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IÄÅÍÒÈÔIÊÀÖIß ÌÎËÎÄØÎÃÎ ÊÎÅÔIÖI�ÍÒÀ
Â ÏÀÐÀÁÎËI×ÍÎÌÓ ÐIÂÍßÍÍI

Âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêiâ îáåðíåíèõ çàäà÷ äëÿ ïàðàáîëi÷íîãî
ðiâíÿííÿ ç íåâiäîìèì çàëåæíèì âiä ÷àñó êîåôiöi¹íòîì ïðè íåâiäîìié ôóíêöi¨.

We establish conditions for the existence and uniqueness of solutions to inverse problems for
a parabolic equation with unknown time-dependent coe�cient at unknown function.

Â äàíié ðîáîòi äîñëiäæåíî îáåðíåíó çà-
äà÷ó âèçíà÷åííÿ çàëåæíîãî âiä ÷àñó êîåôi-
öi¹íòà ïðè íåâiäîìié ôóíêöi¨ â ïàðàáîëi÷íî-
ìó ðiâíÿííi äðóãîãî ïîðÿäêó çàãàëüíîãî âè-
ãëÿäó ç ðiçíèìè òèïàìè êðàéîâèõ óìîâ òà
óìîâ ïåðåâèçíà÷åííÿ. Äëÿ äîñëiäæåííÿ âêà-
çàíî¨ çàäà÷i çàñòîñîâóþòüñÿ ìåòîäè, îäèí ç
ÿêèõ áàçó¹òüñÿ íà âèêîðèñòàííi ôóíêöi¨ Ãði-
íà äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi, à iíøèé -
ôóíêöi¨ Ãðiíà äëÿ çàãàëüíîãî ðiâíÿííÿ. Çà-
çíà÷èìî, ùî â ïðàöi [1] äîñëiäæåíî îáåðíåíi
çàäà÷i äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ

ut = a(t)uxx + q(t)u + f(x, t),

(x, t) ∈ (0, h)× (0, T ),
ç íåâiäîìèìè êîåôiöi¹íòàìè a(t), q(t) ç óìî-
âàìè ïåðåâèçíà÷åííÿ, àíàëîãi÷íèìè äî äà-
íî¨ ðîáîòè. Â [2, 3] ðîçãëÿíóòî çàäà÷i âèçíà-
÷åííÿ q(t) â ðiâíÿííi, êîëè ñòàðøèé êîåôi-
öi¹íò âiäîìèé, a(t) = 1, à äîäàòêîâi óìîâè
ìàëè âèãëÿä

u|x=x0 = ψ(t), x0 ∈ (0, h),

s(t)∫

0

u(x, t)dx = E(t), t ∈ [0, T ], 0 < s(t) ≤ h,

âiäïîâiäíî.

Â îáëàñòi ΩT ≡ {(x, t) : 0 < x < h,
0 < t < T} ðîçãëÿíåìî ïàðàáîëi÷íå ðiâíÿ-
ííÿ ç íåâiäîìèì êîåôiöi¹íòîì c = c(t)

ut = a(x, t)uxx + b(x, t)ux + c(t)u + f(x, t), (1)

(x, t) ∈ ΩT ,

ïî÷àòêîâó óìîâó

u(x, 0) = ϕ(x), x ∈ [0, h], (2)

êðàéîâi óìîâè òà óìîâó ïåðåâèçíà÷åííÿ

ux(0, t) = µ1(t), ux(h, t) = µ2(t), t ∈ [0, T ], (3)

u(0, t) = µ3(t), t ∈ [0, T ]. (4)

Áóäåìî ðîçãëÿäàòè òàêi çàäà÷i:
Çàäà÷à (À). Çíàéòè ôóíêöi¨ (c, u) ∈

C[0, T ]×C2,1(ΩT ), ùî çàäîâîëüíÿþòü ðiâíÿ-
ííÿ (1) òà óìîâè (2) - (4).

Çàäà÷à (Â). Çíàéòè ôóíêöi¨ (c, u) ∈
C[0, T ]×C2,1(ΩT ), ùî çàäîâîëüíÿþòü ðiâíÿ-
ííÿ (1), ïî÷àòêîâó óìîâó (2), êðàéîâi óìîâè
(4),

u(h, t) = µ4(t), t ∈ [0, T ], (5)

òà óìîâó ïåðåâèçíà÷åííÿ
h∫

0

u(x, t)dx = µ5(t), t ∈ [0, T ]. (6)

1. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó
çàäà÷i (À).

Òåîðåìà 1. Ïðè âèêîíàííi óìîâ:

A1) µi ∈ C1[0, T ], i = 1, 3, ϕ ∈ C2[0, h],

a, b, f ∈ C1,0(ΩT );

A2) a(x, t) > 0, (x, t) ∈ ΩT , µ3(t) 6= 0,

t ∈ [0, T ];
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A3) ϕ′(0) = µ1(0), ϕ′(h) = µ2(0),

ϕ(0) = µ3(0)

ìîæíà âêàçàòè ÷èñëî t1 : 0 < t1 ≤ T , ÿêå âè-
çíà÷à¹òüñÿ âèõiäíèìè äàíèìè, ùî ðîçâ'ÿçîê
çàäà÷i (A) iñíó¹ ïðè (x, t) ∈ Ωt1 .

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ðiâíÿííÿ (1)
òà óìîâè (3), (4), çâîäèìî çàäà÷ó (A) äî ðiâ-
íÿííÿ

c(t) =
1

µ3(t)

[
µ′3(t)− a(0, t)uxx(0, t)−

−b(0, t)µ1(t)− f(0, t)

]
, (7)

äå u(x, t) - ðîçâ'ÿçîê ïðÿìî¨ çàäà÷i (1)-(3).
Çàôiêñó¹ìî y ∈ [0, h] i ïîäàìî ðiâíÿííÿ (1)
ó âèãëÿäi

ut = a(y, t)uxx + (a(x, t)− a(y, t))uxx+

+b(x, t)ux + c(t)u + f(x, t). (8)

Ïîçíà÷èìî

G2(x, t, ξ, τ ; y) =
1

2
√

π(θ(t, y)− θ(τ, y))
×

×
∞∑

n=−∞

(
exp

(
− (x− ξ + 2nh)2

4(θ(t, y)− θ(τ, y))

)
+

+ exp

(
− (x + ξ + 2nh)2

4(θ(t, y)− θ(τ, y))

))
,

θ(t, y) =

t∫

0

a(y, τ)dτ.

Ëåãêî áà÷èòè, ùî G2(x, t, ξ, τ ; y) - ôóíêöiÿ
Ãðiíà äðóãî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

ut = a(y, t)uxx.

Ïðÿìà çàäà÷à (8), (2), (3) ó âèïàäêó äîâiëü-
íî¨ íåïåðåðâíî¨ íà [0, T ] ôóíêöi¨ c(t) åêâiâà-
ëåíòíà ðiâíÿííþ

u(x, t) = u0(x, t) +

t∫

0

h∫

0

G2(x, t, ξ, τ ; y)×

×
(

(a(ξ, τ)−a(y, τ))uξξ(ξ, τ)+b(ξ, τ)uξ(ξ, τ)+

+c(τ)u(ξ, τ)

)
dξdτ, (9)

äå u0(x, t) âèçíà÷à¹òüñÿ ôîðìóëîþ

u0(x, t) =

h∫

0

G2(x, t, ξ, 0; y)ϕ(ξ)dξ−

−
t∫

0

G2(x, t, 0, τ ; y)a(y, τ)µ1(τ)dτ+

+

t∫

0

G2(x, t, h, τ ; y)a(y, τ)µ2(τ)dτ+

+

t∫

0

h∫

0

G2(x, t, ξ, τ ; y)f(ξ, τ)dξdτ.

Ââåäåìî ïîçíà÷åííÿ ux(x, t) = v(x, t),
uxx(x, t) = w(x, t). Òîäi (7), (9) ïåðåïèøåìî
ó âèãëÿäi

c(t) =
1

µ3(t)

[
µ′3(t)− a(0, t)w(0, t)−

−b(0, t)µ1(t)− f(0, t)

]
, t ∈ [0, T ], (10)

u(x, t) = u0(x, t) +

t∫

0

h∫

0

G2(x, t, ξ, τ ; y)×

×
(

(a(ξ, τ)− a(y, τ))w(ξ, τ) + b(ξ, τ)v(ξ, τ)+

+c(τ)u(ξ, τ)

)
dξdτ, (x, t) ∈ ΩT . (11)

Çíàéäåìî äðóãó ïîõiäíó ïî x ôóíêöi¨ u(x, t).
Ïðîäèôåðåíöiþâàâøè (11) äâi÷i ïî x i ïî-
êëàâøè y = x, îòðèìà¹ìî

w(x, t) = w0(x, t) +

t∫

0

h∫

0

G2ξξ(x, t, ξ, τ ; x)×

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2007. Âèïóñê 349. Ìàòåìàòèêà. 111



×(a(ξ, τ)−a(x, τ))w(ξ, τ)dξdτ−

−
t∫

0

h∫

0

G2ξ(x, t, ξ, τ ; x)

(
b(ξ, τ)w(ξ, τ)+

+(bξ(ξ, τ) + c(τ))v(ξ, τ)

)
dξdτ, (x, t) ∈ ΩT ,(12)

äå w0(x, t) ìà¹ âèãëÿä

w0(x, t) =

h∫

0

G2(x, t, ξ, 0; x)ϕ′′(ξ)dξ−

−
t∫

0

G2(x, t, 0, τ ; x)µ′1(τ)dτ+

+

t∫

0

G2(x, t, h, τ ; x)µ′2(τ)dτ−

−
t∫

0

h∫

0

G2ξ(x, t, ξ, τ ; x)fξ(ξ, τ)dξdτ.

Çàóâàæèìî, ùî ôóíêöiþ v(x, t) ìîæíà ïîäà-
òè ó âèãëÿäi

v(x, t) = µ1(t) +

x∫

0

w(ξ, t)dξ. (13)

Òàêèì ÷èíîì, âðàõîâóþ÷è (13), çàäà÷ó
(À) çâåäåíî äî ñèñòåìè ðiâíÿíü (10), (12)
ç íåâiäîìèìè (c(t), w(x, t)). Çàäà÷à (A) òà
âêàçàíà ñèñòåìà åêâiâàëåíòíi â òîìó ñåí-
ñi, ùî, ÿêùî ïàðà ôóíêöié (c(t), u(x, t)) ¹
ðîçâ'ÿçêîì çàäà÷i (À), òî (c(t), w(x, t)) ¹ íå-
ïåðåðâíèì ðîçâ'ÿçêîì ñèñòåìè (10), (12).
Ïðàâèëüíèì ¹ i îáåðíåíå òâåðäæåííÿ: ÿêùî
(c(t), w(x, t)) ¹ íåïåðåðâíèì ðîçâ'ÿçêîì ñè-
ñòåìè (10), (12), òî ôóíêöi¨ (c(t), u(x, t)) ¹
ðîçâ'ÿçêîì çàäà÷i (A). Ïðèïóùåííÿ òåîðå-
ìè äîçâîëÿþòü ïðîäèôåðåíöiþâàòè (11) äâi-
÷i ïî x. Âiäíiìàþ÷è âiä îòðèìàíî¨ ðiâíîñòi
(12), îäåðæèìî uxx(x, t) = w(x, t). Òîäi ìî-
æåìî çðîáèòè âèñíîâîê, ùî u(x, t) ìà¹ ïî-
òðiáíó ãëàäêiñòü i çàäîâîëüíÿ¹ ðiâíÿííÿ (8)
òà óìîâè (2), (3) äëÿ äîâiëüíî¨ íåïåðåðâíî¨

íà [0, T ] ôóíêöi¨ c(t). Âðàõîâóþ÷è öå â (10),
ïðèõîäèìî äî óìîâè (4). Îòæå, åêâiâàëåí-
òíiñòü çàäà÷i (À) òà ñèñòåìè ðiâíÿíü (10),
(12) äîâåäåíî.

Äëÿ äîñëiäæåííÿ ñèñòåìè (10), (12) çà-
ñòîñó¹ìî òåîðåìó Øàóäåðà ïðî íåðóõîìó
òî÷êó öiëêîì íåïåðåðâíîãî îïåðàòîðà. Äëÿ
öüîãî ñïî÷àòêó âñòàíîâèìî àïðiîðíi îöiíêè
ðîçâ'ÿçêiâ ñèñòåìè. Ïîçíà÷èìî

W (t) = max
x∈[0,h]

|w(x, t)|.

Ç (10) îäåðæèìî

|c(t)| ≤ C1 + C2W (t). (14)

Âèêîðèñòîâóþ÷è îöiíêè

|G2(x, t, ξ, τ ; x)| ≤ C3

(
1+

1√
θ(t, x)− θ(τ, x)

)
,

h∫

0

|G2ξ(x, t, ξ, τ ; x)|dξ ≤ C4√
θ(t, x)− θ(τ, x)

,

h∫

0

|G2ξξ(x, t, ξ, τ ; x)||x−ξ|dξ ≤ C5√
θ(t, x)− θ(τ, x)

,

θ(t, x)− θ(τ, x) ≥ C6(t− τ),

ç (12), âðàõîâóþ÷è (13), (14), îòðèìà¹ìî

W (t) ≤ C7 + C8

t∫

0

W (τ) + W 2(τ)√
t− τ

dτ.

Ââiâøè ïîçíà÷åííÿ W1(t) = W (t)+1, îñòàí-
íþ íåðiâíiñòü ïîäàìî ó âèãëÿäi

W1(t) ≤ C9 + C10

t∫

0

W 2
1 (τ)√
t− τ

dτ. (15)

Ìåòîä ðîç'ÿçóâàííÿ íåðiâíîñòi (15) ïîäàíî â
[4]. Òàêèì ÷èíîì, îòðèìà¹ìî îöiíêó

W (t) ≤ M1 < ∞, t ∈ [0, t1],

äå t1, 0 < t1 ≤ T, âèçíà÷à¹òüñÿ ñòàëèìè
C9, C10. Âèêîðèñòîâóþ÷è âñòàíîâëåíó îöií-
êó, ç (14) îäåðæèìî

|c(t)| ≤ C11 < ∞, t ∈ [0, t1].
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Îòæå, àïðiîðíi îöiíêè ðîçâ'ÿçêiâ ñèñòåìè
ðiâíÿíü (10), (12) çíàéäåíî.

Ïîäàìî ñèñòåìó ðiâíÿíü (10), (12) ó âè-
ãëÿäi îïåðàòîðíîãî ðiâíÿííÿ

ω = Pω,

äå ω = (c(t), w(x, t)), à îïåðàòîð P âèçíà÷à-
¹òüñÿ ïðàâèìè ÷àñòèíàìè ðiâíÿíü (10), (12).
Ïîçíà÷èìî

N = {(c, w) ∈ C[0, t1]× C(Ωt1) :

|c(t)| ≤ C11, |w(x, t)| ≤ M1}.
Î÷åâèäíî, ùî ìíîæèíà N çàäîâîëüíÿ¹ óìî-
âè òåîðåìèØàóäåðà. Äîâåäåííÿ êîìïàêòíî-
ñòi îïåðàòîðà P ïðîâîäèòüñÿ àíàëîãi÷íî ÿê
i â [4].

Îòæå, çà òåîðåìîþ Øàóäåðà ïðî íåðó-
õîìó òî÷êó öiëêîì íåïåðåðâíîãî îïåðàòî-
ðà iñíó¹ ðîçâ'ÿçîê (c(t), w(x, t)) ñèñòåìè ðiâ-
íÿíü (10), (12) ç êëàñó C[0, t1] × C(Ωt1), à,
îòæå, i ðîçâ'ÿçîê çàäà÷i (À) (c(t), u(x, t)) ç
êëàñó C[0, t1]× C2,1(Ωt1).

Òåîðåìó 1 äîâåäåíî.

Òåîðåìà 2. Ïðèïóñòèìî, ùî âèêîíóþ-
òüñÿ óìîâà À2) òåîðåìè 1 òà a, b ∈ Hα,0(ΩT ).
Òîäi çàäà÷à (À) íå ìîæå ìàòè áiëüøå îäíîãî
ðîçâ'ÿçêó.

Äîâåäåííÿ. Íåõàé (ci(t), ui(x, t)), i = 1, 2,
- äâà ðîçâ'ÿçêè çàäà÷i (À). Ïîçíà÷èìî

c(t) = c1(t)−c2(t), u(x, t) = u1(x, t)−u2(x, t).

Ôóíêöi¨ c(t), u(x, t) çàäîâîëüíÿþòü çàäà÷ó:

ut = a(x, t)uxx + b(x, t)ux + c1(t)u+

+c(t)u2, (x, t) ∈ ΩT , (16)

u(x, 0) = 0, x ∈ [0, h], (17)

ux(0, t) = ux(h, t) = 0, t ∈ [0, T ], (18)

u(0, t) = 0, t ∈ [0, T ]. (19)

Âèêîðèñòîâóþ÷è ðiâíÿííÿ (16) òà óìîâè
(18), (19), çâîäèìî çàäà÷ó (16)-(19) äî ðiâ-
íÿííÿ ñòîñîâíî c(t)

c(t) = −a(0, t)uxx(0, t)

µ3(t)
. (20)

Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà G∗
2(x, t, ξ, τ)

äðóãî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

ut = a(x, t)uxx + b(x, t)ux + c1(t)u (21)

ç âðàõóâàííÿì óìîâ (17), (18) ôóíêöiþ
u(x, t) ïîäàìî ó âèãëÿäi

u(x, t) =

t∫

0

h∫

0

G∗
2(x, t, ξ, τ)c(τ)u2(ξ, τ)dξdτ.

Ïåðåïèøåìî ðiâíÿííÿ (20) ó âèãëÿäi

c(t) =

t∫

0

K(t, τ)c(τ)dτ, (22)

äå

K(t, τ) = −a(0, t)

µ3(t)

h∫

0

G∗
2xx(0, t, ξ, τ)u2(ξ, τ)dξ.

Îòæå, ìè îòðèìàëè îäíîðiäíå ðiâíÿí-
íÿ Âîëüòåðè äðóãîãî ðîäó (22) ç ÿäðîì,
ùî ìà¹ iíòåãðîâíó îñîáëèâiñòü [5]. Ç ¹äèíî-
ñòi ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü âèïëèâà¹, ùî
c(t) = 0, t ∈ [0, T ]. Âèêîðèñòîâóþ÷è öå â
çàäà÷i (16)-(18), çíàõîäèìî, ùî u1(x, t) =
u2(x, t), (x, t) ∈ ΩT .

Òåîðåìó 2 äîâåäåíî.

2. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó
çàäà÷i (Â).

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè:

B1) µj ∈ C1[0, T ], j = 3, 5, ϕ ∈ C2[0, h],

a ∈ C1,0(ΩT ), b, f ∈ Hα,0(ΩT );

B2) a(x, t) > 0, (x, t) ∈ ΩT , µ5(t) 6= 0,

t ∈ [0, T ];

B3) ϕ(0) = µ3(0), ϕ(h) = µ4(0),
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h∫

0

ϕ(x)dx = µ5(0),

µ′3(0) = a(0, 0)ϕ′′(0) + b(0, 0)ϕ′(0)+

+c(0)ϕ(0) + f(0, 0),

µ′4(0) = a(h, 0)ϕ′′(h) + b(h, 0)ϕ′(h)+

+c(0)ϕ(h) + f(h, 0),

äå

c(0) =
1

µ5(0)

[
µ′5(0)−

h∫

0

(a(x, 0)ϕ′′(x)+

+b(x, 0)ϕ′(x) + f(x, 0))dx

]
.

Òîäi ìîæíà âêàçàòè ÷èñëî t0 : 0 < t0 ≤ T ,
ÿêå âèçíà÷à¹òüñÿ âèõiäíèìè äàíèìè, ùî
ðîçâ'ÿçîê çàäà÷i (B) iñíó¹ ïðè (x, t) ∈ Ωt0 .

Äîâåäåííÿ. Ââiâøè íîâó ôóíêöiþ

v(x, t) = u(x, t)− ϕ(x)− x

h
(µ4(t)− µ4(0))+

+(µ3(t)− µ3(0))

(
x

h
− 1

)
,

çàäà÷ó (Â) çâîäèìî äî çàäà÷i ç íåâiäîìèìè
(c(t), v(x, t)):

vt = a(x, t)vxx + b(x, t)vx + c(t)(v + d(x, t))+

+F (x, t), (x, t) ∈ ΩT , (23)

v(x, 0) = 0, x ∈ [0, h], (24)

v(0, t) = v(h, t) = 0, t ∈ [0, T ], (25)

h∫

0

v(x, t)dx = µ6(t), t ∈ [0, T ], (26)

äå d(x, t) = ϕ(x) +
x

h
(µ4(t)− µ4(0))+

+(µ3(t)− µ3(0))

(
1− x

h

)
,

F (x, t) = a(x, t)ϕ′′(x) + b(x, t)

(
ϕ′(x)+

+
1

h
(µ4(t)− µ4(0)− µ3(t) + µ3(0))

)
+

+f(x, t)− µ′3(t)
(

1− x

h

)
− µ′4(t)

x

h
,

µ6(t) = µ5(t)− µ5(0) +
h

2
(µ3(0)−

−µ3(t) + µ4(0)− µ4(t)).

Çàìiíèìî çàäà÷ó (23) - (26) åêâiâàëåíòíîþ
ñèñòåìîþ ðiâíÿíü. Ïðîiíòåãðóâàâøè ðiâíÿ-
ííÿ (23) âiä 0 äî h çà çìiííîþ x i âèêîðè-
ñòàâøè óìîâó (26), îäåðæèìî

c(t) =
1

µ5(t)

[ h∫

0

(ax(x, t)− b(x, t))vx(x, t)dx−

−a(h, t)vx(h, t) + a(0, t)vx(0, t) + L(t)

]
,(27)

äå

L(t) = µ′5(t)−
h∫

0

(
a(x, t)ϕ′′(x)+b(x, t)

(
ϕ′(x)+

+
1

h

(
µ4(t)−µ4(0)−µ3(t)+µ3(0)

))
+f(x, t)

)
dx.

Òèì÷àñîâî ïðèïóñòèìî, ùî ôóíêöiÿ c(t) âi-
äîìà. Òîäi ïðÿìà çàäà÷à (23)-(25) åêâiâàëåí-
òíà ðiâíÿííþ

v(x, t) =

t∫

0

h∫

0

G1(x, t, ξ, τ)(c(τ)(v(ξ, τ)+

+d(ξ, τ)) + F (ξ, τ))dξdτ, (28)
äå G1(x, t, ξ, τ) - ôóíêöiÿ Ãðiíà ïåðøî¨ êðà-
éîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

vt = a(x, t)vxx + b(x, t)vx.

Ïîçíà÷èìî vx(x, t) = z(x, t) i ðiâíÿííÿ (27)
ïåðåïèøåìî ó âèãëÿäi

c(t) =
1

µ5(t)

[ h∫

0

(ax(x, t)− b(x, t))z(x, t)dx−
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−a(h, t)z(h, t) + a(0, t)z(0, t) + L(t)

]
. (29)

Ïðîäèôåðåíöiþâàâøè (28) ïî x, îòðèìà¹ìî

z(x, t) =

t∫

0

h∫

0

G1x(x, t, ξ, τ)(c(τ)(v(ξ, τ)+

+d(ξ, τ)) + F (ξ, τ))dξdτ. (30)

Çàóâàæèìî, ùî äëÿ ôóíêöi¨ v(x, t), âðàõîâó-
þ÷è (25), ñïðàâäæó¹òüñÿ ðiâíiñòü

v(x, t) =

x∫

0

z(ξ, t)dξ. (31)

Îòæå, áåðó÷è äî óâàãè (31), çàäà÷à (23) -
(26) åêâiâàëåíòíà ñèñòåìi ðiâíÿíü (29), (30).
ßêùî ïàðà ôóíêöié (c(t), v(x, t)) ¹ ðîçâ'ÿç-
êîì çàäà÷i (23) - (26), òî (c(t), z(x, t)) ¹ íåïå-
ðåðâíèì ðîçâ'ÿçêîì ñèñòåìè (29), (30). I íàâ-
ïàêè: ÿêùî ôóíêöi¨ (c(t), z(x, t)) ¹ íåïåðåðâ-
íèì ðîçâ'ÿçêîì ñèñòåìè (29), (30), òî ôóí-
êöi¨ (c(t), v(x, t)) ¹ ðîçâ'ÿçêîì çàäà÷i (23) -
(26). Äîâåäåìî, ùî (c, v) ∈ C[0, T ]×C2,1(ΩT )
i çàäîâîëüíÿ¹ çàäà÷ó (23)-(26). Ïðîäèôåðåí-
öiþâàâøè ðiâíiñòü (28) ïî x i âiäíÿâøè âiä
îòðèìàíî¨ ðiâíîñòi (30), îäåðæèìî vx(x, t) =
z(x, t). Òîäi ìîæåìî çðîáèòè âèñíîâîê, ùî
v(x, t) ìà¹ ïîòðiáíó ãëàäêiñòü i çàäîâîëüíÿ¹
ðiâíÿííÿ (23) òà óìîâè (24), (25) ïðè äîâiëü-
íié íåïåðåðâíié íà [0,T] ôóíêöi¨ c(t). Çâåäå-
ìî ðiâíÿííÿ (29) äî âèãëÿäó

c(t)

(
µ6(t)+

h∫

0

d(x, t)dx

)
= µ′6(t)−

h∫

0

(a(x, t)×

×uxx(x, t) + b(x, t)ux(x, t) + F (x, t))dx.

Âðàõîâóþ÷è òå, ùî ôóíêöiÿ v(x, t) çàäîâîëü-
íÿ¹ ðiâíÿííÿ (23), ïðèõîäèìî äî óìîâè (26).

Îòæå, åêâiâàëåíòíiñòü çàäà÷i (23)-(26) i
ñèñòåìè ðiâíÿíü (29), (30) äîâåäåíî. Äëÿ
äîñëiäæåííÿ ñèñòåìè (29), (30) âèêîðèñòà-
¹ìî òåîðåìó Øàóäåðà ïðî íåðóõîìó òî÷êó
öiëêîì íåïåðåðâíîãî îïåðàòîðà. Âñòàíîâèìî
àïðiîðíi îöiíêè ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü
(29), (30).

Ïîçíà÷èìî

Z(t) = max
x∈[0,h]

|z(x, t)|.

Ç (29) îäåðæèìî

|c(t)| ≤ C12 + C13Z(t). (32)

Ç (30), âèêîðèñòîâóþ÷è (31), (32) òà îöiíêè
ôóíêöi¨ Ãðiíà [6], îòðèìà¹ìî

Z(t) ≤ C14 + C15

t∫

0

Z(τ) + Z2(τ)√
t− τ

dτ.

Îñòàííþ íåðiâíiñòü çâîäèìî äî íåðiâíîñòi
(15), ìåòîä ðîç'ÿçóâàííÿ ÿêî¨ ïîäàíî â [4].
Îòæå, îòðèìà¹ìî îöiíêó

Z(t) ≤ M2 < ∞, t ∈ [0, t0],

äå t0, 0 < t0 ≤ T, âèçíà÷à¹òüñÿ ñòàëèìè
C14, C15. Âèêîðèñòîâóþ÷è âèùå âñòàíîâëå-
íó îöiíêó, ç (32) îäåðæèìî

|c(t)| ≤ C16 < ∞, t ∈ [0, t0].

Îòæå, àïðiîðíi îöiíêè ðîçâ'ÿçêiâ ñèñòåìè
ðiâíÿíü (29), (30) âñòàíîâëåíî.

Ïîäàìî ñèñòåìó ðiâíÿíü (29), (30) ó âè-
ãëÿäi îïåðàòîðíîãî ðiâíÿííÿ

ν = ρν,

äå ν = (c(t), z(x, t)), à îïåðàòîð ρ âèçíà÷à¹-
òüñÿ ïðàâèìè ÷àñòèíàìè ðiâíÿíü (29), (30).
Ïîçíà÷èìî

M = {(c, z) ∈ C[0, t0]× C(Ωt0) :

|c(t)| ≤ C16, |z(x, t)| ≤ M2}.
Ìíîæèíà M çàäîâîëüíÿ¹ óìîâè òåîðåìè
Øàóäåðà. Äîâåäåííÿ öiëêîì íåïåðåðâíîñòi
îïåðàòîðiâ, ùî óòâîðþþòü ρ, ïðîâåäåìî íà
ïðèêëàäi îïåðàòîðà ρ2, äå ρ2 âèçíà÷à¹òüñÿ
ïðàâîþ ÷àñòèíîþ (30). Ïîêàæåìî, ùî ìíî-
æèíà ρ2M ¹ êîìïàêòíîþ â C(Ωt0), àáî, çãi-
äíî ç òåîðåìîþ Àñêîëi-Àðöåëà, ρ2M ¹ ðiâíî-
ìiðíî îáìåæåíîþ i îäíîñòàéíî íåïåðåðâíîþ.

Ëåãêî áà÷èòè, ùî ìíîæèíà ρ2M ¹ ðiâíî-
ìiðíî îáìåæåíîþ. Âñòàíîâèìî îäíîñòàéíó
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íåïåðåðâíiñòü ìíîæèíè ρ2M . Äëÿ öüîãî çà-
äàìî ε > 0 i ðîçãëÿíåìî ðiçíèöþ

∆ =

∣∣∣∣
t2∫

0

h∫

0

G1x(x2, t2, ξ, τ)F (ξ, τ)dξdτ−

−
t1∫

0

h∫

0

G1x(x1, t1, ξ, τ)F (ξ, τ)dξdτ

∣∣∣∣

ç äîâiëüíèìè òî÷êàìè (xi, ti) ∈ Ωt0 , i = 1, 2,
(x1, t1) 6= (x2, t2).

Î÷åâèäíî, ùî

∆ ≤
∣∣∣∣

t2∫

0

h∫

0

(G1x(x2, t2, ξ, τ)−G1x(x1, t2, ξ, τ))×

×F (ξ, τ)dξdτ

∣∣∣∣ +

∣∣∣∣
t2∫

0

h∫

0

G1x(x1, t2, ξ, τ)×

×F (ξ, τ)dξdτ −
t1∫

0

h∫

0

G1x(x1, t1, ξ, τ)×

×F (ξ, τ)dξdτ

∣∣∣∣ = ∆1 + ∆2.

Îöiíèìî ïåðøèé äîäàíîê, çðîáèâøè çàìiíó
çìiííèõ t2 − τ = σ:

∆1 ≤ C17

t2∫

0

h∫

0

|G1x(x2, t2, ξ, t2 − σ)−

−G1x(x1, t2, ξ, t2 − σ)|dξdσ.

Çãiäíî ç îöiíêàìè ôóíêöi¨ Ãðiíà [6], äëÿ çà-
äàíîãî ε > 0 ìîæíà âêàçàòè òàêå t > 0, ùî

t∫

0

h∫

0

|G1x(x, t, ξ, τ)|dξdτ <
ε

6C17

, (33)

êîëè 0 < t < t.
ßêùî t2 ≤ t, òî ç (33) ìà¹ìî ∆1 <

ε

3
.

ßêùî æ t2 > t, òî, ðîçáèâàþ÷è iíòåãðàë íà
ñóìó äâîõ iíòåãðàëiâ i çàñòîñîâóþ÷è (33),

îòðèìó¹ìî

∆1 ≤ ε

3
+ C17

t2∫

t

h∫

0

|G1x(x2, t2, ξ, t2 − σ)−

−G1x(x1, t2, ξ, t2 − σ)|dξdσ ≤ ε

3
+

+C17

t2∫

t

h∫

0

∣∣∣∣
x2∫

x1

G1xx(x, t2, ξ, t2 − σ)dx

∣∣∣∣dξdσ.

Çâiäñè, âèêîðèñòîâóþ÷è îöiíêè ôóíêöi¨ Ãði-
íà [6], ìà¹ìî

∆1 ≤ ε

3
+ C18|x2 − x1|.

Âèáèðàþ÷è δ1 <
ε

6C18

, âñòàíîâëþ¹ìî îöií-

êó ∆1 <
ε

2
, êîëè |x2 − x1| < δ1.

Ââàæàþ÷è äëÿ âèçíà÷åíîñòi t2 > t1, îöi-
íèìî äðóãèé äîäàíîê

∆2 ≤
∣∣∣∣

t2∫

t1

h∫

0

G1x(x1, t2, ξ, τ)F (ξ, τ)dξdτ

∣∣∣∣+

+

∣∣∣∣
t1∫

0

h∫

0

(G1x(x1, t2, ξ, τ)−G1x(x1, t1, ξ, τ))×

×F (ξ, τ)dξdτ

∣∣∣∣ = ∆2,1 + ∆2,2.

Âèêîðèñòîâóþ÷è îöiíêè ôóíêöi¨ Ãðiíà [6],
ðîáèìî âèñíîâîê ïðî iñíóâàííÿ òàêîãî δ2 >

0, ùî ∆2,1 <
ε

6
ïðè |t2 − t1| < δ2.

Äëÿ îöiíêè ∆2,2 çðîáèìî çàìiíó çìiííèõ
t1 − τ = σ:

∆2,2 ≤ C17

t1∫

0

h∫

0

(G1x(x1, t2, ξ, t1 − σ)−

−G1x(x1, t1, ξ, t1 − σ)|dξdσ.

Áåðó÷è äî óâàãè (33), ïðèõîäèìî äî âèñíîâ-
êó ïðî iñíóâàííÿ òàêîãî t > 0, ùî ∆2,2 <

ε

3
ïðè t1 ≤ t, t2 ≤ t. Ó âèïàäêó t1 > t ìà¹ìî

∆2,2 ≤ ε

3
+
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+C26

t1∫

t

h∫

0

∣∣∣∣
t2∫

t1

G1xt(x1, t, ξ, t1 − σ)dt

∣∣∣∣dξ dσ.

Çâiäñè ñëiäó¹ iñíóâàííÿ òàêîãî δ3 > 0, ùî
ïðè |t2 − t1| < δ3 ìàòèìåìî ∆2,2 <

ε

3
. Òà-

êèì ÷èíîì, ∆2 <
ε

2
. Îá'¹äíóþ÷è îòðèìàíi

îöiíêè, îäåðæèìî ∆ < ε.
Çà òåîðåìîþ Øàóäåðà ïðî íåðóõîìó òî-

÷êó öiëêîì íåïåðåðâíîãî îïåðàòîðà iñíó¹
ðîçâ'ÿçîê (c(t), z(x, t)) ñèñòåìè ðiâíÿíü (29),
(30) ç êëàñó C[0, t0] × C(Ωt0). Ç åêâiâàëåí-
òíîñòi ñèñòåìè ðiâíÿíü (29), (30) i çàäà÷i
(23)-(26) âèïëèâà¹, ùî iñíó¹ ðîçâ'ÿçîê çàäà-
÷i (23)-(26), à, îòæå, i ðîçâ'ÿçîê çàäà÷i (B)
(c(t), u(x, t)) ç êëàñó C[0, t0]× C2,1(Ωt0).

Òåîðåìó 3 äîâåäåíî.

Òåîðåìà 4. Ïðè âèêîíàííi óìîâè Â2) òå-
îðåìè 3 òà a, b ∈ Hα,0(ΩT ) ðîçâ'ÿçîê çàäà÷i
(Â) ¹äèíèé.

Äîâåäåííÿ. Íåõàé (ci(t), ui(x, t)), i = 1, 2,
- äâà ðîçâ'ÿçêè çàäà÷i (Â). Ïîçíà÷èìî

c(t) = c1(t)−c2(t), u(x, t) = u1(x, t)−u2(x, t).

Ôóíêöi¨ c(t), u(x, t) çàäîâîëüíÿþòü ðiâíÿííÿ
(16) òà óìîâè (17), (19),

u(h, t) = 0, t ∈ [0, T ], (34)

h∫

0

u(x, t)dx = 0, t ∈ [0, T ]. (35)

Ïðîiíòåãðóâàâøè ðiâíÿííÿ (16) âiä 0 äî h
çà çìiííîþ x òà âèêîðèñòàâøè óìîâó (35),
îäåðæèìî

c(t) =
1

µ5(t)

[ h∫

0

(ax(x, t)− b(x, t))ux(x, t)dx−

−a(h, t)ux(h, t) + a(0, t)ux(0, t)

]
. (36)

Âèêîðèñòîâóþ÷è ôóíêöiþ Ãðiíà
G∗

1(x, t, ξ, τ) ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ

ðiâíÿííÿ (21) òà óìîâè (17), (19), (34),
ôóíêöiþ u(x, t) ïîäàìî ó âèãëÿäi

u(x, t) =

t∫

0

h∫

0

G∗
1(x, t, ξ, τ)c(τ)u2(ξ, τ)dξdτ.

Ïiäñòàâëÿþ÷è öå â (36), îòðèìà¹-
ìî îäíîðiäíå ðiâíÿííÿ Âîëüòåðè äðó-
ãîãî ðîäó ç ÿäðîì, ùî ìà¹ iíòåãðîâ-
íó îñîáëèâiñòü. Ç ¹äèíîñòi ðîçâ'ÿç-
êiâ òàêèõ ðiâíÿíü ìà¹ìî c(t) = 0,
t ∈ [0, T ]. Âèêîðèñòîâóþ÷è öå â çàäà-
÷i (16), (17), (19), (34), îäåðæèìî, ùî
u1(x, t) = u2(x, t), (x, t) ∈ ΩT .

Òåîðåìó 4 äîâåäåíî.
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