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ÔÓÍÊÖIÎÍÀËÜÍÅ ×ÈÑËÅÍÍß Â ÇÃÎÐÒÊÎÂÈÕ ÀËÃÅÁÐÀÕ ÓÇÀÃÀËÜÍÅÍÈÕ
ÔÓÍÊÖIÉ ÅÊÑÏÎÍÅÍÖIÀËÜÍÎÃÎ ÒÈÏÓ

Ïîáóäîâàíî ôóíêöiîíàëüíå ÷èñëåííÿ â çãîðòêîâèõ àëãåáðàõ ëiíiéíèõ íåïåðåðâíèõ ôóí-
êöiîíàëiâ íàä äåÿêèìè ïðîñòîðàìè öiëèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó äëÿ ãåíåðàòîðiâ
ñèëüíî-íåïåðåðâíèõ ãðóï îáìåæåíèõ ëiíiéíèõ îïåðàòîðiâ, ùî äiþòü íàä äîâiëüíèì áàíàõî-
âèì ïðîñòîðîì.

We construct a functional calculus in the convolution algebras of continuous functionals on
the spaces of entire functions of exponential type for the generators of strongly continuous groups
of bounded linear operators on arbitrary Banach spaces.

Â äàíié ðîáîòi ïðîäîâæó¹òüñÿ äîñëiäæåííÿ çãîð-
òêîâèõ àëãåáð ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ
íàä ïðîñòîðàìè öiëèõ ôóíêöié åêñïîíåíöiàëüíîãî
òèïó, ðîçïî÷àòi â ðîáîòi [2]. Ó Ôóð'¹-îáðàçi òàêèõ
çãîðòêîâèõ àëãåáð óçàãàëüíåíèõ ôóíêöié åêñïîíåí-
öiàëüíîãî òèïó ïîáóäîâàíî àíàëîã ôóíêöiîíàëüíîãî
÷èñëåííÿ âiä íåîáìåæåíèõ ëiíiéíèõ îïåðàòîðiâ, ÿêi
¹ ãåíåðàòîðàìè îäíîïàðàìåòðè÷íèõ ãðóï êëàñó C0

íàä áàíàõîâèìè ïðîñòîðàìè.
1. Ïðîñòîðè îñíîâíèõ ôóíêöié. Íåõàé ω(t)

(−∞ < t < ∞)� öiëà òðàíñöåíäåíòíà ôóíêöiÿ íó-
ëüîâîãî ðîäó, íóëi ÿêî¨ ëåæàòü íà óÿâíié äîäàòíié
ïiâîñi [3]:

ω(t) = C

∞∏

k=1

(
1− t

itk

)
,

äå C = const, C ≥ 1, 0 < t1 ≤ t2 ≤ t3 ≤
. . . ,

∞∑

k=1

1
tk

< ∞.

Ðîçãëÿíåìî ïðîñòið, ÿêèé ïîçíà÷èìî L
(m,a)
1 (R)-

ñóìîâíèõ ôóíêöié R 3 t 7→ ϕ(t) ç íîðìîþ

‖ϕ‖
L

(m,a)
1 (R)

=

∞∫

−∞
|tmω(at)ϕ(t)|dt < ∞

ïðè ôiêñîâàíèõ m, a (m = 0, 1, 2, . . . ; a > 0).
Äëÿ êîæíîãî ν > 0 ðîçãëÿíåìî ïiäïðîñòið â

L
(m,a)
1 (R)

E(m,a)
ν :=

{
ϕ(t) ∈ L

(m,a)
1 (R) :

‖ϕ‖
E

(m,a)
ν

= sup
k∈Z+

‖Dkϕ‖
L

(m,a)
1 (R)

νk
< ∞

}
.

Ïðîñòîðè E
(m,a)
ν áàíàõîâi òà iíâàðiàíòíi âiäíîñíî

îïåðàòîðà äèôåðåíöiþâàííÿ [1,5].

Â êëàñi öiëèõ àíàëiòè÷íèõ ôóíêöié Φ(t + iτ) ∈
C ðîçãëÿíåìî ïiäïðîñòið M(m,a)

ν (C) òàêèõ ôóíêöié
Φ, ùî äëÿ êîæíîãî ôiêñîâàíîãî τ ∈ R âiäïîâiäíà
ôóíêöiÿ äiéñíî¨ çìiííî¨ R 3 t 7→ Φ(t+ iτ) íàëåæèòü
äî ïðîñòîðó L

(m,a)
1 (R) i ìà¹ ñêií÷åííó íîðìó

‖Φ‖M(m,a)
ν

= sup
τ∈R

e−ν|τ |
∞∫

−∞
|tmω(at)Φ(t + iτ)|dt.

Ïðîñòîðè M(m,a)
ν ñêëàäàþòüñÿ ç ôóíêöié åêñïî-

íåíöiàëüíîãî òèïó [4].
Òåîðåìà1.[2] (i) Âiäîáðàæåííÿ

M(m,a)
ν (C) 3 Φ(t + iτ) −→ ϕ(t) := Φ(t + i0) ∈ E(m,a)

ν

¹ içîìåòði¹þ íîðìîâàíèõ ïðîñòîðiâ.
(ii) Âêëàäåííÿ E

(m,a)
ν ⊂ L

(m,a)
1 (R) içîìåòðè÷íi.

Ðîçãëÿíåìî îá'¹äíàííÿ ïðîñòîðiâ ç òîïîëîãi¹þ
iíäóêòèâíî¨ ãðàíèöi

E(m,a) :=
⋃

ν
E(m,a)

ν = lim ind
ν→+∞

E(m,a)
ν

âiäíîñíî íåïåðåðâíèõ âêëàäåíü E
(m,a)
ν ⊂ E

(m,a)
µ , äå

ν ≤ µ. Ïðîñòið E(m,a) âõîäèòü â îáëàñòü âèçíà÷åí-
íÿ îïåðàòîðà äèôåðåíöiþâàííÿ D òà ¹ iíâàðiàíòíèì
âiäíîñíî éîãî äi¨.

Ïðîñòið E(m,a) ãàócäîðôîâèé i êâàçiïîâíèé. Êî-
æíà îáìåæåíà ïiäìíîæèíà S ïðîñòîðó E(m,a) ìiñ-
òèòüñÿ i îáìåæåíà â äåÿêîìó ïðîñòîði E

(m,a)
ν [2].

Ðîçãëÿíåìî ïåðåòèí ïðîñòîðiâ ç òîïîëîãi¹þ ïðî-
åêòèâíî¨ ãðàíèöi

E := em,aE(m,a) = lim pr
m,a

E(m,a),

âïîðÿäêóâàâøè m, a òàê, ùîá âêëàäåííÿ
E(m+1,a+1) ⊂ E(m,a) áóëè íåïåðåðâíi. Ïðîñòið
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E ñåêâåíöiàëüíî ïîâíèé. Ïðîñòið E iíâàðiàíòíèé
âiäíîñíî äi¨ ãðóïè çñóâiâ Ts : ϕ(t) → ϕ(t − s), äå
s ∈ R.

2. Àëãåáðè óçàãàëüíåíèõ ôóíêöié åêñïî-
íåíöiàëüíîãî òèïó. Ñïðÿæåíèé ç E ïðîñòið ïî-
çíà÷èìî ÷åðåç E′ i íàäiëèìî ñëàáêîþ òîïîëîãi¹þ
ñïðÿæåíîãî ïðîñòîðó. Åëåìåíòè ñïðÿæåíîãî ïðîñòî-
ðó E′ íàçèâà¹ìî óçàãàëüíåíèìè ôóíêöiÿìè åêñïî-
íåíöiàëüíîãî òèïó. Ïðîñòið E′ � öå ëîêàëüíî îïó-
êëèé ëiíiéíèé òîïîëîãi÷íèé ïðîñòið. Êàíîíi÷íó ái-
ëiíiéíó ôîðìó, ÿêà ñòàâèòü ïðîñòîðè E′ i E ó äâî-
¨ñòiñòü, ïîçíà÷à¹ìî ÷åðåç 〈f | ϕ〉, à ñàìó äóàëüíó
ïàðó 〈E′ | E〉.

Äëÿ äîâiëüíèõ f ∈ E′ òà ϕ ∈ E ñïiââiäíîøåííÿ

〈Dkf | ϕ〉 = (−1)k〈f | Dkϕ〉, (k ∈ Z+)

êîðåêòíî âèçíà÷à¹ îïåðàöiþ äèôåðåíöiþâàííÿ óçà-
ãàëüíåíèõ ôóíêöié.

Äëÿ äîâiëüíî¨ óçàãàëüíåíî¨ ôóíêöi¨ f ∈ E′ òà
ôóíêöi¨ ϕ ∈ E îïåðàöiþ çãîðòêè âèçíà÷à¹ìî ñïiâ-
âiäíîøåííÿì

(f ? ϕ)(t) := 〈f(s) | ϕ(t + s)〉 = 〈f(s) | T−sϕ(t)〉 =

= 〈f(s) | T−tϕ(s)〉.
äå f(s) ïîçíà÷à¹ äiþ ôóíêöiîíàëà f íà ôóíêöiþ
T−s ϕ(t) âiäíîñíî çìiííî¨ s.

×åðåç L(E) ïîçíà÷à¹ìî àëãåáðó ëiíiéíèõ íåïå-
ðåðâíèõ îïåðàòîðiâ íàä ïðîñòîðîì E ç ñèëüíîþ îïå-
ðàòîðíîþ òîïîëîãi¹þ.

Òåîðåìà2.[2] Íåõàé f, g ∈ E′,ϕ ∈ E. Ïðîñòið
E′ ¹ êîìóòàòèâíîþ àëãåáðîþ âiäíîñíî çãîðòêè, âè-
çíà÷åíî¨ ñïiââiäíîøåííÿì

(f ∗ g) ? ϕ = f ? (g ? ϕ).

Âiäîáðàæåííÿ E′ 3 f −→ Kf ∈ L(E), äå Kfϕ =
f ? ϕ, ¹ àëãåáðà¨÷íèì içîìîðôiçìîì íà êîìóòàíò
ãðóïè çñóâiâ Ts â àëãåáði L(E). Çãîðòêà ìà¹ âëàñ-
òèâîñòi

Dk(f ? ϕ) = f ? (Dkϕ) = (−1)k(Dkf) ? ϕ,

Dk(f ∗ g) = (Dkf) ∗ g = f ∗ (Dkg)

äëÿ áóäü-ÿêîãî k ∈ Z+.
3. Ïåðåòâîðåííÿ Ôóð'¹. Äàëi ïîçíà÷èìî

Ê :=
{

ϕ̂(ξ) =

∞∫

−∞
e−it·ξϕ(t) dt : ϕ(t) ∈ E

}
,

äå ξ ∈ R. Ïåðåòâîðåííÿ Ôóð'¹ çäiéñíþ¹ ëiíiéíèé içî-
ìîðôiçì F : E 3 ϕ(t) −→ ϕ̂(ξ) ∈ Ê. Ïðîñòið Ê íà-
äiëÿ¹ìî òîïîëîãi¹þ, ïåðåíåñåíîþ âiäîáðàæåííÿì F
ç E íà Ê.

Ôóð'¹-îáðàçè ôóíêöié åêñïîíåíöiàëüíîãî òèïó ¹
ôiíiòíèìè [4], òîìó îáåðíåíå ïåðåòâîðåííÿ ìîæíà
âèçíà÷èòè ôîðìóëîþ

F−1 : Ê 3 ϕ̂(ξ) −→ ϕ(t) =
1
2π

∞∫

−∞
eit·ξϕ̂(ξ) dξ ∈ E.

Äâî¨ñòiñòü 〈E′ | E〉 äîçâîëÿ¹ âèçíà÷èòè ñïðÿæåíå
âiäîáðàæåííÿ äî îáåðíåíîãî

F# ≡ 2π(F−1)′ : E′ 3 f −→ f̂ ∈ Ê′.

Éîãî îáðàç Ê′, ÿêèé ïîðîäæó¹ äâî¨ñòiñòü âèãëÿäó
〈Ê′ | Ê〉, íàäiëÿ¹ìî ñëàáêîþ òîïîëîãi¹þ. Âiäîáðà-
æåííÿ F# ¹ ðîçøèðåííÿì ïåðåòâîðåííÿ Ôóð'¹ íà
ïðîñòîðè óçàãàëüíåíèõ ôóíêöié E′.

Äóàëüíi ïàðè 〈E′ | E〉 i 〈Ê′ | Ê〉 ïîâ'ÿçàíi ñïiâ-
âiäíîøåííÿì 〈f̂ | ϕ̂〉 = 2π〈f | ϕ〉.

4. Ôiíiòíi ôóíêöi¨ âiä ãåíåðàòîðiâ C0-ãðóï.
Íåõàé ó êîìïëåêñíîìó áàíàõîâîìó ïðîñòîði {X, ‖·‖}
çàäàíà ðiâíîìiðíî îáìåæåíà îäíîïàðàìåòðè÷íà C0-
ãðóïà Ut = e−i tA ∈ L(X) ç ãåíåðàòîðîì −iA,
äåL(X) � àëãåáðà ëiíiéíèõ îáìåæåíèõ îïåðàòîðiâ
íàä X ç ðiâíîìiðíîþ íîðìîþ ‖ · ‖L(X). Ãåíåðàòîð
öi¹¨ ãðóïè ¹ íåêâàçiàíàëiòè÷íèì îïåðàòîðîì â áàíà-
õîâîìó ïðîñòîði, òîáòî iíòåãðàë

∞∫

−∞

ln‖Ut‖
1 + t2

dt (1)

¹ çáiæíèì [3]. Ç ãðóïîâî¨ âëàñòèâîñòi âèïëèâà¹ íå-
ðiâíiñòü

‖Ut+s‖ ≤ ‖Ut‖ · ‖Us‖ (2)
Çáiæíiñòü iíòåãðàëà (1) i íåðiâíiñòü (2) çàáåçïå-

÷óþòü iñíóâàííÿ òàêî¨ öiëî¨ òðàíñöåíäåíòíî¨ ôóí-
êöi¨ ω(t) íóëüîâîãî ðîäó ç íóëÿìè íà óÿâíié äîäàòíié
ïiâîñi, ùî

‖Ut‖ ≤ |ω(t)| (−∞ < t < ∞)

Âiçüìåìî äîâiëüíó ôóíêöiþ ϕ(t) ∈ E i ïîáóäó¹ìî
ëiíiéíèé îïåðàòîð

ϕ̂(A) =

∞∫

−∞
e−iAtϕ(t)dt =

∞∫

−∞
Utϕ(t)dt.

Iíòåãðàë çáiãà¹òüñÿ ñèëüíî íà âñüîìó ïðîñòîði i âè-
çíà÷åíèé íèì îïåðàòîð ϕ̂(A) îáìåæåíèé. Îñêiëüêè
îáðàç ïåðåòâîðåííÿ Ôóð'¹ ϕ̂(λ) ¹ ôiíiòíà ôóíêöiÿ,
òî îïåðàòîðè ϕ̂(A) ìîæíà òðàêòóâàòè ÿê ôiíiòíi
ôóíêöi¨ âiä A.

Òåîðåìà 3. Ïðèïóñòèìî, ùî ϕ ∈ E. Òîäi îïå-
ðàòîðè ϕ̂(A) çàäîâîëüíÿþòü ñïiââiäíîøåííÿì

(̂Dkϕ)(A) = ikAkϕ̂(A),
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(̂it)kϕ(A) = (Dkϕ̂)(A),

̂(ϕ ∗ ψ)(A) = ϕ̂(A) · ψ̂(A),
(∀ ϕ̂, ψ̂ ∈ Ê

)
.

Ä î â å ä å í í ÿ. Iíòåãðóþ÷è ÷àñòèíàìè i âèêî-
ðèñòîâóþ÷è çàìêíåíiñòü ãåíåðàòîðà ãðóïè, îòðèìó-
¹ìî:

(̂Dkϕ)(A) =

∞∫

−∞
Ut(Dkϕ)(t) dt =

= −
∞∫

−∞
DkUtϕ(t) dt = ikAkϕ̂(A),

(̂it)kϕ(A) =

∞∫

∞
Ut((it)kϕ)(t) dt = (Dkϕ̂)(A).

Âèçíà÷åíîþ ¹ çãîðòêà ôóíêöié i âèêîíóþòüñÿ ðiâ-
íîñòi

ϕ̂(A) · ψ̂(A) =

∞∫

−∞
ϕ(t)

[ ∞∫

−∞
Us+tψ(s) ds

]
dt =

∞∫

−∞

[ ∞∫

−∞
Urϕ(r − s)ψ(s) ds

]
dr = ̂(ϕ ∗ ψ)(A).

5. Ôóíêöiîíàëüíå ÷èñëåííÿ äëÿ ãåíåðàòî-
ðiâ C0-ãðóï. Âiäîìî [6] íàñòóïíå içîìåòðè÷íå çîá-
ðàæåííÿ L1(R; X) ' X⊗̃L1(R), äå L1(R;X) ¹ áàíà-
õîâèé ïðîñòið âñiõ X-çíà÷íèõ ñóìîâíèõ ôóíêöié R 3
t −→ x(t) ∈ X ç íîðìîþ ‖x‖L1(X) :=

∫
R ‖x(t)‖ dt.

Ïîçíà÷èìî ÷åðåç

E(R; X) := X⊗̃E(R)

� ïîïîâíåííÿ ïðîåêòèâíîãî òåíçîðíîãî äîáóòêó ïðî-
ñòîðiâ X òà E(R). Çãîðòêó äîâiëüíî¨ óçàãàëüíåíî¨
ôóíêöi¨ f ∈ E′(R) òà âåêòîð-ôóíêöi¨ x(t) ∈ E(R;X)
âèçíà÷à¹ìî ñïiââiäíîøåííÿì

(f ? x)(t) := (I ⊗Kf )x(t),

äå I � îäèíè÷íèé îïåðàòîð â X.
Ç òåîðåìè Ãðîòåíäiêà [6] ïðî çîáðàæåííÿ åëåìåí-

òiâ ïðîåêòèâíîãî òåíçîðíîãî äîáóòêó âèïëèâà¹, ùî
åëåìåíò x(t) ∈ E(R; X) çîáðàæà¹òüñÿ àáñîëþòíî çái-
æíèì ðÿäîì âèãëÿäó

x(t) =
∞∑

j=1

xj⊗ϕj(t), äå xj ∈ X, ϕj(t) ∈ E(R). (3)

Âèêîðèñòîâóþ÷è öå çîáðàæåííÿ äëÿ äîâiëüíî¨ óçà-
ãàëüíåíî¨ ôóíêöi¨ f ∈ E′(R) òà âåêòîð-ôóíêöi¨
x(t) ∈ E(R; X), îòðèìó¹ìî

(f ? x)(t) =
∞∑

j=1

xj ⊗ (f ? ϕj)(t).

Ëåìà 1. Çãîðòêà ìà¹ âëàñòèâîñòi:

(f ∗ g) ? x = f ? (g ? x),

Dk(f ? x) = f ? (Dkx) = (−1)k(Dkf) ? x

äëÿ áóäü-ÿêèõ f, g ∈ E′(R), x = x(t) ∈ E(R; X) òà
k ∈ Z+.

Ä î â å ä å í í ÿ. Ç îçíà÷åííÿ çãîðòêè òà òåîðåìè
âèïëèâàþòü íàñòóïíi ðiâíîñòi

(f ∗ g) ? x =
∞∑

j=1

xj ⊗ (f ∗ g) ? ϕj =

= f ?

∞∑

j=1

xj ⊗ (g ? ϕj) = f ? (g ? x),

Dk(f ? x) =
∞∑

j=1

xj ⊗Dk(f ? ϕj) =

=
∞∑

j=1

xj ⊗ (−1)k(Dkf) ? ϕj = (−1)k(Dkf) ? x.

Ëåìà 2. Êîæåí ïiäïðîñòið âèãëÿäó

Ê(X) :=
{

x̂ =

∞∫

−∞
(Ut ⊗ I)x(t) dt : x(t) ∈ E(R;X)

}

¹ áàíàõîâèì âiäíîñíî íîðìè, iíäóêîâàíî¨ âiäîáðàæå-
ííÿì x(t) −→ x̂.

Ä î â å ä å í í ÿ. Ïîêàæåìî, ùî âiäîáðàæåííÿ
E(R; X) 3 x(t) −→ x̂ ∈ Ê(X) ¹ íåïåðåðâíèì. Iç (3)
îòðèìó¹ìî

x̂ =

∞∫

−∞

[ ∞∑

j=1

Utxj ⊗ ϕj(t)
]
dt =

=
∞∑

j=1

∞∫

−∞
Utxj ⊗ ϕj(t) dt =

∞∑

j=1

ϕ̂j(A)xj .

Îñêiëüêè ‖ϕ̂(A)x‖ ≤
∞∫
−∞

‖Utx‖ |ϕ(t)| dt ≤
‖Utx‖ ‖ϕ‖E ≤ ‖ϕ‖E‖x‖ (∀x ∈ X), òî

‖x̂‖ ≤
∞∑

j=1

‖xj‖ ‖ϕ̂j(A)‖L(X ) ≤
∞∑

j=1

‖xj‖ ‖ϕj‖E .

Âèêîðèñòîâóþ÷è äîâiëüíiñòü çîáðàæåííÿ x(t) ó âè-
ãëÿäi àáñîëþòíî çáiæíîãî ðÿäó, îòðèìó¹ìî ‖x̂‖ ≤
‖x(t)‖E(R;X) i íåïåðåðâíiñòü äîâåäåíî. ßäðî íåïå-
ðåðâíîãî âiäîáðàæåííÿ E(R; X) −→ X ¹ çàìêíåíèì,
òîìó âiäïîâiäíèé ôàêòîð-ïðîñòið ïî öüîìó ÿäðó ¹
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áàíàõîâèì. Çãiäíî ç îçíà÷åííÿì íîðìè â ïðîñòî-
ði Ê(X), âií ¹ içîìåòðè÷íèé ïîáóäîâàíîìó ôàêòîð-
ïðîñòîðó.

Ëåìà 3. Êîæåí ïiäïðîñòið Ê(X) ¹ iíâàðiàíò-
íèé âiäíîñíî îïåðàòîðà

K̂f : Ê(X) 3 x̂ −→ K̂f x̂ :=

∞∫

−∞
(Ut ⊗Kf )x(t) dt.

Ä î â å ä å í í ÿ. Âðàõîâóþ÷è çîáðàæåííÿ (3)
åëåìåíòiâ x(t) ∈ E(R; X) äëÿ äîâiëüíîãî f ∈ E′(R),
îòðèìó¹ìî

‖(I ⊗Kf )x(t)‖ ≤
∞∑

j=1

‖xj‖ ‖Kfϕj‖E ≤

≤ ‖Kf‖L(E)

∞∑

j=1

‖xj‖ ‖ϕj‖E ,

àáî ‖(I ⊗ Kf )x(t)‖ ≤ ‖Kf‖L(E) ‖x(t)‖E(R;X). Îòæå,
ïðîñòið E(R;X) ¹ iíâàðiàíòíèì âiäíîñíî äi¨ îïåðà-
òîðà I ⊗Kf .

Îñêiëüêè Ut ⊗Kf = (Ut ⊗ I)(I ⊗Kf ) i I ⊗Kf :
E(R; X) −→ E(R; X), òî çãiäíî ç ëåìîþ 2 äëÿ áóäü-
ÿêî¨ âåêòîð-ôóíêöi¨ x(t) ∈ E(R; X), ìà¹ìî K̂f x̂ ∈
Ê(X). Òîáòî K̂f : Ê(X) −→ Ê(X). Ëåìà äîâåäåíà.

×åðåç L(Ê(X)) ïîçíà÷à¹ìî àëãåáðó âñiõ ëiíiéíèõ
íåïåðåðâíèõ îïåðàòîðiâ íàä ïðîñòîðîì Ê(X) ç ñèëü-
íîþ îïåðàòîðíîþ òîïîëîãi¹þ.

Òåîðåìà 4. Âiäîáðàæåííÿ Ê′(R) 3 f̂ 7→ f̂(A) ∈
L(Ê(X)), äå ëiíiéíèé îïåðàòîð f̂(A) ¹ âèçíà÷åíèé
ñïiââiäíîøåííÿì

f̂(A) : Ê(X) 3 x̂ 7→

7→ f̂(A)x̂ :=

∞∫

−∞
(Ut ⊗Kf )x(t) dt ∈ Ê(X), (4)

çäiéñíþ¹ íåïåðåðâíèé ãîìîìîðôiçì àëãåáðè ñèìâî-
ëiâ Ê′(R) íà ïiäàëãåáðó àëãåáðè L(Ê(X)) îïåðàòîðiâ
âèãëÿäó

K̂ : Ê(X) 3 x̂ 7→ K̂x̂ :=

∞∫

−∞
(Ut ⊗K)x(t) dt ,

äå îïåðàòîð K ∈ L(E(R)) íàëåæèòü êîìóòàíòó
ãðóïè Ts. Ïðè öüîìó ìà¹ìî

(̂Dkf)(A) = ikAkf̂(A), (̂it)kf(A) = (Dkf̂)(A).

Ä î â å ä å í í ÿ. Çà òåîðåìîþ 2 äîâiëüíèé îïåðà-
òîð, ÿêèé íàëåæèòü êîìóòàíòó ãðóïè Ts, ìà¹ âèãëÿä
Kf , äå f ∈ E′. Ç ëåìè òà îçíà÷åííÿ ïðîñòîðó Ê(X)

âèïëèâà¹, ùî K̂f : Ê(X) −→ Ê(X). Çà îçíà÷åííÿì
íîðìè â Ê(X) ìà¹ìî, ùî x̂m → x̂ òîäi i òiëüêè òî-
äi, êîëè xm(t) → x(t) â ïðîñòîði E(R; X). ßêùî æ
xm(t) → x(t), òî ç íåïåðåðâíîñòi Kf âèïëèâà¹, ùî
(I ⊗ Kf )xm(t) → (I ⊗ Kf )x(t) â ïðîñòîði E(R;X).
Çâiäñè çíîâó çà îçíà÷åííÿì íîðìè â Ê(X), îòðèìó-
¹ìî (I ⊗ Kf )xm(t) → (I ⊗ Kf )x(t). Òàêèì ÷èíîì,
K̂f ∈ L(Ê(X)). Ç ðiâíîñòi Kf∗g = Kf ·Kg äëÿ áóäü-
ÿêèõ f, g ∈ Ê′, âèïëèâà¹ K̂f∗g = K̂f · K̂g. Òîáòî,
ôóíêöiîíàëüíå ÷èñëåííÿ ðåàëiçó¹ àëãåáðà¨÷íèé ãî-
ìîìîðôiçì iç çãîðòêîâî¨ àëãåáðè óçàãàëüíåíèõ ôóí-
êöié íà àëãåáðó íåïåðåðâíèõ îïåðàòîðiâ íàä ïðîñòî-
ðîì Ê(X).

Äîâåäåìî íåïåðåðâíiñòü ôóíêöiîíàëüíîãî ÷èñ-
ëåííÿ. Îñêiëüêè â ïðîñòîði Ê′ òîïîëîãiÿ iíäóêó-
¹òüñÿ ç E′, à â ïðîñòîði E′ çàäàíî ñëàáêó òîïîëî-
ãiþ, òî äîñèòü ïîêàçàòè íåïåðåðâíiñòü âiäîáðàæåí-
íÿ E′ 3 f 7→ f̂(A)x̂ ∈ Ê(X) äëÿ êîæíîãî x̂ ∈ Ê(X).
Íåïåðåðâíiñòü E′ 3 f 7→ Kf ∈ L(E) îòðèìó¹ìî ç
íåðiâíîñòi ‖f ? ϕ‖E ≤ ‖f‖ ‖ϕ‖E . Òîìó íåïåðåðâíèì
áóäå âiäîáðàæåííÿ E′ 3 f 7→ (I ⊗Kf )x(t) ∈ E(R; X)
äëÿ êîæíîãî x(t) ∈ E(R;X). Íåõàé fm → f â ïðî-
ñòîði E′(R). Òîäi (I⊗Kfm)x(t) → (I⊗Kf )x(t) â ïðî-
ñòîði E(R; X). Çà îçíà÷åííÿì íîðìè â Ê(X), ìà¹ìî
K̂fm x̂ → K̂f x̂ â ïðîñòîði Ê(X). Îòæå, âiäîáðàæåííÿ
E′(R) 3 f −→ K̂f x̂ ∈ Ê(X) ¹ íåïåðåðâíèì.

Ðåøòà òâåðäæåíü òåîðåìè âèïëèâà¹ ç ëåì 1,3 òà
òåîðåìè 3.
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