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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÄÎÑËIÄÆÅÍÍß ÑÒIÉÊÎÑÒI ÐÎÇÂ'ßÇÊIÂ ÐIÇÍÈÖÅÂÈÕ ÐIÂÍßÍÜ Ó
ÊÐÈÒÈ×ÍÎÌÓ ÂÈÏÀÄÊÓ

Ðîçãëÿäà¹òüñÿ ñèñòåìà íåëiíiéíèõ ðiçíèöåâèõ ðiâíÿíü. Äîâåäåíî iñíóâàííÿ iíòåãðàëüíèõ
ìíîãîâèäiâ òà ïðèíöèï çâåäåííÿ äëÿ äîñëiäæåííÿ ñòiéêîñòi. Ñòiéêiñòü òðèâiàëüíîãî ðîçâ'ÿçêó
ñèñòåìè åêâiâàëåíòíà ñòiéêîñòi òðèâàiëüíîãî ðîçâ'ÿçêó äåÿêî¨ ñèñòåìè ðiçíèöåâèõ ðiâíÿíü íà
ìíîãîâèäi.

We consider a system of nonlinear di�erence equations and prove the existence of integral
manifolds. We prove the reduction principle for investigation of stability. The stability of the trivial
solution of a system is equivalent to the stability of the trivial solution of some system of di�erence
equations on a manifold.

Äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü
ïèòàííÿ iñíóâàííÿ i ñòiéêîñòi iíòåãðàëüíèõ
ìíîæèí ó êðèòè÷íîìó âèïàäêó ðîçãëÿäàëè-
ñÿ, çîêðåìà, ó ïðàöÿõ [1 � 3], à äëÿ ðiçíè-
öåâèõ ðiâíÿíü � â [4 � 7]. Ó öié ñòàòòi äî-
ñëiäæó¹òüñÿ ñòiéêiñòü òðèâiàëüíîãî ðîçâ'ÿç-
êó íåëiíiéíî¨ ñèñòåìè ðiçíèöåâèõ ðiâíÿíü ó
êðèòè÷íîìó âèïàäêó.

Ðîçãëÿíåìî ñèñòåìó ðiçíèöåâèõ ðiâíÿíü

yn+1 = Anyn + fn(yn, zn),

zn+1 = Bnzn + gn(yn, zn), (1)

äå n ∈ Z, yn ∈ Rν , zn ∈ Rm−ν , An � ïîñëiäîâ-
íiñòü ìàòðèöü ðîçìiðíîñòi ν× ν, Bn � ïîñëi-
äîâíiñòü ìàòðèöü ðîçìiðíîñòi (m−ν)×(m−
ν), ôóíêöi¨ fn òà gn çàäîâîëüíÿþòü óìîâè

fn(0, 0) = gn(0, 0) = 0,

‖fn(y, z)− fn(y, z)‖ ≤ L(‖y − y‖+ ‖z − z‖),
(2)

‖gn(y, z)− gn(y, z)‖ ≤ L(‖y − y‖+ ‖z − z‖)
ïðè âñiõ n ∈ Z, {y, y} ⊂ Rν , {z, z} ⊂ Rm−ν .

Ïîðÿä iç ñèñòåìîþ (1) ðîçãëÿíåìî ëiíiéíi
ñèñòåìè

yn+1 = Anyn, zn+1 = Bnzn. (3)

Íåõàé ìàòðèöi Bn íåâèðîäæåíi ïðè âñiõ
n ∈ Z. Ïîçíà÷èìî ÷åðåç G+(n, s) òà G−(n, s)

ôóíäàìåíòàëüíi ìàòðèöi ðîçâ'ÿçêiâ ñèñòåì
(3), òàêi, ùî G+(s, s) = E, G−(s, s) = E, äå
E � îäèíè÷íi ìàòðèöi âiäïîâiäíèõ ðîçìiðíî-
ñòåé. Íåõàé âèêîíóþòüñÿ íåðiâíîñòi

‖G+(n, s)‖ ≤ Kρn−s, n ≥ s, (4)

‖G−(n, s)‖ ≤ Kγn−s, n ≤ s, (5)

äå 0 < ρ < γ ≤ 1, K ≥ 1.
Ïîçíà÷èìî ÷ðåç xn =

(
yn zn

)T

ðîçâ'ÿ-
çîê ñèñòåìè (1) i âèçíà÷èìî íîðìó ‖xn‖ =
‖yn‖ + ‖zn‖, xn ∈ Rm. Òàêîæ áóäåìî ïîçíà-
÷àòè ÷åðåç xn(n0, xn0) ðîçâ'ÿçîê ñèñòåìè (1)
ç ïî÷àòêîâèìè äàíèìè n = n0, xn = xn0 .

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè
(2), (4), (5). Òîäi ïðè

L <
γ − ρ

8K2
(6)

iñíó¹ ïîñëiäîâíiñòü ïîâåðõîíü

S+ = {(y, z)
∣∣∣ z = hn(y), n ∈ Z, y ∈ Rν ,

z ∈ Rm−ν}, (7)

ÿêi çàäîâîëüíÿþòü óìîâè hn(0) = 0,
‖hn(y) − hn(y)‖ ≤ 1

2
‖y − y‖ i äëÿ ðîçâ'ÿç-

êó ñèñòåìè (1) ç ïî÷àòêîâèìè äàíèìè yn0,
zn0, n0, ÿêi çàäîâîëüíÿþòü ðiâíÿííÿ (7), âè-
êîíó¹òüñÿ íåðiâíiñòü

‖xn‖ ≤ 2K‖yn0‖µn−n0 ,
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äå n ≥ n0, µ = (ρ + γ)/2.
Äîâåäåííÿ. Ïîðÿä iç ñèñòåìîþ (1) ðîç-

ãëÿíåìî ñèñòåìó ðiçíèöåâèõ ðiâíÿíü

yn = G+(n, n0)c +
n−1∑
s=n0

G+(n, s + 1)fs(ys, zs),

(8)

zn = −
∞∑

s=n

G−(n, s + 1)gs(ys, zs),

äå c � ñòàëèé ν-âèìiðíèé âåêòîð.
Ñèñòåìó (8) áóäåìî ðîçâ'ÿçóâàòè ìåòîäîì

ïîñëiäîâíèõ íàáëèæåíü. Íàáëèæåííÿ âèçíà-
÷èìî çà äîïîìîãîþ òàêèõ ôîðìóë:

x(0)
n =

(
y

(0)
n

z
(0)
n

)
, x(k)

n =

(
y

(k)
n

z
(k)
n

)
,

y(k)
n = G+(n, n0)c+

+
n−1∑
s=n0

G+(n, s + 1)fs(y
(k−1)
s , z(k−1)

s ),

z(k)
n = −

∞∑
s=n

G−(n, s + 1)gs(y
(k−1)
s , z(k−1)

s ),

k = 1, 2, . . . (9)

Ïîêàæåìî, ùî ïðè áóäü-ÿêîìó c âñi ïî-
ñëiäîâíi íàáëèæåííÿ âèçíà÷åíi i çàäîâîëü-
íÿþòü îöiíêè

‖x(k)
n ‖ ≤ 2K‖c‖µn−n0 , n ≥ n0. (10)

Îöiíêó (10) âñòàíîâèìî iíäóêöi¹þ. Íó-
ëüîâå íàáëèæåííÿ, î÷åâèäíî, çàäîâîëüíÿ¹
öþ îöiíêó. Íåõàé (k − 1)-å íàáëèæåííÿ çà-
äîâîëüíÿ¹ (10). Òîäi iç ôîðìóë (9) i óìîâ òå-
îðåìè âèïëèâà¹

‖y(k)
n ‖ ≤ K‖c‖ρn−n0 +

n−1∑
n=n0

2K2L‖c‖ρn−s−1µs−n0,

‖z(k)
n ‖ ≤

∞∑
s=n

2K2L‖c‖γn−s−1µs−n0 .

Çâiäñè

‖y(k)
n ‖ ≤ K‖c‖ρn−n0 +

2K2L‖c‖
µ− ρ

µn−n0 ,

‖z(k)
n ‖ ≤ 2K2L‖c‖

γ − µ
µs−n0 .

Iç öèõ íåðiâíîñòåé âèïëèâà¹, ùî ÿêùî
L < (γ−ρ)/(8K), µ = (ρ+γ)/2, òî íåðiâíiñòü
(10) âèêîíó¹òüñÿ.

Ïîêàæåìî, ùî x
(k)
n (c) çàäîâîëüíÿ¹ óìîâó

Ëiïøèöÿ
‖x(k)

n (c)− x(k)
n (c)‖ ≤ 2K‖c− c‖µn−n0 (11)

i ïðè öüîìó

‖z(k)
n (c)− z(k)

n (c)‖ ≤ 2K2L

γ − µ
‖c− c‖µn−n0 ,

n ≥ n0. (12)

Îöiíêè (11) i (12) âñòàíîâèìî iíäóêöi¹þ.
Íóëüîâå íàáëèæåííÿ çàäîâîëüíÿ¹ öi îöiíêè.
Ïðèïóñòèìî, ùî (k− 1)-å íàáëèæåííÿ ¨õ çà-
äîâîëüíÿ¹, òîäi iç ôîðìóëè (9) îäåðæèìî íå-
ðiâíîñòi

‖y(k)
n (c)− y(k)

n (c)‖ ≤ K‖c− c‖ρn−n0+

+
n−1∑
s=n0

2K2L‖c− c‖ρn−s−1µs−n0 ,

‖z(k)
n (c)−z(k)

n (c)‖ ≤
∞∑

s=n

2K2L‖c−c‖γn−s−1µs−n0 .

Çâiäñè, òàê ñàìî, ÿê i ðàíiøå, îäåðæèìî
îöiíêè (11) i (12).

Ïîêàæåìî òåïåð, ùî äëÿ âñiõ k âèêîíó¹-
òüñÿ íåðiâíiñòü

‖x(k)
n (c)−x(k−1)

n (c)‖ ≤ K‖c‖
(

4KL

γ − ρ

)k−1

µn−n0 ,

(13)
äå µ = (ρ + γ)/2, n ≥ n0.

Ïðè k = 1 öÿ íåðiâíiñòü, î÷åâèäíî, âè-
êîíó¹òüñÿ. Ïðèïóñòèìî çà iíäóêöi¹þ, ùî
(13) âèêîíó¹òüñÿ. Îöiíèìî ðiçíèöþ ‖x(k+1)

n −
x

(k)
n ‖. Iç (9) çíàõîäèìî

‖y(k+1)
n −y(k)

n ‖ ≤
n−1∑
s=n0

Kρn−s−1L‖x(k)
s −x(k−1)

s ‖,

‖z(k+1)
n − z(k)

n ‖ ≤
∞∑

s=n

Kγn−s−1L‖x(k)
s − x(k−1)

s ‖.
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Çâiäñè, çãiäíî ç (13), îäåðæèìî

‖y(k+1)
n − y(k)

n ‖ ≤ K‖c‖
(

4KL

γ − ρ

)k−1
KL

µ− ρ
µn−n0 ,

‖z(k+1)
n − z(k)

n ‖ ≤ K‖c‖
(

4KL

γ − ρ

)k−1
KL

γ − µ
µn−n0 ,

n ≥ n0.

Çâiäñè çíàõîäèìî, ùî

‖x(k+1)
n − x(k)

n ‖ ≤ K‖c‖
(

4KL

γ − ρ

)k

µn−n0 ,

n ≥ n0.

Ìè îäåðæàëè íåðiâíiñòü âèãëÿäó (13), ÿêùî
çàìiíèòè k íà k + 1. Îòæå, íåðiâíiñòü (13)
äîâåäåíà.

Iç îöiíêè (13) âèïëèâà¹, ùî ÿêùî L <
γ − ρ

4K
, òî ïîñëiäîâíiñòü x

(k)
n (n0, c) çáiãà¹òüñÿ

ðiâíîìiðíî äëÿ âñiõ c òà n ≥ n0. Ïîçíà-
÷èìî lim

k→∞
x

(k)
n (n0, c) = xn(n0, c), xn(n0, c) =

(
yn(n0, c)

zn(n0, c)

)
.

Iç íåðiâíîñòi (10) âèïëèâà¹ íåðiâíiñòü

‖xn(n0, c)‖ ≤ 2K‖c‖µn−n0 , n ≥ n0. (14)

Iç íåðiâíîñòåé (11) i (12) âèïëèâàþòü íåðiâ-
íîñòi

‖xn(n0, c)− xn(n0, c)‖ ≤ 2K‖c− c‖µn−n0 ,

‖zn(n0, c)− zn(n0, c)‖ ≤ 2K2L

γ − µ
‖c− c‖µn−n0 ,

n ≥ n0. (15)

ßêùî ïåðåéòè äî ãðàíèöi ó ôîðìóëàõ (9),
òî ïåðåêîíà¹ìîñÿ, ùî ïîñëiäîâíiñòü xn(n0, c)
¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (8) i ñèñòåìè
(1).

Iç ðiâíîñòåé (8) ïðè n = n0 îäåðæèìî

yn0(n0, c) = c, zn0(n0, c) =

= −
∞∑

s=n0

G−(n0, s + 1)gs(ys(n0, c), zs(n0, c)).

Íåõàé òåïåð zn0(n0, y) = hn0(y). Iç îöiíîê
(14) i (15) âèïëèâà¹, ùî ôóíêöiÿ hn(y) çàäî-
âîëüíÿ¹ òâåðäæåííÿ òåîðåìè. Iç óìîâè (6)
âèïëèâà¹ îöiíêà ‖hn(y)− hn(y)‖ ≤ 1

2
‖y − y‖.

Òåîðåìà 1 äîâåäåíà.
Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè

(2), (4), (5), (6). Òîäi iñíó¹ ïîñëiäîâíiñòü
ïîâåðõîíü S− = {(y, z)

∣∣∣ y = Hn(z), n ∈
Z, z ∈ Rm−ν , y ∈ Rν}, ÿêi çàäîâîëüíÿþòü
óìîâè

Hn(0) = 0, ‖Hn(z)−Hn(z)‖ ≤ 1

2
‖z− z‖ (16)

i äëÿ ðîçâ'ÿçêó ñèñòåìè (1) ç ïî÷àòêîâèìè
äàíèìè yn0, zn0, n0, ÿêi çàäîâîëüíÿþòü ðiâ-
íÿííÿ y = Hn(z), âèêîíó¹òüñÿ íåðiâíiñòü

‖xn‖ ≤ 2K‖zn0‖µn−n0 ,

äå n ≤ n0, µ =
ρ + γ

2
.

Äîâåäåííÿ òåîðåìè 2 ìîæíà ïðîâåñòè
òèì æå øëÿõîì, ùî i äîâåäåííÿ òåîðåìè 1.

Ïåðåéäåìî äî âñòàíîâëåííÿ ïðèíöèïó
çâåäåííÿ äëÿ ñèñòåìè (1). Äëÿ öüîãî àíàëî-
ãi÷íî [2] âèêîðèñòà¹ìî ïîáóäîâàíi ïîâåðõíi
S−, S+ i äîâåäåìî, ùî ñòiéêiñòü ñèñòåìè (1)
ðiâíîñèëüíà ñòiéêîñòi äåÿêî¨ ñèñòåìè ìåíøî¨
ðîçìiðíîñòi.

Íåõàé n = p � äåÿêå ÷èñëî (ïî÷àòêîâèé
ìîìåíò). Áóäåìî ðîçãëÿäàòè òåïåð ïîâåðõíi
S− ïðè n ≥ p i ïîêàæåìî, ùî ïîâåðõíi S−

ñòiéêi â òîìó ðîçóìiííi, ùî âîíè ïðèòÿãóþòü
äî ñåáå âñi áëèçüêi ðîçâ'ÿçêè xn (n ≥ p).

Çàóâàæèìî, ùî ïîâåäiíêà ðîçâ'ÿçêiâ ñè-
ñòåìè (1) íà iíòåãðàëüíèõ ïîâåðõíÿõ S− îïè-
ñó¹òüñÿ ðiâíÿííÿì

wn+1 = Bnwn + gn(Hn(wn), wn). (17)

Âåêòîð-ôóíêöiÿ gn(Hn(w), w) ïåðåòâîðþ-
¹òüñÿ â íóëü ïðè w = 0 i çàäîâîëüíÿ¹ óìîâó
Ëiïøèöÿ âiäíîñíî w.

Íåõàé xp ∈ Rm, xp =

(
yp

zp

)
, xn(p, xp) =

(
yn(p, xp)

zn(p, xp)

)
� ðîçâ'ÿçîê ñèñòåìè (1) ç ïî÷à-

òêîâèìè äàíèìè n = p, xn = xp.
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Òåîðåìà 3. Íåõàé xn(p, xp) � äîâiëüíèé
ðîçâ'ÿçîê ñèñòåìè (1) ç ïî÷àòêîâèìè äàíè-
ìè n = p, xn = xp. Ïðè óìîâàõ òåîðåì 1 òà
2 iñíó¹ ðîçâ'ÿçîê ϕn(p, α), α ∈ Rm−ν, ñèñòå-
ìè (1), ùî íàëåæèòü S− i òàêèé, ùî âiðíà
îöiíêà

‖xn − ϕn(p, α)‖ ≤ 2K‖yp −Hp(α)‖µn−p,

n ≥ p, 0 < µ < 1. (18)

Äîâåäåííÿ. Ïîêàæåìî, ùî íà S− iñíó¹
ðîçâ'ÿçîê, äî ÿêîãî xn(p, xp) ïðÿìó¹ ïðè n →
+∞. Ïîçíà÷èìî ÷åðåç xn = ϕn(p, α), äå α
� ñòàëèé âåêòîð, α ∈ Rm−ν , ðîçâ'ÿçîê ñè-
ñòåìè (1), ùî ìiñòèòüñÿ íà S−. Ïîçíà÷èìî
ϕn(p, α) =

(
ψn(p, α)

χn(p, α)

)
, òîäi ðîçâ'ÿçîê xn =

ϕn(p, α) áóäå ìàòè ïî÷àòêîâi äàíi χp(p, α) =
α, ψp(p, α) = Hp(α). Ïîêàæåìî, ùî ïðè ôi-
êñîâàíîìó p êîæíîìó m-âèìiðíîìó âåêòîðó
xp âiäïîâiäà¹ (m− ν)-âèìiðíèé âåêòîð α òà-
êèé, ùî

‖xn(p, xp)− ϕn(p, α)‖ → 0 ïðè n →∞.
(19)

Çðîáèìî â ñèñòåìi (1) çàìiíó çìiííèõ
un = yn − ψn(p, α), vn = zn − χn(p, α), òîäi
îäåðæèìî ñèñòåìó

un+1 = Aun + Un(un, vn, α),

vn+1 = Bvn + Vn(un, vn, α), (20)

äå Un(un, vn, α) = fn(yn, zn) − fn(ψn, χn),
Vn(un, vn, α) = gn(yn, zn) − gn(ψn, χn).
Âåêòîð-ôóíêöi¨ Un òà Vn íåïåðåðâíi çà âñiìà
ñâî¨ìè àðãóìåíòàìè i çàäîâîëüíÿþòü óìîâó
Ëiïøèöÿ ç êîíñòàíòîþ L âiäíîñíî un òà vn.
Çà òåîðåìîþ 1 ñèñòåìà (20) ìà¹ iíòåãðàëü-
íi ïîâåðõíi S+ âèãëÿäó vn = hn(un, α), äå
âåêòîð-ôóíêöiÿ hn çàäîâîëüíÿ¹ òàêi óìîâè:

hn(0, α) = 0, ‖hn(u, α)−hn(u, α)‖ ≤ 1

2
‖u−u‖.

(21)
Ôóíêöiÿ hn çàëåæèòü âiä α íåïåðåðâíî. Êî-
æíèé ðîçâ'ÿçîê un, vn ñèñòåìè (20) ç ïî-
÷àòêîâèìè äàíèìè n = p, un = up, vp =
hp(up, α) çàäîâîëüíÿ¹ íåðiâíîñòi

‖un‖+ ‖vn‖ ≤ 2K‖up‖µn−p, n ≥ p, 0 < µ < 1.

Ïîêàæåìî, ùî iñíóþòü òàêi up i α, ùî äëÿ
ðîçâ'ÿçêó xn(p, xp) ñèñòåìè (1) i ðîçâ'ÿçêó
un, vn ñèñòåìè, ùî ëåæèòü íà ïîñëiäîâíîñòi
ïîâåðõîíü S+, âèêîíóþòüñÿ ðiâíîñòi

un = yn(p, xp)− ψn(p, α),

vn = zn(p, xp)− χn(p, α), (22)

çâiäêè i áóäå âèïëèâàòè (19).
ßêùî ðiâíîñòi (22) âèêîíóþòüñÿ ïðè n =

p, òî çãiäíî ç òåîðåìîþ ¹äèíîñòi âîíè ñïðàâ-
äæóþòüñÿ i ïðè âñiõ n ≥ p. Ïðè n = p (22)
ìàþòü âèãëÿä

up = yp −Hp(α), hp(up, α) = zp − α. (23)

Ðîçãëÿäàþ÷è (23) ÿê ñèñòåìó ðiâíÿíü âiä-
íîñíî up i α, îäåðæèìî

α = zp − hp(yp −Hp(α), α). (24)

Ïîêàæåìî, ùî öå ðiâíÿííÿ ìà¹ ðîçâ'ÿçîê
ïðè äîâiëüíèõ yp òà zp. Ðîçãëÿíåìî âiäîáðà-
æåííÿ G(α) = zp−hp(yp−Hp(α), α). Âèêîðè-
ñòîâóþ÷è âëàñòèâîñòi (21) ôóíêöi¨ hp, çíàõî-
äèìî îöiíêó ‖G(α)− zp‖ ≤ 0, 5‖yp −Hp(α)‖,
çâiäêè ‖G(α) − zp‖ ≤ 0, 5‖yp − Hp(zp)‖ +
0, 5‖Hp(zp) − Hp(α)‖. Ôóíêöiÿ Hp çàäîâîëü-
íÿ¹ óìîâó Ëiïøèöÿ (16), òîìó iç îñòàí-
íüî¨ íåðiâíîñòi âèïëèâà¹, ùî ‖G(α) − zp‖ ≤
0, 5‖yp −Hp(zp)‖+ 0, 25‖α− zp‖.

Ðîçãëÿíåìî â (m−ν)-âèìiðíîìó ïðîñòîði
êóëþ M , ùî âèçíà÷à¹òüñÿ íåðiâíiñòþ (âiäíî-
ñíî α) ‖α−zp‖ ≤ ‖yp−Hp(zp)‖. Iç íåðiâíîñòi

‖G(α)− zp‖ ≤ 0, 75‖yp −Hp(zp)‖ (25)

âèïëèâà¹, ùî âiäîáðàæåííÿ G(α) ïåðåâî-
äèòü êóëþ M â ñåáå, òîìó çãiäíî ç òåîðåìîþ
Áðàóåðà öå âiäîáðàæåííÿ ìà¹ íåðóõîìó òî-
÷êó α∗.

Îòæå, ðiâíÿííÿ (24) ìà¹ ðîçâ'ÿçîê α =
α∗, ÿêèé çãiäíî ç (25) çàäîâîëüíÿ¹ îöiíêó

‖α∗ − zp‖ ≤ 0, 75‖yp −Hp(zp)‖. (26)

Ïiäñòàâëÿþ÷è ðîçâ'ÿçîê α∗ ó ïåðøå ðiâ-
íÿííÿ (23), çíàõîäèìî, ùî ïàðà α∗, u∗p, äå
u∗p = yp −Hp(α

∗), çàäîâîëüíÿ¹ ñèñòåìó (23).
Òåîðåìà 3 äîâåäåíà.
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Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ óìî-
âè òåîðåì 1 òà 2. ßêùî íóëüîâèé ðîçâ'ÿ-
çîê ñèñòåìè (17) ñòiéêèé, àñèìïòîòè-
÷íî ñòiéêèé àáî íåñòiéêèé, òî i íóëüîâèé
ðîçâ'ÿçîê ñèñòåìè (1) âiäïîâiäíî ñòiéêèé,
àñèìïòîòè÷íî ñòiéêèé àáî íåñòiéêèé.

Äîâåäåííÿ. Íåõàé íóëüîâèé ðîçâ'ÿçîê
ñèñòåìè (17) ñòiéêèé. Âiçüìåìî äîâiëüíå ε >
0. Ïðè âèáðàíîìó ε çãiäíî ç îçíà÷åííÿì
ñòiéêîñòi çíàéäåòüñÿ òàêå δ > 0, ùî ÿêùî
‖α‖ < δ, òî ðîçâ'ÿçîê wn ñèñòåìè (17) ç ïî-
÷àòêîâîþ óìîâîþ wp = α ïðè n ≥ p çàäî-
âîëüíÿ¹ íåðiâíiñòü

‖wn‖ <
ε

2K + 1, 5
. (27)

Ðîçãëÿíåìî ðîçâ'ÿçîê xn = (yn zn)T ñè-
ñòåìè (1) ç ïî÷àòêîâèìè äàíèìè n = p,
yn = yp, zn = zp, ùî çàäîâîëüíÿþòü îöií-
êó ‖yp‖+‖zp‖ < δ/2. Iç îöiíêè (26) âèïëèâà¹
íåðiâíiñòü ‖α∗‖ < δ, à iç íåðiâíîñòåé (18) i
(27) âèïëèâà¹, ùî

‖xn‖ = ‖yn‖+ ‖zn‖ ≤ ‖ϕn(p, α)‖+ ‖xn−
−ϕn(p, α)‖ ≤ ‖Hn(wn)‖+ ‖wn‖+ 2K‖yp−

−Hp(α)‖ < ε.

Öå i äîâîäèòü ñòiéêiñòü íóëüîâîãî ðîçâ'ÿçêó
ñèñòåìè (1).

ßêùî íóëüîâèé ðîçâ'ÿçîê ñèñòåìè (17)
àñèìïòîòè÷íî ñòiéêèé, òî iç îöiíêè (18) âè-
ïëèâà¹ àñèìïòîòè÷íà ñòiéêiñòü íóëüîâîãî
ðîçâ'ÿçêó ñèñòåìè (1).

Íàðåøòi, ÿêùî íóëüîâèé ðîçâ'ÿçîê ñèñòå-
ìè (17) íåñòiéêèé, òî çà îçíà÷åííÿì i íóëüî-
âèé ðîçâ'ÿçîê ñèñòåìè (1) íåñòiéêèé. Òåîðå-
ìà 4 äîâåäåíà.

Çàóâàæåííÿ 1. Íåõàé ñèñòåìà (1) ¹ ëi-
íiéíîþ, òîáòî ôóíêöi¨ fn(y, z) òà gn(y, z) ëi-
íiéíi âiäíîñíî y, z. Ó öüîìó âèïàäêó ôóíêöi¨
hn(y) òà Hn(z) òàêîæ áóäóòü ëiíiéíèìè âiä-
íîñíî y, z. Iç òåîðåìè 3 âèïëèâà¹ iñíóâàííÿ
çàìiíè yn = un + Hn(wn), zn = wn + hn(un),
ÿêà ðîçùåïëþ¹ ñèñòåìó (1) íà äâi íåçàëåæíi
ñèñòåìè

un+1 = Anun + fn(un, hn(un)),

wn+1 = Bnwn + gn(Hn(wn), wn).

Çàóâàæåííÿ 2. Íåõàé ìàòðèöi An = A,
Bn = B íå çàëåæàòü âiä n, âñi âëàñíi çíà÷å-
ííÿ ìàòðèöi B çà ìîäóëåì ðiâíi îäèíèöi, âñi
âëàñíi çíà÷åííÿ ìàòðèöi A çà ìîäóëåì ìåí-
øi îäèíèöi, à ôóíêöi¨ fn(y, z), gn(y, z) ìîæíà
ðîçêëàñòè â ñòåïåíåâi ðÿäè ç ïåðiîäè÷íèìè
êîåôiöi¹íòàìè. Òîäi ôóíêöiþ Hn(z) òàêîæ
ìîæíà øóêàòè ó âèãëÿäi ñòåïåíåâîãî ðÿäó i
òåîðåìà 4 äîçâîëÿ¹ îáãðóíòóâàòè àëãîðèòì
äîñëiäæåííÿ ñòiéêîñòi ó êðèòè÷íîìó âèïàä-
êó.

Çàóâàæåííÿ 3. Òåîðåìè 1 òà 2 ìîæíà
óçàãàëüíèòè íà âèïàäîê ðiâíÿíü ó áàíàõîâî-
ìó ïðîñòîði, à òåîðåìè 3 òà 4 � íà âèïàäîê,
êîëè yn íàëåæàòü áàíàõîâîìó ïðîñòîðó, à zn

� ñêií÷åííîâèìiðíîìó ïðîñòîðó.
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