
ÓÄÊ 517.9
c©2007 ð. Ñ.Ì. ×óéêî, Î.Ñ. ×óéêî

Ñëîâ'ÿíñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò, Ñëîâ'ÿíñüê

IÌÏÓËÜÑÍI ÊÐÀÉÎÂI ÇÀÄÀ×I ÄËß ÑÈÑÒÅÌ IÇ ÏÅÐÅÌÈÊÀÍÍßÌÈ
Çíàéäåíî êîíñòðóêòèâíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ òà ïîáóäîâàíî óçàãàëüíåíèé îïåðà-

òîð Ãðiíà çàãàëüíî¨ íåòåðîâî¨ êðàéîâî¨ çàäà÷i äëÿ ëiíiéíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü
iç ïåðåìèêàííÿìè òà iìïóëüñíèì âïëèâîì òèïó "interface conditions"â êðèòè÷íîìó âèïàäêó.

We obtain constructive conditions for the existence of solutions and construct the generalized
Green operator for a general Noetherian problem for linear systems of di�erential equations with
switching and impulse in�uence of the "interface conditions"type in a critical case.

1. Âñòóï. Ñèñòåìàòè÷íå âèâ÷åííÿ iì-
ïóëüñíî çáóðåíèõ êðàéîâèõ çàäà÷ çàïî÷à-
òêîâàíî â 30-òi ðîêè ÕÕ ñòîði÷÷ÿ Ì.Ì. Êðè-
ëîâèì òà Ì.Ì. Áîãîëþáîâèì ç ìîäåëþâàí-
íÿ ðóõó àíêåðíîãî ìåõàíiçìó ãîäèííèêà, â
ÿêîìó çàòóõàííÿ êîëèâàíü, ñïðè÷èíåíå òåð-
òÿì, êîìïåíñó¹òüñÿ ïåðiîäè÷íèìè ïîøòîâ-
õàìè àíêåðà. Äîñëiäæåííÿ Ì.Ì. Êðèëîâà òà
Ì.Ì. Áîãîëþáîâà áóëè ïðîäîâæåíi â ðîáî-
òàõ Ð. Êîíòi, Ñ. Øâàáiêà, À.Ì. Ñàìîéëåíêà,
à òàêîæ Î.À. Áîé÷óêà, êîòðèìè áóëè çíà-
éäåíi íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ
ðîçâ'ÿçêiâ iìïóëüñíî çáóðåíèõ ñèñòåì çâè-
÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü â ðiçíî-
ìàíiòíèõ êðèòè÷íèõ òà íåêðèòè÷íèõ âèïàä-
êàõ, à òàêîæ êîíñòðóêöi¨ îïåðàòîðà Ãðiíà
çàäà÷i Êîøi é îïåðàòîðà Ãðiíà ïåðiîäè÷íî¨
êðàéîâî¨ çàäà÷i ç iìïóëüñíèì âïëèâîì.

Ïîêàæåìî, ùî çà ïåâíèõ óìîâ ìîæëèâà
ïîáóäîâà óçàãàëüíåíîãî îïåðàòîðà Ãðiíà çà-
äà÷i Êîøi é îïåðàòîðà Ãðiíà áiëüø çàãàëü-
íî¨ íåòåðîâî¨ êðàéîâî¨ çàäà÷i ç ïåðåìèêàí-
íÿìè òà iìïóëüñíèì âïëèâîì òèïó "interface
conditions". Òàêèì ÷èíîì, ðîçãëÿíåìî çàäà-
÷ó ïðî çíàõîäæåííÿ ðîçâ'ÿçêiâ

z(t) = col

(
z(1)(t), ... , z(n)(t)

)
,

z(j)(·) ∈ C1

{
[a, b ] \ {τi}I

}
,

z(j)(·) ∈ C[a, b], j = 1, 2, . . . , n

ëiíiéíîãî îäíîðiäíîãî ðiâíÿííÿ ç ïåðåìèêà-

ííÿìè

dz/dt = Ai(t)z, t ∈ [τi; τi+1], (1)

ÿêi çàäîâîëüíÿþòü êðàéîâó óìîâó

`i z(·) = 0, i = 1, 2, . . . , p, (2)

òóò `iz(·)− ëiíiéíi îáìåæåíi âåêòîðíi ôóí-
êöiîíàëè âèãëÿäó

`iz(·) =
i∑

j=0

`
(j)
i z(·),

äå

`
(0)
i z(·) : C [a, τ1 [ → Rk, ..., `

(i)
i z(·) :

C [τi, τi+1 [ → Rk, i = 1, . . . , p− 1, . . . ,

`(0)
p z(·) : C[a, τ1 [ → Rk, ... , `(p)

p z(·) :

C[τp, b ] → Rk−
ëiíiéíi îáìåæåíi ôóíêöiîíàëè. Òóò Ai(t)−
(n×n)− âèìiðíi ìàòðèöi, íåïåðåðâíi íà âiä-
ðiçêàõ

[a; τ1], [τ1; τ2], ... , [τp−1; τp], [τp; b].

Çàäà÷à (1), (2) ÿâëÿ¹ ñîáîþ óçàãàëüíåííÿ çà-
äà÷ iç íåâèðîäæåíèì iìïóëüñíèì âïëèâîì,
äîêëàäíî âèâ÷åíèõ ó ïðàöÿõ À.Ì. Ñàìîé-
ëåíêà, Ì.Î. Ïåðåñòþêà òà Î.À. Áîé÷óêà [2],
iìïóëüñíèõ äâîòî÷êîâèõ çàäà÷, äîñëiäæåí-
íèõ Ð. Êîíòi òà Ñ. Øâàáiêîì [3,4], à òàêîæ
iìïóëüñíèõ êðàéîâèõ çàäà÷ [5-8] íà âèïàäîê
ñèñòåì iç ïåðåìèêàííÿìè. Ç iíøîãî áîêó ïî-
ñòàâëåíà çàäà÷à ïðî çíàõîäæåííÿ ðîçâ'ÿçêó
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ñèñòåìè (1) ç ïåðåìèêàííÿìè ÿâëÿ¹ ñîáîþ
÷àñòèííèé âèïàäîê çàäà÷ äëÿ ãiáðiäíèõ ñè-
ñòåì [9,10].

2. Ëiíiéíi êðàéîâi çàäà÷i ç iìïóëü-
ñíèì âïëèâîì òèïó "interface conditi-
ons"äëÿ ñèñòåì ç ïåðåìèêàííÿìè. Íå-
õàé W0(t)− íîðìàëüíà (W0(a) = In) ôóí-
äàìåíòàëüíà ìàòðèöÿ ñèñòåìè (1) íà âiäðiç-
êó [a; τ1], à Wi(t)− ôóíäàìåíòàëüíi ìàòðè-
öi (i = 1, 2, ... , p) ñèñòåìè (1) íà âiäðiç-
êàõ [τ1; τ2], ... , [τp; b] Íîðìàëüíà(X0(a) = In)
ôóíäàìåíòàëüíà ìàòðèöÿ X0(t) ñèñòåìè (1)
çîáðàæóâàíà ó âèãëÿäi

X0(t) =





W0(t), t ∈ [a; τ1], W0(a) = In,

W1(t), t ∈ [τ1; τ2],W0(τ1) = W1(τ1),

.......... .............. ,.......................... ,

Wp(t),t ∈ [τp; b], Wp(τp) = Wp−1(τ1).

Ëåìà 1. Çàãàëüíèé ðîçâ'ÿçîê ñèñòå-
ìè (1) çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü
ç ïåðåìèêàííÿìè çîáðàæóâàíèé ó âèãëÿäi
z(t, c) = X0(t)c, c ∈ Rn; òóò X0(t)− íîð-
ìàëüíà (X0(a) = In) ôóíäàìåíòàëüíà ìà-
òðèöÿ ñèñòåìè (1).

Äîâåäåííÿ. Äiéñíî, ðîçâ'ÿçîê ñèñòå-
ìè (1) íà âiäðiçêó [a; τ1] íåïåðåðâíî-
äèôåðåíöiéîâíèé, òîìó çîáðàæóâàíèé ó âè-
ãëÿäi z(t, c) = W0(t)c, c ∈ Rn. Çà óìî-
âîþ â òî÷öi τ1 ðîçâ'ÿçîê ñèñòåìè (1) çáåði-
ãà¹ íåïåðåðâíiñòü, òîìó íà âiäðiçêó [τ1; τ2]
ðîçâ'ÿçîê ñèñòåìè (1) âèçíà÷à¹ çàäà÷à Êî-
øi z(τ1) = W0(τ1)c, òîìó W0(τ1) = W1(τ1).
Íîðìàëüíà (W0(a) = In) ôóíäàìåíòàëü-
íà ìàòðèöÿ W0(t) ñèñòåìè (1) íåïåðåðâíî-
äèôåðåíöiéîâíà i íåâèðîäæåíà íà âiäðiçêó
[a; τ1], òîìó det W0(τ1) 6= 0, îòæå çàäà÷à
Êîøi z(τ1) = W0(τ1)c äëÿ ñèñòåìè (1) íà
âiäðiçêó [τ1; τ2] îäíîçíà÷íî ðîçâ'ÿçíà. Îòæå,
ðîçâ'ÿçîê ñèñòåìè (1) íà âiäðiçêó [τ1; τ2] çî-
áðàæóâàíèé ó âèãëÿäi z(t, c) = W1(t)c, c ∈
Rn. Ïîáóäîâà ðîçâ'ÿçêó ñèñòåìè (1) íà âiä-
ðiçêó [τ2; b] àíàëîãi÷íà.

Ó âèïàäêó çàäà÷i ïðî çíàõîäæåííÿ
ðîçâ'ÿçêó ñèñòåìè (1) ç íåïåðåðâíî-
äèôåðåíöiéîâíîþ ìàòðèöåþ ïîáóäîâàíà

íîðìàëüíà (X0(a) = In) ôóíäàìåíòàëüíà
ìàòðèöÿ X0(t) ñèñòåìè (1) ñïiâïàäà¹ ç
òðàäèöiéíîþ íåïåðåðâíî-äèôåðåíöiéîâíîþ
ìàòðèöåþ [1].

Ëåìà 2. Çàäà÷à Êîøi z(a) = c, c ∈
Rn äëÿ ñèñòåìè (1), (2) ç ïåðåìèêàííÿìè
ðîçâ'ÿçíà òîäi é òiëüêè òîäi, êîëè

PQ∗1`
(0)
1 X0(·) = 0, PQ∗2

{
`
(0)
2 X0(·)+`

(1)
2 X0(·)Y1

}
=

= 0, ... , PQ∗p

p−1∑
j=0

`(j)
p X0(·)Yj = 0.

Ó âèïàäêó k ≥ n, òà çà óìîâè ïîâíîòè ðàí-
ãó ñòàëèõ (k × n)− âèìiðíèõ ìàòðèöü

Q1 = −`
(1)
1 X0(·), Q2 = −`

(2)
2 X0(·), . . .

. . . , Qp = −`(p)
p X0(·)

çàäà÷à (1), (2) ìà¹ ðîçâ'ÿçîê z(t, c) =
X(t) c, c ∈ Rn, çîáðàæóâàíèé íîðìàëüíîþ
(X(a) = In) ôóíäàìåíòàëüíîþ ìàòðèöåþ

X(t) =





X0(t), t ∈ [a; τ1[,

X0(t)Y1, t ∈ [τ1; τ2[,

X0(t)Y2, , t ∈ [τ2; τ3[,

.............. ...............

X0(t)Yp, t ∈ [τp; b].

Òóò Y0 = In, Y1 = Q+
1 `

(0)
1 X0(·),

Y2 = Q+
2

{
`
(0)
2 X0(·) + `

(1)
2 X0(·)Y1

}
, . . .

. . . , Yp = Q+
p

p−1∑
j=1

`(j)
p X0(·)Yj.

Äîâåäåííÿ. Äëÿ çíàõîäæåííÿ íåâiäîìî¨
ñòàëî¨ (n× n)− âèìiðíî¨ ìàòðèöi Y1, ñêîðè-
ñòà¹ìîñü êðàéîâîþ óìîâîþ (2)

Q1Y1 = `
(0)
1 X0(·), (3)

äå Q1 = −`
(1)
1 X0(·)− ñòàëà (k × n)− âèìið-

íà ìàòðèöÿ. Ðiâíÿííÿ (3) ðîçâ'ÿçíå òîäi é
òiëüêè òîäi, êîëè

PQ∗1`
(0)
1 X0(·) = 0. (4)
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Çà óìîâè (4), ó âèïàäêó k ≥ n, ÿêùî ìà-
òðèöÿ Q1 ïîâíîãî ðàíãó, òî ðiâíÿííÿ (3) ìà¹
¹äèíèé ðîçâ'ÿçîê

Y1 = Q+
1 `

(0)
1 X0(·).

Òóò Q+
1 � ñòàëà (n×k)− âèìiðíà ïñåâäîîáåð-

íåíà çà Ìóðîì-Ïåíðîóçîì äî Q1 ìàòðèöÿ
[1], PQ∗1− îðòîïðîåêòîð Rk → N(Q∗

1). Òîäi

X(t) = X0(t)Q
+
1 `

(0)
1 X0(·), t ∈ [τ1, τ2[.

Äëÿ çíàõîäæåííÿ ñòàëî¨ (n×n)− ìàòðèöi Y2,
âèêîðèñòîâó¹ìî óìîâó (2); ïîçíà÷àþ÷è (k×
n)− ìàòðèöþ Q2 = −`

(2)
2 X0(·), îäåðæó¹ìî

ðiâíÿííÿ äëÿ çíàõîäæåííÿ Y2 :

Q2Y2 = `
(0)
2 X0(·) + `

(1)
2 X0(·)Y1,

ðîçâ'ÿçíå òîäi é òiëüêè òîäi, êîëè

PQ∗2

{
`
(0)
2 X0(·) + `

(1)
2 X0(·)Y1

}
= 0 (5)

i îäíîçíà÷íî ðîçâ'ÿçíå çà óìîâè ïîâíîòè
ðàíãó ìàòðèöi Q2:

Y2 = Q+
2

{
`
(0)
2 X0(·) + `

(1)
2 X0(·)Y1

}
.

Òàêèì ÷èíîì, ïðè t ∈ [τ2; τ3[

X(t) = X0(t)Q
+
2

{
`
(0)
2 X0(·) + `

(1)
2 X0(·)Y1

}
.

Íà ïðîìiæêó [τp; b] øóêàíó ìàòðèöþ X(t)
âèçíà÷à¹ (k × n)− ìàòðèöÿ Yp, äëÿ çíàõî-
äæåííÿ ÿêî¨ îäåðæó¹ìî ðiâíÿííÿ (Y0 := In)

QpYp =

p−1∑
j=0

`(j)
p X0(·)Yj,

ðîçâ'ÿçíå òîäi é òiëüêè òîäi, êîëè

PQ∗p

p−1∑
j=0

`(j)
p X0(·)Yj = 0. (6)

Çà óìîâè (6) ó âèïàäêó ïîâíîòè ðàíãó (k ×
n)− ìàòðèöi Qp = −`

(p)
p X0(·) íà ïðîìiæêó

[τp, b] øóêàíà ìàòðèöÿ X(t) ìà¹ âèãëÿä

X(t) = X0(t)Q
+
p

p−1∑
j=1

`(j)
p X0(·)Yj.

Òàêèì ÷èíîì, ëåìó 2 äîâåäåíî. Ó âèïàä-
êó íåâèðîäæåíîãî iìïóëüñíîãî âïëèâó íîð-
ìàëüíà ôóíäàìåíòàëüíà ìàòðèöÿ X(t) ñïiâ-
ïàäà¹ ç ìàòðèöåþ [1,2]. Êðiì òîãî íîðìàëü-
íà ôóíäàìåíòàëüíà ìàòðèöÿ X(t) çàäà÷i (1),
(2) óçàãàëüíþ¹ ìàòðèöþ [6] íà âèïàäîê ñè-
ñòåì ç ïåðåìèêàííÿìè.

3. Óçàãàëüíåíà íåîäíîðiäíà çàäà÷à
Êîøi äëÿ ñèñòåì ç ïåðåìèêàííÿìè.
Óçàãàëüíåííÿì, ÿê çàäà÷ ç íåâèðîäæåíèì,
òàê i ç âèðîäæåíèì iìïóëüñíèì âïëèâîì ¹
çàäà÷à ïðî çíàõîäæåííÿ ðîçâ'ÿçêiâ ñèñòåìè
çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç ïåðå-
ìèêàííÿìè

dz/dt = Ai(t)z + fi(t), t ∈ [τi; τi+1], (7)

ÿêi çàäîâîëüíÿþòü êðàéîâèì óìîâàì òèïó
"interface conditions"

`i z(·) = ai, i = 1, 2, . . . , p, (8)

äå ai ñòàëi âåêòîðè, fi(t)− n−âèìiðíi âåê-
òîð-ôóíêöi¨, íåïåðåðâíi íà âiäðiçêàõ [a; τ1],
[τ1; τ2], [τp; b]. Ïîçíà÷èìî

γ1 = Q+
1

{
`
(0)
1 X0(·)c + `1I(·)− a1

}
,

γ̄1 = Q+
1

{
`1I(·)− a1

}
,

γ̄2 = Q+
2

{
`
(1)
2 X0(·)γ1 + `2I(·)− a2

}
, ...

... , γ̄p = Q+
p

{ p−1∑
j=1

`(j)
p X0(·)γ̄j + `pI(·)− ap

}
.

Òóò PQ∗i : Rk → N(Q∗
i ) − (k × k)− âèìiðíi

ìàòðèöi-îðòîïðîåêòîðè, i = 1, 2, . . . , p.

Ëåìà 3. Íåõàé óìîâè ëåìè (3) òà ðiâ-
íîñòi

PQ∗1

{
`1I(·)− a1

}
= 0,

PQ∗2

{
`
(1)
2 X0(·)γ1 + `2I(·)− a2

}
= 0, ...

... , PQ∗p

{ p−1∑
j=1

`(j)
p X0(·)γ̄j + `pI(·)− ap

}
= 0
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âèêîíàíi. Íåîäíîðiäíà çàäà÷à Êîøi z(a) = c
äëÿ ñèñòåìè (7), (8) ïðè öüîìó ìà¹ ¹äèíèé
ðîçâ'ÿçîê

z(t, c) = X(t)c + K

[
fi(s); ai

]
(t);

òóò

I(t) = X0(t)

t∫

a

X−1
0 (s)fi(s)ds,

K

[
fi(s); ai

]
(t) =





I(t), t ∈ [a, τ1[,

X0(t)γ̄1 + I(t), t ∈ [τ1, τ2[,

X0(t)γ̄2 + I(t), t ∈ [τ2, τ3[,

...................... , ...............

X0(t)γ̄p + I(t), t ∈ [τp, b]

óçàãàëüíåíèé îïåðàòîð Ãðiíà çàäà÷i Êîøi
äëÿ ñèñòåìè (7), (8).

Äîâåäåííÿ. Âíàñëiäîê íåïåðåðâíîñòi íà
[a, τ1[ ðîçâ'ÿçîê çàäà÷i Êîøi z(a) = c äëÿ ñè-
ñòåìè (7), (8) çîáðàæóâàíèé ñóìîþ z(t, c) =
X0(t)c + I(t), äå

I(t) = X0(t)

∫ t

a

X−1
0 (s)fi(s)ds.

Ðîçâ'ÿçîê çàäà÷i Êîøi z(a) = c äëÿ ñèñòåìè
(7), (8) íà [τ1; τ2[ øóêà¹ìî ó âèãëÿäi

z(t, c) = X0(t)γ1 + I(t), γ1 ∈ Rn.

Äëÿ çíàõîäæåííÿ íåâiäîìî¨ γ1 îäåðæó¹ìî
ðiâíÿííÿ

Q1γ1 = `
(0)
1 X0(·)c + `1I(·)− a1 ,

äëÿ ðîçâ'ÿçíîñòi ÿêîãî íåîáõiäíî i äîñòà-
òíüî, ùîá

PQ∗1

{
`
(0)
1 X0(·)c + `1I(·)− a1

}
= 0.

Ç óðàõóâàííÿì (4), îñòàííÿ óìîâà ñïðîùó¹-
òüñÿ

PQ∗1

{
`1I(·)− a1

}
= 0. (9)

Çà óìîâè (9), âðàõîâóþ÷è, ùî çãiäíî ëåìi
2 k ≥ n òà ìàòðèöÿ Q1− ïîâíîãî ðàíãó),
çíàõîäèìî

γ1 = Q+
1

{
`
(0)
1 X0(·)c + `1I(·)− a1

}
,

çâiäêè γ1 = Y1c + γ̄1, äå

γ̄1 = Q+
1

{
`1I(·)− a1

}
.

Òàêèì ÷èíîì, ðîçâ'ÿçîê çàäà÷i Êîøi z(a) =
c äëÿ ñèñòåìè (7), (8) íà [τ1; τ2[ ìà¹ âèãëÿä
z(t, c) = X(t)c + K[fi(s); a1](t), äå

K[fi(s); a1](t) = X0(t)γ̄1 + I(t).

Ðîçâ'ÿçîê çàäà÷i Êîøi z(a) = c äëÿ ñèñòåìè
(7), (8) íà [τ2, τ3[ øóêà¹ìî ó âèãëÿäi z(t, γ2) =
X0(t)γ2 + I(t), γ2 ∈ Rn. Äëÿ çíàõîäæåííÿ
íåâiäîìî¨ γ2 îäåðæó¹ìî ðiâíÿííÿ

Q2γ2 = `
(0)
2 X0(·)c + `

(1)
2 X0(·)Y1c+

+`
(1)
2 X0(·)γ1 + `2I(·)− a2,

äëÿ ðîçâ'ÿçíîñòi ÿêîãî, ç óðàõóâàííÿì (5),
íåîáõiäíî i äîñòàòíüî, ùîá

PQ∗2

{
`
(1)
2 X0(·)γ1 + `2I(·)− a2

}
= 0. (10)

Çà óìîâè (10), âðàõîâóþ÷è, ùî çãiäíî ëåìi
2 k ≥ n òà ìàòðèöÿ Q2− ïîâíîãî ðàíãó),
çíàõîäèìî γ2 = Y2c + γ̄2, äå

γ̄2 = Q+
2

{
`
(1)
2 X0(·)γ1 + `2I(·)− a2

}
.

Òàêèì ÷èíîì, ðîçâ'ÿçîê çàäà÷i Êîøi z(a) =
c äëÿ ñèñòåìè (7), (8) íà [τ2; τ3[ ìà¹ âè-
ãëÿä z(t, c) = X(t)c + K[fi(s); a2](t), äå
K[f(s); a2](t) = X0(t)γ̄2 + I(t). Ðîçâ'ÿçîê çà-
äà÷i Êîøi z(a) = c äëÿ ñèñòåìè (7), (8) íà
ïðîìiæêàõ [τi, τi+1[, äå i = 3, 4, . . . , p − 1, à
òàêîæ íà âiäðiçêó [τp; b] øóêà¹ìî ó âèãëÿäi

z(t, γi) = X0(t)γi + I(t), γi ∈ Rn.

Äëÿ çíàõîäæåííÿ íåâiäîìî¨ γp îäåðæó¹ìî
ðiâíÿííÿ

Qpγp =

{ p−1∑
j=0

`(j)
p X0(·)Yj

}
c+

+

p−1∑
j=1

`(j)
p X0(·)γ̄j + `pI(·)− ap,
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äëÿ ðîçâ'ÿçíîñòi ÿêîãî, ç óðàõóâàííÿì (6),
íåîáõiäíî i äîñòàòíüî, ùîá

PQ∗p

{ p−1∑
j=1

`(j)
p X0(·)γ̄j +`pI(·)−ap

}
= 0. (11)

Çà óìîâè (11), âðàõîâóþ÷è, ùî çãiäíî ëåìi
2 k ≥ n òà ìàòðèöÿ Qp− ïîâíîãî ðàíãó),
çíàõîäèìî γp = Ypc + γ̄p, äå

γ̄p = Q+
p

{ p−1∑
j=1

`(j)
p X0(·)γ̄j + `pI(·)− ap

}
.

Ïðè öüîìó ðîçâ'ÿçîê çàäà÷i Êîøi z(a) = c
äëÿ ñèñòåìè (7), (8) íà ïðîìiæêó [τp; b] ìà¹
âèãëÿä z(t, c) = X(t)c + K[fi(s); ap](t), äå

K[fi(s); ap](t) = X0(t)γ̄p + I(t).

Ó âèïàäêó íåâèðîäæåíîãî iìïóëüñíî-
ãî âïëèâó îïåðàòîð K[fi(s); ai](t) ñïiâïà-
äà¹ ç îïåðàòîðîì [2]. Êðiì òîãî îïåðàòîð
K[fi(s); ai](t) çàäà÷i Êîøi äëÿ ñèñòåìè (7),
(8) óçàãàëüíþ¹ îïåðàòîð [5] íà âèïàäîê ñè-
ñòåì ç ïåðåìèêàííÿìè.

Ðîçãëÿíåìî äàëi çàäà÷ó ïðî çíàõîäæå-
ííÿ ðîçâ'ÿçêiâ ñèñòåìè çâè÷àéíèõ äèôå-
ðåíöiàëüíèõ ðiâíÿíü ç ïåðåìèêàííÿìè (7),
ÿêi çàäîâîëüíÿþòü êðàéîâèì óìîâàì òèïó
"interface conditions"(8) òà êðàéîâié óìîâi

`z(·) = α, α ∈ Rm. (12)

Òóò `z(·)− ëiíiéíèé îáìåæåíèé âåêòîðíèé
ôóíêöiîíàë. Äîâåäåííÿ íàñòóïíîãî òâåð-
äæåííÿ öiëêîì àíàëîãi÷íå äîâåäåííþ òåîðå-
ìè [6].

Òåîðåìà. Êðèòè÷íà (PQ∗ 6= 0) êðàéîâà
çàäà÷à (7), (8), ðîçâ'ÿçíà òîäi é òiëüêè òî-
äi, êîëè

PQ∗d

{
α− `K

[
fi(s); ai

]
(·)

}
= 0

i ìà¹ r− ïàðàìåòðè÷íó ñiì'þ ðîçâ'ÿçêiâ

z(t, cr) = Xr(t)cr + G

[
fi(s); α

]
(t),

äå

G

[
fi(s); α

]
(t) = X(t)Q+

{
α−`K

[
fi(s); ai

]
(·)

}
+

+K

[
fi(s); ai

]
(t)

óçàãàëüíåíèé îïåðàòîð Ãðiíà çàäà÷i (7)-
(12).

Òóò Q = `X(·)− ñòàëà (m × n)− âè-
ìiðíà ìàòðèöÿ, PQ∗d − (d × n)− âèìið-
íà ìàòðèöÿ, ñêëàäåíà ç d = m − n1−
ëiíiéíî-íåçàëåæíèõ ðÿäêiâ (m × m)− âè-
ìiðíî¨ ìàòðèö-îðòîïðîåêòîðà PQ∗ : Rm →
N(Q∗)

Ñõåìà äîâåäåííÿ òåîðåìè öiëêîì àíàëîãi-
÷íà äîâåäåííþ âiäïîâiäíèõ òåîðåì [11,12]. Ó
âèïàäêó ïåðiîäè÷íèõ çàäà÷ ç íåâèðîäæåíèì
iìïóëüñíèì âïëèâîì îïåðàòîð G[fi(s); α](t)
ñïiâïàäà¹ ç îïåðàòîðîì [2]. Êðiì òîãî, îïå-
ðàòîð G[fi(s); α](t) óçàãàëüíþ¹ îïåðàòîð [6]
íà âèïàäîê ñèñòåì iç ïåðåìèêàííÿìè.

Ïðèêëàä. Óìîâè òåîðåìè âèêîíóþ-
òüñÿ äëÿ êðàéîâî¨ çàäà÷i

dz/dt = 1, t ∈ [0; 3], t 6= τ1, t 6= τ2;

`1z(·) =

1∫

0

z(t)dt−
2∫

1

z(t)dt = 0, τ1 = 1.

(13)

`2z(·) =

1∫

0

z(t)dt+

2∫

1

z(t)dt−2

3∫

2

z(t)dt = 0, τ2 = 2.

`z(·) = z(0+)− z(3− 0) = 0.

Íîðìàëüíà X(0) = 1 ôóíäàìåíòàëüíà
ìàòðèöÿ X(t) = X0(t) = 1 îäíîðiäíî¨ ÷àñòè-
íè çàäà÷i (13) íåïåðåðâíà íà âiäðiçêó [0; 3],
i âèçíà÷à¹ îïåðàòîð Ãðiíà çàäà÷i Êîøi

K[fi(s); ai](t) =





t + 1, t ∈ [0; 1[,

t + 3, t ∈ [1; 2[,

t− 2, t ∈ [2; 3].
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Îñêiëüêè â äàíîìó ïðèêëàäi Q = Q+ = 0,
òî îïåðàòîð G[f(s); α](t) ñïiâïàäà¹ ç îïåðà-
òîðîì Ãðiíà çàäà÷i Êîøi K[fi(s); ai](t), à çà-
ãàëüíèé îäíîïàðàìåòðè÷íèé ðîçâ'ÿçîê çàäà-
÷i (13) ìà¹ çîáðàæåííÿ z(t, c1) = X(t)c1 +
K[fi(s); ai](t), c1 ∈ R1.

Íàñëiäîê. Íåêðèòè÷íà PQ∗ = 0 êðàéî-
âà çàäà÷à (3)-(5) ðîçâ'ÿçíà äëÿ äîâiëüíèõ
íåîäíîðiäíîñòåé fi(s), ai i ìà¹ r = n −
n1− ïàðàìåòðè÷íó ñiì'þ ðîçâ'ÿçêiâ z(t, c) =
X(t)c + G[fi(s); ai](t).
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ôiç.-ìàò. íàóê, äîöåíòó, çàâiäóâà÷ó êàôåäðè
ïðèêëàäíî¨ ìàòåìàòèêè ×åðíiâåöüêîãî íà-
öiîíàëüíîãî óíiâåðñèòåòó iìåíi Þðiÿ Ôåäü-
êîâè÷à ß.É. Áiãóíó çà îáãîâîðåííÿ ñòàòòi.

ÑÏÈÑÎÊ ËIÒÅÐÀÒÓÐÈ

1. Boichuk A.A., Samoilenko A.M.
Generalized inverse operators and Fredholm
boundary-value problems.� Utrecht; Boston:
VSP, 2004.�XIV+317 pp.

2. Áîé÷óê À.À., Ïåðåñòþê Í.À., Ñà-
ìîéëåíêî À.Ì. Ïåðèîäè÷åñêèå ðåøå-
íèÿ èìïóëüñíûõ äèôôåðåíöèàëüíûõ ñè-
ñòåì â êðèòè÷åñêèõ ñëó÷àÿõ // Äèôôåðåíö.
óðàâíåíèÿ.� 1991.� 27, � 9.� Ñ. 1516 � 1521.

3. S�chwabik S. Di�erential Equations with
Interface Conditions// �Casopis Pro pestovani
matematiky.� 1980.� ro�c. 105. � P. 391 � 410.

4. Conti R. On ordinary di�erential equati-
on with interface conditions // Journ. of Di�.
Eq.� 1968.� � 1. 4.� P. 4 � 11.

5. ×óéêî Ñ.Ì., ×óéêî Å.Â. Îáîáùåííûé
îïåðàòîð Ãðèíà çàäà÷è Êîøè ñ èìïóëüñíûì
âîçäåéñòâèåì // Äîêëàäû ÍÀÍ Óêðàèíû.�
1999.� � 6.� Ñ. 43 � 47.

6. ×óéêî Ñ.Ì. Îïåðàòîð Ãðèíà êðàåâîé
çàäà÷è ñ èìïóëüñíûì âîçäåéñòâèåì // Äèô-
ôåðåíö. óðàâíåíèÿ.� 2001.� 37. � 8.� Ñ. 1132
� 1135.

7. ×óéêî Ñ.Ì. Îïåðàòîð Ãðèíà êðàåâîé
çàäà÷è ñ èìïóëüñíûì âîçäåéñòâèåì // Äî-
êëàäû Àêàäåìèè Íàóê. Èþëü 2001.� 379.�
� 2.� Ñ. 170 � 172.

8. ×óéêî Î.Ñ. Ñëàáêîíåëiíiéíi êðàéîâi
çàäà÷i ç iìïóëüñíèì âïëèâîì çàãàëüíîãî âè-
ãëÿäó // Âiñíèê Êè¨âñüêîãî íàöiîíàëüíîãî
óíiâåðñèòåòó iì. Òàðàñà Øåâ÷åíêà.� 2004.�
� 5.� Ñ. 51 � 52.

9. Myshkis A.D. On the relation between
systems with switching and hybrid systems //
Funct. Di�er. Equ.� 2004.� � 11.� P. 467 �
473.

10. Lakshmikantham V., Vasundhara Devi
J. Hybrid systems with time scales and
impulses // Nonlinear Anal. � 2006. � 65 �
11, P. 2147 � 2152.

11. Áîé÷óê À.À., ×óéêî Å.Â., ×óéêî Ñ.Ì.
Îáîáùåííûé îïåðàòîð Ãðèíà êðàåâîé çàäà-
÷è ñ âûðîæäåííûì èìïóëüñíûì âîçäåéñòâè-
åì // Óêð. ìàò. æóðí. � 1996.� 48, � 5. � Ñ.
588 � 594.

12. Áîé÷óê À.À., ×óéêî Ñ.Ì. Îáîáùåí-
íûé îïåðàòîð Ãðèíà èìïóëüñíîé êðàåâîé çà-
äà÷è ñ ïåðåêëþ÷åíèÿìè // Íåëiíiéíi êîëè-
âàííÿ. 2007. 10. � 1, C. 51 � 65.

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2007. Âèïóñê 349. Ìàòåìàòèêà. 139


