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ÏÐÎ ÀÏÐÎÊÑÈÌÀÖIÞ ÑÈÑÒÅÌÈ ÐIÇÍÈÖÅÂÈÕ ÐIÂÍßÍÜ
Äîñëiäæåíî àïðîêñèìàöiþ åëåìåíòà çàïiçíåííÿ â Rn ó âèïàäêó ðîçðèâíî¨ âõiäíî¨ ôóí-

êöi¨. Îáãðóíòîâàíî ñõåìó íàáëèæåííÿ ñèñòåìè ðiçíèöåâèõ ðiâíÿíü ïîñëiäîâíiñòþ ñèñòåì çâè-
÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

We investigate the approximation of a delay element in Rn in the case of a discontinuous
driving-point function. The algorithm of the approximation for a system of di�erence equations by
a system of ordinary di�erential equations is substantiated.

Âñòóï. Ó ïðàöÿõ [1-5] âèâ÷à¹òüñÿ àïðî-
êñèìàöiÿ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâ-
íÿíü ó ðiçíèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ
ïîñëiäîâíiñòþ çâè÷àéíèõ äèíàìi÷íèõ ñè-
ñòåì. Ïåðåõiä äî ñèñòåì çâè÷àéíèõ äèôåðåí-
öiàëüíèõ ðiâíÿíü äîçâîëèâ ïîáóäóâàòè àëãî-
ðèòìè íàáëèæåííÿ ðîçâ'ÿçêiâ ðiâíÿíü iç çà-
ïiçíåííÿì [1,3,4], à òàêîæ îäåðæàòè ñõåìè
àïðîêñèìàöi¨ íåàñèìïòîòè÷íèõ êîðåíiâ êâà-
çiïîëiíîìiâ.

Ó äàíié ðîáîòi äîñëiäæó¹òüñÿ àïðîêñèìà-
öiÿ åëåìåíòà çàïiçíåííÿ â Rn ó âèïàäêó ðîç-
ðèâíî¨ âõiäíî¨ ôóíêöi¨. Îäåðæàíi ðåçóëüòà-
òè çàñòîñîâóþòüñÿ äëÿ îáãðóíòóâàííÿ ñõå-
ìè íàáëèæåííÿ ñèñòåìè ðiçíèöåâèõ ðiâíÿíü
ïîñëiäîâíiñòþ ñèñòåì çâè÷àéíèõ äèôåðåíöi-
àëüíèõ ðiâíÿíü.

1. Ïîñòàíîâêà çàäà÷i. Ñõåìà àïðî-
êñèìàöi¨. Ðîçãëÿíåìî ñèñòåìó íåëiíiéíèõ
ðiçíèöåâèõ ðiâíÿíü âèãëÿäó

x(t) = g(t, x(t− τ1), . . . , x(t− τp)), (1)

ç ïî÷àòêîâîþ óìîâîþ

x(t) = ϕ(t), t ∈ [a− τ, a], (2)

äå x ∈ Rn, τi, i = 1, p, � çàïiçíåííÿ, 0 < τ1 <
. . . < τp = τ ; g(t, u1, . . . , up) � íåïåðåðâíà
âåêòîð-ôóíêöiÿ âèçíà÷åíà äëÿ t ∈ [a, T ],
ui ∈ Rn, i = 1, p, ϕ(t) � çàäàíà íåïåðåðâíà
íà [a− τ, a] âåêòîð-ôóíêöiÿ.

Ðîçâ'ÿçîê çàäà÷i (1)-(2) ìîæíà çíàéòè ìå-
òîäîì êðîêiâ. Ïðè âèêîíàííi óìîâè "ñêëåé-

êè"
ϕ(a) = g(a, ϕ(a− τ1), . . . , ϕ(a− τp)) (3)

öåé ðîçâ'ÿçîê áóäå íåïåðåðâíîþ ôóíêöi¹þ
íà [a−τ, T ]. ßêùî óìîâà (3) íå âèêîíó¹òüñÿ,
òîäi ðîçâ'ÿçîê çàäà÷i (1)-(2) áóäå êóñêîâî íå-
ïåðåðâíîþ ôóíêöi¹þ, ùî ìà¹ íà [a − τ, T ]
ñêií÷åííå ÷èñëî òî÷îê ðîçðèâó, â ÿêèõ iñíó-
þòü ëiâi òà ïðàâi ãðàíèöi.

Ðîçãëÿíåìî ñõåìó çíàõîäæåííÿ íàáëè-
æåíü ðîçâ'ÿçêó çàäà÷i (1)-(2) çà äîïîìîãîþ
ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ ïîñëiäîâíîñòi ñè-
ñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü,
àíàëîãi÷íî ÿê ó âèïàäêó äèôåðåíöiàëüíî-
ðiçíèöåâèõ ðiâíÿíü [4,5]. Âiäçíà÷èìî, ùî
áåçïîñåðåäí¹ çíàõîäæåííÿ ðîçâ'ÿçêó çàäà÷i
(1)-(2) ìåòîäîì êðîêiâ ó âèïàäêó áàãàòüîõ
çàïiçíåíü ¹ äîñòàòíüî ñêëàäíîþ çàäà÷åþ.

Íåõàé m ∈ N . Âèçíà÷èìî ôóíêöi¨ zi(t) =
(zi1(t), . . . , zin(t)), i = 1,m, ÿê ðîçâ'ÿçêè ñè-
ñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

dz1(t)

dt
=

m

τ
(g(t, zl1(t), . . . , zlp(t))−

−z1(t)),

dzi(t)

dt
=

m

τ
(zi−1(t)− zi(t)), (4)

i = 2,m, t ∈ [a, T ],

ç ïî÷àòêîâèìè óìîâàìè

zi(a) = ϕ

(
a− τi

m

)
, i = 1,m, (5)
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äå iíäåêñè li îäíîçíà÷íî âèçíà÷àþòüñÿ íå-
ðiâíîñòÿìè

τ li
m
≤ τi <

τ

m
(li + 1).

Áóäåìî ãîâîðèòè, ùî ñèñòåìà çâè÷àéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü (4)-(5) àïðîêñè-
ìó¹ ñèñòåìó ðiâíÿíü (1), ÿêùî áóäóòü âèêî-
íóâàòèñü ñïiââiäíîøåííÿ

T∫

a

n∑
j=1

|xj(t− τi

m
)− zij(t)|dt → 0,

i = 1,m, ïðè m →∞.

2. Àïðîêñèìàöiÿ åëåìåíòà çàïiçíåí-
íÿ. Ðîçãëÿíåìî m åëåìåíòiâ çàïiçíåííÿ, ùî
ïîðîäæåíi äåÿêîþ âõiäíîþ ôóíêöi¹þ x(t) i
ìiæ ñîáîþ ïîñëiäîâíî ç'¹äíàíi

y1(t) = x(t− τ

m
), y2(t) = x(t− 2τ

m
),

. . . , ym(t) = x(t− τ), x ∈ Rn, t ∈ [a, T ].

Ïîñòàâèìî ¨ì ó âiäïîâiäíiñòü ïîñëiäîâíiñòü
àïåðiîäè÷íèõ ëàíîê, ùî îïèñóþòüñÿ ñèñòå-
ìîþ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü
âèãëÿäó [1]

τ

m

dz1(t)

dt
+ z1(t) = x(t), (6)

τ

m

dzi(t)

dt
+ zi(t) = zi−1(t),

i = 2,m, t ∈ [a, T ],

zi(a) = x(a− iτ

m
), i = 1,m, (7)

äå x(t) âõiäíà ôóíêöiÿ ïåðøîãî åëåìåíòà
çàïiçíåííÿ. Áóäåìî äîñëiäæóâàòè âiäõèëåí-
íÿ ìiæ ôóíêöiÿìè yi(t) òà zi(t), t ∈ [a, T ],
i = 1,m, â çàëåæíîñòi âiä ãëàäêîñòi ôóíêöi¨
x(t).

Âiäçíà÷èìî, ùî ñèñòåìà (6)-(7) äîñëiäæå-
íà â [1] ó âèïàäêó, êîëè ôóíêöiÿ x(t) ñêà-
ëÿðíà i çàäîâîëüíÿ¹ óìîâó Ëiïøèöà àáî ìà¹
îáìåæåíó ñòàëîþ M ïîõiäíó íà [a − τ, T ].
Ïðè öüîìó âñòàíîâëåíî ñïðàâåäëèâiñòü íå-
ðiâíîñòåé

|zi(t)− yi(t)| ≤ 2Mτ√
m

, t ∈ [a, T ], i = 1,m. (8)

Âèïàäîê, êîëè x(t) ∈ C[a − τ, T ], ðîçãëÿ-
íóòî â ðîáîòàõ [4,6]. Òàì âñòàíîâëåíî, ùî â
öüîìó âèïàäêó ñïðàâäæóþòüñÿ íåðiâíîñòi

|zi(t)− yi(t)| ≤ 2

(
Kτ√

m
+ ω(x,

τ

m
)

)
, (9)

t ∈ [a, T ], i = 1,m,

äå ñòàëà K > 0 íåçàëåæèòü âiä m, à
ω(x,

τ

m
) = max

|t′−t′′|< τ
m

,t′,t′′∈[a−τ,T ]
|x(t′)− x(t′′)|

ìîäóëü íåïåðåðâíîñòi ôóíêöi¨ x(t) íà
[a− τ, T ] [7].

Äîñëiäèìî òî÷íiñòü àïðîêñèìàöi¨ åëåìåí-
òiâ çàïiçíåííÿ ó âèïàäêó, êîëè âõiäíà ôóí-
êöiÿ x : [a − τ, T ] → Rn â cèñòåìi (6)-(7) ¹
íåïåðåðâíîþ òà êóñêîâî-íåïåðåðâíîþ.

Íåõàé x(t) = (x1(t), . . . , xn(t)), zi(t) =
(zi1(t), . . . , zin(t)), i = 1,m. Òîäi ñèñòåìà (6)-
(7) â êîîðäèíàòíié ôîðìi ìà¹ âèãëÿä

τ

m

dz1j(t)

dt
+ z1j(t) = xj(t),

τ

m

dzij(t)

dt
+ zij(t) = zi−1,j(t), (10)

i = 2,m, j = 1, n, t ∈ [a, T ],

zij(a) = xj(a− iτ

m
), (11)

i = 1,m, j = 1, n.

Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê, êîëè âõi-
äíà ôóíêöiÿ x(t), t ∈ [a − τ, T ] ¹ êóñêîâî
íåïåðåðâíà. Ââåäåìî çãëàäæåíi ôóíêöi¨

xhj(t) =
1

2h

t+h∫

t−h

xj(s)ds, (12)

t ∈ [a− τ, T ], j = 1, n

(ôóíêöi¨ xj(t) ïðîäîâæó¹ìî íóëåì ïîçà [a−
τ, T ]). Âiäîìî [7], ùî ÿêùî q ≥ 1 i x(t) ∈
Lq[a− τ, T ], òî

lim
h→0

T∫

a−τ

|xhj(t)− xj(t)|qdt = 0, (13)

j = 1, n.

Ïîçíà÷èìî
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αj(h) =

T∫

a−τ

|xhj(t)− xj(t)|dt, j = 1, n.

Iç ñïiââiäíîøåíü (13) âèïëèâà¹, ùî αj(h) →
0, j = 1, n, ïðè h → 0.

ßêùî â ñèñòåìi (6)-(7) ââàæàòè, ùî
xj(t) = x

(1)
j (t) + x

(2)
j (t), äå x

(1)
j (t) = xhj(t),

j = 1, n òî çãiäíî ¨¨ ëiíiéíîñòi ðîçâ'ÿçîê áó-
äå ñóìîþ ôóíêöié, ÿêi ¹ ðîçâ'ÿçêàìè òàêèõ
ñèñòåì:

τ

m

dz
(1)
1j (t)

dt
+ z

(1)
1j (t) = x

(1)
j (t),

τ

m

dz
(1)
ij (t)

dt
+ z

(1)
ij (t) = z

(1)
i−1,j(t), (14)

i = 2,m, j = 1, n, t ∈ [a, T ],

z
(1)
ij (a) = xj(a− iτ

m
), (15)

i = 1,m, j = 1, n;

τ

m

dz
(2)
1j (t)

dt
+ z

(2)
1j (t) = x

(2)
j (t),

τ

m

dz
(2)
ij (t)

dt
+ z

(2)
ij (t) = z

(2)
i−1,j(t), (16)

i = 2,m, j = 1, n, t ∈ [a, T ],

z
(2)
ij (a) = 0; i = 1, m, j = 1, n. (17)

Òàêèì ÷èíîì, âðàõîâóþ÷è ïðåäñòàâëåííÿ
ôóíêöi¨ x(t) ó âèãëÿäi ñóìè äâîõ äîäàíêiâ,
ìà¹ìî íåðiâíîñòi

T∫

a

|zij(t)− yij(t)|dt ≤

T∫

a

|z(1)
ij (t) + z

(2)
ij (t)− y

(1)
ij (t)− y

(2)
ij (t)|dt ≤

≤
T∫

a

|z(1)
ij (t)− y

(1)
ij (t)|dt +

T∫

a

|z(2)
ij (t)|dt+

+

T∫

a

|y(2)
ij (t)|dt, i = 1,m, j = 1, n. (18)

Äëÿ îöiíêè âåëè÷èíè
|z(1)

ij (t) − y
(1)
ij (t)| ìîæíà çàñòîñóâàòè íåðiâ-

íiñòü (8), òàê ÿê x
(1)
j (t), j = 1, n � íåïåðåðâ-

íi ôóíêöi¨. Äëÿ äðóãîãî i òðåòüîãî äîäàíêà
â ïðàâié ÷àñòèíi íåðiâíîñòi (18), àíàëîãi÷íî
ÿê â ïðàöi [8], âèêîðèñòîâóþ÷è ñïiââiäíîøå-
ííÿ (13), ëåãêî îäåðæàòè îöiíêè

T∫

a

|z(2)
ij (t)|dt ≤ αj(h) i

T∫

a

|y(2)
ij (t)|dt ≤ αj(h), i = 1,m, j = 1, n.

Îòîæ, ïðè h =
τ

m
ìà¹ìî

T∫

a

|zij(t)− yij(t)|dt ≤

≤ 2(T − a)(
Kjτ√

m
+ ω(x

(1)
j ,

τ

m
)) +

+2αj(
τ

m
), i = 1,m, j = 1, n. (19)

Äîäàþ÷è íåðiâíîñòi (19) òà ïîçíà÷àþ÷è K =

max
j

Kj, ω(
τ

m
) = max

j
ω(x

(1)
j ,

τ

m
),

α(
τ

m
) = max

j
αj(

τ

m
) äiñòà¹ìî

n∑
j=1

T∫

a

|zij(t)− yij(t)|dt ≤

≤ 2n(T − a)

(
Kτ√

m
+ ω(

τ

m
) + α(

τ

m
)

)
, (20)

i = 1, m.

Âiäçíà÷èìî, ùî îñêiëüêè ôóíêöi¨ x
(1)
j (t),

j = 1, n, t ∈ [a− τ, T ] ¹ íåïåðåðâíèìè, òî çãi-
äíî òåîðåìè Êàíòîðà [7] lim

m→∞
ω(

τ

m
) = 0. Iç

îñòàííüî¨ íåðiâíîñòi îäåðæó¹ìî îöiíêè àïðî-
êñèìàöi¨ åëåìåíòà çàïiçíåííÿ äëÿ êóñêîâî-
íåïåðåðâíî¨ âõiäíî¨ ôóíêöi¨.

ßêùî æ âõiäíà ôóíêöiÿ x : [a−τ, T ] → Rn

¹ íåïåðåðâíîþ, òî àíàëîãi÷íî ìîæíà äiñòàòè
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îöiíêó
n∑

j=1

|zij(t)− yij(t)| ≤ 2n
( Kτ√

m
+ (21)

+ω(
τ

m
)
)
, i = 1,m, t ∈ [a, T ].

Ïiäñóìó¹ìî íàâåäåíi âèùå ìiðêóâàííÿ
ïðî àïðîêñèìàöiþ åëåìåíòiâ çàïiçíåííÿ ó
âèãëÿäi òàêîãî òâåðäæåííÿ.

Òåîðåìà 1. Íåõàé âõiäíà ôóíêöiÿ x(t),
t ∈ [a − τ, T ], â ñèñòåìi (6) ¹ êóñêîâî-
íåïåðåðâíîþ. Òîäi äëÿ ðîçâ'ÿçêiâ çàäà÷i Êî-
øi (6)-(7) ñïðàâäæóþòüñÿ íåðiâíîñòi

T∫

a

n∑
j=1

|zij(t)− yij(t)|dt ≤

2n(T − a)

(
Kτ√

m
+ ω(

τ

m
) + α(

τ

m
)

)
≡

≡ β1(
τ

m
), i = 1,m.

ßêùî æ âõiäíà ôóíêöiÿ x(t), t ∈ [a −
τ, T ], ¹ íåïåðåðâíîþ, òîäi

n∑
j=1

|zij(t)− yij(t)| ≤

≤ 2n

(
Kτ√

m
+ ω(

τ

m
)

)
≡ β2(

τ

m
),

i = 1,m, t ∈ [a, T ].

3. Îáãðóíòóâàííÿ ñõåìè àïðîêñè-
ìàöi¨. Íàâåäåìî ñïî÷àòêó îäíå äîïîìiæíå
òâåðäæåííÿ, ÿêå áóäå ïîòðiáíå â ïîäàëüøî-
ìó.

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ
ðiâíÿíü âèãëÿäó

dz1(t)

dt
= µ(G(t)− z1(t)),

dzi(t)

dt
= µ(zi−1(t)− zi(t)), i = 2,m, (22)

zi(a) = 0, i = 1,m,

äå G(t) � çàäàíà íåïåðåðâíà ôóíêöiÿ,
µ > 0.

Ëåìà. Äëÿ ðîçâ'ÿçêiâ ñèñòåìè (22)
ñïðàâäæóþòüñÿ ðiâíîñòi

zi(t) =
µi

(i− 1)!

t∫

a

e−µ(t−s)(t− s)i−1 ×

×G(s)ds, i = 1,m. (23)

Äîâåäåííÿ. Ìåòîäîì ìàòåìà- òè÷íî¨ ií-
äóêöi¨ ïåðåêîíà¹ìîñü, ùî ðiâíîñòi (23) ìà-
þòü ìiñöå. Äëÿ n = 1, çàñòîñîâóþ÷è ôîðìó-
ëó âàðiàöi¨ ñòàëèõ, äiñòà¹ìî

z1(t) = µ

t∫

a

e−µ(t−s)G(s)ds.

Íåõàé ðiâíiñòü (23) ñïðàâäæó¹òüñÿ äëÿ
n = i. Ïîêàæåìî, ùî âîíà òîäi áóäå âiðíîþ
ïðè n = i + 1. Iç ñèñòåìè (22), çàñòîñîâóþ÷è
ôîðìóëó âàðiàöi¨ ñòàëèõ i ìiíÿþ÷è ïîðÿäîê
iíòåãðóâàííÿ, ìà¹ìî ðiâíiñòü

zi+1(t) = µ

t∫

a

e−µ(t−s)zi(s)ds =

µ

t∫

a

e−µ(t−s) µi

(i− 1)!
×

×
s∫

a

e−µ(s−s1)(s− s1)
i−1G(s1)ds1ds =

=
µi+1

(i− 1)!

t∫

a

s∫

a

e−µ(t−s1)(s− s1)
i−1×

×G(s1)ds1ds =
µi+1

(i− 1)!

t∫

a

e−µ(t−s1)G(s1)×

×
t∫

s1

(s− s1)
i−1d(s− s1)ds1 =

=
µi+1

i!

t∫

a

e−µ(t−s1)(t− s1)
iG(s1)ds1.

Ëåìà äîâåäåíà.
Òåîðåìà 2. Íåõàé (zi(t), i = 1,m) �

ðîçâ'ÿçîê çàäà÷i Êîøi (4)-(5), à x(t) �
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ðîçâ'ÿçîê ïî÷àòêîâî¨ çàäà÷i (1)-(2). Ïðèïó-
ñòèìî, ùî ñïðàâäæóþòüñÿ íåðiâíîñòi

|gk(t, u1, . . . , up)− gk(t, v1, . . . , vp)| ≤
≤

p∑
i=1

Li

n∑
j=1

|uij − vij|, k = 1, n,

Li > 0, Lnp = np max
i=1,p

Li < 1.

Òîäi ìàþòü ìiñöå ñïiââiäíîøåííÿ
T∫

a

n∑
j=1

|xj(t−τi

m
)−zij(t)|dt ≤

(24)
≤ β4(

τ

m
), i = 1,m.

ßêùî ñïðàâäæó¹òüñÿ óìîâà "ñêëåéêè"(3),
òîäi

n∑
j=1

|xj(t− τi

m
)− zij(t)zij(t))| ≤ β5(

τ

m
), (25)

i = 1,m, t ∈ [a, T ].

Äîâåäåííÿ. Ïåðåïèøåìî ñèñòåìó (4) �
(5) ó âèãëÿäi

dz1(t)

dt
= µ(g(t, zl1(t), . . . , zlp(t))−

g(t, x(t− τ1), . . . , x(t− τp)) + x(t)−
z1(t)),
dzi(t)

dt
= µ(zi−1(t)− zi(t)), i = 2,m,

zi(a) = ϕ(a− τj

m
), i = 1,m.

Âèçíà÷èìî ôóíêöi¨ ui(t), i = 1,m ÿê
ðîçâ'ÿçêè òàêî¨ ñèñòåìè äèôåðåíöiàëüíèõ
ðiâíÿíü

du1(t)

dt
= µ(x(t)− u1),

dui(t)

dt
= µ(ui−1 − ui), i = 2,m, (26)

ui(a) = ϕ(a− τi

m
), i = 1,m. (27)

Äëÿ ðîçâ'ÿçêiâ ñèñòåìè (26)-(27) çãiäíî òåî-
ðåìè 1 ñïðàâåäëèâi îöiíêè

T∫

a

n∑
j=1

|xj(t− τi

m
)− uij(t)|dt ≤ β1(

τ

m
),

i = 1,m.

Âèçíà÷èìî ôóíêöi¨
vi(t) = ui(t) − zi(t), j = 1,m, ÿê ðîçâ'ÿçêè
ñèñòåìè ðiâíÿíü

dv1(t)

dt
= µ(g(t, x(t− τ1), . . . , x(t− τp))−
g(t, zl1(t), . . . , zlp(t))− v1(t)), (28)

dvi(t)

dt
= µ(vi−1(t)− vi(t)), i = 2,m,

vi(0) = 0, i = 1,m. (29)

Â ïîäàëüøîìó áóäåìî âèêîðèñòîâóâàòè
òàêó îöiíêó

µ

t∫

a

1

(i− 1)!
[µ(t− s)]i−1e−µ(t−s)ds =

= −
t∫

a

1

(i− 1)!
[µ(t− s)]i−1e−µ(t−s)dµ(t− s) ≤

≤
∞∫

a

1

(i− 1)!
λi−1e−λdλ = 1.

Îäåðæèìî îöiíêè äëÿ ôóíêöié vi(t), j =
1,m. Âèêîðèñòîâóþ÷è âëàñòèâîñòi ôóíêöi¨ g
òà ëåìó, ìà¹ìî

|vij(t)| ≤ µ

t∫

a

1

(i− 1)!
(µ(t− s)i−1e−µ(t−s)

|gj(s, x(s− τ1), . . . , x(s− τp))−
gj(s, , zl1(s), . . . , zlp(s))|ds ≤

≤ µ

t∫

a

1

(i− 1)!
(µ(t− s)i−1e−µ(t−s)
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p∑

k=1

Lk

n∑
j=1

|xj(s− τk)− zlk,j(s)|ds ≤

≤ µ

t∫

a

1

(i− 1)!
(µ(t− s)i−1e−µ(t−s)

p∑

k=1

Lk×

×
n∑

j=1

|xj(s− τk)− ulk,j(s)|+ |vlk,j(s)|ds.

Iíòåãðóþ÷è â ìåæàõ âiä a äî T òà çìiíþ-
þ÷è ïîðÿäîê iíòåãðóâàííÿ îäåðæèìî

T∫

a

|vij(t)|dt ≤
T∫

a

(

p∑

k=1

Lk

n∑
j=1

|xj(s− τk)−

ulk,j(s)|+ |vlk,j(s)|)µ
T∫

s

1

(i− 1)!

µ(t− s)i−1e−µ(t−s)dtds ≤

≤
T∫

a

p∑

k=1

Lk

n∑
j=1

|xj(s− τk)− ulk,j(s)|+

+|vlk,j(s)|ds ≤

≤ L

p∑

k=1

T∫

a

n∑
j=1

|xj(s− τk)− ulk,j(s)|+

+|vlk,j(s)|ds.

Äîäàþ÷è öi íåðiâíîñòi äëÿ
j = 1, 2, . . . , n, ìà¹ìî

T∫

a

n∑
j=1

|vij(t)|dt ≤

≤ Ln

p∑

k=1

T∫

a

n∑
i=1

|xi(s− τk)− ui,lk(s)|+

+|vi,lk(s)|ds, i = 1,m.

Ïîçíà÷èâøè

v = max
i=1,m

T∫

a

n∑
j=1

|vij(t)|dt,

îäåðæèìî íåðiâíiñòü

v ≤ Ln

p∑

k=1

T∫

a

n∑
i=1

|xi(s− τk)− ui,lk(s)|ds

+Lnpv,

ÿêó, âðàõîâóþ÷è, ùî Lnp < 1, ìîæíà ïåðå-
ïèñàòè ó âèãëÿäi

v ≤ Ln

1− Lnp

×
p∑

k=1

T∫

a

n∑
j=1

|xj(s− τk)− ulk,j(s)|ds. (30)

Îöiíþþ÷è ïðàâó ÷àñòèíó íåðiâíîñòi (30),
ìà¹ìî

T∫

a

n∑
j=1

|xj(s− τk)− ulk,j(s)|ds =

=

T∫

a

n∑
j=1

|xj(s− τk)− xj(s− τlk)+

+xj(s− τlk)− ulk,j(s)|ds ≤

≤
T∫

a

n∑
j=1

|xj(s− τk)− xj(s− τlk)|ds+

+

T∫

a

n∑
j=1

xj(s− τlk)− ulk,j(s)|ds.

Ââåäåìî äî ðîçãëÿäó ôóíêöiþ

γ0(r) = sup
|t1−t2|≤r

T∫

a−τ

|x(t + t1)− x(t + t2)|dt.

Î÷åâèäíî, ùî γ0(r) ìîíîòîííî çðîñòàþ÷à
ôóíêöiÿ i lim

r→0
γ0(r) = 0. Òîäi ìà¹ìî íåðiâíî-

ñòi
T∫

a

n∑
j=1

|xj(s− τk)− ulk,j(s)|ds ≤

≤ nγ0(
τ

m
) + β2(

τ

m
) ≡ β3(

τ

m
),

v ≤ Lnp

1− Lnp

β3(
τ

m
). (31)

Âðàõîâóþ÷è òåïåð îöiíêó (30) òà óìîâè

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2007. Âèïóñê 349. Ìàòåìàòèêà. 93



òåîðåìè 1, îäåðæó¹ìî îöiíêó (24)
T∫

a

n∑
j=1

|xj(t− τi

m
)− zij(t)|dt ≤

T∫

a

n∑
j=1

|xj(t− τi

m
)− uij(t)|dt+

T∫

a

n∑
j=1

|vij(t)|dt ≤

≤ β1(
τ

m
) + β3(

τ

m
) ≡ β4(

τ

m
), i = 1,m.

Àíàëîãi÷íî íåñêëàäíî äiñòàòè îöiíêó (25).
Òåîðåìà 2 äîâåäåíà.
Çàóâàæåííÿ. Ôóíêöi¨ βi(r), i = 1, 5 ìî-

íîòîííî íåñïàäíi i lim
r→0

βi(r) = 0.
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