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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à, ×åðíiâöi

ÏÐÎ ÏÅÐIÎÄÈ×ÍÈÉ ÐÎÇÂ'ßÇÎÊ ÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß
ÂÈÙÎÃÎ ÏÎÐßÄÊÓ ÏÎ t Ç IÌÏÓËÜÑÍÎÞ ÄI�Þ

Äîâåäåíî iñíóâàííÿ i âñòàíîâëåíî îöiíêè ïåðiîäè÷íîãî ðîçâ'ÿçêó ïàðàáîëi÷íîãî ðiâíÿííÿ
âèùîãî ïîðÿäêó ïî t ç iìïóëüñíîþ äi¹þ.

We prove the existence and �nd estimations for the periodic solution of a parabolic equation
of a higher order on t with an impulse action.

Ïðè îïèñàííi äåÿêîãî ðåàëüíîãî ïðîöåñó
ñèñòåìîþ äèôåðåíöiàëüíèõ ðiâíÿíü, ùî ïiä-
äà¹òüñÿ iìïóëüñíié äi¨ â ðiçíi ìîìåíòè ÷à-
ñó, âèíèêàþòü ìàòåìàòè÷íi ìîäåëi ç iìïóëü-
ñíîþ äi¹þ. Òåîðiÿ ñèñòåì çâè÷àéíèõ äèôå-
ðåíöiàëüíèõ ðiâíÿíü ç iìïóëüñíîþ äi¹þ ãëè-
áîêî âèâ÷åíà ó ïðàöi À.Ì. Ñàìîéëåíêà i
Î.Ì. Ïåðåñòþêà [1] òà iíøèõ àâòîðiâ. Äëÿ
âiäøóêàííÿ ïåðiîäè÷íîãî ðîçâ'ÿçêó ñèñòåìè
çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ðîçâè-
íóòà òåîðiÿ Ôëîêå [2].

Äëÿ êâàçiëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü
[3] îòðèìàíî îçíàêè iñíóâàííÿ ñòiéêèõ ïåði-
îäè÷íèõ ðîçâ'ÿçêiâ. Äëÿ äîñëiäæåííÿ äàíî¨
çàäà÷i âèêîðèñòîâó¹òüñÿ ìåòîä, çàïðîïîíî-
âàíèé Ì.À. Êðàñíîñåëüñüêèì (îïåðàòîðíèé
ìåòîä). Ó [4] äîñëiäæåíî êîðåêòíiñòü êðàéî-
âèõ çàäà÷ ç ïåðiîäè÷íèìè óìîâàìè íà òî-
ði çà âèäiëåíîþ çìiííîþ òà ïåâíèìè óìîâà-
ìè çà iíøèìè êîîðäèíàòàìè äëÿ øèðîêèõ
êëàñiâ ëiíiéíèõ i êâàçiëiíiéíèõ ðiâíÿíü, ñè-
ñòåì ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè (ãi-
ïåðáîëi÷íèõ, ïàðàáîëi÷íèõ, áåçòèïíèõ) ñêií-
÷åíîãî ïîðÿäêó, ëiíiéíèõ ðiâíÿíü íåñêií-
÷åííîãî ïîðÿäêó, à òàêîæ äèôåðåíöiàëüíî-
îïåðàòîðíèõ ðiâíÿíü. Äëÿ ëiíiéíèõ ïàðàáî-
ëi÷íèõ ñèñòåì ç iìïóëüñíîþ äi¹þ âñòàíîâ-
ëåíà êîðåêòíiñòü çàäà÷i Êîøi â íîðìîâàíèõ
ïðîñòîðàõ Äiíi â ïðàöi [5]. Ó ïðàöi [6] äî-
âåäåíî iñíóâàííÿ i âñòàíîâëåíî îöiíêè ïåði-
îäè÷íîãî ðîçâ'ÿçêó ïàðàáîëi÷íîãî ðiâíÿííÿ
âèùîãî ïîðÿäêó ïî t.

Ó äàíié ðîáîòi ñòàâèòüñÿ çàäà÷à ïðî âiä-
øóêàííÿ ïåðiîäè÷íîãî ðîçâ'ÿçêó ïàðàáîëi-

÷íîãî ðiâíÿííÿ âèùîãî ïîðÿäêó ïî t ç iì-
ïóëüñíîþ äi¹þ.

Ðîçãëÿíåìî íåîäíîðiäíå ðiâíÿííÿ
∂mu

∂tm
=

∑

|k|+2bk0≤2bm

Ak0k(t)D
k
xD

k0
t u + f(t, x),

(1)
t 6= τi, Π ≡ {t ≥ τ0, x ∈ <n}, k0 ≤ m − 1, òà
iìïóëüñíi óìîâè





u(τi + 0, x)− u(τi − 0, x) =

= B
(0)
i u(τi − 0, x) + a1(x),

u
′
t(τi + 0, x)− u′t(τi − 0, x) =

= B
(1)
i u′t(τi − 0, x) + a2(x),

................................................

u
(m−1)
t (τi + 0, x)− u

(m−1)
t (τi − 0, x)=

=B
(m−1)
i u

(m−1)
t (τi − 0, x)+am(x),

(2)
äå Ak0k(t), f(t, x) - íåïåðåðâíi, ω - ïåðiîäè÷íi
âiäîìi ôóíêöi¨ ïî àðãóìåíòó t, B

(j)
i - ñòàëi,

ai(x) - âiäîìi íåïåðåðâíi ôóíêöi¨, ìîìåíòè τi

òàêi, ùî

B
(j)
i+p = B

(j)
i , τi+p = τi + ω.

Çàäà÷i (1),(2) â îáðàçàõ Ôóð'¹ âiäïîâiäà¹
çàäà÷à
dmV

dtm
=

∑

|k|+2bk0≤2bm

Ak0k(t)(i0σ)k dk0V

dtk0
+f̃(t, σ),

(3)

dj−1V

dtj−1

∣∣∣∣
t=τi+0

− dj−1V

dtj−1

∣∣∣∣
t=τi−0

=
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= B
(j−1)
i

dj−1V

dtj−1

∣∣∣∣
t=τi−0

+ ãj(σ), (4)

j = 1,m, i20 = −1.
Íåõàé K(t, τi, σ) = {K1(t, τi, σ), ...,

Km(t, τi, σ)}, τi < t < τi+1- íîðìàëüíà
ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ çàäà÷i
Êîøi

dmKl

dtm
=

∑

|k|+2bk0≤2bm

Ak0k(t)(i0σ)k dk0Kl

dtk0
,

Dj
tKl|t=τi+0 = δl−1,j,

K(t, τ, σ)- ôóíêöiÿ Ãðiíà çàäà÷i Êîøi

dmK
dtm

=
∑

|k|+2bk0≤2bm

Ak0k(t)(i0σ)k dk0K
dtk0

,

Dj
tK|t=τ = δm−1,j,

l = 1,m, j = 0,m− 1, δi,j - ñèìâîë Êðîíåêå-
ðà.

Ðîçâ'ÿçîê çàäà÷i (3)-(4) ç ïî÷àòêîâèìè
óìîâàìè V

(j−1)
t

∣∣∣
t=0

= V
(0)
j ïîäà¹òüñÿ ó âè-

ãëÿäi

V (t, σ)=M0(t, τ0, σ)V0+
k−1∑
ν=1

τν∫

τν−1

M1(t, τν , τ, σ)×

×f̃(τ, σ)dτ +

t∫

τk−1

K(t, τ, σ)f̃(τ, σ)dτ+

+M2(t, τ0, σ)ã(σ), (5)

äå ââåäåíî òàêi ïîçíà÷åííÿ

V0 =




V
(0)
1

V
(0)
2

...

V
(0)
m


 ,

M1(t, τν , τ, σ) = K(t, τν , σ)×

×




(
1 + B

(0)
ν

)
K(τν , τ, σ)(

1 + B
(1)
ν

)
K′

(τν , τ, σ)

......................................(
1 + B

(m−1)
ν

)
K(m−1)(τν , τ, σ)




,

M2(t, τ0, σ) = K(t, τν , σ)×

×
(

ν∑
i=1

(
1 + B

(j−1)
i

)
K

(j−1)
l (τi, τi−1, σ)

)m

l,j=1

,

ïðè ν ≥ 1, à äëÿ ν = 0

M2(t, τ0, σ) = K(t, τ0, σ),

M0(t, τ0, σ) = K(t, τk, σ)
1∏

ν=k

((1 + Bν) ×

×K(τν , τν−1, σ))
′
t

äå
((1 + Bν)K(τν , τν−1, σ))

′
t =

=
(
(1 + B(j−1)

ν )K
(j−1)
l (τν , τν−1, σ)

)m

l,j=1
.

Íåõàé M0(t, τ0, σ) = {M10(t, τ0, σ), ...,
Mm0(t, τ0, σ)},M2(t, τ0, σ)= {M12(t, τ0, σ),...,
Mm2(t, τ0, σ)}. Äëÿ çíàõîäæåííÿ ïåðiîäè÷-
íîãî ðîçâ'ÿçêó çàäà÷i (3),(4) ñêîðèñòà¹ìîñÿ
òèì, ùî ïîõiäíà âiä ïåðiîäè÷íî¨ ôóíêöi¨ ¹
òàêîæ ïåðiîäè÷íîþ ôóíêöi¹þ. Äëÿ îäíîçíà-
÷íîñòi ðîçâ'ÿçêó âèêîðèñòà¹ìî óìîâó ïåðiî-
äè÷íîñòi ôóíêöi¨ äî m− 1 ïîõiäíî¨





V (t + ω, σ) = V (t, σ),
V
′
t (t + ω, σ) = V

′
t (t, σ),

.......................................

V
(m−1)
t (t + ω, σ) = V

(m−1)
t (t, σ).

(6)

Ñåðåä ðîçâ'ÿçêiâ, ùî çîáðàæàþòüñÿ ôîðìó-
ëîþ (5), ïåðiîäè÷íèì áóäå òîé, äëÿ ÿêîãî
V0 çàäîâîëüíÿ¹ óìîâè (6). Ïîêëàäàþ÷è â (6)
t = τ0, îòðèìà¹ìî

(E − A0(ω, τ0, σ))V0 =

=

p−1∑
ν=1

τν∫

τν−1

A1(ω, τν , τ, σ)f̃(τ, σ)dτ+

+

ω∫

τp−1

K̃(ω, τ, σ)f̃(τ, σ)dτ + A2(ω, τ0, σ)ã(σ),

äå

A1(ω, τν , τ, σ) =




M1(ω, τν , τ, σ)
M′

1(ω, τν , τ, σ)
...

M(m−1)
1 (ω, τν , τ, σ)


 ,
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K̃(ω, τ, σ) =




K(ω, τ, σ)
K′

(ω, τ, σ)
...

K(m−1)(ω, τ, σ)


 ,

A2(ω, τ0, σ) =

=




M12(ω, τ0, σ) ... Mm2(ω, τ0, σ)
M′

12(ω, τ0, σ) ... M′
m2(ω, τ0, σ)

... ... ...

M(m−1)
12 (ω, τ0, σ) ... M(m−1)

m2 (ω, τ0, σ)


 ,

A0(ω, τ0, σ) =

=




M10(ω, τ0, σ) ... Mm0(ω, τ0, σ)
M′

10(ω, τ0, σ) ... M′
m0(ω, τ0, σ)

... ... ...

M(m−1)
10 (ω, τ0, σ) ... M(m−1)

m0 (ω, τ0, σ)


 .

Ïðèïóñòèìî, ùî iñíó¹ îáåðíåíà ìàòðèöÿ
(E−A0(ω, τ0, σ))−1, òîäi ïåðiîäè÷íèé ðîçâ'ÿ-
çîê (3) ìîæíà ïîäàòè ó âèãëÿäi

V (t, σ) = M0(t, τ0, σ)(E − A0(ω, τ0, σ))−1×

×
p−1∑
ν=1

τν∫

τν−1

A1(ω, τν , τ, σ)f̃(τ, σ)dτ+

+M0(t, τ0, σ)(E − A0(ω, τ0, σ))−1×

×
ω∫

τp−1

K̃(ω, τ, σ)f̃(τ, σ)dτ +M0(t, τ0, σ)×

×(E − A0(ω, τ0, σ))−1A2(ω, τ0, σ)ã(σ)+

+

p−1∑
ν=1

τν∫

τν−1

M1(t, τν , τ, σ)f̃(τ, σ)dτ+

+

t∫

τp−1

K(t, τ, σ)f̃(τ, σ)dτ +M2(t, τ0, σ)ã(σ).

(7)
Çàñòîñîâóþ÷è äî (7) îáåðíåíå ïåðåòâîðåííÿ
Ôóð'¹, îòðèìà¹ìî çîáðàæåííÿ ïåðiîäè÷íîãî
ðîçâ'ÿçêó ðiâíÿííÿ (1) ó âèãëÿäi

u(t, x) =

p−1∑
ν=1

τν∫

τν−1

dτ

∫

<n

G1(t, τν , ω, x−ξ)f(τ, ξ)dξ+

+

ω∫

τp−1

dτ

∫

<n

G2(t, τ, ω, x− ξ)f(τ, ξ)dξ+

+

∫

<n

G3(t, τ0, ω, x− ξ)a(ξ)dξ+

+

p−1∑
ν=1

τν∫

τν−1

dτ

∫

<n

G4(t, τν , x− ξ)f(τ, ξ)dξ+

+

t∫

τp−1

dτ

∫

<n

G0(t, τ, x− ξ)f(τ, ξ)dξ+

+

∫

<n

G5(t, τ0, x− ξ)a(ξ)dξ, (8)

äå

G1(t, τν , ω, x− ξ) =
1

(2π)n

∫

<n

ei0σ(x−ξ)×

×M0(t, τ0, σ)(E − A0(ω, τ0, σ))−1×
×A1(ω, τν , τ, σ)dσ,

G2(t, τ, ω, x− ξ) =
1

(2π)n

∫

<n

ei0σ(x−ξ)×

×M0(t, τ0, σ)(E − A0(ω, τ0, σ))−1×
×K̃(ω, τ, σ)dσ,

G3(t, τ0, ω, x− ξ) =
1

(2π)n

∫

<n

ei0σ(x−ξ)×

×M0(t, τ0, σ)(E − A0(ω, τ0, σ))−1×
×A2(ω, τ0, σ)dσ,

G4(t, τν , x− ξ) =
1

(2π)n

∫

<n

ei0σ(x−ξ)×

×M1(t, τν , τ, σ)dσ,

G5(t, τ0, x− ξ) =
1

(2π)n

∫

<n

ei0σ(x−ξ)×

×M2(t, τ0, σ)dσ,

G0(t, τ, x− ξ) =
1

(2π)n

∫

<n

ei0σ(x−ξ)×
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×K(t, τ, σ)dσ.

Çà óìîâè ðiâíîìiðíî¨ ïàðàáîëi-
÷íîñòi ðiâíÿííÿ (1), äëÿ ôóíêöié
K1(t, τi, σ), ..., Km(t, τi, σ) i K(t, τ, σ), òà
¨õ ïîõiäíèõ ñïðàâåäëèâi îöiíêè ïðè êîìïëå-
êñíèõ àðãóìåíòàõ s = σ + i0γ [7, ñ.55]

∣∣Dk0
t Kl(t, τj, s)

∣∣ ≤ ck0(t− τj)
m−k0−1×

×exp{(−δ|σ|2b + F |γ|2b)(t− τj)},∣∣Dk0
t K(t, τ, s)

∣∣ ≤ c(t− τ)m−k0−1×
×exp{(−δ|σ|2b + F |γ|2b)(t− τ)},

l = 1,m, τj < t < τj+1, δ > 0, i20 = −1.
Òîìó äëÿ ïîõiäíèõ M0(t, τ0, σ),

M1(t, τν , τ, σ) òà M2(t, τ0, σ) äiñòàíåìî
îöiíêó

∥∥Dk0
t M0(t, τ0, σ)

∥∥ ≤ c(t− τ0)
m−k0−1×

×e−δ|σ|2b(t−τ0)

k∏
ν=1

M(Bν), (9)

∥∥Dk0
t M1(t, τν , τ, σ)

∥∥ ≤ c(t− τ)m−k0−1×

×e−δ|σ|2b(t−τ)

k∏
ν=1

M(Bν), (10)

∥∥Dk0
t M2(t, τ0, σ)

∥∥ ≤ c(t− τk)
m−k0−1×

×e−δ|σ|2b(t−τ0)

k∏
ν=1

M(Bν), (11)

äå M(Bν) = max
i

(1 + B
(i)
ν ), τ0 < τk, t > τk,

σ ∈ <n.
Áóäåìî ââàæàòè, ùî çáiæíèì ¹ iíòåãðàë

I(t, τ0, c, ω) =

∫

<n

e−c|σ|2bt‖E−A0(ω, τ0, σ)‖−1dσ.

(A)
Çãiäíî îöiíîê (9), (10), (11), äëÿ ïîõiäíèõ
Gl(t, τν , ω, x − ξ), l = 1, 2 i G3(t, τ0, ω, x − ξ),
îòðèìà¹ìî

|Dk0
t Dk

xGl(t, τν , ω, x− ξ)| ≤

≤ c(t− τ + ω − τ0)
m−k0−1− |k|

2b×
×I(t− τ + ω − τ0, τ0, δ, ω), (12)

|Dk0
t Dk

xG3(t, τ0, ω, x− ξ)| ≤
≤ c(t + ω − τ0)

m−k0−1− |k|
2b×

×I(t + ω − τ0, τ0, δ, ω). (13)

ßêùî äëÿ íîðìè ìàòðèöi A(ω, τ0, σ) âèêîíó-
¹òüñÿ íåðiâíiñòü

‖A‖ ≤ a < 1, σ ∈ <n, (B)

òîäi äîïóñòèìå ðîçâèíåííÿ â ðÿä

(E − A(ω, τ0, σ))−1 =
∞∑

k=0

Ak.

Çãiäíî iç ëåìîþ 1.1 ïðî ïåðåòâîðåííÿ
Ôóð'¹ öiëèõ ôóíêöié [7, ñ.38], óòî÷íþþòüñÿ
îöiíêè (12),(13) ôóíêöié Gl(t, τν , ω, x − ξ),
l = 1, 2 òà G3(t, τ0, ω, x− ξ)

|Dk0
t Dk

xGl(t, τν , ω, x− ξ)| ≤
≤ ck0k(t− τ + ω − τ0)

m−k0−1− |k|+n
2b ×

× exp{−c1|x− ξ| 2b
2b−1 (t− τ + ω − τ0)

− 1
2b−1}.

|Dk0
t Dk

xG3(t, τ0, ω, x− ξ)| ≤
≤ ck0k(t + ω − τ0)

m−k0−1− |k|+n
2b ×

× exp{−c1|x− ξ| 2b
2b−1 (t + ω − τ0)

− 1
2b−1}.

Íåõàé H(1,0) ≡ C(<n) ∩ L1(<n), H(1,α) ≡
C

(α)
x (Π)

⋂
L1(<n) êëàñ ôóíêöié ç íîðìîþ,

âèçíà÷åíîþ â [8, ñ.147].
Òåîðåìà 1. ßêùî ðiâíÿííÿ (1) ðiâíî-

ìiðíî ïàðàáîëi÷íå, êîåôiöi¹íòè Ak0k(t) íå-
ïåðåðâíi ïðè t ≥ τ0, íåîäíîðiäíiñòü ðiâíÿ-
ííÿ f(t, x) òà êîåôiöi¹íòè ¹ ïåðiîäè÷íèìè ç
äåÿêèì ïåðiîäîì ω > 0, âèêîíó¹òüñÿ óìî-
âà (À), òî äëÿ äîâiëüíèõ ôóíêöié f(t, x) ∈
H(1,α), al(x) ∈ H(1,0), l = 1,m, ïåðiîäè÷íèé
ðîçâ'ÿçîê çàäà÷i (1), (2) âèçíà÷à¹òüñÿ ôîð-
ìóëîþ (8) i äëÿ éîãî ïîõiäíèõ âèêîíóþòüñÿ
íåðiâíîñòi

|Dk0
t Dk

xU(t, x)| ≤ ck0k(t− τ0)
m−k0− |k|2b×

×I(t + ω − τ0, τ0, δ, ω)(|f |1 + |a|1) + c|f |α.

ßêùî âèêîíó¹òüñÿ óìîâà (Â), òî äëÿ
ðîçâ'ÿçêó ðiâíÿííÿ (1) òà éîãî ïîõiäíèõ
ñïðàâåäëèâà íåðiâíiñòü

|Dk0
t Dk

xU(t, x)| ≤ c(|f |H(1,α) + |a|H(1,0)),
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äå 2bk0 + |k| ≤ 2bm.
ßêùî âèçíà÷íèê ìàòðèöi (E−A(ω, τ0, σ))

äîðiâíþ¹ íóëþ (ðåçîíàíñíèé âèïàäîê), òî
íåîäíîðiäíå ðiâíÿííÿ (1) íå çàâæäè äîïó-
ñêà¹ ïåðiîäè÷íèé ðîçâ'ÿçîê.

Ðîçãëÿíåìî ñïðÿæåíå ðiâíÿííÿ äî (1) [2,
ñ.58]

∂mU1

∂(−τ)m
=

∑

2bk0+|k|≤2bm

∂k0

∂(−τ)k0
(A

′
k0k(τ)×

×(−1)|k|Dk
xU1(τ, x)),

â îáðàçàõ Ôóð'¹ äàíå ðiâíÿííÿ ìà¹ âèãëÿä
dmV1

d(−τ)m
=

∑

2bk0+|k|≤2bm

dk0

d(−τ)k0
(A

′
k0k(τ)×

×(−1)|k|(i0σ)kV1(τ, σ)). (14)

Ñïðàâåäëèâà òåîðåìà.
Òåîðåìà 2. Íåõàé êîåôiöi¹íòè Ak0k ìà-

þòü k0 íåïåðåðâíèõ ïîõiäíèõ ïðè t ≥ 0,
îäíîðiäíå ðiâíÿííÿ äîïóñêà¹ s ëiíiéíî íåçà-
ëåæíèõ ðîçâ'ÿçêiâ Ks(t, σ), 1 ≤ s ≤ m. Òî-
äi ðiâíÿííÿ (14) ìà¹ òàêîæ s ëiíiéíî íåçà-
ëåæíèõ ðîçâ'ÿçêiâ, à âiäïîâiäíå íåîäíîðiäíå
ðiâíÿííÿ (1) ìà¹ ïåðiîäè÷íèé ðîçâ'ÿçîê òîäi
i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ óìîâà

p−1∑
ν=1

τν∫

τν−1

dτ

∫

<n

Dj
tG4(t, τν , x− ξ)f(τ, ξ)dξ+

+

ω∫

τp−1

dτ

∫

<n

Dj
tG0(t, τ, x− ξ)f(τ, ξ)dξ = 0
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