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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

ÌIØÀÍÀ ÇÀÄÀ×À ÄËß ÅÂÎËÞÖIÉÍÎÃÎ ÐIÂÍßÍÍß ÒÈÏÓ
ÅÉÄÅËÜÌÀÍÀ Â ÍÅÎÁÌÅÆÅÍIÉ ÎÁËÀÑÒI ÇÀ ×ÀÑÎÌ
Îäåðæàíî äîñòàòíi óìîâè iñíóâàííÿ i ¹äíîñòi óçàãàëüíåíîãî ðîçâ'ÿçêó â êëàñi òèïó Òè-

õîíîâà ìiøàíî¨ çàäà÷i äëÿ åâîëþöiéíîãî ðiâíÿííÿ â íåîáìåæåíié îáëàñòi çà ÷àñîì.

We obtain su�cient conditions for the existence and uniqueness of a generalized solution in
a Tykhonov type class for a mixed problem for an evolution equation in an unbounded on time
domain.

Ó 1960 ðîöi Ñ. Ä. Åéäåëüìàí [1] ðîç-
ãëÿíóâ óçàãàëüíåííÿ ïàðàáîëi÷íèõ çà Ïå-
òðîâñüêèì ñèñòåì, ââiâøè òåðìií "−→2b-
ïàðàáîëi÷íi ñèñòåìè". Ó öèõ ñèñòåìàõ äèôå-
ðåíöiþâàííþ çà ðiçíèìè ïðîñòîðîâèìè çìií-
íèìè ïðèïèñóþòü ðiçíó âàãó ïî âiäíîøåííþ
äî äèôåðåíöiþâàííÿ çà çìiííîþ t. Çà öåé
÷àñ áóëî äîñòàòíüî ïîâíî ðîçðîáëåíî òåîðiþ
çàäà÷i Êîøi äëÿ ëiíiéíèõ ñèñòåì âêàçàíîãî
òèïó (äèâ. ïðàöi [2 � 21]).

Ó öié ïðàöi ðîçãëÿíóòî íåëiíiéíå åâîëþ-
öiéíå ðiâíÿííÿ ç ïåðøîþ ïîõiäíîþ çà ÷à-
ñîì, ÷åòâåðòèìè ïîõiäíèìè çà îäíi¹þ ãðó-
ïîþ ïðîñòîðîâèõ çìiííèõ i äðóãèìè ïî-
õiäíèìè çà äðóãîþ ãðóïîþ ïðîñòîðîâèõ
çìiííèõ. Òàêi ðiâíÿííÿ ìîæíà âiäíåñòè äî−→
2b-ïàðàáîëi÷íèõ ðiâíÿíü òèïó Åéäåëüìàíà.
Äîñëiäæåíî ìiøàíó çàäà÷ó â íåîáìåæåíié
îáëàñòi çà ÷àñîì.

Íåõàé Ωx � îáìåæåíà îáëàñòü â ïðîñòî-
ði Rk ç ìåæåþ ∂Ωx ∈ C1, Ωy � îáìåæå-
íà îáëàñòü â ïðîñòîði Rl ç ìåæåþ ∂Ωy ∈
C1, Ω = Ωx×Ωy, QT = Ω× (−∞, T ), äå T <
∞, Qt1,t2 = Ω×(t1, t2), t1, t2 ∈ (−∞, T ], t1 <
t2, Ωτ = QT ∩ {t = τ}, τ ∈ (−∞, T ],
St1,t2 = ∂Ω×(t1, t2), k+l = n, z = (x, y), x ∈
Ωx, y ∈ Ωy.

Â îáëàñòi QT ðîçãëÿíåìî ðiâíÿííÿ ç äié-
ñíîçíà÷íèìè êîåôiöi¹íòàìè i âiëüíèì ÷ëå-

íîì

A(u) ≡ ut +
k∑

i,j=1

(aij(z, t)|uxixj
|r−2uxixj

)xixj
−

−
n∑

i=1

(ai(z, t)|uzi
|p−2uzi

)zi
+

k∑
i=1

bi(z, t)uxi
+

+
l∑

i=1

b0
i (z, t)uyi

+ b(z, t)u+

+g(z, t)|u|q−2u = f(z, t), (1)
ç êðàéîâèìè óìîâàìè

u
∣∣
ST

= 0,
∂u

∂ν

∣∣∣∣
∂Ωx×Ωy×(−∞,T )

= 0, (2)

äå ν � çîâíiøíÿ íîðìàëü äî ïîâåðõíi ∂Ωx×
Ωy × (−∞, T ). Íåõàé p > 1, q > 1 r > 1.

Âåäåìî ïðîñòîðè:

W 1,p
0 (Ω) =

{
u : u ∈ W 1,p(Ω), u

∣∣
∂Ω

= 0
}

,

||u||W 1,p
0 (Ω) =




∫

Ω

n∑
i=1

|uzi
|p dz




1/p

;

W 2,r
0 (Ωx) =

{
u : u ∈ W 2,r(Ωx), u

∣∣
∂Ωx

= 0,

∂u

∂ν

∣∣
∂Ωx

= 0
}

,

||u||W 2,r
0 (Ωx) =




∫

Ωx

k∑
i,j=1

∣∣uxixj

∣∣r dz




1/r

;
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Lq((t1, t2); B) =



u :

t2∫

t1

||u(·, t)||qBdt < ∞


 ,

||u||Lq((t1,t2);B) =




t2∫

t1

||u(·, t)||qBdt




1/q

,

äå q ∈ (1, +∞), B � äåÿêèé áàíàõiâ ïðîñòið;

Lq
loc((−∞, T ]; B) =

{
u : u ∈ Lq((t0, T ); B),

∀ t0, t0 < T
}

;

H i,j(Ω) =
{
u : u ∈ L2(Ωy; H

i(Ωx))∩
∩L2(Ωx; H

j(Ωy)), i, j ∈ N}
,

Ïðèïóñòèìî âèêîíàííÿ òàêèõ óìîâ:
(A)

aij, aijt ∈ L∞(QT ), i, j ∈ {1, ..., k},
al, alt ∈ L∞(QT ), l ∈ {1, ..., n},

aij(z, t) ≥ A0 > 0, ai(z, t) ≥ A1 > 0

ìàéæå âñþäè â QT ;
(B)
bi, bit, b0

j , b0
jt, b, bt, bixi

, b0
jyj
∈ L∞(QT ),

i ∈ {1, ...k}, j ∈ {1, ...l};
b(z, t) ≥ B0 > 0

äëÿ ìàéæå âñiõ (z, t) ∈ QT ;
(G)

g, gt ∈ L∞(QT ), g(z, t) ≥ g0 > 0

ìàéæå âñþäè â QT .
Îçíà÷åííÿ 1. Ôóíêöiþ u ∈

C((−∞, T ]; L2(Ω))∩Lp
loc((−∞, T ]; W 1,p

0 (Ω))∩
Lr

loc((−∞, T ]; Lr(Ωy; W
2,r
0 (Ωx))) ∩

Lq
loc((−∞, T ]; Lq(Ω)) íàçèâàòèìåìî óçà-

ãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1), (2), ÿêùî
âîíà çàäîâîëüíÿ¹ ðiâíiñòü
∫

Ωτ

uvdz +

∫

Qτ

[ k∑
i,j=1

aij(z, t)|uxixj
|r−2uxixj

vxixj
−

−uvt +
k∑

i=1

bi(z, t)uxi
v +

l∑
i=1

b0
i (z, t)uyi

v+

+b(z, t)uv +
n∑

i=1

ai(z, t)|uzi
|p−2uzi

vzi
+

+g(z, t)|u|q−2uv

]
dzdt =

∫

Qτ

f(z, t)vdzdt (3)

äëÿ âñiõ τ ∈ (−∞, T ] i äëÿ äîâiëüíèõ v ∈
C1((−∞, T ]; C2

0(Ω)), ÿêi ìàþòü îáìåæåíi
íîñi¨ â QT .

Ðîçãëÿíåìî ðiâíÿííÿ (1) ñïî÷àòêó â îáëà-
ñòi Qt0,T ç ïî÷àòêîâîþ óìîâîþ

u(z, t0) = u0(z), z ∈ Ω (4)

i êðàéîâèìè óìîâàìè

u
∣∣
St0,T

= 0,
∂u

∂ν

∣∣∣
∂Ωx×Ωy×(t0,T )

= 0, (5)

t0 ∈ (−∞, T ).

Ïðèïóñòèìî âèêîíàííÿ óìîâè (F):

f ∈ Lq ′(Qt0,T ), äå 1

q
+

1

q′
= 1, ft ∈ L2(Qt0,T );

∂aij(·, t0)
∂xs

,
∂aij(·, t0)
∂xsxm

∈ L∞(Ω),

i, j, s, m ∈ {1, ..., k};
aizs(·, t0) ∈ L∞(Ω), i, s ∈ {1, ..., n};
bixs(·, t0) ∈ L∞(Ω), i, s ∈ {1, ..., k},
b0
jym

(·, t0) ∈ L∞(Ω), j, m ∈ {1, ..., l}.
Îçíà÷åííÿ 2. Ôóíêöiþ u ∈

Lp((t0, T ); W 1,p
0 (Ω)) ∩ Lq(Qt0,T ) ∩

C([t0, T ]; L2(Ω)) ∩ Lr((t0, T ) × Ωy; W
2,r
0 (Ωx))

òàêó, ùî ut ∈ L2(Qt0 , T ), íàçèâàòèìåìî
óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1), (4),
(5), ÿêùî âîíà çàäîâîëüíÿ¹ ðiâíiñòü
∫

Ωτ

uvdz+

∫

Qt0,τ

[ k∑
i,j=1

aij(z, t)|uxixj
|r−2uxixj

vxixj
+

−uvt +
k∑

i=1

bi(z, t)uxi
v +

l∑
i=1

b0
i (z, t)uyi

v+

+b(z, t)uv +
n∑

i=1

ai(z, t)|uzi
|p−2uzi

vzi
+
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g(z, t)|u|q−2uv

]
dzdt =

∫

Ωt0

u0(z)vdz+

+

∫

Qt0,τ

f(z, t)vdzdt (6)

äëÿ âñiõ τ ∈ (t0, T ] i äëÿ äîâiëüíèõ v ∈
C1([t0, T ]; C2

0(Ω)).
Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìî-

âè (A), (B), (G), (F ) i |u0xixj
|r−2u0xixj

∈
L2(Ωy; H

2(Ωx)), |u0zi
|p−2u0zi

∈ H1(Ω), u0 ∈
H1(Ω) ∩ L2(q−1)(Ω). Òîäi ïðè p > 2, r >
1, q > 1 iñíó¹ óçàãàëüíåíèé ðîçâ'ÿçîê çà-
äà÷i (1), (4), (5). ßêùî, êðiì òîãî, bi =
0, b0

j = 0 äëÿ ìàéæå âñiõ (z, t) ∈ Qt0,T i
âñiõ i ∈ {1, ..., k}, j ∈ {1, ..., l}, òîäi iñíó¹
óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1), (4), (5) i
ïðè 1 < p < 2, r > 1, q > 1.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìî-
âè (A), (B), (G), 2b0(z, t) −

k∑
i=1

bi(z, t) −
l∑

i=1

b0
i (z, t) ≥ 0 äëÿ ìàéæå âñiõ (z, t) ∈

QT , f ∈ Lq0

loc((−∞, T ); L2(Ω)), äå q0 =
min{q′, 2}. Òîäi ïðè p > 2, r > 1, q > 2
iñíó¹ óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1), (2).
ßêùî bi(z, t) = 0, b0

j(z, t) = 0 äëÿ ìàéæå
âñiõ (z, t) ∈ QT i âñiõ i ∈ {1, ..., k}, j ∈
{1, ..., l}, òîäi iñíó¹ óçàãàëüíåíèé ðîçâ'ÿçîê
çàäà÷i (1), (2) i ïðè 1 < p < 2, 1 < r <
2, q > 2.

Äîâåäåííÿ. Â òåîðåìi 1 äîâåäåíî iñíó-
âàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó â îáìåæåíié
îáëàñòi ïðè t ∈ (t0, T ) ç ïî÷àòêîâîþ óìîâîþ
(4). Íåõàé us ðîçâ'ÿçîê çàäà÷i

A(u) = f s,s(z, t), (z, t) ∈ Qts,T

ç êðàéîâèìè óìîâàìè

u|Sts,T
= 0,

∂u

∂ν

∣∣∣∣
∂Ωx×Ωy×(ts,T )

= 0

i ïî÷àòêîâîþ óìîâîþ

u(z, ts) = 0,

äå ts = T − s− 1, s = 1, 2, ..., à âiëüíèé ÷ëåí

f s,s(z, t) =

{
f s(z, t), (z, t) ∈ Qts

0, (z, t) 6∈ Qts .

Ïîñëiäîâíiñòü {f s} ¹ òàêîþ, ùî

f s, f s
t ∈ L2

loc((−∞, T ]; L2(Ω)),

f s → f â L2
loc((−∞, T ]; L2(Ω)).

Ïðîäîâæèìî us íóëåì íà âñþ îáëàñòü QT

ïîçà îáëàñòþ Qts :

us(z, t) =

{
u(z, t), (z, t) ∈ Qts

0, (z, t) 6∈ Qts .

Íà ïiäñòàâèìî (6), ïðàâèëüíi òàêi ðiâíî-
ñòi
∫

Ωτ

usvdz +

∫

Qτ

[ k∑
i,j=1

aij(z, t)|us
xixj

|r−2us
xixj

vxixj
−

−usvt + +
k∑

i=1

bi(z, t)u
s
xi

v +
l∑

i=1

b0
i (z, t)u

s
yi
v+

+b(z, t)usv +
n∑

i=1

ai(z, t)|us
zi
|p−2us

zi
vzi

+

+g(z, t)|us|q−2usv − f s,s(z, t)v

]
dzdt = 0, (7)

∫

Ωτ

umvdz+

∫

Qτ

[ k∑
i,j=1

aij(z, t)|um
xixj

|r−2um
xixj

vxixj
−

−umvt +
k∑

i=1

bi(z, t)u
m
xi

v +
l∑

i=1

b0
i (z, t)u

m
yi

v+

+b(z, t)umv +
n∑

i=1

ai(z, t)|um
zi
|p−2um

zi
vzi

+

+g(z, t)|um|q−2umv − fm,m(z, t)v

]
dzdt = 0,

(8)
äëÿ ∀τ ∈ (−∞, T ) i ∀v ∈
Lq((−∞, T ); Lq(Ω))∩Lp((−∞, T ); W 1,p

0 (Ω))∩
Lr((−∞, T ) × Ωy; W

2,r
0 (Ωx)) ∩

H1
0 ((−∞, T ); L2(Ω)) òàêèõ, ùî supp v ⊂

QT−s−1,T , s, m ∈ N, s 6= m.
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Âiäíiìåìî âiä (7) � (8) i ïðèéìåìî v =
(us − um)ψt0 = us,mψt0 , äå

ψt0(t) =

{
(t− t0)

σ, t ≥ t0
0, t < t0,

|t0| < s, |t0| < m, σ > 1.

Îòðèìà¹ìî ðiâíiñòü
1

2

∫

Ωτ

|us,m|2ψt0dz +

∫

Qτ

[
−1

2
|us,m|2ψ′t0+

+
k∑

i,j=1

aij(z, t)
(|us

xixj
|r−2us

xixj
−

−|um
xixj

|r−2um
xixj

)
us,m

xixj
ψt0+

+
k∑

i=1

bi(z, t)u
s,m
xi

us,mψt0+

+
l∑

i=1

b0
i (z, t)u

s,m
yi

us,mψt0+

+g(z, t)ψt0

(|us|q−2us − |um|q−2um
)
us,m+

+
n∑

i=1

ψt0ai(z, t)
(|us

zi
|p−2us

zi
−

−|um
zi
|p−2um

zi

)
us,m

zi
+ b(z, t)|us,m|2ψt0

]
dzdt =

=

∫

Qτ

(
f s,s − fm,m

)
us,mψt0dzdt. (9)

Îöiíèìî äîäàíêè ðiâíîñòi (9) ïðè p >
2, q > 2, r > 2. Âèêîðèñòîâóþ÷è íåðiâíî-
ñòi Ãåëüäåðà i Þíãà, îäåðæèìî

J26 :=

∫

Qτ

|us,m|2ψ′t0dzdt ≤

≤



∫

Qτ

|us,m|qψt0dzdt




2/q

×

×



∫

Qτ

∣∣∣∣
ψ′t0

ψ
2
q

t0

∣∣∣∣
q/q−2

dzdt




1−2/q

≤

≤ qδ

2

∫

Qτ

|us,m|qψt0dzdt+

+
q

(q − 2)δ

∫

Qτ

σ|t− t0|σ−
q

q−2 dzdt,

äå δ � äîâiëüíå äîäàòíå ÷èñëî.
Ç óìîâè (A) ìà¹ìî

J1 :=

∫

Qτ

k∑
i,j=1

aij(z, t)
(|us

xixj
|r−2us

xixj
−

−|um
xixj

|r−2um
xixj

)
us,m

xixj
ψt0dzdt ≥

≥ A02
2−r

∫

Qτ

k∑
i,j=1

|us,m
xixj

|rψt0dzdt,

J2 :=

∫

Qτ

n∑
i=1

ai(z, t)
(|us

zi
|p−2us

zi
−

−|um
zi
|p−2um

zi

)
us,m

zi
ψt0dzdt ≥

≥ A12
2−p

∫

Qτ

n∑
i=1

|us,m
zi
|pψt0dzdt.

Ç óìîâè (B) áóäåìî ìàòè

J3 :=

∫

Qτ

k∑
i=1

bi(z, t)u
s,m
xi

us,mψt0dzdt =

= −1

2

∫

Qτ

k∑
i=1

bixi
(z, t)|us,m|2ψt0dzdt,

J4 :=

∫

Qτ

l∑
i=1

b0
i (z, t)u

s,m
yi

us,mψt0 =

= −1

2

∫

Qτ

l∑
i=1

b0
iyi

(z, t)|us,m|2ψt0dzdt.

Ç óìîâè (G) âèïëèâà¹

J5 :=

∫

Qτ

g(z, t)ψt0

(|us|q−2us−

−|um|q−2um
)
us,mdzdt ≥
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≥ g02
2−q

∫

Qτ

ψt0|us,m|qdzdt.

Ç óìîâè (F) îäåðæèìî

J6 :=

∫

Qτ

(
f s,s(z, t)− fm,m(z, t)

)
us,mψt0dzdt ≤

≤ 1

q

∫

Qτ

ψt0|us,m|qdzdt+

+
1

q′

∫

Qτ

(
f s,s(z, t)− fm,m(z, t)

)q′
ψt0dzdt.

Âðàõîâóþ÷è îöiíêè iíòåãðàëiâ J1 − J6, ç
(9) îäåðæèìî íåðiâíiñòü

∫

Qτ

[
|us,m|q(g02

3−q − qδ − 2

q

)
+

+A02
3−r

k∑
i,j=1

|usm
xixj

|r + A12
3−p

n∑
i=1

|usm
zi
|p+

+
(
2b(z, t)−

k∑
i=1

bixi
(z, t)−

l∑
i=1

b0
iyi

(z, t)
)×

×|us,m|2] ψt0dzdt +

∫

Ωτ

|us,m|2ψt0dz ≤

≤ 2q

(q − 2)δ

∫

Qτ

σ|t− t0|σ−
q

q−2 dzdt+

+
2

q′

∫

Qτ

|f s,s(z, t)− fm,m(z, t)|q′ψt0dzdt.

Âèáåðåìî δ =
g02

2−q

q
− 1

q2
. Îñêiëüêè

çà óìîâîþ òåîðåìè 2b(z, t) −
k∑

i=1

bixi
(z, t) −

k∑
i=1

bixi
(z, t) ≥ 0 äëÿ ìàéæå âñiõ (z, t) ∈ QT ,

òî ç îñòàííüî¨ íåðiâíîñòi ìàòèìåìî
∫

Qτ

[
|us,m|q +

k∑
i,j=1

|usm
xixj

|r +
n∑

i=1

|usm
zi
|p+

+|us,m|2] ψt0dzdt +

∫

Ωτ

|us,m|2ψt0dz ≤

≤ C1

∫

Qτ

σ|t− t0|σ−
q

q−2 dzdt+

+C1

∫

Qτ

|f s,s(z, t)− fm,m(z, t)|q′ψt0dzdt.

Ïðè t0 < t1 ≤ t ≤ τ ≤ T ìà¹ìî

|t1 − t0|σ
∫

Qt1,T

[
k∑

i,j=1

|usm
xixj

|r +
n∑

i=1

|usm
zi
|p+

+|us,m|q + |us,m|2] dzdt + |t1 − t0|σ×

×
∫

Ωt1

|us,m|2dz ≤
∫

Qt0,τ

[
|us,m|q +

k∑
i,j=1

|usm
xixj

|r+

+
n∑

i=1

|usm
zi
|p + |us,m|2

]
|t− t0|σdzdt+

+

∫

Ωτ

|us,m|2|τ − t0|σdz ≤ C2|T − t0|σ+1− q
q−2 +

+C2|T − t0|σ
∫

Qτ

|f s,s(z, t)− fm,m(z, t)|q′dzdt.

Îòæå, ïðè p > 2, q > 2, r > 2 ç (9)
îäåðæèìî íåðiâíiñòü

∫

Qt1,T

[
|us,m|q +

k∑
i,j=1

|usm
xixj

|r +
n∑

i=1

|usm
zi
|p+

+|us,m|2] dzdt +

∫

Ωt1

|us,m|2dz ≤

≤ C3

∣∣∣∣
T − t0
t1 − t0

∣∣∣∣
σ

|T − t0|1−
q

q−2 +

+C3

∣∣∣∣
T − t0
t1 − t0

∣∣∣∣
σ ∫

Qτ

|f s,s(z, t)− fm,m(z, t)|q′dzdt.

Îöiíèìî äîäàíêè ïðàâî¨ ÷àñòèíè îñòàí-
íüî¨ íåðiâíîñòi.
Ïðè t0 → −∞

I1 :=

∣∣∣∣
T − t0
t1 − t0

∣∣∣∣
σ

|T − t0|1−
q

q−2 → 0,
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ÿêùî q > 2.
Îñêiëüêè çà f s → f â L2((−∞, T ]; L2(Ω)), òî

I2 :=

∣∣∣∣
T − t0
t1 − t0

∣∣∣∣
σ ∫

Qτ

|f s,s(z, t)−

−fm,m(z, t)|q′dzdt < ε,

äå ε � äîâiëüíå äîñòàòíüî ìàëå ÷èñëî.
Îòæå, ïðàâà ÷àñòèíà îñòàííüî¨ íå-

ðiâíîñòi ïðÿìó¹ äî íóëÿ ïðè t0 → −∞.
Òîäi ïîñëiäîâíiñòü {us}s∈N ôóíäàìåíòàëü-
íà, à îòæå, ñèëüíî çáiæíà â ïðîñòîði
C((−∞, T ]; L2(Ω)) ∩ Lq

loc((−∞, T ]; Lq(Ω)) ∩
Lr

loc((−∞, T ]; W 2,r
0 (Ωx) × Ωy) ∩

Lp
loc((−∞, T ]; W 1,p

0 (Ω)).
Ïåðåéäåìî äî ãðàíèöi â ðiâíîñòi (7) ïðè

s →∞
∫

Ωτ

uvdz +

∫

Qτ

[ k∑
i,j=1

aij(z, t)|uxixj
|r−2uxixj

vxixj
+

+
k∑

i=1

bi(z, t)uxi
v +

n∑
i=1

ai(z, t)|uzi
|p−2uzi

vzi
+

+b(z, t)uv + g(z, t)|u|q−2uv +
l∑

i=1

b0
i (z, t)uyi

v−

−uvt

]
dzdt =

∫

Qτ

f(z, t)vdzdt.

Îòîæ, iñíóâàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó
çàäà÷i (1), (2) ó âèïàäêó p > 2, q > 2, r > 2
äîâåäåíî.

Ðîçãëÿíåìî ðiâíiñòü (9) ó âèïàäêó, êîëè
p > 2, q > 2, 1 < r < 2. Âðàõîâóþ÷è îöiíêè
iíòåãðàëiâ J1 − J6, áóäåìî ìàòè

∫

Qτ

[
|us,m|q +

n∑
i=1

|usm
zi
|p + |us,m|2

]
ψt0dzdt+

+

∫

Ωτ

|us,m|2ψt0dz ≤ M4

∫

Qτ

σ|t− t0|σ−
q

q−2 dzdt+

+M4

∫

Qτ

|f s,s(z, t)− fm,m(z, t)|q′ψt0dzdt,

òîáòî ïðàâèëüíà íåðiâíiñòü
∫

Qt1,T

[
|us,m|q +

n∑
i=1

|usm
zi
|p + |us,m|2

]
dzdt+

+

∫

Ωt1

|us,m|2dz ≤ ε

ïðè t0 < t1 ≤ t ≤ τ ≤ T, äå ε →
0. Òîìó ïîñëiäîâíiñòü us ôóíäàìåíòàëüíà
â C((−∞, T ]; L2(Ω)) ∩ Lq

loc((−∞, T ]; Lq(Ω)) ∩
Lp

loc((−∞, T ); W 1,p
0 (Ω)).

Ðîçãëÿíåìî ðiâíiñòü (7) äëÿ ïîñëiäîâíîñòi
ðîçâ'ÿçêiâ us, äå v = usψt0 :

∫

Ωτ

|us|2ψt0dz +

∫

Qτ

[
−usus

tψt0 − |us|2ψ′t0+

+
k∑

i,j=1

aij(z, t)|us
xixj

|rψt0 +
k∑

i=1

bi(z, t)u
s
xi

usψt0+

+
l∑

i=1

b0
i (z, t)u

s
yi
usψt0 + b(z, t)|us|2ψt0+

+
n∑

i=1

ai(z, t)|us
zi
|pψt0 + g(z, t)|us|qψt0−

−f s,s(z, t)usψt0

]
dzdt = 0. (10)

Îöiíèâøè äîäàíêè îñòàííüî¨ ðiâíîñòi, áóäå-
ìî ìàòè

∫

Qt1,T

[
|us|q +

k∑
i,j=1

|us
xixj

|r +
n∑

i=1

|us
zi
|p+

+|us|2
]
ψt0dzdt +

∫

Ωt1

|us|2ψt0dz ≤ M6.

Îòæå,

||us||L2(Qt0,T ) ≤ M6, ||us||V (Qt0,T ) ≤ M6,

äå V (Qt0,T ) = Lp((t0, T ); W 1,p
0 (Ω)) ∩

Lq(Qt0,T ) ∩ Lr((t0, T ); Ωy ×W 2,r
0 (Ωx)).

Ââåäåìî îïåðàòîð

B : Lr((t0, T )× Ωy; W
2,r
0 (Ω)) −→
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−→ Lr′((t0, T )× Ωy; W
−2,r′(Ω))

ôîðìóëîþ

< Bu, v >1=

∫

Qt0,T

k∑
i,j=1

aij(z, t)|uxixj
|r−2uxixj

×

×vxixj
ψt0dzdt,

äå < ·, · >1 � ñêàëÿðíèé äîáóòîê ìiæ åëå-
ìåíòàìè ïðîñòîðó Lr′((t0, T )×Ωy; W

−2,r′(Ω))

i Lr((t0, T )× Ωy; W
2,r
0 (Ω)).

Ðîçãëÿíåìî ïîñëiäîâíiñòü

ys =< B(uNs)−B(v), uNs − v >1=

=

∫

Qt0,T

k∑
i,j=1

aij(z, t)
(|uNs

xixj
|r−2uNs

xixj
−

−|vxixj
|r−2vxixj

)(
uNs

xixj
− vxixj

)
ψt0dzdt,

äå s = 1, 2, ... Î÷åâèäíî, ùî ys ≥ 0.
Âðàõîâóþ÷è óìîâó (A), ëåãêî ïîêàçàòè,

ùî

||BuN ||Lr′ ((t0,T )×Ωy ;W−2,r′ (Ω)) ≤ M7,

ïðè÷îìó ñòàëà M7 íå çàëåæèòü âiä N . Îòæå,
iñíó¹ ïiäïîñëiäîâíiñòü {uNs}Ns∈N ⊂ {uN}N∈N
òàêà, ùî

B(uNs) → χ

ñëàáêî â

Lr′((t0, T )× Ωy; W
−2,r′(Ω))

ïðè Ns →∞.
Äîâåäåìî, ùî B(u) = χ. Ðîçãëÿíåìî

0 ≤ ys =< B(uNs)−B(v), uNs − v >1=

=< B(uNs), uNs >1 − < B(v), uNs − v >1 −

− < B(uNs), v >1=

∫

Qt0,τ

[
f(z, t)uNsψt0−

−uNs
t uNsψt0 −

k∑
i=1

biu
Ns
xi

uNsψt0−

−
l∑

i=1

b0
i u

Ns
yi

uNsψt0 − b|uNs|2ψt0−

−
n∑

i=1

ai(z)|uNs
zi
|pψt0 − g(z, t)|uNs|qψt0

]
dzdt−

− < B(uNs), v >1 − < B(v), uNs − v >1 .

Ïåðåéäåìî â öié íåðiâíîñòi äî âåðõíüî¨ ãðà-
íèöi. Âèêîðèñòîâóþ÷è ëåìó 5.3 [22], îòðèìà-
¹ìî

0 ≤
∫

Qt0,τ

[
f(z, t)uψt0 −

k∑
i=1

bi(z, t)uxi
uψt0−

−
l∑

i=1

b0
i (z, t)uyi

uψt0 −
n∑

i=1

ai(z, t)|uzi
|pψt0−

−b(z, t)|u|2ψt0 − g(z, t)|u|qψt0

]
dzdt−

− < χ, v >1 − < B(v), u− v >1 −

−1

2

∫

Ωτ

|u|2ψt0dz. (11)

Ó ôîðìóëi (7) ïðèéìåìî v = uψt0 i, âðàõî-
âóþ÷è ìîæëèâiñòü iíòåãðóâàííÿ ÷àñòèíàìè,
ìàòèìåìî ðiâíiñòü

1

2

∫

Ωτ

|u|2ψt0dz +

∫

Qt0,τ

[ k∑
i=1

bi(z, t)uxi
uψt0+

+
l∑

i=1

b0
i (z, t)uyi

uψt0 + b(z, t)|u|2ψt0−

−
n∑

i=1

ai(z)|uzi
|pψt0 − g(z, t)|u|qψt0−

−f(z, t)uψt0

]
dzdt+ < χ, u >1= 0. (12)

Äîäàâøè (11) i (12), îòðèìà¹ìî íåðiâíiñòü

< χ−B(v), u− v >1≥ 0.

Âiçüìåìî u − v = λw, ∀ λ ∈ R, λ > 0, w ∈
Lr((t0, T )× Ωy; W

2,r
0 (Ωx)), òîäi îòðèìà¹ìî

< χ−B(u− λw), λw >1≥ 0.

Îñêiëüêè λ > 0, òî ìîæåìî ïîäiëèòè îòðè-
ìàíó íåðiâíiñòü íà λ. Ñïðÿìó¹ìî λ äî íóëÿ
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i, âðàõîâóþ÷è ñåìiíåïåðåðâíiñòü îïåðàòîðà
B, îòðèìà¹ìî

< χ−B(u), w >1≥ 0.

Îñêiëüêè w äîâiëüíå, ìîæåìî âçÿòè w i äî-
äàòíå, i âiä'¹ìíå, òîìó

χ = B(u).

Îòæå, ìè äîâåëè, ùî óçàãàëüíåíèé
ðîçâ'ÿçîê çàäà÷i (1), (4), (5) ïðè p > 2, 1 <
r < 2, q > 2 iñíó¹.

Ðîçãëÿíåìî âèïàäîê, êîëè 1 < p < 2, 1 <
r < 2, q > 2. Ó öüîìó âèïàäêó íåðiâíiñòü (9)
îöiíþ¹òüñÿ òàê:

∫

Qτ

[
|us,m|2ψt0 + ψt0|us,m|q

]
dzdt+

+

∫

Ωτ

|us,m|2ψt0dz ≤ M8

∫

Qτ

|t− t0|σ−
q

q−2 dzdt.

Îòæå, ïðàâèëüíà íåðiâíiñòü
∫

Ωt1

|us,m|2dz +

∫

Qt1,T

[
|us,m|q + |us,m|2

]
dzdt ≤ ε

ïðè t0 < t1 ≤ t ≤ τ ≤ T, äå ε → 0.
Òîìó ïîñëiäîâíiñòü us ôóíäàìåíòàëüíà â
C((−∞, T ]; L2(Ω)) ∩ Lq

loc((−∞, T ]; Lq(Ω)).
Îöiíèâøè äîäàíêè ðiâíîñòi (10) ó âèïàä-

êó 1 < p < 2, 1 < r < 2, q > 2, áóäåìî
ìàòè

∫

Qτ

[
|us|q +

k∑
i,j=1

|us
xixj

|r +
n∑

i=1

|us
zi
|p+

+|us|2
]
ψt0dzdt +

∫

Ωτ

|us|2ψt0dz ≤ M9.

Îòæå,

||us||L2(Qt0,T ) ≤ M9, ||us||V (Qt0,T ) ≤ M9.

Ââåäåìî îïåðàòîð

C : Lr((t0, T )× Ωy; W
2,r
0 (Ω))∩

∩Lp((t0, T ); W 1,p
0 (Ω)) −→

−→ Lr′((t0, T )× Ωy; W
−2,r′(Ω))+

+Lp′((t0, T ); W−1,p′(Ω))

ôîðìóëîþ
< Cu, v >2=

=

∫

Qt0,T

[ k∑
i,j=1

aij(z, t)|uxixj
|r−2uxixj

vxixj
+

+
n∑

i=1

ai(z, t)|uzi
|p−2uzi

vzi

]
ψt0dzdt,

äå < ·, · >2 � ñêàëÿðíèé äîáóòîê
ìiæ åëåìåíòàìè ïðîñòîðó Lr′((t0, T ) ×
Ωy; W

−2,r′(Ω)) + Lp′((t0, T ); W−1,p′(Ω)) i
Lr((t0, T )×Ωy; W

2,r
0 (Ω))∩Lp((t0, T ); W 1,p

0 (Ω)).
Àíàëîãi÷íî ÿê ó ïîïåðåðíüîìó âèïàäêó

ïîêàçó¹ìî, ùî C(u) = χ.
Îòæå, ìè äîâåëè, ùî óçàãàëüíåíèé

ðîçâ'ÿçîê çàäà÷i (1), (4), (5) ïðè 1 < p <
2, 1 < r < 2, q > 2 iñíó¹.

Òåîðåìó äîâåäåíî.
Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè
(A), (B), (G), 2b0(z, t) −

k∑
i=1

bi(z, t) −
l∑

i=1

b0
i (z, t) ≥ 0 äëÿ ìàéæå âñiõ (z, t) ∈

QT , f ∈ Lq0

loc((−∞, T ); L2(Ω)), äå q0 =
min{q′, 2}. Òîäi ïðè p > 1, r > 1, q > 2
óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1), (2) ¹äè-
íèé.

Äîâåäåííÿ. Äîâåäåìî ¹äèíiñòü óçàãàëü-
íåíîãî ðîçâ'ÿçêó ìåòîäîì âiä ñóïðîòèâíîãî.
Ïðèïóñòèìî, ùî çàäà÷à (1), (2) ìà¹ äâà ði-
çíi ðîçâ'ÿçêè u1 i u2. Ïiäñòàâèìî ¨õ â (3),
îòðèìàíi ðiâíîñòi âiäíiìåìî i ïðèéìåìî v =
u1,2ψt0 . Ó ðåçóëüòàòi ìàòèìåìî

1

2

∫

Ωτ

|u1,2|2ψt0dz +

∫

Qτ

[
− 1

2
|u1,2|2ψ′t0+

+
k∑

i,j=1

aij(z, t)
(|u1

xixj
|r−2u1

xixj
−

−|u2
xixj

|r−2u2
xixj

)
u1,2

xixj
ψt0+
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+
k∑

i=1

bi(z, t)u
1,2
xi

u1,2ψt0+

+
l∑

i=1

b0
i (z, t)u

1,2
yi

u1,2ψt0 + b(z, t)|u1,2|2ψt0+

+
n∑

i=1

ai(z, t)
(|u1

zi
|p−2u1

zi
− |u2

zi
|p−2u2

zi

)
u1,2

zi
ψt0+

+g(z, t)
(|u1|q−2u1−|u2|q−2u2

)
u1,2ψt0

]
dzdt = 0

äëÿ âñiõ τ ∈ (−∞, T ].
Ç îöiíîê iíòåãðàëiâ J1 − J6 âèïëèâà¹

∫

Ωτ

|u1,2|2ψt0dz +

∫

Qτ

[
|u1,2|2(2b(z, t)−

−
k∑

i=1

bixi
(z, t)−

l∑
i=1

b0
iyi

(z, t)
)
+

+|u1,2|q(g02
3−q − qδ

)]
ψt0dzdt < ε,

äå ε � äîâiëüíå äîñòàòíüî ìàëå ÷èñëî.
Îñêiëüêè δ äîâiëüíå, à çà óìîâîþ òåîðåìè
2b(z, t) −

k∑
i=1

bixi
(z, t) −

l∑
i=1

b0
iyi

(z, t) ≥ 0 äëÿ
ìàéæå âñiõ (z, t) ∈ QT , òî ìîæåìî çðîáèòè
ïiäiíòåãðàëüíèé âèðàç ëiâî¨ ÷àñòèíè îñòàí-
íüî¨ íåðiâíîñòi äîäàòíèì. Ïðàâà ÷àñòèíà äà-
íî¨ íåðiâíîñòi ïðàìó¹ äî íóëÿ ïðè t0 → −∞.
Òîäi u1 = u2 ìàéæå âñþäè â QT . Îòæå,
ðîçâ'ÿçîê ¹äèíèé.

Òåîðåìó äîâåäåíî.
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