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ÀÑÈÌÏÒÎÒÈ×ÍÀ ÍÎÐÌÀËÜÍIÑÒÜ ÑÒÐÈÁÊÎÂÎ� ÏÐÎÖÅÄÓÐÈ
ÑÒÎÕÀÑÒÈ×ÍÎ� ÀÏÐÎÊÑÈÌÀÖI� Ó ÌÀÐÊÎÂÑÜÊÎÌÓ ÑÅÐÅÄÎÂÈÙI

Ðîçãëÿíóòî àñèìïòîòè÷íó íîðìàëüíiñòü ñòðèáêîâî¨ ïðîöåäóðè ñòîõàñòè÷íî¨ àïðîêñèìàöi¨
â óìîâàõ çáiæíîñòi ïðîöåäóðè. Âèêîðèñòàíî ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ
ãåíåðàòîðà äâîêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó ç íîâîþ òåñò-ôóíêöi¹þ.

In this paper we consider the asymptotic normality of the stochastic approximation procedure
in the conditions averaging the procedure. We utilized by a solution of the singular perturbation
problem for the generator of a two-component Markov process with a new test-function.

Âñòóï. Â íàøié ðîáîòi [1] âñòàíîâëå-
íî àñèìïòîòè÷íó íîðìàëüíiñòü íåïåðåðâ-
íî¨ ïðîöåäóðè ñòîõàñòè÷íî¨ àïðîêñèìàöi¨
(ÏÑÀ) â ìàðêîâñüêîìó ñåðåäîâèùi â ñõåìi
ñåðié ç ìàëèì ïàðàìåòðîì ε → 0, ε > 0.
Íà âiäìiíó âiä [2,3], â çãàäàíié ñòàòòi äëÿ
âèðiøåííÿ ïðîáëåìè àñèìïòîòè÷íîñòi âèêî-
ðèñòîâó¹òüñÿ ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿð-
íîãî çáóðåííÿ äëÿ ãåíåðàòîðà ðîçøèðåíî-
ãî ïðîöåñó ìàðêîâñüêîãî âiäíîâëåííÿ íåïå-
ðåðâíî¨ ÏÑÀ â óìîâàõ çáiæíîñòi ïðîöåäóðè.

Â äàíié ðîáîòi àñèìïòîòè÷íà íîðìàëü-
íiñòü ñòðèáêîâî¨ ÏÑÀ äîñëiäæó¹òüñÿ àíà-
ëîãi÷íèì ìåòîäîì. Îñîáëèâiñòü äàíî¨ çàäà-
÷i ïîëÿãà¹ â òîìó, ùî ïðèðiñò íîðìîâàíî¨
ñòðèáêîâî¨ ÏÑÀ ìà¹ äâi êîìïîíåíòè: íåïå-
ðåðâíó i ñòðèáêîâó, â òîé ÷àñ, ÿê íåïåðåðâíà
ÏÑÀ ìà¹ òiëüêè íåïåðåðâíó êîìïîíåíòó.

1. Ïîñòàíîâêà çàäà÷i. Ñòðèáêîâà ÏÑÀ
â ñõåìi ñåðié â ìàðêîâñüêîìó ñåðåäîâèùi
çàäà¹òüñÿ ñïiââiäíîøåííÿì [4] (ïîêëàäåìî
−1∑
k=0

a(τ ε
k)C(uε

k, x
ε
k) = 0)

uε(t) = u0 + ε2

ν(t/ε2)−1∑

k=0

a(τ ε
k)C(uε

k, x
ε
k), t ≥ 0.

(1)
Òóò xn := x(τn), n ≥ 0, ¹ âêëàäåíèì

ëàíöþãîì Ìàðêîâà ó ðiâíîìiðíî åðãîäè÷íèé
ìàðêîâñüêèé ïðîöåñ x(t), t ≥ 0, ó ñòàíäàð-
òíîìó ôàçîâîìó ïðîñòîði ñòàíiâ (X,X ), ùî

çàäà¹òüñÿ ãåíåðàòîðîì

Qϕ(x) = q(x)

∫

X

P (x, dy)[ϕ(y)− ϕ(x)],

à τn - ìîìåíòè âiäíîâëåííÿ âêëàäåíîãî ëàí-
öþãà Ìàðêîâà.

Ãåíåðàòîð Q ¹ çâåäåíî-îáîðîòíèì ç ïîòåí-
öiàëîì R0 òàêèì, ùî

R0Q = QR0 = Π− I.

Ïðîöåñ ìàðêîâñüêîãî âiäíîâëåííÿ xn,
τn, n ≥ 0, çàäà¹òüñÿ ñòîõàñòè÷íèì ÿäðîì

P (x,B) = P{xn+1 ∈ B |xn = x}, x ∈ X,

B ∈ X ,

à ìîìåíòè âiäíîâëåííÿ çàäàþòüñÿ ñïiââiäíî-
øåííÿì

τn+1 = τn + θn+1, n ≥ 0,

â ÿêîìó ÷àñ θn+1 ïåðåáóâàííÿ â ñòàíàõ xn

çàäà¹òüñÿ ôóíêöi¹þ ðîçïîäiëó

Gx(t) := P{θn+1 ≤ t |xn = x} = 1− e−q(x)t,

x ∈ X, t ≥ 0,

òîáòî âèïàäêîâi âåëè÷èíè θx,x ∈ X, ìà-
þòü ïîêàçíèêîâi ðîçïîäiëè ç iíòåíñèâíîñòÿ-
ìè q(x) :

128 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2007. Âèïóñê 349. Ìàòåìàòèêà.



P{θx ≥ t} = e−q(x)t, t ≥ 0, x ∈ X.

Äëÿ ìîìåíòiâ τn ðîçãëÿíåìî ëi÷èëüíèé
ïðîöåñ

ν(t) := max{n > 0 : τn ≤ t}, t ≥ 0,

à òàêîæ ñòðèáêîâèé ïðîöåñ âiäíîâëåííÿ

τ(t) := τν(t), t ≥ 0.

Ñòàöiîíàðíèé ðîçïîäië ρ(B), B ∈ X ,
âêëàäåíîãî ëàíöþãà Ìàðêîâà xn, n ≥ 0, çà-
äà¹òüñÿ ðiâíÿííÿì

ρ(B) =

∫

X

ρ(dx)P (x,B), ρ(X) = 1,

i çâ'ÿçàíèé ç ñòàöiîíàðíèì ðîçïîäiëîì
π(B), B ∈ X , ìàðêîâñüêîãî ïðîöåñó x(t), t ≥
0, ñïiââiäíîøåííÿì

π(dx)q(x) = qρ(dx), q =

∫

X

π(dx)q(x),

àáî

π(dx) = ρ(dx)g(x)
1

m
, m =

∫

X

ρ(dx)g(x) =
1

q
,

ç
g(x) =

1

q(x)
.

Ñòàöiîíàðíi ðîçïîäiëè π(B) òà ρ(B) âè-
çíà÷àþòü ïðîåêòîðè Π òà Π̃ âiäïîâiäíî:

Πϕ(x) := ϕ̂1(x), ϕ̂ :=

∫

X

π(dx)ϕ(x), 1(x) ≡ 1,

x ∈ X,

Π̃ϕ(x) := ϕ̃1(x), ϕ̃ :=

∫

X

ρ(dx)ϕ(x), 1(x) ≡ 1,

x ∈ X.

Â ÏÑÀ (1) ìàþòü ìiñöå âêëàäåíîñòi

uε
n := uε(τ ε

n), xε
n := x(τ ε

n), τ ε
n := ε2τn,

a(τ ε
n) =

a

τ ε
n

, a > 0, n ≥ 0.

Ôóíêöiÿ ðåãðåñi¨ C(u, x), u ∈ R, x ∈ X,
òàêà, ùî C(u, ·) ∈ C3(R), òîìó ìà¹ ìiñöå ðîç-
êëàä

C(u, x) = C0(x) + uC1(x) + u2C2(u, x), (2)

C0(x) = C(0, x), C1(x) = C1
u(0, x), (3)

C2(u, x) =
1

2
C ′′

u(θu, x), 0 ≤ θ ≤ 1.

Çáiæíiñòü ñòðèáêîâî¨ ÏÑÀ (1) â óìîâàõ
Òåîðåìè ðîáîòè [4]

uε(t) ⇒ 0, t →∞, ε ≤ ε0, (4)
îçíà÷à¹, ùî ìà¹ ìiñöå ðiâíiñòü

C(0) = 0 (5)
i òî÷êà u = 0 ¹ òî÷êîþ ðiâíîâàãè ñèñòåìè

du(t)/dt = C(u(t)), (6)
äå

C(u) = q

∫

X

ρ(dx)C(u, x). (7)

Ç (3), (5) i (7) ìà¹ìî óìîâó áàëàíñó

ÓÁ: Π̃C0(x) = 0.

Ç iíøî¨ ñòîðîíè (4) îçíà÷à¹, ùî ôëóêòó-
àöi¨ ñòðèáêîâî¨ ÏÑÀ äîöiëüíî âèâ÷àòè ç íà-
ñòóïíèì íîðìóâàííÿì, ÿê i â ðîáîòi [1], à
ñàìå

vε(t) =
√

tuε(t)/ε, (8)
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òîáòî ìà¹ ìiñöå çâîðîòíié çâ'ÿçîê

uε(t) = εvε(t)/
√

t.

2. Îñíîâíèé ðåçóëüòàò. Àñèìïòîòè÷íà
íîðìàëüíiñòü íîðìîâàíî¨ ÏÑÀ (8) âñòàíîâ-
ëþ¹òüñÿ ïðè óìîâàõ çáiæíîñòi ÏÑÀ (1)

C1 : C(u)V ′(u) ≤ −c0V (u),

C2 : |C̃(u, x)V ′(u)| ≤ c1(1 + V (u)),

C3 : |C(u, x)R0[C̃(u, x)V ′(u)]′| ≤ c2(1 +
V (u)),

äå C̃(u, x) := C (u,x)- C(u), à V(u) - ôóíêöiÿ
Ëÿïóíîâà óñåðåäíåíî¨ ñèñòåìè (11), à òàêîæ
ïðè äîäàòêîâèõ óìîâàõ:

D1 : ρ2 := 2

∫

X

π(dx)C̃0(x)R0C̃
0(x)−

−2q

∫

X

ρ(dx)(C0(x))2 > 0,

äå
C̃0(x) := q(x)C0(x); (9)

D2 : d1 < −1/2aq,

äå d1 =
∫
X

ρ(dx)C1(x).

Òåîðåìà (Àñèìïòîòè÷íà íîðìàëü-
íiñòü). Â óìîâàõ C1 − C3 çáiæíîñòi ñòðèá-
êîâî¨ ÏÑÀ (1), òà ïðè äîäàòêîâèõ óìîâàõ
D1, D2 ìà¹ ìiñöå ñëàáêà çáiæíiñòü

vε(t) ⇒ ζ(t), ε → 0,

â êîæíîìó ñêií÷åíîìó iíòåðâàëi 0 < t0 ≤
t ≤ T .

Ãðàíè÷íèé äèôóçiéíèé ïðîöåñ ζ(t), t ≥ 0,
¹ ïðîöåñîì òèïó Îðíøòåéíà- Óëåíáåêà [5], i
âèçíà÷à¹òüñÿ ãåíåðàòîðîì

Lϕ(v) = bvϕ′(v) +
1

2
a2ρ2ϕ′′(v), (10)

äå
b := aqd1 +

1

2
.

Çàóâàæåííÿ 1. Óìîâà D2 çàáåçïå÷ó¹ âè-
êîíàííÿ óìîâè b < 0 çâiäêè ñëiäó¹ ñòiéêiñòü
ãðàíè÷íîãî ïðîöåñó ζ(t), t ≥ 0, à óìîâà D1
çàáåçïå÷ó¹ äèôóçiéíiñòü ïðîöåññó ζ(t), t ≥ 0.

Çàóâàæåííÿ 2. Ãðàíè÷íèé ïðîöåñ Îðí-
øòåéíà - Óëåíáåêà [5] ç ãåíåðàòîðîì L â óìî-
âàõ òåîðåìè ¹ åðãîäè÷íèì ç ñòàöiîíàðíèì
íîðìàëüíèì ðîçïîäiëîì N(0, σ2

0), äå äèñïåð-
ñiÿ îá÷èñëþ¹òüñÿ çà ôîðìóëîþ σ2

0 = a2ρ2/2b.
Âèñíîâîê 1. Â óìîâàõ òåîðåìè ÏÑÀ

vε(t) ìà¹ àñèìïòîòè÷íî íîðìàëüíèé ðîçïî-
äië N(0, σ2

0), òîáòî vε(t) ⇒ v ,ε → 0, t →
∞, äå âèïàäêîâà âåëè÷èíà v ìà¹ ðîçïîäië
N(0, σ2

0).

3. Âëàñòèâîñòi íîðìîâàíî¨ ÏÑÀ.
Îñíîâíà ïðîáëåìà ïîëÿãà¹ â òîìó, ùîá ïîáó-
äóâàòè ïîðîäæóþ÷èé îïåðàòîð (ãåíåðàòîð)
äâîêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó

vε(t), xε
t := x(t/ε2), t ≥ 0. (11)

Ëåìà 1. Ãåíåðàòîð ìàðêîâñüêîãî ïðîöåñó
(11) íà òåñò-ôóíêöiÿõ ϕ(v, ·) ∈ C2(R) ìà¹
ïðåäñòàâëåííÿ

Lε
tϕ(v, x) = ε−2q(x)P [ϕ(v+ε

a√
t
C(ε

v√
t
, x), y)−

−ϕ(v, x)] +
v

2t
ϕ′v(v, x), (12)

äå
Pϕ(·, y) =

∫

X

P (y, dz)ϕ(·, z).

Äîâåäåííÿ. Ñïî÷àòêó îá÷èñëèìî ïðèðiñò
∆vε(t) íîðìîâàíî¨ ÏÑÀ (8) çà ìàëèé ïðîìi-
æîê ÷àñó ∆ > 0 ïðè óìîâàõ

vε(t) = v, xε
t = x.

Òàêèì ÷èíîì âðàõîâóþ÷è (8) òà ðîçêëàä√
t + ∆ =

√
t(∆/2t + o(∆)), ìà¹ìî

∆vε(t) := vε(t + ∆)− vε(t) =
∆

2t
v+
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+ε−1(t +
∆

2
√

t
)∆uε(t) + o(∆).

Îñêiëüêè ïðèðiñò ∆uε(t) ÏÑÀ (1) ïðè íà-
ÿâíîñòi ñòðèáêà ìà¹ âèãëÿä

∆uε(t) := uε(t + ∆)− uε(t) = ε2a

t
C(uε(t), xε

t),

òî äëÿ óìîâíîãî ìàòåìàòè÷íîãî ñïîäiâàííÿ

E[ϕ(vε(t + ∆), xε
t+∆) |vε(t) = v, xε

t = x,

τ ε(t) = t] = Ev,x[ϕ(v + ∆vε(t), xε
t+∆)] =

= Ev,x[ϕ(v + ∆vε(t), xε
t+∆)][I(θx > ε−2∆)+

+I(θx ≤ ε−2∆)]

ç óðàõóâàííÿì òîãî, ùî I(θx > ε−2∆) = 1 −
ε−2∆q(x))+o(∆) i I(θx ≤ ε−2∆) = ε−2∆q(x)+
o(∆), ìà¹ìî

Ev,x[ϕ(v + ∆vε(t), xε
t+∆)] = ϕ(v, x)−

−ε−2∆q(x)ϕ(v, x)+

+Ev,x[ϕ(v + ε
a√
t
C(ε

v√
t
, x), xε

t+∆)]ε−2∆q(x)+

+∆
v

2t
ϕ′v(v, x) + o(∆)].

Ç îçíà÷åííÿ ãåíåðàòîðà [6] ìàðêîâñüêîãî
ïðîöåñó (11) îòðèìó¹ìî

lim
∆→0

∆−1Ev,x[ϕ(v + ∆vε(t), xε
t+∆)− ϕ(v, x)] =

= Lε
tϕ(v, x),

äå Lε
t ìà¹ ïðåäñòàâëåííÿ (12).

Íàñëiäîê 1. Ãåíåðàòîð ìàðêîâñüêîãî
ïðîöåñó (11) íà òåñò-ôóíêöiÿõ ϕ(v, ·) ∈
C2(R) ìà¹ ïðåäñòàâëåííÿ

Lε
tϕ(v, x) = ε−2Qϕ(v, x) + ε−2q(x)Lε

0ϕ(v, x),
(13)

äå

Lε
0ϕ(v, x) = P [ϕ(v + ε

a√
t
C(ε

v√
t
, x), y)−

−ϕ(v, y)] + ε2g(x)
v

2t
ϕ′v(v, x). (14)

Äîâåäåííÿ. Ïðåäñòàâëåííÿ (13) îòðèìó¹-
ìî ç (12) âèêîðèñòîâóþ÷è äîäàíîê ±ϕ(v, y)
â êâàäðàòíèõ äóæêàõ.

Ëåìà 2. Ãåíåðàòîð (13) íà òåñò-ôóíêöiÿõ
ϕ(v, ·) ∈ C3(R) ìà¹ àñèìïòîòè÷íå ïðåäñòàâ-
ëåííÿ

Lε
tϕ(v, x) = ε−2Qϕ(v, x)+

+ε−1 1√
t
Q1(x)Q0ϕ(v, x)+

+
1

t
Q2(x)ϕ(v, x) + θε

Lϕ(v, x), (15)
äå

Q1(x)ϕ(v) = aC0(x)ϕ′(v), (16)
Q0 := q(x)P ,

Q2(x)ϕ(v) = vb(x)ϕ′(v), (17)
i

b(x) = aC1(x)Q0 + 1/2, (18)
à çàëèøêîâèé ÷ëåí θε

Lϕ(v, x) òàêèé, ùî

‖θε
Lϕ(v, x)‖ → 0, ε → 0, 0 < t0 < t < T < ∞.

Äîâåäåííÿ. Âèõîäÿ÷è ç ãëàäêîñòi ôóí-
êöié ϕ(v, x) ìà¹ìî

ϕ(v + ε
a√
t
C(ε

v√
t
, x), y) =

+ϕ(v, y)+ε
a√
t
C(ε

v√
t
, x)ϕ′v(v, y)+o(ε). (19)

Çãiäíî ç (2) äëÿ C(ε v√
t
, x) îòðèìà¹ìî ðîç-

êëàä

C(ε
v√
t
, x) = C0(x) + ε

v√
t
C1(x) + o(ε). (20)

Ïiäñòàâëÿþ÷è (20) i (19) â (14) ìà¹ìî

Lε
0ϕ(v, x) = ε

a√
t
C0(x)Pϕ′v(v, y)+
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+ε2v

t
[aC1(x)P+

g(x)

2
]ϕ′v(v, y) + o(ε).

Íà çàâåðøåííÿ, âèêîðèñòîâóþ÷è îñòàíí¹,
ç (13) îòðèìó¹ìî (15) â ïîçíà÷åííÿõ (16)-
(18).

4. Ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî
çáóðåííÿ äëÿ îïåðàòîðà (15) íà çáóðåíèõ
òåñò-ôóíêöiÿõ âèäó

ϕε(v, x) = ϕ(v) + ε
1√
t
ϕ1(v, x) + ε2 1

t
ϕ2(v, x).

(21)
Ëåìà 3. Ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿð-

íîãî çáóðåííÿ äëÿ îïåðàòîðà (15) íà òåñò-
ôóíêöiÿõ (21) ç ϕ(v) ∈ C3(R) ìà¹ âèãëÿä

Lε
tϕ

ε(v, x) =
1

t
Lϕ(v) + θε

L(x)ϕ(v), (22)

äå îïåðàòîð L ìà¹ ïðåäñòàâëåííÿ (10),
à çàëèøêîâèé ÷ëåí θε

L(x)ϕ(v) òàêèé, ùî
‖θε

L(x)ϕ(v)‖ → 0, ε → 0.
Äîâåäåííÿ. Ñïî÷àòêó ðîçãëÿíåìî ðîçâ'ÿ-

çîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ
çðiçàíîãî äî (15) îïåðàòîðà, à ñàìå

Lε
t0ϕ(v, x) = ε−2Qϕ(v, x)+

+ε−1 1√
t
Q1(x)Q0ϕ(v, x)+

+
1

t
Q2(x)ϕ(v, x).

Îñêiëüêè Lε
t0 íà ôóíêöiÿõ (21) ìà¹ ïðåä-

ñòàâëåííÿ

Lε
t0ϕ

ε(v, x) = ε−2Qϕ(v) + ε−1 1√
t
[Qϕ1(v, x)+

+Q1(x)Q0ϕ(v)]+

+
1

t
[Qϕ2(v, x)+Q1(x)Q0ϕ1(v, x)+Q2(x)ϕ(v)]+

+θε
L0(x)ϕ(v) =

1

t
Lϕ(v) + θε

L0(x)ϕ(v), (23)

òî ç óìîâè (ñëiäóþ÷è [7], òâåðäæåííÿ 5.2)

Qϕ1(v, x) + Q1(x)Q0ϕ(v) = 0

i óìîâè áàëàíñó ÓÁ ìà¹ìî

ϕ1(v, x) = R0Q1(x)Q0ϕ(v) = aR0C̃
0(x)ϕ′(v),

(24)
äå C̃0(x) îá÷èñëþ¹ìî çà (9).

Äàëi ç óìîâè ðîçâ'ÿçíîñòi (23) i ïðåäñòàâ-
ëåííÿ (24) ìà¹ìî

Qϕ2(v, x) + Q1Q0(x)R0Q1(x)Q0ϕ(v)+

+Q2(x)ϕ(v) = Lϕ(v),

äå îïåðàòîð L òàêèé, ùî

LΠϕ(v) = ΠL(x)Πϕ(v), (25)

à

L(x)ϕ(v) = Q1(x)Q0R0Q1(x)Q0ϕ(v)+

+Q2(x)ϕ(v). (26)

Îá÷èñëåííÿ ïðàâî¨ ÷àñòèíè (25), âðàõî-
âóþ÷è (26) i (24), äà¹ ïðàâó ÷àñòèíó ïðåä-
ñòàâëåííÿ (22).

Íà çàâåðøåííÿ çàóâàæèìî, ùî ìàëèé äî-
äàíîê â ïðåäñòàâëåííi (15) ãåíåðàòîðà Lε

t íå
âïëèâà¹ íà ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíî-
ãî çáóðåííÿ äëÿ îïåðàòîðà (22), òîáòî ïðàâà
÷àñòèíà ðîçâ'ÿçîêó ïðîáëåìè ñèíãóëÿðíîãî
çáóðåííÿ äëÿ îïåðàòîðà Lε

t ìà¹ âèãëÿä ïðà-
âî¨ ÷àñòèíè (23) (äèâ. [7], âèñíîâîê 5.1, ñ.
141).

5. Äîâåäåííÿ Òåîðåìè îïèðà¹òüñÿ íà
ðåçóëüòàòè Ëåì 1-3 i ðåàëiçó¹òüñÿ çà ñõåìîþ,
ùî ïðèâåäåíà ïðè äîâåäåííi Òåîðåìè 6.6, [7].

Âèñíîâîê 2. Àñèìïòîòè÷íó íîðìàëü-
íiñòü ÏÑÀ â Rd, d > 1, ìîæíà îòðèìàòè àíà-
ëîãi÷íèì ÷èíîì ç äîäàòêîâèìè òåõíi÷íèìè
óñêëàäíåííÿìè.

Àâòîð âèñëîâëþ¹ ïîäÿêó àêàäåìiêó ÍÀÍ
Óêðà¨íè Â.Ñ. Êîðîëþêó çà óâàãó äî âèêëà-
äåíîãî ìàòåðiàëó.
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