
ÓÄÊ 517.96
c©2007 ð. Î.Ì. Ëåíþê

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÇÀÄÀ×À ÊÎØI ÄËß ÅÂÎËÞÖIÉÍÈÕ ÐIÂÍßÍÜ Ç
ÏÑÅÂÄÎ-ÁÅÑÑÅËÅÂÈÌÈ ÎÏÅÐÀÒÎÐÀÌÈ

Âñòàíîâëþ¹òüñÿ êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ åâîëþöiéíîãî ðiâíÿííÿ ç ïñåâ-
äîäèôåðåíöiàëüíèì îïåðàòîðîì, ïîáóäîâàíèì çà íåãëàäêèì ó òî÷öi 0 îäíîðiäíèì ñèìâîëîì
òà ïî÷àòêîâîþ óìîâîþ, ÿêà ¹ óçàãàëüíåíîþ ôóíêöi¹þ òèïó ðîçïîäiëiâ.

We establish the correct solvability of the Cauchy problem for an evolution equation with an
initial condition, the right hand side of which is a generalized function of a distribution type.

Ó òåîði¨ çàäà÷i Êîøi äëÿ ïàðàáîëi÷íèõ
ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü (ÏÏÄÐ) íà
òåïåðiøíié ÷àñ äîáðå âiäîìi ðåçóëüòàòè
ïðî áóäîâó òà îöiíêè ôóíäàìåíòàëüíèõ
ðîçâ'ÿçêiâ çàäà÷i Êîøi (ÔÐÇÊ), çà äîïî-
ìîãîþ ÿêèõ îäåðæàíi iíòåãðàëüíi çîáðàæå-
ííÿ ðîçâ'ÿçêiâ. Ïñåâäîäèôåðåíöiàëüíi îïå-
ðàòîðè (ÏÄÎ), ÿêi âõîäÿòü äî òàêèõ ðiâ-
íÿíü, ôîðìàëüíî ìîæíà ïîäàòè ó âèãëÿäi
F−1

σ→x[a(t, x; σ)Fx→σ], {x, σ} ⊂ Rn, t > 0, äå
a � ôóíêöiÿ (ñèìâîë), ùî çàäîâîëüíÿ¹ ïåâ-
íi óìîâè, F , F−1 � ïðÿìå òà îáåðíåíå ïåðå-
òâîðåííÿ Ôóð'¹. ßêùî ñèìâîë íå çàëåæèòü
âiä t, x (òîáòî a = a(σ)), òî çàäà÷à Êîøi
êîðåêòíî ðîçâ'ÿçíà â ïðîñòîði óçàãàëüíåíèõ
ôóíêöié òèïó ðîçïîäiëiâ; ïðè öüîìó ðîçâ'ÿ-
çîê ïîäà¹òüñÿ ó âèãëÿäi çãîðòêè ÔÐÇÊ ç ïî-
÷àòêîâîþ óìîâîþ, ÿêà ¹ óçàãàëüíåíîþ ôóí-
êöi¹þ.

Äî ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü ôîð-
ìàëüíî ìîæíà âiäíåñòè i ñèíãóëÿðíi åâîëþ-
öiéíi ðiâíÿííÿ ç îïåðàòîðîì Áåññåëÿ (B-
ïàðàáîëi÷íi ðiâíÿííÿ), ÿêèé âèðîäæó¹òüñÿ
ïî ïåâíié ïðîñòîðîâié çìiííié, à ñàìå ðiâíÿ-
ííÿ ïðè öüîìó âèðîäæó¹òüñÿ íà ìåæi îáëà-
ñòi, îñêiëüêè îïåðàòîð Áåññåëÿ

Bν =
d2

dx2
+

2ν + 1

x

d

dx
, ν > −1

2
,

ìîæíà âèçíà÷èòè çà äîïîìîãîþ ñïiââiä-
íîøåííÿ Bνϕ = −F−1

Bν
[σ2FBν [ϕ]], äå FBν �

ïåðåòâîðåííÿ Áåññåëÿ, ϕ � åëåìåíò ïðîñòî-
ðó, â ÿêîìó âêàçàíå ïåðåòâîðåííÿ âèçíà÷åíå.
Êëàñè÷íà òåîðiÿ çàäà÷i Êîøi òà êðàéîâèõ

çàäà÷ äëÿ ñèíãóëÿðíèõ ïàðàáîëi÷íèõ ðiâ-
íÿíü ïîáóäîâàíà â ïðàöÿõ Ì.I.Ìàòié÷óêà,
Â.Â.Êðåõiâñüêîãî, I.À.Êiïðiÿíîâà,
Â,Â.Êàòðàõîâà, Ñ.Ä.Iâàñèøåíà,
Â.Ï.Ëàâðåí÷óêà, I.I.Âåðåíè÷ òà iíøèõ
ìàòåìàòèêiâ. Çàäà÷à Êîøi äëÿ ñèíãóëÿðíèõ
ïàðàáîëi÷íèõ ðiâíÿíü ó êëàñàõ ðîçïîäiëiâ
òà ó êëàñàõ óçàãàëüíåíèõ ôóíêöié òèïó
S ′ òà W ′ âèâ÷àëàñü ß.I.Æèòîìèðñüêèì,
Â.Â.Ãîðîäåöüêèì, I.Â.Æèòàðþêîì,
Â.Ï.Ëàâðåí÷óêîì, Î.Â.Ìàðòèíþê.

Äî êëàñó ïñåâäîäèôåðåíöiàëüíèõ ðiâ-
íÿíü ïðèðîäíî âiäíåñòè åâîëþöiéíi ðiâíÿ-
ííÿ ç îïåðàòîðîì A = F−1

Bν
[a · FBν ], äå a

� îäíîðiäíèé íåãëàäêèé ó òî÷öi 0 ñèìâîë.
Äëÿ òàêèõ ðiâíÿíü çàäà÷à Êîøi íå âèâ÷åíà.
Îïåðàòîð A íàäàëi íàçèâàòèìåìî ïñåâäî-
Áåññåëåâèì îïåðàòîðîì. Îòæå, àêòóàëüíèì
¹ ïèòàííÿ ïðî ðîçâèòîê òåîði¨ çàäà÷i Êîøi
äëÿ åâîëþöiéíîãî ðiâíÿííÿ âèãëÿäó
∂u(t, x)

∂t
+ Au(t, x) = 0, t ∈ (0, T ], x ∈ R+,

(1)
îäåðæàííÿ äëÿ òàêîãî ðiâíÿííÿ ðåçóëüòà-
òiâ, ïîäiáíèõ äî âiäîìèõ ó òåîði¨ çàäà÷i Êî-
øi äëÿ ïàðàáîëi÷íèõ ïñåâäîäèôåðåíöiàëü-
íèõ ðiâíÿíü çi ñòàëèì ñèìâîëîì a = a(σ)
(òîáòî ñèìâîëîì, íå çàëåæíèì âiä t, x). Ó
öié ðîáîòi âèâ÷à¹òüñÿ âêàçàíå ïèòàííÿ äëÿ
ðiâíÿííÿ (1) â êëàñàõ ïî÷àòêîâèõ äàíèõ, ÿêi
¹ óçàãàëüíåíèìè ôóíêöiÿìè òèïó ðîçïîäi-
ëiâ.

1. Ïðîñòîðè îñíîâíèõ òà óçàãàëüíå-
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íèõ ôóíêöié. Íåõàé γ � ôiêñîâàíå ÷èñëî
ç ìíîæèíè (1, +∞) \ {2, 3, 4, . . . }, ν � ôi-
êñîâàíå ÷èñëî ç ìíîæèíè {3/2; 5/2; 7/2; . . . },
p0 := 2ν+1, γ0 := 1+[γ]+p0, M(x) := 1+ |x|,
x ∈ R. Åëåìåíòàìè ïðîñòîðó Φ, çà îçíà-
÷åííÿì, ¹ íåñêií÷åííî äèôåðåíöiéîâíi íà R
ôóíêöi¨ ϕ, ÿêi çàäîâîëüíÿþòü íåðiâíîñòi

|Dk
xϕ(x)| ≤ ck

(1 + |x|)γ0+k
,

x ∈ R, ck > 0, k ∈ Z+.

Ó Φ ââîäèòüñÿ ñòðóêòóðà çëi÷åííî íîðìî-
âàíîãî ïðîñòîðó çà äîïîìîãîþ íîðì:

‖ϕ‖p := sup
x∈R

{
p∑

k=0

M(x)γ0+k|Dk
xϕ(x)|

}
,

ϕ ∈ Φ, p ∈ Z+.

Ïîçíà÷èìî ÷åðåç Φp ïîïîâíåííÿ Φ çà p-
îþ íîðìîþ. Φp � áàíàõîâèé ïðîñòið, ïðè öüî-
ìó, ÿê äîâåäåíî â [1], âêëàäåííÿ Φp+1 ⊂ Φp,
p ∈ Z+, ¹ íåïåðåðâíèì, ùiëüíèì i êîìïà-
êòíèì, Φ =

∞⋂
p=0

Φp, Φ � ïîâíèé äîñêîíà-
ëèé çëi÷åííî íîðìîâàíèé ïðîñòið. Çàçíà÷è-
ìî, ùî çáiæíiñòü ïîñëiäîâíîñòi {ϕj, j ≥ 1} ⊂
Φ ó ïðîñòîði Φ äî ôóíêöi¨ ϕ ∈ Φ ìîæíà îõà-
ðàêòåðèçóâàòè òàê [1]: {ϕj, j ≥ 1} ⊂ Φ çáiãà-
¹òüñÿ çà òîïîëîãi¹þ ïðîñòîðó Φ äî ôóíêöi¨
ϕ ∈ Φ òîäi i òiëüêè òîäi, êîëè âîíà:

1) îáìåæåíà â Φ, òîáòî
∀p ∈ Z+ ∃c = c(p) > 0 ∀j ≥ 1 : ‖ϕj‖p ≤ c;

2) ïðàâèëüíî çáiãà¹òüñÿ â Φ, à ñàìå, äëÿ
äîâiëüíîãî α ∈ Z+ ïîñëiäîâíiñòü {Dα

x (ϕj −
ϕ), j ≥ 1} çáiãà¹òüñÿ äî íóëÿ ðiâíîìiðíî íà
êîæíié îáìåæåíié çàìêíåíié ìíîæèíi K ⊂
R.

Ó ïðîñòîði Φ âèçíà÷åíi i íåïåðåðâíi îïå-
ðàöi¨ çñóâó àðãóìåíòó òà äèôåðåíöiþâàííÿ.
Îñêiëüêè Φ � äîñêîíàëèé ïðîñòið, òî íà ïiä-
ñòàâi çàãàëüíèõ ðåçóëüòàòiâ òåîði¨ äîñêîíà-
ëèõ ïðîñòîðiâ (äèâ. [2]) òâåðäèìî, ùî îïå-
ðàöiÿ çñóâó àðãóìåíòó â ïðîñòîði Φ íå ëè-
øå íåïåðåðâíà, àëå é íåñêií÷åííî äèôåðåí-
öiéîâíà, òîáòî ãðàíè÷íi ñïiââiäíîøåííÿ

ϕ(x + ∆x)− ϕ(x)

∆x
−→
∆x→0

ϕ′(x)

âèêîíóþòüñÿ ó ðîçóìiííi çáiæíîñòi â ïðîñòî-
ði Φ.

Ñèìâîëîì
◦
Φ ïîçíà÷àòèìåìî ñóêóïíiñòü

óñiõ ïàðíèõ ôóíêöié ç ïðîñòîðó Φ. Îñêiëü-
êè

◦
Φ óòâîðþ¹ ïiäïðîñòið Φ, òî â

◦
Φ ïðè-

ðîäíèì ñïîñîáîì ââîäèòüñÿ òîïîëîãiÿ. Öåé
ïðîñòið ç âiäïîâiäíîþ òîïîëîãi¹þ íàçèâàòè-
ìåìî îñíîâíèì ïðîñòîðîì, à éîãî åëåìåíòè
� îñíîâíèìè ôóíêöiÿìè.

Íà ôóíêöiÿõ ç ïðîñòîðó
◦
Φ âèçíà÷åíå ïå-

ðåòâîðåííÿ Áåññåëÿ FBν [3]:

FBν [ϕ](ξ) =

∞∫

0

ϕ(x)jν(xξ)x2ν+1dx, ϕ ∈ ◦
Φ

(òóò jν � íîðìîâàíà ôóíêöiÿ Áåññåëÿ). Ïðè
öüîìó FBν [ϕ] � ïàðíà, îáìåæåíà, íåïåðåðâíà
íà R ôóíêöiÿ. Íàâåäåìî ùå äåÿêi âëàñòèâî-
ñòi ôóíêöi¨ FBν [ϕ], âñòàíîâëåíi â [4]:

1) ÿêùî ϕ ∈ ◦
Φ, òî FBν [ϕ] � íåñêií÷åííî

äèôåðåíöiéîâíà íà R \ {0} ôóíêöiÿ;
2) ó ôóíêöi¨ Dk

ξ FBν [ϕ], ξ 6= 0, k ∈
Z+, iñíóþòü ñêií÷åííi îäíîñòîðîííi ãðàíèöi
lim

ξ→±0
Dk

ξ FBν [ϕ](ξ), ϕ ∈ ◦
Φ; ïðè öüîìó ôóíêöiÿ

D2k
ξ FBν [ϕ], ξ 6= 0, k ∈ N, ó òî÷öi ξ = 0 ìà¹

óñóâíèé ðîçðèâ;
3) ôóíêöi¨ ç ïðîñòîðó

◦
Ψ = FBν [

◦
Φ] çàäî-

âîëüíÿþòü óìîâó:

∀s ∈ Z+ ∃cs > 0 :

sup
ξ∈R\{0}

|ξsDs
ξψ(ξ)| ≤ cs, ψ ∈ ◦

Ψ.

4) ξsDs
ξFB[ϕ] ∈ L1(R), s ∈ Z+, äëÿ äîâiëü-

íî¨ ôóíêöi¨ ϕ ∈ ◦
Φ.

Íà ïiäñòàâi âëàñòèâîñòi 3) â ïðàöi [4] ó
ïðîñòîði

◦
Ψ ââîäèòüñÿ ñòðóêòóðà çëi÷åííî

íîðìîâàíîãî ïðîñòîðó çà äîïîìîãîþ ñèñòå-
ìè íîðì

‖ψ‖p := sup
ξ∈(0,∞)

{
p∑

k=0

ξ2k|D2k
ξ ψ(ξ)|

}
,

ψ ∈ ◦
Ψ, p ∈ Z+.
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Ñèìâîëîì T ξ
x ïîçíà÷èìî îïåðàòîð óçà-

ãàëüíåíîãî çñóâó àðãóìåíòó, ÿêèé âiäïîâiäà¹
îïåðàòîðó Áåññåëÿ [3]:

T ξ
xϕ(x) = bν

π∫

0

ϕ(
√

x2 + ξ2 − 2xξ cos ω)×

× sin2ν ωdω, ϕ ∈ ◦
Φ,

äå bν = Γ(ν + 1)/(Γ(1/2)Γ(ν + 1/2)).
Ãîâîðèòèìåìî, ùî îïåðàòîð T ξ

x âèçíà÷å-
íèé ó ïðîñòîði

◦
Φ, ÿêùî T ξ

xϕ ∈ ◦
Φ äëÿ êî-

æíîãî ϕ ∈ ◦
Φ. Ó ïðàöi [5] äîâåäåíî, ùî îïå-

ðàòîð óçàãàëüíåíîãî çñóâó àðãóìåíòó T ξ
x âè-

çíà÷åíèé i íåïåðåðâíèé ó ïðîñòîði
◦
Φ, îïåðà-

öiÿ óçàãàëüíåíîãî çñóâó àðãóìåíòó ϕ → T ξ
xϕ

äèôåðåíöiéîâíà ó ïðîñòîði
◦
Φ (íàâiòü íåñêií-

÷åííî äèôåðåíöiéîâíà).
Ïðîñòið óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóí-

êöiîíàëiâ, çàäàíèõ íà ïðîñòîði
◦
Φ, ïîçíà÷à-

òèìåìî ñèìâîëîì (
◦
Φ)′. Îñêiëüêè â îñíîâíî-

ìó ïðîñòîði
◦
Φ ââåäåíà òîïîëîãiÿ ïðîåêòèâ-

íî¨ ãðàíèöi ïðîñòîðiâ
◦
Φp (

◦
Φp ñêëàäà¹òüñÿ

ç ïàðíèõ ôóíêöié ïðîñòîðó Φp), ïðè÷îìó
âêëàäåííÿ

◦
Φp+1 ⊂

◦
Φp, p ∈ Z+, íåïåðåðâíi,

ùiëüíi òà êîìïàêòíi, òî

(
◦
Φ)′ = ( lim

p→∞
pr

◦
Φp)

′ = lim
p→∞

ind (
◦
Φp)

′.

Îòæå, ÿêùî f ∈ (
◦
Φ)′, òî f ∈ (

◦
Φp)

′ ïðè äåÿêî-
ìó p ∈ Z+. Íàéìåíøå ç òàêèõ p íàçèâà¹òüñÿ
ïîðÿäêîì f , òîáòî êîæíà óçàãàëüíåíà ôóí-
êöiÿ f ∈ (

◦
Φ)′ ìà¹ ñêií÷åííèé ïîðÿäîê.

Îñêiëüêè â ïðîñòîði
◦
Φ âèçíà÷åíà îïåðà-

öiÿ óçàãàëüíåíîãî çñóâó àðãóìåíòó, òî çãîð-
òêó óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (

◦
Φp)

′ ç îñíîâ-
íîþ ôóíêöi¹þ çàäàìî ôîðìóëîþ

(f ∗ ϕ)(x) =< fξ, T
ξ
xϕ(x) >=< fξ, T

x
ξ ϕ(ξ) >,

ïðè öüîìó f ∗ϕ ¹ íåñêií÷åííî äèôåðåíöiéîâ-
íîþ íà R ôóíêöi¹þ, áî îïåðàöiÿ óçàãàëüíå-
íîãî çñóâó àðãóìåíòó íåñêií÷åííî äèôåðåí-
öiéîâíà ó ïðîñòîði

◦
Φ.

Îñêiëüêè F−1
Bν

[ϕ] ∈ ◦
Φ, ÿêùî ϕ ∈ ◦

Ψ, òî
ïåðåòâîðåííÿ Áåññåëÿ óçàãàëüíåíî¨ ôóíêöi¨
f ∈ (

◦
Φ)′ âèçíà÷èìî çà äîïîìîãîþ ñïiââiäíî-

øåííÿ

< FBν [f ], ϕ >=< f, F−1
Bν

[ϕ] >, ∀ϕ ∈ ◦
Ψ.

Çâiäñè, ç âëàñòèâîñòåé ëiíiéíîñòi i íåïåðåðâ-
íîñòi ôóíêöiîíàëó f òà ïåðåòâîðåííÿ Áåñ-
ñåëÿ (ïðÿìîãî i îáåðíåíîãî) âèïëèâà¹ ëi-
íiéíiñòü i íåïåðåðâíiñòü ôóíêöiîíàëó FBν [f ]

íàä ïðîñòîðîì îñíîâíèõ ôóíêöié
◦
Ψ. Ó ïðàöi

[5] âñòàíîâëåíî, ùî ÿêùî óçàãàëüíåíà ôóí-
êöiÿ f ∈ (

◦
Φ)′ � çãîðòóâà÷ ó ïðîñòîði

◦
Φ, òî

äëÿ äîâiëüíî¨ ôóíêöi¨ ϕ ∈ ◦
Φ ïðàâèëüíîþ ¹

ôîðìóëà FBν [f ∗ϕ] = FBν [f ]·FBν [ϕ], ïðè öüî-
ìó FBν [f ] ¹ ìóëüòèïëiêàòîðîì ó ïðîñòîði

◦
Ψ.

2. Çàäà÷à Êîøi. Íåõàé a: R → [0, +∞)
� íåïåðåðâíà, ïàðíà íà R ôóíêöiÿ, îäíîði-
äíà ïîðÿäêó γ ∈ (1, +∞)\{2, 3, 4, . . . }, òîáòî
a(λx) = λγa(x), λ > 0, ÿêà:

1) íåñêií÷åííî äèôåðåíöiéîâíà ïðè x 6=
0;

2) ïîõiäíi ôóíêöi¨ a çàäîâîëüíÿþòü óìî-
âó

∀k ∈ N ∃ck > 0 ∀x ∈ R \ {0} :

|Dk
xa(x)| ≤ ck|x|γ−k;

3) ∃δ > 0 ∀x ∈ R: a(x) ≥ δ|x|γ.
Iç âëàñòèâîñòåé 1) � 3) âèïëèâà¹, ùî a ¹

ìóëüòèïëiêàòîðîì ó ïðîñòîði
◦
Ψ. Ó çâ'ÿçêó ç

öèì ðîçãëÿíåìî îïåðàòîð A:
◦
Φ → ◦

Φ, ÿêèé
âèçíà÷èìî çà äîïîìîãîþ ñïiââiäíîøåííÿ:

Aϕ = F−1
Bν

[aFBν [ϕ]], ∀ϕ ∈ ◦
Φ.

Iç âëàñòèâîñòåé ïåðåòâîðåííÿ Áåññåëÿ (ïðÿ-
ìîãî i îáåðíåíîãî) âèïëèâà¹, ùî a � ëiíié-
íèé i íåïåðåðâíèé îïåðàòîð, ÿêèé, ÿê ìè i
äîìîâëÿëèñü ðàíiøå, íàçèâàòèìåìî ïñåâäî-
Áåññåëåâèì îïåðàòîðîì.

Ïåðåéäåìî äî äîñëiäæåííÿ åâîëþöiéíîãî
ðiâíÿííÿ (1). Ïiä ðîçâ'ÿçêîì (1) ðîçóìiòè-
ìåìî ôóíêöiþ u ∈ C1((0, T ],

◦
Φ), ÿêà çàäî-

âîëüíÿ¹ öå ðiâíÿííÿ.
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Ïåðåäóñiì äîñëiäèìî âëàñòèâîñòi ôóíêöi¨

G(t, σ) = F−1
Bν

[e−ta(x)](σ) ≡ cν

∞∫

0

e−ta(x)×

×jν(σx)x2ν+1dx, t ∈ (0, T ], σ ∈ R.

Iç âëàñòèâîñòåé íîðìîâàíî¨ ôóíêöi¨ Áåññåëÿ
âèïëèâà¹, ùî G � ïàðíà ôóíêöiÿ àðãóìåíòó
σ ïðè ôiêñîâàíîìó t ∈ (0, T ] i íåñêií÷åííî
äèôåðåíöiéîâíà ïî σ. Îòæå,

Dm
σ G(t, σ) =

∞∫

0

e−ta(x)Dm
σ jν(σx)x2ν+1dx,

ν ≡ n + 1/2, n ∈ N,m ∈ Z+.

Ðîçãëÿíåìî âèïàäîê m = 0 i ñêîðèñòà¹-
ìîñÿ çîáðàæåííÿì áåññåëåâèõ ôóíêöié íà-
ïiâöiëîãî àðãóìåíòó [6]:

Jn+1/2(x) =

√
2

πx

{
sin(x− nπ

2
)Pn

(
1

x

)
+

+ cos(x− nπ

2
)Qn

(
1

x

)}
, x > 0,

äå Pn

(
1

x

)
� ìíîãî÷ëåí ñòåïåíÿ n âiäíîñíî

1

x
, Qn

(
1

x

)
� ìíîãî÷ëåí ñòåïåíÿ n − 1; ïðè

öüîìó Pn(0) = 1, Qn(0) = 0. Îñêiëüêè íîð-
ìîâàíà ôóíêöiÿ Áåñåëÿ jν ïîâ'ÿçàíà ç ôóí-
êöi¹þ Áåññåëÿ Jν ôîðìóëîþ

jν(x) =
2νΓ(ν + 1/2)

xν
Jν(x), x > 0,

òî ìà¹ìî íàñòóïíå çîáðàæåííÿ äëÿ ôóíêöi¨
jn+1/2:

jn+1/2(x) =
cn

xn+1

{
sin

(
x− nπ

2

)
Pn

(
1

x

)
+

+ cos

(
x− nπ

2

)
Qn

(
1

x

)}
, n ∈ N, x > 0.

(2)

Óðàõóâàâøè (2) ïîäàìî G(t, σ), σ 6= 0, ó
âèãëÿäi:

G(t, σ) = Λ1(t, σ) + Λ2(t, σ),

äå

Λ1(t, σ) =
cn

σn+1

∞∫

0

e−ta(x)xn+1 sin

(
xσ−nπ

2

)
×

×Pn

(
1

σx

)
dx,

Λ2(t, σ) =
cn

σn+1

∞∫

0

e−ta(x)xn+1 cos

(
xσ−nπ

2

)
×

×Qn

(
1

σx

)
dx.

Ââåäåìî ïîçíà÷åííÿ:

Pn

(
1

σx

)
=

n∑

k=0

bk

(σx)k
, Qn

(
1

σx

)
=

n−1∑

k=1

dk

(σx)k
.

Òîäi

Λ1(t, σ) = cn

n∑

k=0

bk

σn+k+1
I1,k(t, σ),

I1,k(t, σ) =

∞∫

0

e−ta(x)xn−k+1 sin

(
xσ − nπ

2

)
dx,

Λ2(t, σ) = cn

n−1∑

k=1

dk

σn+k+1
I2,k(t, σ),

I2,k(t, σ) =

∞∫

0

e−ta(x)xn−k+1 cos

(
xσ − nπ

2

)
dx.

Ó ïîäàëüøîìó íàì ïîòðiáíi áóäóòü îöií-
êè ïîõiäíèõ ôóíêöi¨ exp{−a(ξ)}. Ñêîðèñòàâ-
øèñü ôîðìóëîþ Ôàà äå Áðóíî äèôåðåíöiþ-
âàííÿ ñêëàäåíî¨ ôóíêöi¨

Ds
x(F (g(x))) =

s∑
m=1

dm

dgm
F (g)×

×
∑

m1+···+ml=m
m1+2m2+···+lml=s

s!

m1! . . .ml!
×
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×
(

d

dx
g(x)

)m1

. . .

(
1

l!

dl

dxl
g(x)

)ml

(çíàê ñóìè ïîøèðþ¹òüñÿ íà âñi ðîçâ'ÿçêè
â öiëèõ íåâiä'¹ìíèõ ÷èñëàõ ðiâíÿííÿ s =
m1 + 2m2 + · · · + lml, m = m1 + · · · + ml) òà
ïîêëàâøè òóò F = eg, g = −a(x) çíàéäåìî,
ùî

|Ds
xe
−a(x)| ≤ e−δ|x|γ

s∑
m=1

c(m, s)|x|γm−s (3)

(ÿêùî s = 0, òî ñóìà âiäñóòíÿ, ÿêùî s = 1,
òî m = 1 i ò.ä.).

Îöiíèìî I1,k(t, σ). Çäiéñíèâøè çàìiíó
çìiííî¨ iíòåãðóâàííÿ x = t−1/γy òà âðàõóâàâ-
øè âëàñòèâiñòü îäíîðiäíîñòi ôóíêöi¨ a(x)
çíàéäåìî, ùî

I1,k(t, σ) = t−(n−k+2)/γI0
1,k(z),

äå

I0
1,k(z) =

∞∫

0

e−a(y)yn−k+1 sin

(
zy − nπ

2

)
dy,

z = t−1/γσ.

Îñêiëüêè, çà ïðèïóùåííÿì, z 6= 0, òî iíòå-
ãðóþ÷è s = n − k + 2 + [γ] ðàçiâ ÷àñòèíàìè
ïîäàìî I0

1,k(z) ó âèãëÿäi:

I0
1,k(z) = lim

ε→+0

+∞∫

ε

e−a(y)yn−k+1×

× sin

(
zy − nπ

2

)
dy =

=
1

zs
lim

ε→+0

[ +∞∫

ε

Ds
y(e

−a(y)yn−k+1)×

× sin

(
zy − nπ

2
+ s

π

2

)
dy + Φ(ε, z)

]
.

Ñèìâîëîì Φ(ε, z) ïîçíà÷à¹òüñÿ ïîçàiíòå-
ãðàëüíèé âèðàç, ÿêèé ñêëàäà¹òüñÿ ç äîäàí-
êiâ âèãëÿäó c(yn−k+l)(l)(e−a(y))(s−1−l) ·Λ, ÿêùî
0 ≤ l ≤ n − k, òà äîäàíêó c(e−a(y))(s−1−l) · Λ,

ÿêùî l = n − k + 1 (c � ñòàëi, êîíêðåòíi
çíà÷åííÿ ÿêèõ íà äàíèé ìîìåíò íå âàæëè-

âi; Λ = sin

(
zy − nπ

2
+ s

π

2

)
iç çíà÷åííÿìè â

òî÷öi y = ε òà ó íåñêií÷åííîñòi). Çàçíà÷èìî,
ùî ÿêùî l = n−k+1, òî s−1−l = [γ]. Çâiäñè
òà ç îöiíêè (3) âèïëèâà¹, ùî äëÿ 0 < y < 1
ñïðàâäæó¹òüñÿ íåðiâíiñòü

|D(s−1−l)
y e−a(y)| ≡ |D[γ]

y e−a(y)| ≤ cyγ−[γ] = cy{γ}.

ßêùî 0 ≤ l ≤ n−k, òî (yn−k+1)(l) = const·yα,
äå α ∈ N. Çâiäñè âèïëèâà¹, ùî lim

ε→+0
Φ(ε, z) =

0 äëÿ êîæíîãî z. Íà íåñêií÷åííîñòi âêàçàíi
ïîçàiíòåãðàëüíi äîäàíêè ïåðåòâîðþþòüñÿ â
íóëü çà ðàõóíîê ñïàäàííÿ íà íåñêií÷åííîñòi
ôóíêöi¨ exp{−a(y)} òà ¨¨ ïîõiäíèõ.

Îòæå, âðàõóâàâøè ôîðìóëó äèôåðåíöiþ-
âàííÿ äîáóòêó äâîõ ôóíêöié äiñòàíåìî, ùî
îöiíêà |I0

1,k| çâîäèòüñÿ äî îöiíêè ñóìè iíòå-
ãðàëiâ âèãëÿäó:

|I0
1,k(z)| ≤ 1

|z|s
∞∫

0

|Ds
y(e

−a(y))yn−k+1|dy ≤

≤ 1

|z|s
[ ∞∫

0

|Ds
y(e

−a(y))| · yn−k+1dy+

+s(n− k + 1)

∞∫

0

|Ds−1
y (e−a(y))|yn−kdy + · · ·+

+
(n− k + 1)!

(n− k + 1− j)!
Cs−j

s

∞∫

0

|Ds−j
y (e−a(y))|×

×yn−k+1−jdy + · · ·+

+(n− k + 1)!

∞∫

0

|D1+[γ]
y (e−a(y))|dy

]
. (4)

Iç îöiíîê ïîõiäíèõ ôóíêöi¨ exp{−a(y)}
âèïëèâà¹, ùî âñi iíòåãðàëè ¹ çáiæíèìè.
Ñïðàâäi, ðîçãëÿíåìî îäèí ç iíòåãðàëiâ ó ñó-
ìi (4), ÿêèé âiäïîâiäà¹ iíäåêñó n−k+1−j. Â
îêîëi òî÷êè y = 0 (0 < y < 1) ïiäiíòåãðàëüíà
ôóíêöiÿ âíàñëiäîê (3), äîïóñêà¹ îöiíêó

yn−k+1−j|Ds−j
y (e−a(y))| ≤ cyn−k+1−j ·yγ−(s−j) =
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= cy{γ}−1 =
c

y1−{γ} ,

çâiäêè i âèïëèâà¹ çáiæíiñòü âiäïîâiäíîãî ií-
òåãðàëà, áî 0 < 1− {γ} < 1.

Îòæå, ÿêùî σ 6= 0, òî

|Λ1(t, σ)| ≤ cn,ν

n∑

k=0

bk ·t−(n+k+1)/γ ·t−(n−k+2)/γ×

×z−(n+k+1)|I0
1,k(z)| ≤ cn,ν ·

n∑

k=0

bkt
−(2n+3)/γ×

×|z|−(n+k+1) · |z|−(n−k+2+[γ]) =

= t−(2n+3)/γ·|z|−(2n+3+[γ])cn,ν ·
n∑

k=0

bk, z = t−1/γσ.

Çàóâàæèìî, ùî

|I0
1,k(z)| ≤

∞∫

0

e−a(y)yn−k+1dy ≡ ck, ∀z ∈ R,

lim
z→0

I0
1,k(z) = − sin

nπ

2

∞∫

0

e−a(y)yn−k+1dy ≡ αk,

|αk| ≤ ck.

Çâiäñè äiñòà¹ìî, ùî

|Λ1(t, σ)| ≤ c1t
−(2n+3)/γ · t(2n+3+[γ])/γ×

×(t1/γ + |σ|)−(1+γ̃0) =

= c1t
[γ]/γ(t1/γ + |σ|)−(1+γ̃0), γ̃0 = [γ] + p0,

p0 = 2ν + 1 ≡ 2n + 2.

Àíàëîãi÷íî îöiíþ¹ìî |Λ2(t, s)|. Òàêèì ÷è-
íîì, ïðàâèëüíîþ ¹ íåðiâíiñòü

|G(t, σ)| ≤ ct[γ]/γ(t1/γ + |σ|)−(1+γ̃0), σ ∈ R,

äå ñòàëà c íå çàëåæèòü âiä t.
Çà íàâåäåíîþ âèùå ñõåìîþ ðîçãëÿäà¹ìî

âèïàäîê m ∈ N.
Â ðåçóëüòàòi ïðèéäåìî äî íåðiâíîñòi:

|Dm
σ G(t, σ)| ≤ αmt[γ]/γ(t1/γ + |σ|)−(m+1+γ̃0),

(5)
t ∈ (0, T ], σ ∈ R, m ∈ N, γ̃0 = [γ] + p0,

äå ñòàëà αm íå çàëåæèòü âiä t.

Ïiäñóìó¹ìî îòðèìàíi ðåçóëüòàòè ó âèãëÿ-
äi íàñòóïíîãî òâåðäæåííÿ.

Òåîðåìà 1. Ïðè êîæíîìó t ∈ (0, T ]
G(t, σ), ÿê ôóíêöiÿ àðãóìåíòó σ, ¹ åëåìåí-
òîì ïðîñòîðó

◦
Φ. Äëÿ ôóíêöi¨ G òà ¨¨ ïîõi-

äíèõ ïðàâèëüíèìè ¹ îöiíêè (5).
Îñêiëüêè jν(0) = 1, a(0) = 0,

e−ta(ξ) = FBν [G(t, σ)](ξ) =

=

∞∫

0

G(t, σ)jν(σξ)σ2ν+1dσ,

òî çâiäñè äiñòà¹ìî, ùî ìà¹ ìiñöå ôîðìóëà
∞∫

0

G(t, σ)σ2ν+1dσ = 1.

Ôóíêöiÿ G ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1).
Ñïðàâäi,

∂

∂t
G(t, σ) =

∂

∂t
F−1

Bν
[e−ta(ξ)] = F−1

Bν

[
∂

∂t
e−ta(ξ)

]
.

Ç iíøî¨ ñòîðîíè,

AG(t, σ) = F−1
Bν

[a(ξ)FBν [G(t, σ)]] =

= F−1
Bν

[a(ξ)e−ta(ξ)] = −F−1
Bν

[
∂

∂t
e−ta(ξ)

]
.

Çâiäñè âæå âèïëèâà¹, ùî ôóíêöiÿ G çàäî-
âîëüíÿ¹ ðiâíÿííÿ (1).

Òåîðåìà 2. G(t, ·) → δ ïðè t → +0 ó
ïðîñòîði (

◦
Φ)′.

Äîâåäåííÿ. Óðàõóâàâøè, ùî
∞∫

0

G(t, x)x2ν+1dx = 1, äëÿ äîâiëüíî¨ ôóíêöi¨

ϕ ∈ ◦
Φ ìà¹ìî:

| < G(t, ·), ϕ > − < δ, ϕ > | =

=

∣∣∣∣∣

∞∫

0

G(t, x)x2ν+1ϕ(x)dx−

−
∞∫

0

G(t, x)x2ν+1ϕ(0)dx

∣∣∣∣∣ ≤
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≤
∞∫

0

|G(t, x)|x2ν+1|ϕ(x)− ϕ(0)|dx ≡ I(t).

Äëÿ äîâåäåííÿ òâåðäæåííÿ äîñèòü ïîêà-
çàòè, ùî

∀ε > 0 ∃t0 = t0(ε) ∀t :

0 < t < t0 ⇒ I(t) < ε.

Îñêiëüêè ϕ ∈ ◦
Φ, òî çàñòîñóâàâøè ôîðìó-

ëó ïðî ñêií÷åííi ïðèðîñòè çíàéäåìî, ùî
|ϕ(x) − ϕ(0)| ≤ |ϕ′(ξ)| · |x| ≤ M · |x|, äå
M = sup

x∈R
|ϕ′(x)|. Âiçüìåìî òåïåð ε ç ïðîìiæ-

êó (0, T ) i ïîêëàäåìî t0 = ε, δ = t
1/(2γ)
0 . Òî-

äi |ϕ(x) − ϕ(0)| < M · ε1/(2γ), ÿêùî òiëüêè
|x| < t

1/(2γ)
0 . Îòæå,

I(t) < M · ε1/(2γ) ·
t
1/(2γ)
0∫

0

|G(t, x)|x2ν+1dx+

+

+∞∫

t
1/(2γ)
0

|G(t, x)| · |ϕ(x)− ϕ(0)|x2ν+1dx ≡

≡ M · ε1/(2γ)I1(t) + I2(t).

Îöiíèìî I1(t). Ëåãêî áà÷èòè, ùî

I1(t) ≤
∞∫

0

|G(t, x)|x2ν+1dx.

Ïîêëàâøè x = t1/γy äiñòàíåìî, ùî
∞∫

0

|G(t, x)|x2ν+1dx = t(2ν+2)/γ×

×
∞∫

0

|G(t, t1/γy)|y2ν+1dy.

Àëå, âíàñëiäîê îäíîðiäíîñòi ôóíêöi¨ a ìà¹-
ìî, ùî

G(t, t1/γy) =

= cν

∞∫

0

e−ta(ξ)jν(t
1/γyξ)ξ2ν+1dξ

t1/γξ=η
=

= cνt
−(2ν+2)/γ

∞∫

0

e−a(η)jν(ηy)y2ν+1dy =

= t−(2ν+2)/γG0(y),

äå
G0(y) = F−1

Bν
[e−a(η)](y).

Îòæå,

I1(t) ≤
+∞∫

0

|G0(y)|y2ν+1dy = b < +∞, ∀t > 0.

Äàëi, âðàõóâàâøè îáìåæåíiñòü ôóíêöi¨ ϕ íà
R, à òàêîæ îöiíêó

|G(t, x)| ≤ α0t
[γ]/γ

(t1/γ + |x|)1+[γ]+2ν+1
,

äëÿ êîæíîãî t: 0 < t < t0 = ε ïðèéäåìî äî
íåðiâíîñòi:

I2(t) ≤ 2α0ct
[γ]/γ

∞∫

t
1/(2γ)
0

dx

x1+[γ]
=

2α0c

[γ]
t[γ]/γ×

×t
−[γ]/(2γ)
0 <

2α0c

[γ]
t
[γ]/(2γ)
0 ≡ b1 · ε[γ]/(2γ),

c = max
x∈R

|ϕ(x)|.
Îòæå,

∀ε ∈ (0, T ) ∃t0 = ε ∀t :

0 < t < ε ⇒ I(t) < Mbε1/(2γ) + b1ε
[γ]/(2γ).

Àíàëîãi÷íà îöiíêà âñòàíîâëþ¹òüñÿ äëÿ äî-
âiëüíîãî ε ≥ T ; ïðè öüîìó çà t0 = t0(ε) ìî-
æíà âçÿòè äîâiëüíå ôiêñîâàíå ÷èñëî ç ïðî-
ìiæêó (0, T ). Öèì äîâåäåíî, ùî

< G(t, ·), ϕ >−→< δ, ϕ >, t → +0,

äëÿ äîâiëüíî¨ ôóíêöi¨ ϕ ∈ ◦
Φ.

Òåîðåìà äîâåäåíà.
Íàñëiäîê 1. Íåõàé f ∈ (

◦
Φ)′,

ω(t, x) = (f ∗G)(t, x), (t, x) ∈ (0, T ]× R.

Òîäi ãðàíè÷íå ñïiââiäíîøåííÿ ω(t, ·) → f ,
t → +0, âèêîíó¹òüñÿ ó ïðîñòîði (

◦
Φ)′.
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Çàóâàæåííÿ 1. Íàäàëi ôóíêöiþ G(t, ·)
íàçèâàòèìåìî ôóíäàìåíòàëüíèì ðîçâ'ÿç-
êîì çàäà÷i Êîøi (ÔÐÇÊ) äëÿ ðiâíÿííÿ (1).

Ñèìâîëîì (
◦
Φ∗)′ ïîçíà÷àòèìåìî ñóêó-

ïíiñòü óñiõ óçàãàëüíåíèõ ôóíêöié ç ïðîñòî-
ðó (

◦
Φ)′, ÿêi ¹ çãîðòóâà÷àìè ó ïðîñòîði

◦
Φ.

Äëÿ ðiâíÿííÿ (1) çàäàìî ïî÷àòêîâó óìî-
âó

u(t, ·)|t=0 = f, (6)

äå f ∈ (
◦
Φ∗)′. Ïiä ðîçâ'ÿçêîì çàäà÷i Êîøi

(1), (6) ðîçóìiòèìåìî ðîçâ'ÿçîê ðiâíÿííÿ
(1), ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó (6)
ó òîìó ñåíñi, ùî u(t, ·) → f ïðè t → +0 ó
ïðîñòîði (

◦
Φ)′. Ïðàâèëüíèì ¹ íàñòóïíå òâåð-

äæåííÿ.
Òåîðåìà 3. Çàäà÷à Êîøi (1), (6) êîðå-

êòíî ðîçâ'ÿçíà â êëàñi óçàãàëüíåíèõ ôóí-
êöié (

◦
Φ∗)′. Ðîçâ'ÿçîê ïîäà¹òüñÿ ó âèãëÿäi

çãîðòêè:
u(t, x) = (f∗G)(t, x), (t, x) ∈ (0, T ]×R+ ≡ Ω+,

äå G � ÔÐÇÊ äëÿ ðiâíÿííÿ (1).
Äîâåäåííÿ. Ïåðåäóñiì ïåðåêîíà¹ìîñÿ â

òîìó, ùî ôóíêöiÿ u(t, x) ¹ ðîçâ'ÿçêîì ðiâíÿ-
ííÿ (1). Ñïðàâäi,

∂u(t, x)

∂t
=

∂

∂t
(f∗G)(t, x) =

(
f∗ ∂

∂t
G(t, x)

)
=

= f ∗ ∂

∂t
G(t, x),

Au(t, x) = F−1
Bν

[a(ξ)FBν [(f ∗G)](ξ)](x).

Îñêiëüêè f � çãîðòóâà÷ ó ïðîñòîði
◦
Φ, òî

FBν [f ∗G](ξ) = FBν [f ](ξ) · FBν [G] =

= FBν [f ](ξ) · e−ta(ξ).

Îòæå,
Au(t, x) = F−1

Bν
[a(ξ)e−ta(ξ)FBν [f ](ξ)](x) =

= −F−1
Bν

[
∂

∂t
e−ta(ξ)FBν [f ](ξ)

]
(x) =

= −F−1
Bν

[
FBν

[
∂

∂t
G

]
· FBν [f ]

]
(x) =

= −F−1
Bν

[
FBν

[
f ∗ ∂

∂t
G

]]
(x) = −f ∗ ∂

∂t
G(t, x).

Çâiäñè äiñòà¹ìî, ùî ôóíêöiÿ u(t, x), (t, x) ∈
Ω+, çàäîâîëüíÿ¹ ðiâíÿííÿ (1). Ç íàñëiäêó 1
âèïëèâà¹, ùî u(t, ·) → f ïðè t → +0 ó ïðî-
ñòîði (

◦
Φ)′, òîáòî u � ðîçâ'ÿçîê çàäà÷i Êîøi

(1), (6). Çàçíà÷èìî òàêîæ, ùî u íåïåðåðâíî
çàëåæèòü âiä ïî÷àòêîâî¨ ôóíêöi¨ f , îñêiëüêè
îïåðàöiÿ çãîðòêè âîëîäi¹ âëàñòèâiñòþ íåïå-
ðåðâíîñòi.

Çàëèøà¹òüñÿ ïåðåêîíàòèñÿ â òîìó, ùî çà-
äà÷à (1), (6) ìà¹ ¹äèíèé ðîçâ'ÿçîê. Äëÿ öüî-
ãî ðîçãëÿíåìî çàäà÷ó Êîøi
∂v

∂t
− A∗v = 0, (t, x) ∈ [0, t0]× (0,∞) ≡ Ω′

+,

0 ≤ t < t0 ≤ T, (7)

v(t, ·)|t=t0 = g0, g0 ∈ (
◦
Φ∗)′, (8)

äå A∗ = A � çâóæåííÿ ñïðÿæåíîãî îïåðà-
òîðà äî îïåðàòîðà A íà ïðîñòið

◦
Φ ⊂ (

◦
Φ)′.

Óìîâà (8) ðîçóìi¹òüñÿ â ñëàáêîìó ñåíñi. Ðîç-
ãëÿíåìî ôóíêöiþ

G∗(t− t0, x) = F−1
Bν

[e(t−t0)a(ξ)](x).

Àíàëîãi÷íî òîìó, ÿê öå áóëî çðîáëåíî ó âè-
ïàäêó çàäà÷i Êîøi (1), (6) äîâîäèìî, ùî
ðîçâ'ÿçîê çàäà÷i Êîøi (7), (8) äà¹òüñÿ ôîð-
ìóëîþ

v(t, x) = (g0 ∗G∗)(t− t0, x), (t, x) ∈ Ω′
+,

ïðè öüîìó v(t, ·) ∈ ◦
Φ ïðè êîæíîìó t ∈ [0, t0).

Íåõàé Qt
t0

: (
◦
Φ∗)′ →

◦
Φ � îïåðàòîð, ÿêèé

çiñòàâëÿ¹ ôóíêöiîíàëó g ∈ (
◦
Φ∗)′ ðîçâ'ÿçîê

v(t, ·) ∈ ◦
Φ çàäà÷i (7), (8) ç ïî÷àòêîâîþ óçà-

ãàëüíåíîþ ôóíêöi¹þ g:

∀g ∈ (
◦
Φ∗)′ : Qt

t0
g = (g∗G∗)(t−t0, x) ≡ v(t, x),

(t, x) ∈ Ω′
+.

Îïåðàòîð Qt
t0

¹ ëiíiéíèì i íåïåðåðâíèì,
îñêiëüêè òàêèìè âëàñòèâîñòÿìè âîëîäi¹ îïå-
ðàöiÿ çãîðòêè. Âií âèçíà÷åíèé äëÿ äîâiëü-
íèõ t i t0 òàêèõ, ùî 0 ≤ t < t0 ≤ T i âîëîäi¹
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âëàñòèâîñòÿìè:

∀g ∈ (
◦
Φ∗)′ :

dQt
t0
g

dt
− A∗Qt

t0
g = 0,

lim
t→t0

Qt
t0
g = g

(ãðàíèöÿ ðîçãëÿäà¹òüñÿ ó ïðîñòîði (
◦
Φ)′).

Ðîçãëÿíåìî òåïåð ðîçâ'ÿçîê u(t, x),
(t, x) ∈ Ω+, çàäà÷i Êîøi (1), (6), ÿêèé
òðàêòóâàòèìåìî ÿê ôóíêöiîíàë ç ïðîñòîðó
(
◦
Φ)′ ⊃ ◦

Φ. Äîâåäåìî, ùî çàäà÷à Êîøi (1),
(6) ìîæå ìàòè ëèøå ¹äèíèé ðîçâ'ÿçîê ó
ïðîñòîði (

◦
Φ)′. Äëÿ öüîãî äîñèòü äîâåñòè,

ùî ¹äèíèì ðîçâ'ÿçêîì ðiâíÿííÿ (1) ïðè
íóëüîâié ïî÷àòêîâié óìîâi ìîæå áóòè ëèøå
ôóíêöiîíàë u(t, x) ≡ 0. Çàñòîñó¹ìî ôóí-
êöiîíàë u(t, x) äî ôóíêöi¨ Qt

t0
g ∈ ◦

Φ ⊂ (
◦
Φ)′,

äå g � äîâiëüíèé åëåìåíò ç ïðîñòîðó
◦
Φ.

Äèôåðåíöiþþ÷è ïî t çíàéäåìî, ùî

∂

∂t
< u(t, ·), Qt

t0
g >=

〈
∂u

∂t
,Qt

t0
g

〉
+

+

〈
u,

∂Qt
t0
g

∂t

〉
=

= − < Au,Qt
t0
g > + < u, A∗Qt

t0
g >=

= − < Au, Qt
t0
g > + < Au, Qt

t0
g >= 0,

∀g ∈ ◦
Φ, 0 < t < t0 ≤ T.

Çâiäñè âèïëèâà¹, ùî < u(t, ·), Qt
t0
g > ¹

ñòàëîþ âåëè÷èíîþ. Âèêîðèñòîâóþ÷è ïî÷à-
òêîâó óìîâó u|t=0 = 0 çíàõîäèìî, ùî öÿ âå-
ëè÷èíà ðiâíà íóëþ ïðè âñiõ t, 0 < t < t0.
Çîêðåìà, ïðè t → t0 (ó ñëàáêîìó ðîçóìií-
íi ãðàíèöi) äiñòà¹ìî, ùî < u(t0, ·), g >= 0.
Îñêiëüêè g � äîâiëüíèé åëåìåíò ç ïðîñòî-
ðó

◦
Φ, òî u(t0, ·) ¹ íóëüîâèì ôóíêöiîíàëîì.

Îñêiëüêè t0 ∈ (0, T ] âèáðàíå äîâiëüíî, òî
u(t, ·) ≡ 0 äëÿ âñiõ t ∈ (0, T ].

Òåîðåìà äîâåäåíà.
Òåîðåìà 4. Íåõàé f ∈ (

◦
Φ)′,

ω(t, x) = (f ∗G)(t, x) =< fξ, T
ξ
xG(t, x) >≡

≡< fξ, T
x
ξ G(t, ξ) >, (t, x) ∈ (0, T ]× R.

ßêùî f = 0 íà iíòåðâàëi (a, b) ⊂ R, ÿêèé
ìiñòèòü òî÷êó 0, òî ω(t, x) → 0 ïðè
t → +0 ðiâíîìiðíî íà äîâiëüíîìó âiäðiçêó
[−c, c] ⊂ (a, b).

Äîâåäåííÿ. Íåõàé [−c, c] ⊂ [−b1, b1] ⊂
(a, b). Ïîáóäó¹ìî ôiíiòíó ïàðíó ôóíêöiþ
ν ∈ Φ òàêó, ùî supp ν = [−b1, b1], 0 ≤ ν(ξ) ≤
1, ∀ξ ∈ [−b1, b1]; ν(ξ) = 1, ∀ξ ∈ [−c, c];
ν(ξ) = 0 äëÿ ξ ∈ R \ [−b1, b1]. Çàçíà÷èìî,
ùî ôóíêöiÿ 1−ν ¹ ìóëüòèïëiêàòîðîì ó ïðî-
ñòîði

◦
Φ. Îñêiëüêè

{ν(ξ)T ξ
xG(t, x), (1− ν(ξ))T ξ

xG(t, x)} ⊂ ◦
Φ

ÿê ôóíêöi¨ ξ ïðè êîæíîìó t ∈ (0, T ] i x ∈ R,
òî

ω(t, x) =< fξ, ν(ξ)T ξ
xG(t, x) > +

+ < fξ, η(ξ)T ξ
xG(t, x) >,

äå η = 1 − ν. Óðàõóâàâøè, ùî óçàãàëüíå-
íà ôóíêöiÿ f ðiâíà íóëþ íà iíòåðâàëi (a, b),
à supp (ν(ξ)T ξ

xG(t, x)) ⊂ (a, b), ç îñòàííüîãî
ñïiââiäíîøåííÿ äiñòà¹ìî, ùî

ω(t, x) = tα < fξ, t
−αη(ξ)T ξ

xG(t, x) >,

äå α > 0 � äåÿêèé ïàðàìåòð, êîíêðåòíå çíà-
÷åííÿ ÿêîãî ìè âêàæåìî ïiçíiøå. Îñêiëüêè
êîæíà óçàãàëüíåíà ôóíêöiÿ f ∈ (

◦
Φ)′ ìà¹

ñêií÷åííèé ïîðÿäîê, òîáòî f ∈ (
◦
Φp)

′ ïðè äå-
ÿêîìó p ∈ Z+, òî

|ω(t, x)| ≤ tα‖f‖p · ‖Ψt,x‖p,

äå

Ψt,x(ξ) = t−αη(ξ)T ξ
xG(t, x) ≡ t−αη(ξ)T x

ξ G(t, ξ),

‖f‖p � íîðìà ôóíêöiîíàëó f . Îòæå, äëÿ
äîâåäåííÿ òîãî, ùî ω(t, x) → 0 ïðè t →
+0 ðiâíîìiðíî íà âiäðiçêó [−c, c] ⊂ (a, b)
äîñèòü âñòàíîâèòè, ùî ñóêóïíiñòü ôóíêöié
Ψt,x îáìåæåíà çà íîðìîþ ïðîñòîðó Φp, òîá-
òî ‖Ψt,x‖p ≤ cp, ïðè÷îìó ñòàëà cp íå çàëå-
æèòü âiä ïàðàìåòðiâ t i x, ÿêi çìiíþþòüñÿ
âêàçàíèì ñïîñîáîì (t ∈ (0, T ], x ∈ [−c, c]).
Îñêiëüêè Ψt,x(ξ) = 0 äëÿ ξ ∈ [−c, c], òî
îöiíêó ‖Ψt,x‖p ≤ cp äîñèòü äîâåñòè äëÿ ξ ∈
R \ [−c, c].
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Ôóíêöiÿ ν ∈ Φ =
∞⋂

j=0

Φj, òîáòî ν ∈ Φp,

òîìó

‖ν‖p = sup
ξ∈R

{
p∑

k=0

M(ξ)γ0+k|Dk
ξ ν(ξ)|

}
≤ c0,

c0 = c0(p) > 0.

Òîäi, óðàõóâàâøè ôîðìóëó äèôåðåíöiþâàí-
íÿ äîáóòêó äâîõ ôóíêöié òà âëàñòèâîñòi îïå-
ðàòîðà óçàãàëüíåíîãî çñóâó àðãóìåíòó çíà-
éäåìî, ùî

∆(ξ) :=

p∑

k=0

M(ξ)γ0+k|Dk
ξ (η(ξ)T x

ξ G(t, ξ))| =

= M(ξ)γ0|(1− ν(ξ))T ξ
xG(t, ξ)|+

+

p∑

k=1

M(ξ)γ0+k|Dk
ξ ((1− ν(ξ))T x

ξ G(t, ξ))| ≤

≤ 2M(ξ)γ0|G(t, ξ)|+
p∑

k=1

M(ξ)γ0+k×

×
k∑

l=0

C l
k|Dl

ξν(ξ)| · |Dk−l
ξ (T x

ξ G(t, ξ))|.

Ó ïðîñòîði
◦
Φ âèçíà÷åíà îïåðàöiÿ óçàãàëü-

íåíîãî çñóâó àðãóìåíòó. Îòæå,

T x
ξ G(t, ξ) = cνT

x
ξ

( ∞∫

0

e−ta(σ)jν(σξ)σ2ν+1dσ

)
=

= cν

∞∫

0

e−ta(σ)T x
ξ jν(σξ)σ2ν+1dσ =

= cν

∞∫

0

e−ta(σ)jν(σξ)jν(σx)σ2ν+1dσ.

Çâiäñè âèïëèâà¹, ùî

Dm
ξ (T x

ξ G(t, ξ)) =

= cν

∞∫

0

e−ta(σ)Dm
ξ jν(σξ)jν(σx)σ2ν+1dσ,m ∈ N.

Iç âëàñòèâîñòåé îïåðàòîðà óçàãàëüíåíîãî
çñóâó àðãóìåíòó òà íîðìîâàíî¨ ôóíêöi¨ Áåñ-
ñåëÿ âèïëèâà¹, ùî

sup
x∈[−c,c]

|Dm
ξ (T x

ξ G(t, ξ))| ≤ βmt[γ]/γ(t1/γ+|ξ|)−(m+γ0),

ξ ∈ R, t > 0,m ∈ Z+, γ0 = 1+[γ]+p0, p0 = 2ν+1,

ñòàëà βm çàëåæèòü âiä ν i íå çàëåæèòü âiä t.
Äëÿ ξ ∈ R \ [−c, c] ìà¹ìî, ùî

sup
x∈[−c,c]

|Dm
ξ (T x

ξ G(t, ξ))| ≤ βmt[γ]/γ · |ξ|−(m+γ0),

m ∈ Z+.

Òîäi

∆(ξ) ≤ 2β0t
[γ]/γM(ξ)γ0|ξ|−γ0 + c0t

[γ]/γ×

×
p∑

k=1

M(ξ)γ0+k

k∑

l=0

C l
kβk−lM(ξ)−(γ0+l)×

×|ξ|−(k−l+γ0) = t[γ]/γ

(
2β0

(
M(ξ)

|ξ|

)γ0

+

+c0c
−γ0

p∑

k=1

k∑

l=0

C l
lβk−l

(
M(ξ)

|ξ|

)k−l)
.

Äàëi, âðàõóâàâøè íåðiâíiñòü

M(ξ)

|ξ| =
1 + |ξ|
|ξ| ≤ 1 +

1

c
, ∀ξ : |ξ| ≥ c,

çíàéäåìî, ùî ∆(ξ) ≤ ν0 · t[γ]/γ, äå

ν0 = 2β0

(
1 +

1

c

)γ0

+

+c0c
−γ0

p∑

k=1

k∑

l=0

C l
kβk−l

(
1 +

1

c

)k−l

,

ñòàëà ω0 íå çàëåæèòü âiä t i x. Ïîêëàäåìî
òåïåð α = [γ]/γ. Çâiäñè âæå âèïëèâà¹, ùî
‖Ψt,x‖p ≤ ν0. Òîäi

|ω(t, x)| ≤ ν0 · ‖f‖p · t[γ]/γ ≡ ν1t
[γ]/γ,

äå ñòàëà ν1 íå çàëåæèòü âiä t i x. Öèì äîâå-
äåíî, ùî ω(t, x) → 0 ïðè t → +0 ðiâíîìiðíî
íà âiäðiçêó [−c, c] ⊂ (a, b).
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Òåîðåìà äîâåäåíà.
Ñèìâîëîì

◦
MΦ ïîçíà÷èìî êëàñ óñiõ ìóëü-

òèïëiêàòîðiâ ó ïðîñòîði
◦
Φ.

Òåîðåìà 5 (âëàñòèâiñòü ëîêàëiçàöi¨).
Íåõàé f ∈ (

◦
Φ∗)′, u(t, x) � ðîçâ'ÿçîê çàäà÷i

Êîøi (1), (6), ïîáóäîâàíèé çà ôóíêöi¹þ f .
ßêùî óçàãàëüíåíà ôóíêöiÿ f çáiãà¹òüñÿ íà
iíòåðâàëi (a, b) ⊂ R, ÿêèé ìiñòèòü òî÷êó
0, ç ôóíêöi¹þ g ∈ ◦

MΦ, òî u(t, x) → g(x)
ïðè t → +0 íà äîâiëüíîìó âiäðiçêó [−c, c] ⊂
(a, b).

Äîâåäåííÿ. Íåõàé [−c, c] ⊂ [−b1, b1] ⊂
(a, b), ν � îñíîâíà ôóíêöiÿ, ïîáóäîâàíà ïðè
äîâåäåííi òåîðåìè 4. Îñêiëüêè ν(f − g) = 0
íà (a, b), òî çà äîâåäåíèì ó òåîðåìi 4

< ν(f − g), T x
ξ G(t, ξ) >→ 0, t → +0,

< (1− ν)f, T x
ξ G(t, ξ) >→ 0, t → +0,

ðiâíîìiðíî ïî x ∈ [−c, c]. Êðiì òîãî,

u(t, x) =< fξ, T
x
ξ G(t, ξ) >=

=< ν(f − g), T x
ξ G(t, ξ) > +

+ < (1−ν)f, T x
ξ G(t, ξ) > + < νg, T x

ξ G(t, ξ) >,

ïðè÷îìó

< νg, T x
ξ G(t, ξ) >=

=

∞∫

0

T x
ξ G(t, ξ)ν(ξ)g(ξ)ξ2ν+1dξ ≡ I(t, x).

Îòæå, äëÿ äîâåäåííÿ òåîðåìè äîñèòü
âñòàíîâèòè, ùî I(t, x) → (νg)(x) ïðè t → +0
íà âiäðiçêó [−c, c] ⊂ (a, b). Iç âëàñòèâîñòåé
ôóíêöi¨ νg òà îïåðàòîðà óçàãàëüíåíîãî çñó-
âó àðãóìåíòó âèïëèâà¹, ùî

∞∫

0

T x
ξ G(t, ξ)ν(ξ)g(ξ)ξ2ν+1dξ =

=

∞∫

0

G(t, ξ)T x
ξ (ν(ξ)g(ξ))ξ2ν+1dξ.

Òàêèì ÷èíîì,

I(t, x) =< G(t, ξ), T x
ξ (ν(ξ)g(ξ)) > .

Îñêiëüêè νg ∈ ◦
MΦ, òî íà ïiäñòàâi òåîðåìè

2 òâåðäèìî, ùî

I(t, x)−→
t→+0

< δξ, T
x
ξ (ν(ξ)g(ξ)) >≡

≡< δξ, T
ξ
x (ν(x)g(x)) >=

= T 0
x (ν(x)g(x)) = bν ·

π∫

0

ν(x)g(x) sin2ν ωdω =

= bνν(x)g(x) ·
π∫

0

sin2ν ωdω,

äå bν = Γ(ν + 1)/(Γ(1/2)Γ(ν + 1/2)). Ñêîðè-
ñòàâøèñü ôîðìóëîþ

π∫

0

sin2ν ωdω =
√

π
Γ(ν + 1/2)

Γ(ν + 1)
, ν ≥ 0,

çíàõîäèìî, ùî I(t, x) → ν(x)g(x) ïðè t → +0
ó êîæíié òî÷öi x ∈ [−c, c]. Òåîðåìà äîâåäåíà.
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