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Íàöiîíàëüíèé óíiâåðñèòåò âîäíîãî ãîñïîäàðñòâà òà ïðèðîäîêîðèñòóâàííÿ, Ðiâíå

ÍÅËIÍIÉÍI ÄÈÔÅÐÅÍÖIÀËÜÍI ÐIÂÍßÍÍß
Ç ÎÁÌÅÆÅÍÈÌÈ ÐÎÇÂ'ßÇÊÀÌÈ

Íàâåäåíî òâåðäæåííÿ ïðî îáìåæåíi ðîçâ'ÿçêè íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

We obtain statements on bounded solutions of nonlinear di�erential equations.

Íåõàé R � ìíîæèíà âñiõ äiéñíèõ ÷èñåë
i E � äiéñíèé ïîâíèé ñêií÷åííîâèìiðíèé
åâêëiäîâèé ïðîñòið çi ñêàëÿðíèì äîáóòêîì
(x, y). Íîðìà â E ââîäèòüñÿ çà äîïîìîãîþ
ðiâíîñòi

‖x‖E =
√

(x, x).

Ïîçíà÷èìî ÷åðåç C0(R, E) áàíàõiâ ïðîñ-
òið íåïåðåðâíèõ i îáìåæåíèõ íà R ôóíêöié
x = x(t) çi çíà÷åííÿìè â E ç íîðìîþ

‖x‖C0(R,E) = sup
t∈R

‖x(t)‖E,

à ÷åðåç C1(R, E) � áàíàõiâ ïðîñòið ôóíêöié
x ∈ C0(R, E), ïîõiäíà êîæíî¨ ç ÿêèõ ¹ åëå-
ìåíòîì ïðîñòîðó ∈ C0(R, E), ç íîðìîþ

‖x‖C1(R,E) = max

{
‖x‖C0(R,E),

∥∥∥∥
dx

dt

∥∥∥∥
C0(R,E)

}
.

Ðîçãëÿíåìî äèôåðåíöiàëüíå ðiâíÿííÿ
dx(t)

dt
+ f(x(t)) = h(t), t ∈ R, (1)

äå f : E −→ E � íåïåðåðâíèé îáìåæåíèé
îïåðàòîð i h ∈ C0(R, E), òà äèôåðåíöiàëü-
íèé îïåðàòîð L : C1(R, E) −→ C0(R, E), ùî
âèçíà÷à¹òüñÿ ðiâíiñòþ

(Lx)(t) =
dx(t)

dt
+ f(x(t)), t ∈ R, (2)

äå x ∈ C1(R, E).
Íàâåäåìî óìîâè iñíóâàííÿ îáìåæåíèõ

ðîçâ'ÿçêiâ äèôåðåíöiàëüíîãî ðiâíÿííÿ (1) òà
îáîðîòíîñòi îïåðàòîðà L.

1. Óìîâè A i B.
Âèêîðèñòîâóâàòèìåìî íàñòóïíi óìîâè.

Óìîâà A. Ñïðàâäæó¹òüñÿ ñïiââiäíîøå-
ííÿ

lim
‖x‖E→+∞

(f(x), x)

‖x‖E

= +∞ (3)

àáî
lim

‖x‖E→+∞
(f(x), x)

‖x‖E

= −∞. (4)

Óìîâà B. Ñïðàâäæó¹òüñÿ íåðiâíiñòü

(f(x1)− f(x2), x1 − x2) 6= 0,

ÿêùî x1 6= x2.
2. Îöiíêà íîðìè ïåðiîäè÷íîãî ðîç-

â'ÿçêó.
Ââàæàòèìåìî, ùî âèêîíó¹òüñÿ óìîâà A.
Äëÿ êîæíîãî ÷èñëà a ≥ 0 ðîçãëÿíåìî

ìíîæèíó

Ωa(f) = {x ∈ E : |(f(x), x)| ≤ a‖x‖E},
ùî çàâäÿêè óìîâi A ¹ îáìåæåíîþ, i âåëè÷èíó

ωa(f) = sup
x∈Ωa(f)

‖x‖E.

Î÷åâèäíî, ùî äëÿ êîæíîãî a ≥ 0

ωa(f) < +∞.

Ëåìà 1. Íåõàé âèêîíó¹òüñÿ óìîâà A i
ðiâíÿííÿ (1), äå h ∈ C0(R, E), ìà¹ ïåðiîäè-
÷íèé ðîçâ'ÿçîê y ∈ C1(R, E).

Òîäi

‖y‖C0(R,E) ≤ ω‖h‖C0(R,E)
(f). (5)

Äîâåäåííÿ. Îñêiëüêè
dy(t)

dt
+ f(y(t)) ≡ h(t),
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òî
(

dy(t)

dt
, y(t)

)
+ (f(y(t)), y(t)) ≡ (h(t), y(t))

i, îòæå,
1

2

d(y(t), y(t))

dt
+ (f(y(t)), y(t)) ≡ (h(t), y(t)).

Çàâäÿêè ïåðiîäè÷íîñòi ôóíêöi¨ (y(t), y(t))
iñíó¹ òî÷êà t∗ ∈ R, â ÿêié öÿ ôóíêöiÿ äî-
ñÿãà¹ íàéáiëüøå çíà÷åííÿ. Òîäi íà ïiäñòàâi
äèôåðåíöiéîâíîñòi ôóíêöi¨ (y(t), y(t))

d(y(t), y(t))

dt

∣∣∣∣
t=t∗

= 0.

Òîìó

(f(y(t∗)), y(t∗)) = (h(t∗), y(t∗)).

Çâiäñè òà íåðiâíîñòi Êîøi�Áóíÿêîâñüêîãî [1]
îòðèìó¹ìî, ùî

|(f(y(t∗)), y(t∗))| ≤ ‖h(t∗)‖E‖y(t∗)‖E ≤
≤ ‖h‖C0(R,E)‖y(t∗)‖E.

Òîìó âèêîíó¹òüñÿ íåðiâíiñòü (5).
Ëåìó 1 äîâåäåíî.

3. Iñíóâàííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ.
Ïîçíà÷èìî ÷åðåç PT (R, E) áàíàõiâ ïðîñ-

òið âñiõ T -ïåðiîäè÷íèõ åëåìåíòiâ ïðîñòîðó
C0(R, E) ç íîðìîþ ‖ · ‖C0(R,E).

Òåîðåìà 1. Íåõàé:
(I) âèêîíó¹òüñÿ óìîâà A;
(II) h ∈ PT (R, E).
Òîäi äèôåðåíöiàëüíå ðiâíÿííÿ (1) ìà¹

ðîçâ'ÿçîê y ∈ C1(R, E)∩PT (R, E), äëÿ ÿêîãî

‖y‖C0(R,E) ≤ ω‖h‖C0(R,E)
(f).

Äîâåäåííÿ. Ñïî÷àòêó ðîçãëÿíåìî âèïà-
äîê, êîëè âèêîíó¹òüñÿ ñïiââiäíîøåííÿ (3).

Âiçüìåìî äîâiëüíi ÷èñëà ÷èñëà M1 i M2,
äëÿ ÿêèõ

M2 > M1 > ω‖h‖C0(R,E)
(f) (6)

i
inf

‖x‖E≥M1

(f(x), x) >

> sup
‖x‖E≤ω‖h‖

C0(R,E)
(f)

(f(x), x). (7)

Âèêîðèñòà¹ìî íåïåðåðâíèé îïåðàòîð
g : E −→ E, ùî âèçíà÷à¹òüñÿ ðiâíiñòþ

g(x) =

=





f(x), ÿêùî ‖x‖E ≤ M1,
F (x), ÿêùî M1 < ‖x‖E ≤ M2,
kx, ÿêùî ‖x‖E > M2,

(8)

äå

F (x) =
M2 − ‖x‖E

M2 −M1

f

(
M1

‖x‖E

x

)
+

+
‖x‖E −M1

M2 −M1

(
M2k

‖x‖E

x

)

i

k = max

{
sup

M1≤‖x‖E≤M2

‖f(x)‖E

‖x‖E

, 1

}
,

à òàêîæ äèôåðåíöiàëüíå ðiâíÿííÿ

dx(t)

dt
+ g(x(t)) = h(t), t ∈ R. (9)

Ëåãêî ïåðåâiðèòè, ùî ðiâíÿííÿ (9) ðiâíî-
ñèëüíå iíòåãðàëüíîìó ðiâíÿííþ

x(t) =

t∫

−∞

e−k(t−s)(kx(s)− g(x(s)) + h(s))ds.

(10)
Ðîçãëÿíåìî îïåðàòîð

(By)(t) =

=

t∫

−∞

e−k(t−s)(ky(s)− g(y(s)) + h(s))ds,

ùî äi¹ iç C0(R, E) â C1(R, E), i îïóêëó îáìå-
æåíó çàìêíåíó ìíîæèíó

BR = {x ∈ PT (R, E) : ‖x‖C0(R,E) ≤ R},
äå

R = sup
x∈E

‖kx− g(x)‖E + ‖h‖C0(R,E).
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Ìíîæèíà BR îáìåæåíà, îñêiëüêè

kx− g(x) = 0,

ÿêùî
‖x‖E ≥ M2,

i çàâäÿêè íåïåðåðâíîñòi kx−g(x) íà E i ñêií-
÷åííié ðîçìiðíîñòi ïðîñòîðó E

sup
x∈E

‖kx− g(x)‖E < +∞.

Îïåðàòîð B ìà¹ âëàñòèâîñòi:
(1) öåé îïåðàòîð íåïåðåðâíèé;
(2) BBR ⊂ BR ∩ C1(R, E);
(3) ìíîæèíà BBR ïåðåäêîìïàêòíà â ïðî-

ñòîði PT (R, E) (çàâäÿêè ñêií÷åííié ðîçìið-
íîñòi ïðîñòîðó E òà ëåìi Àðöåëà�Àñêîëi [1]).

Çàâäÿêè òåîðåìi Øàóäåðà ïðî íåðóõîìó
òî÷êó [2] îïåðàòîð B ìà¹ íåðóõîìó òî÷êó
y∗ ∈ BR. Öÿ òî÷êà ¹ ðîçâ'ÿçêîì ðiâíÿíü (10)
i (9). Çà ëåìîþ 1

‖y∗‖C0(R,E) ≤ ω‖h‖C0(R,E)
(g).

Îñêiëüêè íà ïiäñòàâi (6) � (8)

ω‖h‖C0(R,E)
(g) = ω‖h‖C0(R,E)

(f)

i òîìó
g(y∗(t)) ≡ f(y∗(t)),

òî ðîçâ'ÿçîê y∗ ðiâíÿííÿ (9) òàêîæ ¹ ðîçâ'ÿç-
êîì ðiâíÿííÿ (1).

Îòæå, ó âèïàäêó, êîëè âèêîíó¹òüñÿ ñïiâ-
âiäíîøåííÿ (3), òåîðåìó äîâåäåíî.

Âèïàäîê, êîëè âèêîíó¹òüñÿ ñïiââiäíîøå-
ííÿ (4), çàìiíîþ t íà −t çâîäèòüñÿ äî ðîç-
ãëÿíóòîãî âèïàäêó.

Òåîðåìó 1 äîâåäåíî.
Òåîðåìà 2. Íåõàé:
(I) âèêîíó¹òüñÿ óìîâà A;
(II) (f(x1) − f(x2), x1 − x2) 6= 0, ÿêùî

x1 6= x2.
Òîäi äëÿ êîæíîãî h ∈ PT (R, E) äèôåðåí-

öiàëüíå ðiâíÿííÿ (1) ìà¹ ¹äèíèé ðîçâ'ÿçîê
y ∈ C1(R, E) ∩ PT (R, E).

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ôóíêöi¨
yi, y2 ∈ PT (R, E) ¹ ðîçâ'ÿçêàìè ðiâíÿííÿ (1)
i

y1 6= y2. (11)

Òîäi
dy1(t)

dt
+ f(y1(t)) ≡ dy2(t)

dt
+ f(y2(t))

i, îòæå,

d(y2(t)− y1(t))

dt
≡ f(y1(t))− f(y2(t)).

Çâiäñè âèïëèâà¹, ùî

1

2

d(y2(t)− y1(t), y2(t)− y1(t))

dt
≡

≡ −(f(y2(t))− f(y1(t)), y2(t)− y1(t)). (12)
Îñêiëüêè ôóíêöiÿ (y2(t)−y1(t), y2(t)−y1(t)) ¹
äèôåðåíöiéîâíîþ i T -ïåðiîäè÷íîþ, òî iñíó¹
òî÷êà t∗ ∈ R, â ÿêié öÿ ôóíêöiÿ äîñÿãà¹ íàé-
áiëüøå çíà÷åííÿ, ïðè÷îìó

(y2(t
∗)− y1(t

∗), y2(t
∗)− y1(t

∗)) > 0 (13)

çàâäÿêè (11) i

d(y2(t)− y1(t), y2(t)− y1(t))

dt

∣∣∣∣
t=t∗

= 0.

Òîäi íà ïiäñòàâi (12)

(f(y2(t
∗))− f(y1(t

∗)), y2(t
∗)− y1(t

∗)) = 0.

Öå ñïiââiäíîøåííÿ ðàçîì iç (13) ñóïåðå÷èòü
óìîâi (II) òåîðåìè.

Îòæå, ïðèïóùåííÿ, ùî ðiâíÿííÿ (1) ìà¹
áiëüøå, íiæ îäèí T -ïåðiîäè÷íèé ðîçâ'ÿçîê,
õèáíå.

Òåîðåìó 2 äîâåäåíî.

4. Ëîêàëüíî çáiæíi ïîñëiäîâíîñòi.
Ãîâîðèòèìåìî, ùî ïîñëiäîâíiñòü ôóíêöié

xk ∈ C0(R, E), k ∈ N, ëîêàëüíî çáiãà¹òüñÿ äî
ôóíêöi¨ x ∈ C0(R, E) ïðè k → +∞ i ïîçíà-
÷àòèìåìî

xk
., C0(R,E)−−−−−−→ x k → +∞,

ÿêùî öÿ ïîñëiäîâíiñòü îáìåæåíà i

lim
k→+∞

max
|t|≤p

‖xk(t)− x(t)‖E = 0

äëÿ êîæíîãî p ∈ N.
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Àíàëîãi÷íî ïîñëiäîâíiñòü ôóíêöèé
xk ∈ C1(R, E), k ∈ N, ëîêàëüíî çáiãà¹òüñÿ äî
ôóíêöi¨ x ∈ C1(R, E) ïðè k → +∞:

xk
., C1(R,E)−−−−−−→ x k → +∞,

ÿêùî
sup
k≥1

‖xk‖C1(R,E) < +∞

i äëÿ êîæíîãî p ∈ N
lim

k→+∞
max
|t|≤p

‖xk(t)− x(t)‖E = 0,

lim
k→+∞

max
|t|≤p

∥∥∥∥
dxk(t)

dt
− dx(t)

dt

∥∥∥∥
E

= 0.

Äàëi ðîçãëÿíåìî â ïðîñòîðàõ C0(R, E) i
C1(R, E) çàìêíåíi êóëi

Si
r = {x : ‖x‖Ci(R,E) ≤ r}, i = 0, 1.

Âàæëèâèì äëÿ ïîäàëüøîãî ¹ íàñòóïíå
òâåðäæåííÿ.

Ëåìà 3. Äëÿ êîæíî¨ ïîñëiäîâíîñòi ôóí-
êöié xn ∈ S0

r ∩ S1
R, n ∈ N, äå r i R � äî-

âiëüíi äîäàòíi ÷èñëà, iñíóþòü òàêi ñòðîãî
çðîñòàþ÷à ïîñëiäîâíiñòü íàòóðàëüíèõ ÷è-
ñåë nk, k ∈ N, i ôóíêöiÿ x ∈ S0

r , ùî

xnk

., C0(R,E)−−−−−−→ x k → +∞.

Äîâåäåííÿ. Ç óìîâ ëåìè âèïëèâà¹, ùî
ôóíêöi¨ xn = xn(t), n ∈ N, ðiâíîìiðíî îáìå-
æåíi i îäíîñòàéíî íåïåðåðâíi íà R. Òîìó íà
ïiäñòàâi òåîðåìè Àðöåëà�Àñêîëi [1] òà ñêií-
÷åííî¨ ðîçìiðíîñòi ïðîñòîðó E iñíóþòü òàêi
ïiäïîñëiäîâíîñòi

xn1,1 , xn1,2 , . . . , xn1,p , . . . ,

xn2,1 , xn2,2 , . . . , xn2,p , . . . ,

...
xnm,1 , xnm,2 , . . . , xnm,p , . . . ,

...
ïîñëiäîâíîñòi xn, n ∈ N, ùî:

(1) ïîñëiäîâíîñòi ÷èñåë nl,p, p ∈ N, ¹ ñòðî-
ãî çðîñòàþ÷èìè äëÿ êîæíîãî l ∈ N i

{n1,p : p ∈ N} ⊃ {n2,p : p ∈ N} ⊃ . . . ⊃

⊃ {nm,p : p ∈ N} ⊃ . . . ;

(2) äëÿ êîæíîãî m ∈ N ïîñëiäîâíiñòü
xnm,p(t), p ∈ N, ¹ ðiâíîìiðíî çáiæíîþ íà
[−m, m].

Òîäi äiàãîíàëüíà ïîñëiäîâíiñòü

xn1,1 , xn2,2 , . . . , xnp,p , . . .

áóäå ðiâíîìiðíî çáiæíîþ íà êîæíîìó âiäðiç-
êó [a, b] ⊂ R i òîìó ôóíêöiÿ

x(t) = lim
p→∞

xnp,p(t), t ∈ R,

áóäå íåïåðåðâíîþ i, î÷åâèäíî, x ∈ S0
r . Çâiäñè

âèïëèâà¹, ùî

xnp,p

., C0(R,E)−−−−−−→ x p → +∞.

Ëåìó 3 äîâåäåíî.
Çàçíà÷èìî, ùî ó âèïàäêó E = R ëåìó 3

íàâåäåíî â [3].

5. c-Íåïåðåðâíi îïåðàòîðè.
Îïåðàòîð F : Ci(R, E) −→ Cj(R, E), äå

i, j ∈ {0, 1}, íàçèâàòèìåìî c-íåïåðåðâíèì,
ÿêùî äëÿ äîâiëüíèõ ôóíêöi¨ x ∈ X i ïîñëi-
äîâíîñòi xk ∈ X, k ∈ N, äëÿ ÿêèõ

xk
., X−−→ x k →∞,

âèïëèâà¹, ùî

Fxk
., Y−−→ Fx k →∞.

Ïîíÿòòÿ c-íåïåðåðâíîãî îïåðàòîðà óâå-
äåíî â ðîçãëÿä Å. Ìóõàìàäi¹âèì [4]. Íàãà-
äà¹ìî, ùî ëiíiéíèé íåïåðåðâíèé îïåðàòîð
A : C0(R, E) −→ C0(R, E) íàçèâà¹òüñÿ c-íå-
ïåðåðâíèì çà Ìóõàìàäi¹âèì, ÿêùî äëÿ äî-
âiëüíèõ ÷èñëà ε > 0 i âiäðiçêà [a, b] iñíóþòü
òàêi ÷èñëî δ > 0 i âiäðiçîê [c, d], ùî ñïðàâä-
æó¹òüñÿ íåðiâíiñòü

‖(Ax)(t)‖E < ε i t ∈ [a, b]

äëÿ êîæíîãî åëåìåíòà x ∈ C0(R, E), äëÿ
ÿêîãî

‖x(t)‖E < δ i t ∈ [c, d]

i
‖x‖C0(R,E) = 1.
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Îçíà÷åííÿ c-íåïåðåðâíîãî îïåðàòîðà, ùî
âèêîðèñòîâó¹ ëîêàëüíî çáiæíi ïîñëiäîâíî-
ñòi, íàëåæèòü àâòîðó.

Ïðèêëàäîì c-íåïåðåðâíîãî îïåðàòîðà,
ùî äi¹ iç C1(R, E) â C0(R, E), ¹, î÷åâèäíî,
îïåðàòîð L, ùî âèçíà÷à¹òüñÿ ðiâíÿñòþ (2).
Öåé îïåðàòîð, î÷åâèäíî, òàêîæ ¹ íåïåðåðâ-
íèì.

Çàçíà÷èìî, ùî íå êîæíèé íåëiíiéíèé íå-
ïåðåðâíèé îïåðàòîð ¹ c-íåïåðåðâíèì i íå êî-
æíèé c-íåïåðåðâíèé îïåðàòîð ¹ íåïåðåðâ-
íèì [5].

6. Iñíóâàííÿ îáìåæåíèõ ðîçâ'ÿçêiâ.
Òâåðäæåííÿ, àíàëîãi÷íå òåîðåìi 1, òàêîæ

ñïðàâäæó¹òüñÿ ó âèïàäêó h ∈ C0(R, E).
Òåîðåìà 3. Íåõàé:
(I) âèêîíó¹òüñÿ óìîâà A;
(II) h ∈ C0(R, E).
Òîäi ðiâíÿííÿ (1) ìà¹ õî÷à á îäèí ðîç-

â'ÿçîê y ∈ C1(R, E), äëÿ ÿêîãî

‖y‖C0(R,E) ≤ ω‖h‖C0(R,E)
(f) (14)

i ∥∥∥∥
dy

dt

∥∥∥∥
C0(R,E)

≤

≤ sup
‖x‖E≤ω‖h‖

C0(R,E)
(f)

‖f(x)‖E + ‖h‖C0(R,E).

(15)
Äîâåäåííÿ. Íåõàé (Tn)n≥1 � äîâiëüíà

ñòðîãî çðîñòàþ÷à ïîñëiäîâíiñòü äîäàòíèõ
÷èñåë, äëÿ ÿêî¨

lim
n→+∞

Tn = +∞.

Âèêîðèñòà¹ìî òàêi åëåìåíòè hn ∈ PTn(R, E),
n ∈ N, ùîá

‖hn‖C0(R,E) ≤ ‖h‖C0(R,E) (16)

i
hn

., C0(R,E)−−−−−−→ h n → +∞. (17)
Åëåìåíòè ç òàêèìè âëàñòèâîñòÿìè iñíóþòü
çàâäÿêè óìîâi (II). Íà ïiäñòàâi (16), óìîâè
(I) òåîðåìè òà òâåðäæåííþ òåîðåìè 1 iñíó-
þòü òàêi ôóíêöi¨ yn ∈ PTn(R, E), n ∈ N, ùî

dyn(t)

dt
+ f(yn(t)) =

= hn(t), t ∈ R, n ∈ N, (18)
i

‖yn‖C0(R,E) ≤ ω‖h‖C0(R,E)
(f), n ∈ N, (19)

Çàâäÿêè íåïåðåðâíîñòi îïåðàòîðà f , ñêií-
÷åííié ðîçìiðíîñòi ïðîñòîðó E òà ñïiââiäíî-
øåííÿì (16), (18) i (19)

sup
t∈R, n∈N

∣∣∣∣
dyn(t)

dt

∣∣∣∣ < +∞.

Òîìó çà ëåìîþ 3 (òóò óðàõîâàíî òàêîæ ñïiâ-
âiäíîøåííÿ (19)) äëÿ äåÿêî¨ ñòðîãî çðîñòàþ-
÷î¨ ïîñëiäîâíîñòi (nk)k≥1 íàòóðàëüíèõ ÷èñåë
òà åëåìåíòà y ∈ C0(R, E)

ynk

., C0(R,E)−−−−−−→ y k → +∞. (20)

Âèêîðèñòà¹ìî ñïiââiäíîøåííÿ

yn(t)− yn(0) +

t∫

0

f(yn(s))ds =

=

t∫

0

hn(s)ds, t ∈ R, n ∈ N,

ùî âèïëèâàþòü iç (18). Çâiäñè íà ïiäñòàâi
(17), (20) òà íåïåðåðâíîñòi îïåðàòîðà f îòðè-
ìó¹ìî

y(t)− y(0) +

t∫

0

f(y(s))ds =

=

t∫

0

h(s)ds, t ∈ R. (21)

Ôóíêöi¨
t∫

0

f(y(s))ds i
t∫

0

h(s)ds ¹ äèôå-

ðåíöiéîâíèìè, îñêiëüêè ïiäiíòåãðàëüíi ôóí-
êöi¨ íåïåðåðâíi. Òîìó àíàëîãi÷íó âëàñòè-
âiñòü ìà¹ ôóíêöiÿ y(t) i íà ïiäñòàâi (21)

dy(t)

dt
+ f(y(t)) = h(t), t ∈ R. (22)
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Çâiäñè, ç îáìåæåíîñòi òà íåïåðåðâíîñòi
ôóíêöié f(y(t)) i h(t) âèïëèâà¹, ùî

sup
t∈R

∣∣∣∣
dy(t)

dt

∣∣∣∣ < +∞.

Îòæå, y ∈ C1(R, E).
Íåðiâíiñòü (14) âèïëèâà¹ iç (19) i (20).
Íåðiâíiñòü (15) âèïëèâà¹ iç (14) i (22).
Òåîðåìó 3 äîâåäåíî.

7. Óìîâè ¹äèíîñòi îáìåæåíèõ ðîç-
â'ÿçêiâ.

Ñïî÷àòêó íàâåäåìî äîïîìiæíi òâåðäæåí-
íÿ.

Ëåìà 4. Íåõàé:
(I) îïåðàòîð g : E −→ E íåïåðåðâíèé;
(II) (g(x1)− g(x2), x1 − x2) > 0, ÿêùî

x1 6= x2.
Òîäi äëÿ äîâiëüíèõ ÷èñåë r > 0 i R > 0

(r < R) iñíó¹ òàêå ÷èñëî ε > 0, ùî

inf
r≤‖x1−x2‖E

‖x1‖E≤R, ‖x2‖E≤R

(g(x1)− g(x2), x1 − x2) ≥ ε.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî òâåðäæåí-
íÿ ëåìè õèáíå. Òîäi iñíóþòü ïîñëiäîâíîñòi
(un)n≥1 i (vn)n≥1, äëÿ ÿêèõ

‖un‖E ≤ R, n ≥ 1,

‖vn‖E ≤ R, n ≥ 1,

‖un − vn‖E ≥ r, n ≥ 1,

i

lim
n→+∞

(g(un)− g(vn), un − vn) = 0. (23)

Çàâäÿêè ñêií÷åííié ðîçìiðíîñòi ïðîñòîðó
E òà îáìåæåíîñòi ïîñëiäîâíîñòåé (un)n≥1 i
(vn)n≥1 iñíóþòü ñòðîãî çðîñòàþ÷à ïîñëiäîâ-
íiñòü (nk)k≥1 íàòóðàëüíèõ ÷èñåë òà âåêòîðè
u, v ∈ E, äëÿ ÿêèõ

‖u‖E ≤ R,

‖v‖E ≤ R,

lim
k→+∞

unk
= u, (24)

lim
k→+∞

vnk
= v (25)

i
‖u− v‖E ≥ r.

Òîìó íà ïiäñòàâi óìîâè (I) òà ñïiââiäíîøåíü
(23), (24) i (25)

(g(u)− g(v), u− v) = 0,

ùî ñóïåðå÷èòü óìîâi (II) ëåìè.
Îòæå, òâåðäæåííÿ ëåìè íå ¹ õèáíèì.
Ëåìó 4 äîâåäåíî.
Àíàëîãi÷íèì ÷èíîì âñòàíîâëþ¹òüñÿ
Ëåìà 5. Íåõàé:
(I) îïåðàòîð g : E −→ E íåïåðåðâíèé;
(II) (g(x1)− g(x2), x1 − x2) < 0, ÿêùî

x1 6= x2.
Òîäi äëÿ äîâiëüíèõ ÷èñåë r > 0 i R > 0

(r < R) iñíó¹ òàêå ÷èñëî ε > 0, ùî

sup
r≤‖x1−x2‖E

‖x1‖E≤R, ‖x2‖E≤R

(g(x1)− g(x2), x1 − x2) ≤ −ε.

Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ óìîâè
A i B.

Òîäi äëÿ êîæíîãî h ∈ C0(R, E) ðiâíÿííÿ
(1) ìà¹ ¹äèíèé ðîçâ'ÿçîê y ∈ C1(R, E).

Äîâåäåííÿ. Çàçíà÷èìî, ùî çàâäÿêè òå-
îðåìi 3 òà óìîâi A ìíîæèíà îáìåæåíèõ
ðîçâ'ÿçêiâ ðiâíÿííÿ (1) ¹ íåïîðîæíüîþ.

Ïðèïóñòèìî, ùî ôóíêöi¨ yi, y2 ∈ C1(R, E)
¹ ðîçâ'ÿçêàìè ðiâíÿííÿ (1) i

y1 6= y2. (26)

Òîäi
dy1(t)

dt
+ f(y1(t)) ≡ dy2(t)

dt
+ f(y2(t))

i, îòæå,
d(y2(t)− y1(t))

dt
≡ f(y1(t))− f(y2(t)).

Çâiäñè âèïëèâà¹, ùî
d(y2(t)− y1(t), y2(t)− y1(t))

dt
≡

≡ −2(f(y2(t))− f(y1(t)), y2(t)− y1(t)). (27)
Âiçüìåìî äîâiëüíó òî÷êó t∗ ∈ R, äëÿ ÿêî¨

(y2(t
∗)− y1(t

∗), y2(t
∗)− y1(t

∗)) > 0. (28)
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Òàêà òî÷êà iñíó¹ íà ïiäñòàâi (26). Æîäíà
ç òàêèõ òî÷îê íå ìîæå áóòè äëÿ ôóíêöi¨
(y2(t)− y1(t), y2(t)− y1(t)) òî÷êîþ åêñòðåìó-
ìó, áî òîäi

d(y2(t)− y1(t), y2(t)− y1(t))

dt

∣∣∣∣
t=t∗

= 0

i òîìó íà ïiäñòàâi (27)

(f(y2(t
∗))− f(y1(t

∗)), y2(t
∗)− y1(t

∗)) = 0,

ùî ñóïåðå÷èòü óìîâi B.
Îòæå, ÿêùî ñïðàâäæó¹òüñÿ ñïiââiäíîøå-

ííÿ (28), òî
d(y2(t)− y1(t), y2(t)− y1(t))

dt

∣∣∣∣
t=t∗

6= 0.

Òîìó ôóíêöiÿ (y2(t) − y1(t), y2(t) − y1(t)) ¹
ñòðîãî çðîñòàþ÷îþ íà [t∗, +∞) àáî ¹ ñòðîãî
ñïàäíîþ íà (−∞, t∗]. Òîäi

(y2(t)− y1(t), y2(t)− y1(t)) >

> (y2(t
∗)− y1(t

∗), y2(t
∗)− y1(t

∗)) > 0 (29)
äëÿ âñiõ t > t∗ àáî

(y2(t)− y1(t), y2(t)− y1(t)) >

> (y2(t
∗)− y1(t

∗), y2(t
∗)− y1(t

∗)) > 0 (30)
äëÿ âñiõ t < t∗.

Âèêîðèñòà¹ìî ÷èñëà

R = max{‖y1‖E, ‖y2‖E}
i

r = ‖y2(t
∗)− y1(t

∗)‖E.

Ó âèïàäêó âèêîíàííÿ ñïiââiäíîøåííÿ (29)
iñíó¹ òàêå ÷èñëî ε > 0 (íà ïiäñòàâi ëåìè 4),
ùî ñïðàâäæóâàòèìåòüñÿ íåðiâíiñòü

−2(f(y2(t))− f(y1(t)), y2(t)− y1(t)) ≥ ε

äëÿ âñiõ t ≥ t∗. Òîäi çàâäÿêè (27) äëÿ âñiõ
t ≥ t∗

(y2(t)− y1(t), y2(t)− y1(t)) ≥
≥ (y2(t

∗)− y1(t
∗), y2(t

∗)− y1(t
∗)) + ε(t− t∗).

Öå ñïiââiäíîøåííÿ ñóïåðå÷èòü òîìó, ùî

max{‖y1‖C0(R,E), ‖y2‖C0(R,E)} < +∞.

Äî àíàëîãi÷íî¨ ñóïåðå÷íîñòi ïðèõîäèìî
ó âèïàäêó âèêîíàííÿ ñïiââiäíîøåííÿ (30)
(òóò ïîòðiáíî âèêîðèñòîâóâàòè ëåìó 5).

Òåîðåìó 4 äîâåäåíî.

8. Óìîâè îáîðîòíîñòi îïåðàòîðà L.
Òåîðåìà 5. Íåõàé âèêîíóþòüñÿ óìîâè

A i B.
Òîäi îïåðàòîð L : C1(R, E) −→ C0(R, E)

ìà¹ îáåðíåíèé îáìåæåíèé íåïåðåðâíèé i
c-íåïåðåðâíèé îïåðàòîð.

Äîâåäåííÿ. Îïåðàòîð L ìà¹ îáåðíåíèé
îïåðàòîð L−1 íà ïiäñòàâi òåîðåìè 4.

Îáåðíåíèé îïåðàòîð L−1 ¹ îáìåæåíèì
çàâäÿêè íåðiâíîñòÿì (14) i (15).

Ïîêàæåìî c-íåïåðåðâíiñòü öüîãî îïåðà-
òîðà. Ïðèïóñòèìî, ùî öÿ âëàñòèâiñòü äëÿ
L−1 íå âèêîíó¹òüñÿ. Òîäi iñíóþòü åëåìåíòè
h ∈ C0(R, E), y ∈ C1(R, E), hn ∈ C0(R, E),
yn ∈ C1(R, E), n ∈ N, âiäðiçîê [a, b] i ÷èñëî
ε > 0, äëÿ ÿêèõ

dy(t)

dt
+ f(y(t)) = h(t), t ∈ R, (31)

dyn(t)

dt
+f(yn(t)) = hn(t), t ∈ R, n ∈ N, (32)

hn
., C0(R,E)−−−−−−→ h n → +∞ (33)

i
max
t∈[a,b]

(∣∣∣∣
dyn(t)

dt
− dy(t)

dt

∣∣∣∣ +

+ |yn(t)− y(t)|
)
≥ ε, n ∈ N. (34)

Ïîñëiäîâíiñòü (hn)n≥1 ¹ îáìåæåíîþ (íà ïiä-
ñòàâi (33)). Òîìó çàâäÿêè îáìåæåíîñòi îïå-
ðàòîðà L−1 ïîñëiäîâíiñòü (xn)n≥1 òàêîæ ¹
îáìåæåíîþ (ó ïðîñòîði C1(R, E)). Çà ëåìîþ
3 iñíóþòü ôóíêöiÿ y∗ ∈ C0(R, E) i ñòðîãî
çðîñòàþ÷à ïîñëiäîâíiñòü (nk)n≥1 íàòóðàëü-
íèõ ÷èñåë, äëÿ ÿêèõ

ynk

., C0(R,E)−−−−−−→ y∗ k → +∞. (35)

Îñêiëüêè íà ïiäñòàâi (32)

ynk
(t)− ynk

(0) +

t∫

0

f(ynk
(s))ds =
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=

t∫

0

hnk
(s)ds, t ∈ R, n ∈ N,

òî çàâäÿêè (33), (35), íåïåðåðâíîñòi îïåðàòî-
ðà f òà ñêií÷åííié ðîçìiðíîñòi ïðîñòîðó E

y∗(t)− y∗(0) +

t∫

0

f(y∗(s))ds =

=

t∫

0

h(s)ds, t ∈ R.

Çâiäñè îòðèìó¹ìî ñïiââiäíîøåííÿ

dy∗(t)
dt

+ f(y∗(t)) = h(t), t ∈ R,

i âêëþ÷åííÿ y∗ ∈ C1(R, E), ùî ñóïåðå÷àòü
îáîðîòíîñòi îïåðàòîðà L−1, îñêiëüêè çàâäÿ-
êè ñïiââiäíîøåííÿì (31) � (34) òà íåïåðåðâ-
íîñòi âiäîáðàæåííÿ f : E −→ E

inf
n∈N

max
t∈[a,b]

|yn(t)− y(t)| > 0

i òîìó
y∗ 6= y.

Îòæå, îïåðàòîð L−1 ¹ c-íåïåðåðâíèì.
Ïîêàæåìî íåïåðåðâíiñòü îïåðàòîðà L−1.

Ïðèïóñòèìî, ùî öÿ âëàñòèâiñòü äëÿ îïåðà-
òîðà L−1 íå âèêîíó¹òüñÿ. �ñíóþòü åëåìåíòè
h ∈ C0(R, E), y ∈ C1(R, E), hn ∈ C0(R, E),
yn ∈ C1(R, E), n ∈ N, i ÷èñëî γ > 0, äëÿ ÿêèõ
ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ (31), (32),

lim
n→+∞

‖hn − h‖C0(R,E) = 0 (36)

i
‖yn − y‖C1(R,E) ≥ γ, n ∈ N. (37)

Ïîñëiäîâíiñòü (hn)n≥1 ¹ îáìåæåíîþ (íà ïiä-
ñòàâi (36)). Òîìó çàâäÿêè îáìåæåíîñòi îïå-
ðàòîðà L−1 äëÿ äåÿêîãî ÷èñëà R > 0

sup
n≥1

‖yn‖C0(R,E) ≤ R. (38)

Ââàæàòèìåìî, ùî òàêîæ

‖y‖C0(R,E) ≤ R. (39)

Çàâäÿêè ñïiââiäíîøåííÿì (31), (32), (36) i
(37) òà íåïåðåðâíîñòi âiäîáðàæåííÿ f iñíó-
þòü òàêi ÷èñëî r > 0 i ÷èñëîâà ïîñëiäîâíiñòü
(tn)n≥1, ùî

‖yn(tn)− y(tn)‖E ≥ r, n ∈ N.

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ ñïiââiäíî-
øåííÿ (3). Çà ëåìîþ 4 iñíó¹ ÷èñëî ε > 0,
äëÿ ÿêîãî

inf
r≤‖x1−x2‖E

‖x1‖E≤R, ‖x2‖E≤R

(f(x1)− f(x2), x1 − x2) ≥ ε.

Âèáåðåìî íàòóðàëüíå ÷èñëî n∗ òàê, ùîá

sup
t∈R

|(hn∗(t)− h(t), yn∗(t)− y(t))| ≤ ε

2
. (40)

Òàêå ÷èñëî iñíó¹ íà ïiäñòàâi (36), (38) i (39).
Îñêiëüêè çàâäÿêè (31) i (32)

d(yn∗(t)− y(t), yn∗(t)− y(t))

dt
+

+2(f(yn∗(t))− f(y(t)), yn∗(t)− y(t)) ≡
≡ 2(hn∗(t)− h(t), yn∗(t)− y(t)),

òî íà ïiäñòàâi (38) � (40)

d(yn∗(t)− y(t), yn∗(t)− y(t))

dt

∣∣∣∣
t=tn∗

≤ −ε.

Iç öi¹¨ íåðiâíîñòi òà íåïåðåðâíîñòi ôóíêöié
yn∗(t), y(t), hn∗(t), h(t) íà (−∞, tn∗ ] i âiä-
îáðàæåííÿ f íà E âèïëèâà¹, ùî ôóíêöiÿ
(yn∗(t)− y(t), yn∗(t)− y(t)) ¹ ñòðîãî ñïàäíîþ
íà äåÿêîìó ïðîìiæêó [T, tn∗ ]. Íå iñíó¹ òàêî-
ãî ÷èñëà T < tn∗ , ùîá

d(yn∗(t)− y(t), yn∗(t)− y(t))

dt

∣∣∣∣
t=T

= 0

i
d(yn∗(t)− y(t), yn∗(t)− y(t))

dt
< 0

äëÿ âñiõ t ∈ (T, tn∗ ], îñêiëüêè òîäi

ε ≤ (f(yn∗(T ))− f(y(T )), yn∗(T )− y(T )) =

= (hn∗(T )− h(T ), yn∗(T )− y(T )) ≤ ε

2
,
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ùî íåìîæëèâî. Ç íàâåäåíèõ ìiðêóâàíü îòðè-
ìó¹ìî, ùî ôóíêöiÿ (yn∗(t)−y(t), yn∗(t)−y(t))
¹ ñòðîãî ñïàäíîþ íà ïðîìiæêó (−∞, tn∗ ]. Òî-
äi

d(yn∗(t)− y(t), yn∗(t)− y(t))

dt
≤ −ε

äëÿ âñiõ t < tn∗ . Çâiäñè âèïëèâà¹, ùî

(yn∗(t)− y(t), yn∗(t)− y(t)) ≥
≥ (yn∗(tn∗)− y(tn∗), yn∗(tn∗)− y(tn∗))+

+ε|t− t∗|
äëÿ âñiõ t < tn∗ . Öå ñïiââiäíîøåííÿ ñóïåðå-
÷èòü òîìó, ùî

max{‖yn∗‖C0(R,E), ‖y‖C0(R,E)} ≤ R.

Îòæå, ïðèïóùåííÿ, ùî îïåðàòîð L−1 íå ¹
íåïåðåðâíèì (ó âèïàäêó âèêîíàííÿ ñïiââiä-
íîøåííÿ (3)), õèáíå.

Àíàëîãi÷íèì ÷èíîì âñòàíîâëþ¹òüñÿ íå-
ïåðåðâíiñòü îïåðàòîðà L−1 ó âèïàäêó âèêî-
íàííÿ ñïiââiäíîøåííÿ (4).

Òåîðåìó 5 äîâåäåíî.
Çàóâàæåííÿ. Ðåçóëüòàòè öüîãî ïiäðîç-

äiëó íå âèïëèâàþòü iç âiäïîâiäíèõ ðåçóëü-
òàòiâ ïðî îáìåæåíi ðîçâ'ÿçêè äèôåðåíöiàëü-
íèõ ðiâíÿíü iç ìîíîòîííèìè íåëiíiéíîñòÿìè
[6]. Âiäîáðàæåííÿ f , ùî çàäîâîëüíÿ¹ óìî-
âó A, ìîæå íå íàëåæàòè íi êëàñó ìîíî-
òîííèõ âiäîáðàæåíü, íi êëàñó äèñèïàòèâ-
íèõ âiäîáðàæåíü. Öå ïiäòâåðäæó¹òüñÿ ïðî-
ñòèì ïðèêëàäîì âiäîáðàæåííÿ f : R −→ R,
ùî âèçíà÷à¹òüñÿ ðiâíiñòþ

f(x) = x3 − x.
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