)×

×
(
l2(τ)µ4η(η, τ)|η=ξ1l2(τ)−

−l1(τ)µ4ζ(ζ, τ)|ζ=ξ1l1(τ)

)
dξ1 dτ+

+

t∫

0

1∫

0

1∫

0

G∗
11y1

(y1, y2, t, ξ1, ξ2, τ)×
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×
((

ξ1q11(τ) +
b(ξ1l1(τ), ξ2h1(τ), τ)

l1(τ)

)
vξ1+

+

(
ξ2q21(τ) +

c(ξ1l1(τ), ξ2h1(τ), τ)

h1(τ)

)
vξ2+

+d(ξ1l1(τ), ξ2h1(τ), τ) v + b1(τ)v2ξ1ξ1+

+b2(τ)v2ξ2ξ2 +

(
1

l1(τ)
(b(ξ1l2(τ), ξ2h2(τ), τ)−

−b(ξ1l1(τ), ξ2h1(τ), τ)) + ξ1q1(τ)+

+

(
1

l2(τ)
− 1

l1(τ)

)
b(ξ1l2(τ), ξ2h2(τ), τ)

)
v2ξ1+

+

(
1

h1(τ)
(c(ξ1l2(τ), ξ2h2(τ), τ)−

−c(ξ1l1(τ), ξ2h1(τ), τ)) + ξ2q2(τ)+

+

(
1

h2(τ)
− 1

h1(τ)

)
c(ξ1l2(τ), ξ2h2(τ), τ)

)
×

×v2ξ2 + (d(ξ1l2(τ), ξ2h2(τ), τ)−
−d(ξ1l1(τ), ξ2h1(τ), τ)) v2+

+f(ξ1l2(τ), ξ2h2(τ), τ)−

−f(ξ1l1(τ), ξ2h1(τ), τ)

)
dξ1 dξ2 dτ , (54)

vy2(y1, y2, t) = −
t∫

0

1∫

0

G∗
12(y1, y2, t, ξ1, 0, τ)×

×
(
ξ1

(
l′2(τ)µ3η(η, τ)|η=ξ1l2(τ)−

−l′1(τ)µ3ζ(ζ, τ)|ζ=ξ1l1(τ)

)
− ã11(τ)×

×
(
µ3ηη(η, τ)|η=ξ1l2(τ) − µ3ζζ(ζ, τ)|ζ=ξ1l1(τ)

)
+

+µ3τ (ξ1l2(τ), τ)− µ3τ (ξ1l1(τ), τ)
)

dξ1 dτ−

+

t∫

0

1∫

0

G∗
12(y1, y2, t, ξ1, 1, τ)

(
ξ1

(
l′2(τ)×

×µ4η(η, τ)|η=ξ1l2(τ) − l′1(τ)µ4ζ(ζ, τ)|ζ=ξ1l1(τ)

)
−

−ã11(τ)
(
µ4ηη(η, τ)|η=ξ1l2(τ)−

−µ4ζζ(ζ, τ)|ζ=ξ1l1(τ)

)
+

+µ4τ (ξ1l2(τ), τ)− µ4τ (ξ1l1(τ), τ)
)

dξ1 dτ+

+

t∫

0

1∫

0

G∗
12ξ1

(y1, y2, t, 0, ξ2, τ)ã11(τ)
(
h2(τ)×

×µ1η(η, τ)|η=ξ2h2(τ)−h1(τ)µ1ζ(ζ, τ)|ζ=ξ2h1(τ)

)
×

×dξ2 dτ −
t∫

0

1∫

0

G∗
12ξ1

(y1, y2, t, 1, ξ2, τ)ã11(τ)×

×
(
h2(τ)µ2η(η, τ)|η=ξ2h2(τ)−

−h1(τ)µ2ζ(ζ, τ)|ζ=ξ2h1(τ)

)
dξ2 dτ+

+

t∫

0

1∫

0

1∫

0

G∗
11y2

(y1, y2, t, ξ1, ξ2, τ)×

×
((

ξ1q11(τ) +
b(ξ1l1(τ), ξ2h1(τ), τ)

l1(τ)

)
vξ1+

+

(
ξ2q21(τ) +

c(ξ1l1(τ), ξ2h1(τ), τ)

h1(τ)

)
vξ2+

+d(ξ1l1(τ), ξ2h1(τ), τ) v + b1(τ)v2ξ1ξ1+

+b2(τ)v2ξ2ξ2 +

(
1

l1(τ)
(b(ξ1l2(τ), ξ2h2(τ), τ)−

−b(ξ1l1(τ), ξ2h1(τ), τ)) + ξ1q1(τ)+

+

(
1

l2(τ)
− 1

l1(τ)

)
b(ξ1l2(τ), ξ2h2(τ), τ)

)
v2ξ1+

+

(
1

h1(τ)
(c(ξ1l2(τ), ξ2h2(τ), τ)−

−c(ξ1l1(τ), ξ2h1(τ), τ)) + ξ2q2(τ)+

+

(
1

h2(τ)
− 1

h1(τ)

)
c(ξ1l2(τ), ξ2h2(τ), τ)

)
×

×v2ξ2 + (d(ξ1l2(τ), ξ2h2(τ), τ)−
−d(ξ1l1(τ), ξ2h1(τ), τ)) v2+

+f(ξ1l2(τ), ξ2h2(τ), τ)−

−f(ξ1l1(τ), ξ2h1(τ), τ)

)
dξ1 dξ2 dτ , (55)
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Âèçíà÷èìî li(t), hi(t) ÷åðåç q1(t) òà q2(t):

li(t) = l0 exp

t∫

0

q1i(τ) dτ , i = 1, 2 ,

hi(t) = h0 exp

t∫

0

q2i(τ) dτ , i = 1, 2 .

Âèêîðèñòîâóþ÷è ðiâíîñòi

ex − ey = (x− y)

1∫

0

e y+τ (x−y) dτ ,

f(yh1(t), t)− f(yh2(t), t) = y(h1(t)− h2(t))×

×
1∫

0

fx(y(h2(t) + σ(h1(t)− h2(t))), t) dσ ,

îòðèìà¹ìî

h2(t)− h1(t) = h0

t∫

0

q2(τ) dτ×

×
1∫

0

exp
( t∫

0

(q21(τ) + σq2(τ)) dτ
)

dσ ,

l2(t)− l1(t) = l0

t∫

0

q1(τ) dτ×

×
1∫

0

exp
( t∫

0

(q11(τ) + σq1(τ)) dτ
)

dσ ,

µi(y2h2(t), t)− µi(y2h1(t), t) = y2(h2(t)−

−h1(t))

1∫

0

µix(y2(h1(t)+σ(h2(t)−h1(t))), t) dσ ,

µi t(y2h2(t), t)− µi t(y2h1(t), t) = y2(h2(t)−

−h1(t))

1∫

0

µi t x(y2(h1(t)+σ(h2(t)−h1(t))), t) dσ ,

µiy2(y2h2(t), t)− µiy2(y2h1(t), t) = y2(h2(t)−

−h1(t))

1∫

0

µiy2x(y2(h1(t)+σ(h2(t)−h1(t))), t) dσ ,

i = 1, 2 ,

µk(y1l2(t), t)−µk(y1l1(t), t) = y1(l2(t)− l1(t))×

×
1∫

0

µkx(y1(l1(t) + σ(l2(t)− l1(t))), t) dσ ,

µky1 y1(y1l2(t), t)−µky1 y1(y1l1(t), t) = y1(l2(t)−

−l1(t))

1∫

0

µky1 y1x(y1(l1(t)+σ(l2(t)−l1(t))), t) dσ ,

k = 3, 4 ,

Ïiäñòàâèìî (49), (50) â (51)-(55), îòðèìà-
¹ìî, ùî ñèñòåìà ðiâíÿíü (51)-(55) ¹ îäíî-
ðiäíîþ ñèñòåìîþ Âîëüòåððà äðóãîãî ðîäó
âiäíîñíî íåâiäîìèõ q1(t), q2(t), v(y1, y2, t),
vy1(y1, y2, t), vy2(y1, y2, t). Âíàñëiäîê ¹äèíîñòi
ðîçâ'ÿçêó òàêèõ ñèñòåì îäåðæèìî: q1(t) ≡ 0,
q2(t) ≡ 0, v(y1, y2, t) ≡ 0, vy1(y1, y2, t) ≡ 0,
vy2(y1, y2, t) ≡ 0.

Îòæå, ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (8)-(14)
äîâåäåíî.
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