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ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ Â ÃIËÜÁÅÐÒÎÂÎÌÓ ÏÐÎÑÒÎÐI ÍÅ

ÐÎÇÂ'ßÇÀÍÈÕ ÂIÄÍÎÑÍÎ �ÏÎÕIÄÍÎ��
Â äàíié ðîáîòi âèêîðèñòîâóþ÷è ìåòîä ïîñëiäîâíèõ íàáëèæåíü Ïiêàðà îòðèìàíî ðåçóëü-

òàòè ùîäî iñíóâàííÿ i ¹äèíîñòi ñèëüíèõ ðîçâ'ÿçêiâ ñòîõàñòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü íå
ðîçâ'ÿçàíèõ âiäíîñíî "ïîõiäíî¨" â ãiëüáåðòîâîìó ïðîñòîði.

Using the Picard method, we obtain su�cient conditions for the existence and uniqueness
of strong solutions of stochastic di�erential equations unsolved relatively to the "derivative"in a
Hilbert space.

Âñòóï Ðîçãëÿäà¹òüñÿ ïðîñòið (H, (·, ·), ‖ ·
‖) � ñåïàðàáåëüíèé ãiëüáåðòîâèé ïðîñòið ç
ñêàëÿðíèì äîáóòêîì (·, ·) òà íîðìîþ ‖ · ‖. Â
íüîìó, íà éìîâiðíiñíîìó ïðîñòîði (Ω,F, P ),
ðîçãëÿäà¹òüñÿ ñòîõàñòè÷íå äèôåðåíöiàëüíå
ðiâíÿííÿ

d[X(t) + g(t,X(t))] = [A(t)X(t)+

f(t,X(t))]dt + σ(t,X(t))dW (t), (1)

X(0) = x0, (2)
t ∈ [0, T ], x ∈ H, A(t) : [0, T ] × H → H � ëi-
íiéíèé, íåïåðåðâíèé ïî t îïåðàòîð, òàêèé,
ùî äëÿ êîæíîãî t ∈ [0, T ], A(t) � îáìåæåíèé
îïåðàòîð; f(t, x), σ(t, x), g(t, x) : [0, T ]×H →
H � íåïåðåðâíi ïî t îïåðàòîð-ôóíêöi¨; W (t)
� ñêàëÿðíèé âiíåðiâñüêèé ïðîöåñ, âèçíà÷å-
íèé äëÿ t ≥ 0, íà éìîâiðíiñíîìó ïðîñòîði
(Ω,F, P ); {Ft, t ∈ [0, T ]} � ïîòiê σ-àëãåáð
óçãîäæåíèé ç ïðîöåñîì W (t).

Iñíó¹ íèçêà ðîáiò, ïðèñâÿ÷åíèõ iñíóâàííþ
i ¹äèíîñòi ñèëüíèõ òà ñëàáêèõ ðîçâ'ÿçêiâ ñòî-
õàñòè÷íèõ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü ÿê â ñêií÷åííîâèìiðíèõ òàê i ãiëüáåð-
òîâèõ ïðîñòîðàõ, òà ðîçðîáëåíi ìåòîäè ¨õ ïî-
áóäîâè (äèâ. [1-3]).

Òàêîæ áàãàòüìà àâòîðàìè äîñëiäæóâàëà-
ñÿ ïðîáëåìà iñíóâàííÿ, ¹äèíîñòi òà àñèì-
ïòîòè÷íî¨ ïîâåäiíêè ðîçâ'ÿçêiâ ñòîõàñòè-
÷íèõ ðiâíÿíü íåéòðàëüíîãî òèïó â ïðîñòî-
ðàõ ñêií÷åííî¨ ðîçìiðíîñòi (äèâ. [4-7]).

Ïèòàííÿ iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿçêiâ
ñòîõàñòè÷íèõ ðiâíÿíü íåéòðàëüíîãî òèïó â
ãiëüáåðòîâèõ ïðîñòîðàõ çàëèøàþòüñÿ âiä-
êðèòèìè. Ïîäîëàííþ öèõ ïðîáëåì i ïðèñâÿ-
÷åíà äàíà ðîáîòà.

Iñíóâàííÿ i ¹äèíiñòü
Ó ãiëüáåðòîâîìó ïðîñòîði H ïîðó÷ ç ðiâ-

íÿííÿì (1) ðîçãëÿíåìî çâè÷àéíå äèôåðåíöi-
àëüíå ðiâíÿííÿ âèãëÿäó

dX(t) = A(t)X(t)dt, (3)

ç òèì æå îïåðàòîðîì A(t), ùî i ó ðiâíÿííi
(1). Î÷åâèäíî, ùî iñíó¹ äîäàòíà ñòàëà KA,
òàêà ùî

sup
t∈[0,T ]

‖A(t)‖ ≤ KA. (4)

Íåõàé U(t, s) � åâîëþöiéíèé îïåðàòîð ðiâíÿ-
ííÿ (3). Ç [8,c.147], î÷åâèäíèì ÷èíîì îòðè-
ìó¹ìî, ùî iñíó¹ äîäàòíà ñòàëà KU , òàêà, ùî

sup
0≤s≤t≤T

‖U(t, s)‖ ≤ KU . (5)

Ïðèïóñòèìî, ùî iñíóþòü äîäàòíi ñòàëi
K,L, òàêi, ùî äëÿ t ∈ [0, T ], x, y ∈ H âèêî-
íóþòüñÿ íàñòóïíi ñïiââiäíîøåííÿ.

‖f(t, x)‖+ ‖σ(t, x)‖+ ‖g(t, x)‖ ≤
≤ K(1 + ‖x‖), (6)

‖f(t, x)− f(t, y)‖+ ‖σ(t, x)− σ(t, y)‖+
+‖g(t, x)− g(t, y)‖ ≤ L(‖x− y‖). (7)
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Ðîçãëÿíåìî áàíàõîâèé ïðîñòið BT � ïðî-
ñòið H-çíà÷íèõ, Ft - âèìiðíèõ, ç éìîâiðíi-
ñòþ 1 íåïåðåðâíèõ ïî t âèïàäêîâèõ ïðîöåñiâ
ξ(t, ω) : [0, T ]× Ω → H, ç íîðìîþ

‖ξ‖BT
=

{
E sup

t∈[0,T ]

‖ξ(t)‖2

}1/2

< ∞. (8)

Äëÿ ïîäàëüøîãî äîñëiäæåííÿ íàì áóäå
íåîáõiäíà íàñòóïíà ëåìà.

Ëåìà. Ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ

X(t) = U(t, 0)(x0 + g(0, x0))− g(t,X(t))−

−
t∫

0

U(t, s)A(s)g(s,X(s))ds+

+

t∫

0

U(t, s)f(s,X(s))ds+

+

t∫

0

U(t, s)σ(s,X(s))dW (s) (9)

¹ ñèëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (1) ç ïî÷à-
òêîâîþ óìîâîþ (2).

Äîâåäåííÿ. Äëÿ äîâåäåííÿ äîñèòü ïåðå-
ïèñàòè ðiâíiñòü (9) ó âèãëÿäi

X(t) + g(t,X(t)) = U(t, 0)(x0 + g(0, x0))−

−
t∫

0

U(t, s)A(s)g(s,X(s))ds+

+

t∫

0

U(t, s)f(s,X(s))ds+

+

t∫

0

U(t, s)σ(s,X(s))dW (s)

i îá÷èñëèòè ñòîõàñòè÷íèé äèôåðåíöiàë âiä
îáîõ ÷àñòèí îñòàííüî¨ ðiâíîñòi.

Äëÿ äîâiëüíèõ f, σ ∈ BT ðîçãëÿíåìî íà-
ñòóïíå ñòîõàñòè÷íå ðiâíÿííÿ

d[X(t) + g(t,X(t))] = [A(t)X(t)+

+f(t)]dt + σ(t)dW (t), (10)

X(0) = x0,

i âèçíà÷èìî îïåðàòîð Ψ : BT → BT , ùî äi¹
çà ïðàâèëîì

(ΨX)(t) = U(t, 0)(x0 + g(0, x0))−

−g(t,X(t))−
t∫

0

U(t, s)A(s)g(s,X(s))ds+

+

t∫

0

U(t, s)f(s)ds+

+

t∫

0

U(t, s)σ(s)dW (s). (11)

Äëÿ äîâåäåííÿ iñíóâàííÿ i ¹äèíîñòi
ðîçâ'ÿçêó ðiâíÿííÿ (1) íàì íåîáõiäíi áóäóòü
äåÿêi äîïîìiæíi ðåçóëüòàòè.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè
(4),(5),(6),(7), ïðè÷îìó ñòàëi K,L, KA, KU

ïîâ'ÿçàíi ñïiââiäíîøåííÿì

K2
U + L2K2

U + L2 + T 3KAK2
UL2 <

1

4
. (12)

Òîäi ðiâíÿííÿ (10) ìà¹ ¹äèíèé ðîçâ'ÿçîê íà
âiäðiçêó [0, T ].

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òåîðåìè âè-
êîðèñòà¹ìî âèùå îçíà÷åíèé îïåðàòîð Ψ.
Ëåãêî ïîêàçàòè éîãî ñåðåäíüîêâàäðàòè÷íó
íåïåðåðâíiñòü, îöiíèâøè äëÿ X ∈ BT , t ∈
[0, T ] i äîñèòü ìàëîãî h âèðàç

E‖(ΨX)(t + h)− (ΨX)(t)‖2.

Ïîêàæåìî, ùî Ψ(BT ) ⊂ BT . Äiéñíî ëåã-
êî áà÷èòè, ùî äëÿ X ∈ BT , t ∈ [0, T ]
E sup

t∈[0,T ]

‖(ΨX)(t)‖2 < ∞.

Ft-âèìiðíiñòü åëåìåíòà (ΨX)(t) î÷åâè-
äíèì ÷èíîì âèïëàâà¹ ç éîãî ïðåäñòàâëåííÿ.
Òàêèì ÷èíîì ìè îòðèìàëè, ùî Ψ : BT →
BT .

Äîâåäåìî, ùî âiäîáðàæåííÿ Ψ ìà¹ ¹äèíó
íåðóõîìó òî÷êó, äëÿ öüîãî ïîêàæåìî, ùî Ψ
¹ âiäîáðàæåííÿì ñòèñêó. Âèáåðåìî äîâiëüíi
X,Y ∈ BT , òîäi ïðîâîäÿ÷è î÷åâèäíi îöiíêè,
îòðèìà¹ìî

E sup
t∈[0,T ]

‖(ΨX)(t)− (ΨY )(t)‖2 ≤
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≤ βE sup
t∈[0,T ]

‖X(t)− Y (t)‖2,

äå β = 4(K2
U + L2K2

U + L2 + T 3K2
UK2

AL2).
Ç óìîâè òåîðåìè âèïëèâà¹, ùî β < 1, à

çíà÷èòü îïåðàòîð Ψ ¹ îïåðàòîðîì ñòèñêó i
ìà¹ ¹äèíó íåðóõîìó òî÷êó, êîòðà ¹ ðîçâ'ÿç-
êîì ðiâíÿííÿ (10). Òåîðåìó äîâåäåíî.

Âèçíà÷èìî îïåðàòîð Φ : B2
T → BT íàñòó-

ïíèì ÷èíîì

Φ(f, σ) = X,

X(t) = U(t, 0)(x0 + g(0, x0))−

−g(t,X(t))−
t∫

0

U(t, s)A(s)g(s,X(s))ds+

+

t∫

0

U(t, s)f(s)ds +

t∫

0

U(t, s)σ(s)dW (s),

(13)
äå X(t) � ðîçâ'ÿçîê ðiâíÿííÿ (10).

Ëåìà 1. Íåõàé âèêîíóþòüñÿ
óìîâè (4),(5),(6),(7), ïðè÷îìó
L < 1/2, K < 1/

√
10. Òîäi iñíóþòü äî-

äàòíi ñòàëi MΦ,MΦ, DΦ, òàêi, ùî äëÿ
äîâiëüíèõ f1, σ1, f2, σ2 ∈ BT âèêîíóþòüñÿ
íåðiâíîñòi

E sup
s∈[0,t]

‖Φ(f1, σ1)(s)‖2 ≤

≤ DΦ + MΦ

t∫

0

(E‖f1(τ)‖2 + E‖σ1(τ)‖2)dτ .

(14)
E sup

s∈[0,t]

‖Φ(f1, σ1)(s)− Φ(f2, σ2)(s)‖2 ≤

≤ MΦ

t∫

0

(
E‖f1(τ)− f2(τ)‖2+

+E‖σ1(τ)− σ2(τ)‖2
)
dτ. (15)

Äîâåäåííÿ äàíèõ íåðiâíîñòåé áàçó¹òüñÿ
íà îöiíöi ëiâèõ ÷àñòèí âèðàçiâ (14) òà (15)
ç âèêîðèñòàííÿì îçíà÷åííÿ îïåðàòîðà Φ òà
óçàãàëüíåíî¨ ëåìè Ãðîíóîëëà-Áåëëìàíà.

Âèêîðèñòà¹ìî ìåòîä ïîñëiäîâíèõ íàáëè-
æåíü Ïiêàðà. Ïîáóäó¹ìî ïîñëiäîâíiñòü Xn ∈
BT çà íàñòóïíèìè ðåêóðåíòíèìè ñïiââiäíî-
øåííÿìè

Xn(t) = U(t, 0)(x0 + g(0, x0))−

−g(t,Xn(t))−
t∫

0

U(t, s)A(s)g(s,Xn(s))ds+

+

t∫

0

U(t, s)f(s,Xn−1(s))ds+

+

t∫

0

U(t, s)σ(s,Xn−1(s))dW (s), (16)

n ≥ 1, t ∈ [0, T ]. X0(t) âèçíà÷èìî ÿê ðîçâ'ÿ-
çîê ðiâíÿííÿ (13) ç f ≡ σ ≡ 0.

Î÷åâèäíî, ùî

Xn = Φ(f(·, Xn−1(·)), σ(·, Xn−1(·))),
äå Φ � îïåðàòîð âèçíà÷åíèé â (13).

Ïîáóäó¹ìî îïåðàòîð Π : BT → BT , ùî äi¹
çà ïðàâèëîì

(ΠX)(t) = [Φ(f(·, X(·)), σ(·, X(·)))](t).
Ëåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè

Ëåìè 2. Òîäi iñíóþòü äîäàòíi ñòàëi
DΠ,MΠ,MΠ, òàêi, ùî äëÿ äîâiëüíèõ X, Y ∈
BT âèêîíóþòüñÿ îöiíêè

E sup
s∈[0,t]

‖(ΠX)(s)‖2 ≤

≤ DΠ + MΠ

∫ t

0

E sup
r∈[0,s]

‖X(r)‖2ds, (17)

E sup
s∈[0,t]

‖(ΠX)(s)− (ΠY )(s)‖2 ≤

≤ MΠ

∫ t

0

E sup
r∈[0,s]

‖X(r)− Y (r)‖2ds. (18)

Äîâåäåííÿ äàíî¨ ëåìè ëåãêî îòðèìàòè ç
ëåìè 2.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè
Òåîðåìè 1 òà Ëåìè 2.
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Òîäi ðiâíÿííÿ (1) ìà¹ ¹äèíèé ñèëüíèé
ðîçâ'ÿçîê íà âiäðiçêó [0, T ].

Äîâåäåííÿ. Iñíóâàííÿ.
Ç ïîáóäîâè ïîñëiäîâíîñòi Xn ìîæåìî ëåã-

êî îòðèìàòè, ùî iñíó¹ äîäàòíà ñòàëà C,
íåçàëåæíà âiä t òàêà, ùî E sup

s∈[0,t]

‖X1(s) −
X0(s)‖2 ≤ C2. Ç âèãëÿäó îïåðàòîðà Π, çà ëå-
ìîþ 3 ìîæåìî çàïèñàòè

E sup
s∈[0,t]

‖Xn+1(s)−Xn(s)‖2 ≤

≤ MΠ

∫ t

0

E sup
r∈[0,s]

‖Xn(r)−Xn−1(r)‖2ds.

(19)
çâiäêè, iíòåãðóþ÷è îñòàííþ íåðiâíiñòü ìà¹-
ìî, ùî

E sup
s∈[0,t]

‖Xn+1(s)−Xn(s)‖2 ≤ C2 (MΠT )n

n!
,

ç ÷îãî ñëiäó¹ ôóíäàìåíòàëüíiñòü ïîñëiäîâ-
íîñòi Xn â BT . Ïîçíà÷èìî X := lim

n→∞
Xn. Ïå-

ðåõîäÿ÷è â (16) äî ãðàíèöi, îòðèìà¹ìî (9).
Äëÿ äîâåäåííÿ ¹äèíîñòi ïðèïóñòèìî, ùî

X,Y � äâà ðîçâ'ÿçêè ðiâíÿííÿ (1). Çà ëå-
ìîþ 3

E sup
s∈[0,t]

‖X(s)− Y (s)‖2 ≤

≤ MΠ

∫ t

0

E sup
r∈[0,s]

‖X(r)− Y (r)‖2ds.

Îñòàíí¹ âèêîíó¹òüñÿ òiëüêè òîäi, êîëè
E sup

s∈[0,t]

‖X(s) − Y (s)‖2 = 0.. Òåîðåìó äîâå-
äåíî.
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