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ÏÐÎ ÂËÀÑÒÈÂÎÑÒI ÔÓÍÄÀÌÅÍÒÀËÜÍÎ� ÌÀÒÐÈÖI ÐÎÇÂ'ßÇÊIÂ
ÇÀÄÀ×I ÊÎØI ÄËß −→

2b-ÏÀÐÀÁÎËI×ÍÈÕ ÑÈÑÒÅÌ
Âñòàíîâëåíi äåÿêi íîâi âëàñòèâîñòi ôóíäàìåíòàëüíî¨ ìàòðèöi ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ−→

2b-ïàðàáîëi÷íèõ ñèñòåì.

Some new properties for the fundamental matrix of solutions of the Cauchy problem for −→2b-
parabolic systems are investigated.

−→
2b-ïàðàáîëi÷íèì ñèñòåìàì ðiâíÿíü

iç ÷àñòèííèìè ïîõiäíèìè, ÿêi îçíà÷åíi
Ñ.Ä.Åéäåëüìàíîì [1, 2], ïðèñâÿ÷åíi ïðàöi
ðÿäó àâòîðiâ. Îäåðæàíi äëÿ òàêèõ ñèñòåì
ðåçóëüòàòè ïiäñóìîâàíi â ìîíîãðàôi¨ [3], â
ÿêié íàâåäåíà äåòàëüíà áiáëiîãðiôiÿ âiäïî-
âiäíèõ ïðàöü. Çîêðåìà, â öèõ ïðàöÿõ äîñèòü
äåòàëüíî äîñëiäæåíà ôóíäàìåíòàëüíà ìà-
òðèöÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi (ÔÌÐÇÊ)
òà íàâåäåíi ðiçíîìàíiòíi çàñòîñóâàííÿ öi¹¨
ìàòðèöi. Ó äàíié ñòàòòi âñòàíîâëåíi äåÿêi
âëàñòèâîñòi ÔÌÐÇÊ äëÿ −→

2b-ïàðàáîëi÷íèõ
ñèñòåì, ÿêi äî öüîãî ÷àñó áóëè íåâiäîìèìè.
Àíàëîãi÷íi âëàñòèâîñòi äëÿ ïàðàáîëi÷íèõ çà
Ïåòðîâñüêèì ñèñòåì äîâåäåíi â [4].

Íåõàé n, N , b1, . . . , bn � çàäàíi íàòó-
ðàëüíi ÷èñëà, T � çàäàíå äîäàòíå ÷èñëî. Âè-
êîðèñòîâóâàòèìåìî òàêi ïîçíà÷åííÿ: −→2b :=
(2b1, . . . , 2bn); b � íàéìåíøå ñïiëüíå êðàòíå
÷èñåë b1, . . . , bn; m0 := 2b, m := (m1, . . . , mn),
mj := b/bj, j ∈ {1, . . . , n}; qj := 2bj/(2bj −
−1), j ∈ {1, . . . , n}, Zn

+ � ñóêóïíiñòü óñiõ n-
âèìiðíèõ ìóëüòèiíäåêñiâ α := (α1, . . . , αn),
Zn+1

+ � ñóêóïíiñòü óñiõ (n+1)-âèìiðíèõ ìóëü-
òèiíäåêñiâ α := (α0, α), äå α ∈ Zn

+; ΠH :=

{(t, x) ∈ Rn+1
∣∣∣ t ∈ H, x ∈ Rn}, äå H ⊂ R;

i � óÿâíà îäèíèöÿ. Äëÿ α ∈ Zn
+ ïîêëàäå-

ìî ‖α‖ :=
n∑

j=1

mjαj, à äëÿ α ∈ Zn+1

+ �

‖α‖ :=
n∑

j=0

mjαj.

Çâàæàþ÷è íà íåðiâíîïðàâíiñòü çìiííèõ
x1, . . . , xn ó −→2b-ïàðàáîëi÷íèõ ñèñòåìàõ, âèêî-
ðèñòîâóâàòèìåìî òàêó ñïåöiàëüíó âiäñòàíü
ìiæ òî÷êàìè x i y iç Rn:

p(x; y) :=

(
n∑

j=1

|xj − yj|2/mj

)1/2

. (1)

Âëàñòèâiñòü ãåëüäåðîâîñòi ôóíêöié áóäå
ðîçóìiòèñü âiäíîñíî âiäñòàíi (1). Òàê, ôóí-
êöiÿ f : Q → C, äå Q � äåÿêà ìíîæèíà òî÷îê
(t, x) ∈ Rn+1, íàçèâàòèìåòüñÿ ãåëüäåðîâîþ çà
x ðiâíîìiðíî ùîäî t ç ïîêàçíèêîì λ ∈ (0, 1)
â Q, ÿêùî iñíó¹ òàêà ñòàëà H > 0, ùî äëÿ
äîâiëüíèõ {(t, x), (t, y)} ⊂ Q ñïðàâäæó¹òüñÿ
íåðiâíiñòü

|f(t, x)− f(t, y)| ≤ H(p(x; y))λ.

Ðîçãëÿíåìî ñèñòåìó N ðiâíÿíü âèãëÿäó

L(t, x, ∂t, ∂x)u(t, x) :=

=

(
I∂t −

∑

‖α‖≤2b

aα(t, x)∂α
x

)
u(t, x) = f(t, x),

(t, x) ∈ Π(0,T ], (2)

äå I � îäèíè÷íà ìàòðèöÿ ïîðÿäêó N , aα,
‖α‖ ≤ 2b, � ìàòðèöi ðîçìiðó N × N , u :=
col(u1, . . . , uN) i f := col(f1, . . . , fN).

Ïðèïóñêàòèìåìî âèêîíàíèìè òàêi óìîâè:
(A1) ñèñòåìà (2) ðiâíîìiðíî −→2b-ïàðàáîëi÷íà

â Π[0,T ] [1 � 3];
(A2) êîåôiöi¹íòè aα, ‖α‖ ≤ 2b, îáìåæåíi, íå-

ïåðåðâíi çà t (ïðè N > 1 íåïåðåðâíiñòü
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çà t aα ç ‖α‖ = 2b ðiâíîìiðíà ùîäî
x ∈ Rn) i ãåëüäåðîâi çà x ðiâíîìiðíî
ùîäî t ç ïîêàçíèêîì λ â Π[0,T ];

(A3) iñíóþòü ïîõiäíi ∂α
x aα, ‖α‖ ≤ 2b, ÿêi ¹

îáìåæåíèìè, íåïåðåðâíèìè çà t i ãåëü-
äåðîâèìè çà x ðiâíîìiðíî ùîäî t ç ïî-
êàçíèêîì λ â Π[0,T ].

Íà ïiäñòàâi óìîâè A3 äëÿ ñèñòåìè (2)
iñíó¹ ñïðÿæåíà çà Ëàãðàíæåì ñèñòåìà

L∗(τ, ξ, ∂τ , ∂ξ)v(τ, ξ) :=

= −∂τv(τ, ξ)−
∑

‖α‖≤2b

(−∂ξ)
α(a′α(τ, ξ)v(τ, ξ)) =

= g(τ, ξ), (τ, ξ) ∈ Π[0,T ), (3)

äå ðèñêà íàä aα îçíà÷à¹ êîìïëåêñíå ñïðÿ-
æåííÿ, à øòðèõ � òðàíñïîíóâàííÿ ìàòðèöi.

Âèêîðèñòàâøè ôîðìóëè äëÿ âèðàçiâ L i
L∗ iç (2) i (3), îäåðæèìî òàêó äèâåðãåí-
òíó ðiâíiñòü äëÿ áóäü-ÿêèõ äîñèòü ãëàäêèõ
âåêòîð- àáî ìàòðèöü-ôóíêöié u i v âiäïîâiä-
íèõ ðîçìiðiâ:

v′Lu−(L∗v)
′
u = ∂t(v

′u)+
n∑

j=1

∂xj
Bj[v, u]. (4)

Òóò

Bj[v, u] := −
∑

0<‖α‖≤2b

αj−1∑
νj=0

(−∂x1)
α1×

× . . . (−∂xj−1
)αj−1(−∂xj

)νj(v′aα)∂αj−νj
xj

×
×∂αj+1

xj+1
. . . ∂αn

xn
u, j ∈ {1, . . . , n},

äå ïðè αj = 0 âiäïîâiäíà ñóìà äîðiâ-
íþ¹ íóëþ. Iíòåãðóâàííÿì ðiâíîñòi (4) ïî
[t1, t2] × Ω, äå t1 < t2, à Ω � îáëàñòü ó
ïðîñòîði Rn ç êóñêîâî-ãëàäêîþ ìåæåþ Γ,
îäåðæó¹òüñÿ òàêà âàæëèâà ôîðìóëà Ãðiíà-
Îñòðîãðàäñüêîãî:

t2∫

t1

dθ

∫

Ω

(v′Lu− (L∗v)′u)(θ, y)dy =

=

∫

Ω

(v′u)(t2, y)dy −
∫

Ω

(v′u)(t1, y)dy+

+

t2∫

t1

dθ

∫

Γ

n∑
j=1

Bj[v, u](θ, y)µjdSy, (5)

äå (µ1, . . . , µn) � îðò çîâíiøíüî¨ íîðìàëi äî
ìåæi Γ.

Çàóâàæåííÿ. Äëÿ âåêòîð- ÷è ìàòðèöü-
ôóíêöié u i v òàêèõ, ùî âèðàçè Bj[v, u](θ, y),
j ∈ {1, . . . , n}, äîñèòü øâèäêî ïðÿìóþòü äî
íóëÿ ïðè |y| → ∞, ç ôîðìóëè (5) âèïëèâà¹
ôîðìóëà

t2∫

t1

dθ

∫

Rn

(v′Lu− (L∗v)′u)(θ, y)dy =

=

∫

Rn

(v′u)(t2, y)dy −
∫

Rn

(v′u)(t1, y)dy, (6)

à ç íå¨, â ñâîþ ÷åðãó, âèïëèâà¹, ùî ÿêùî,
êðiì òîãî, u i v � ðîçâ'ÿçêè âiäïîâiäíî ðiâ-
íÿíü Lu = 0 i L∗v = 0, òî iíòåãðàë

∫

Rn

(v′u)(t, y)dy

íå çàëåæèòü âiä t.
Ó ïðàöÿõ [2, 3] äîâåäåíî, ùî çà óìîâ A1 �

A3 äëÿ ñèñòåìè (2) iñíó¹ ÔÌÐÇÊ Z ç òàêèìè
âëàñòèâîñòÿìè.

10. Äëÿ ìàòðèöi Z ñïðàâäæóþòüñÿ îöiíêè

|∂α
t,xZ(t, x; τ, ξ)| ≤

≤ C(t− τ)1−(M+‖α‖)/(2b)Ec(t− τ, x− ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, ‖α‖ ≤ 2b, (7)

äå C > 0, c > 0, M :=
n∑

j=0

mj, Ec(t, x) :=

exp

{
− c

n∑
j=1

t1−qj |xj|qj

}
.

20. ÔÌÐÇÊ Z ¹ íîðìàëüíîþ, òîáòî ìà-
òðèöÿ

Z∗(τ, ξ; t, x) := Z
′
(t, x; τ, ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, (8)

¹ ÔÌÐÇÊ äëÿ ñïðÿæåíî¨ ñèñòåìè (3).
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30. Ìàòðèöÿ Z çàäîâîëüíÿ¹ ôóíêöiîíàëü-
íå ðiâíÿííÿ

Z(t, x; τ, ξ) =

∫

Rn

Z(t, x; θ, y)Z(θ, y; τ, ξ)dy,

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn.

Äàëi öi âëàñòèâîñòi äîïîâíèìî íîâèìè.
40. Iñíó¹ òiëüêè îäíà íîðìàëüíà

ÔÌÐÇÊ, ÿêà çàäîâîëüíÿ¹ íåðiâíîñòi (7).
Äîâåäåííÿ. Íåõàé Z1 i Z2 � äâi íîð-

ìàëüíi ÔÌÐÇÊ, ÿêi çàäîâîëüíÿþòü íåðiâíî-
ñòi (7). Òîäi, ïîêëàâøè â (6)

v(θ, y) = Z∗
1(θ, y; t, x), u(θ, y) = Z2(θ, y; τ, ξ),

τ < θ < t,

ñêîðèñòàâøèñü ðiâíiñòþ (8) i çàóâàæåííÿì,
îäåðæèìî, ùî iíòåãðàë

∫

Rn

Z1(t, x; θ, y)Z2(θ, y; τ, ξ)dy, τ < θ < t,

íå çàëåæèòü âiä θ. Ïîçíà÷èìî éîãî ÷åðåç
Y (t, x; τ, ξ). Ñïðÿìóâàâøè θ ñïî÷àòêó äî τ ,
à ïîòiì äî t òà ñêîðèñòàâøèñü îçíà÷åííÿì
ÔÌÐÇÊ, ïðèéäåìî äî ðiâíîñòåé

Y (t, x; τ, ξ) = Z1(t, x; τ, ξ) = Z2(t, x; τ, ξ),

ùî é òðåáà áóëî äîâåñòè. I
50. Ïðàâèëüíèìè ¹ ðiâíîñòi

lim
τ→t

(
(t− τ)−1

( ∫

Rn

Z(t, x; τ, y)dy − I

))
=

= a0(t, x), (9)

lim
τ→t

(
(t− τ)−1

∫

Rn

Z(t, x; τ, y)(y − x)βdy

)
=

=

{
β!aβ(t, x), 0 < ‖β‖ ≤ 2b,
0, ‖β‖ > 2b

(t, x) ∈ Π(0,T ],

(10)
äå β ∈ Zn

+, β! := β1! . . . βn!.
Äîâåäåííÿ. Íåõàé 0 < ε < t−τ . Âèêîðè-

ñòà¹ìî äëÿ u(θ, y) = I, v(θ, y) = Z∗(θ, y; t, x),
t1 = τ i t2 = t − ε ôîðìóëó (6). Îñêiëüêè

(L∗Z∗)(θ, y) = 0, à (LI)(θ, y) = −a0(θ, y), òî
íà ïiäñòàâi (8)

−
t−ε∫

τ

dθ

∫

Rn

Z(t, x; θ, y)a0(θ, y)dy =

=

∫

Rn

Z(t, x; t− ε, y)dy −
∫

Rn

Z(t, x; τ, y)dy.

Çâiäñè ïðè ε → 0 îäåðæó¹ìî
t∫

τ

dθ

∫

Rn

Z(t, x; θ, y)a0(θ, y)dy =

=

∫

Rn

Z(t, x; τ, y)dy − I. (11)

Íà ïiäñòàâi òåîðåìè ïðî ñåðåäí¹ çíà÷åííÿ
ìà¹ìî

(t− τ)−1

t∫

τ

dθ

∫

Rn

Z(t, x; θ, y)a0(θ, y)dy =

=

∫

Rn

Z(t, x; γ, y)a0(γ, y)dy, τ < γ < t. (12)

Iç (11) i (12) âèïëèâà¹ ñïiââiäíîøåííÿ (9).
Ïîêëàâøè òåïåð ó ôîðìóëi (6) u(θ, y) =

(y− x)β i çàëèøèâøè v(θ, y), t1 òà t2 ïîïåðå-
äíiìè, îäåðæèìî
t−ε∫

τ

dθ

∫

Rn

Z(t, x; θ, y)L(θ, y, ∂θ, ∂y)(y − x)βdy =

=

∫

Rn

Z(t, x; t−ε, y)(y−x)βdy−
∫

Rn

Z(t, x; τ, y)×

×(y − x)βdy.

Çâiäñè çà äîïîìîãîþ îçíà÷åííÿ ÔÌÐÇÊ ìà-
¹ìî

t∫

τ

dθ

∫

Rn

Z(t, x; θ, y)L(θ, y, ∂θ, ∂y)(y − x)βdy =

= −
∫

Rn

Z(t, x; τ, y)(y − x)βdy. (13)
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Äàëi,

L(θ, y, ∂θ, ∂y)(y − x)β =

= −
∑

‖α‖≤2b

aα(θ, y)∂α
y (y − x)β.

Çà çàäàíèì ìóëüòèiíäåêñîì β ∈ Zn
+ ðîçãëÿ-

íåìî òàêi ìíîæèíè ìóëüòèiíäåêñiâ:

Zn
1 (β) := {α ∈ Zn

+

∣∣∣ ‖α‖ ≤ 2b,

∃ l ∈ {1, . . . , n} : αl > βl},
Zn

2 (β) := {α ∈ Zn
+

∣∣∣ ‖α‖ ≤ 2b,

∃ l ∈ {1, . . . , n} : αl < βl,

∀j ∈ {1, . . . , l − 1, l + 1, . . . , n} : αj ≤ βj}.
Î÷åâèäíî, ùî

∂α
y (x− y)β =

=





0, ÿêùî α ∈ Zn
1 (β),

β!, ÿêùî α = β,
n∏

j=1

(βj(βj − 1)×

× . . . (βj − αj + 1)×
×(yj − xj)

βj−αj), ÿêùî α ∈ Zn
2 (β).

Òîìó ÿêùî ‖β‖ ≤ 2b, òî

L(θ, y, ∂θ, ∂y)(y − x)β =

= −β!aβ(θ, y)−Kβ(θ, y, x), (14)

äå

Kβ(θ, y, x) :=
∑

α∈Zn
2 (β)

aα(θ, y)
n∏

j=1

(βj(βj − 1)×

× . . . (βj − αj + 1)(yj − xj)
βj−αj),

à ÿêùî ‖β‖ > 2b, òî

L(θ, y, ∂θ, ∂y)(y − x)β = −Kβ(θ, y, x). (15)

Âèêîðèñòîâóþ÷è îöiíêó (7) äëÿ Z òà
îáìåæåíiñòü êîåôiöi¹íòiâ aα, çãiäíî ç óìî-
âîþ A2, îäåðæó¹ìî

|Z(t, x; θ, y)Kβ(θ, y, x)| ≤

≤ C0(t− θ)1−M/(2b)Ec(t− θ, x− y)×

×
∑

α∈Zn
2 (β)

n∏
j=1

|yj − xj|βj−αj =

= C0(t− θ)1−M/(2b)Ec(t− θ, x− y)×

×
∑

α∈Zn
2 (β)

n∏
j=1

(
|yj − xj|

(t− θ)1/(2bj)

)βj−αj

(t−θ)‖β−α‖/(2b) ≤

≤ C1

∑

α∈Zn
2 (β)

(t−θ)1−(M−‖β−α‖)/(2b)Ec1(t−θ, x−y),

τ < θ < t, {x, y} ⊂ Rn,

äå c1 ∈ (0, c). Çâiäñè âèïëèâà¹, ùî
∣∣∣∣∣

t∫

τ

dθ

∫

Rn

Z(t, x; θ, y)Kβ(θ, y, x)dy

∣∣∣∣∣ ≤

≤ C1

∑

α∈Zn
2 (β)

t∫

τ

(t− θ)‖β−α‖/(2b)dθ×

×
∫

Rn

Ec1(t− θ, x− y)(t− θ)

−

(
n∑

j=1
mj

)
/(2b)

dy =

= C2

∑

α∈Zn
2 (β)

t∫

τ

(t− θ)‖β−α‖/(2b)dθ ≤

≤ C3

∑

α∈Zn
2 (β)

(t− τ)1+‖β−α‖/(2b). (16)

Iç (13) � (16) îäåðæó¹ìî
∫

Rn

Z(t, x; τ, y)(y − x)βdy =

=





β!

t∫

τ

dθ

∫

Rn

Z(t, x; θ, y)aβ(θ, y)dy+

+O

( ∑

α∈Zn
2 (β)

(t− τ)1+‖β−α‖/(2b)

)
, ‖β‖ ≤ 2b,

O

( ∑

α∈Zn
2 (β)

(t− τ)1+‖β−α‖/(2b)

)
, ‖β‖ > 2b.
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Ïîäiëèâøè îáèäâi ÷àñòèíè öèõ ðiâíîñòåé íà
t − τ i ïåðåéøîâøè äî ãðàíèöi ïðè τ → t,
ïðèéäåìî äî ðiâíîñòåé (10). I

60. Äëÿ ïðàâèëüíîñòi ðiâíîñòi
∫

Rn

Z(t, x; τ, y)dy = I

íåîáõiäíî é äîñèòü, ùîá a0 = 0.
Äîâåäåííÿ. Íåîáõiäíiñòü áåçïîñåðåäíüî

âèïëèâà¹ ç (9). Íåõàé òåïåð a0 = 0. Òîäi
LI = 0 i òîìó iíòåãðàë

∫

Rn

Z(t, x; τ, y)dy

íå çàëåæèòü âiä τ . À îñêiëüêè âií ìà¹ I ñâî-
¹þ ãðàíèöåþ ïðè τ → t, òî âií äîðiâíþ¹ I.I

70. Íåõàé êîåôiöi¹íò a0 ñèñòåìè (2) çà-
ëåæèòü òiëüêè âiä t, òîáòî a0 = a0(t),
t ∈ [0, T ]. Òîäi ìàòðèöÿ

U(t, τ) :=

∫

Rn

Z(t, x; τ, y)dy, 0 ≤ τ < t ≤ T,

çàëåæèòü òiëüêè âiä t i τ òà ¹ ðîçâ'ÿçêîì
çàäà÷i

dU

dt
= a0(t)U, (17)

U |t=τ = I, (18)

òîáòî U ¹ ôóíäàìåíòàëüíîþ ìàòðèöåþ
ðîçâ'ÿçêiâ ñèñòåìè çâè÷àéíèõ äèôåðåíöi-
àëüíèõ ðiâíÿíü (17).

Äîâåäåííÿ. Íåõàé U0(t, τ), 0 ≤ τ < t ≤
T , � ðîçâ'ÿçîê çàäà÷i (17), (18), à U−1

0 (t, τ) �
ìàòðèöÿ, îáåðíåíà äî ìàòðèöi U0(t, τ). Ïî-
êëàäåìî Z0(t, x; τ, y) := U−1

0 (t, τ)Z(t, x; τ, y),
òàê ùî Z(t, x; τ, y) = U0(t, τ)Z0(t, x; τ, y).
Îñêiëüêè äëÿ t > τ

0 = L(t, x, ∂t, ∂x)Z(t, x; τ, y) = L(t, x, ∂t, ∂x)×

×(U0(t, τ)Z0(t, x; τ, y)) =
dU0(t, τ)

dt
×

×Z0(t, x; τ, y) + U0(t, τ)∂tZ0(t, x; τ, y)−
−

∑

‖α‖≤2b

aα(t, x)U0(t, τ)∂α
x Z0(t, x; τ, y),

òî íà ïiäñòàâi (17) ìà¹ìî
(

U0(t, τ)∂t −
∑

0<‖α‖≤2b

aα(t, x)U0(t, τ)∂α
x

)
×

×Z0(t, x; τ, y) = 0

àáî
L0(t, τ, x, ∂t, ∂x)Z0(t, x; τ, y) :=

=

(
I∂t−

∑

0<‖α‖≤2b

U−1
0 (t, τ)aα(t, x)U0(t, τ)∂α

x

)
×

×Z0(t, x; τ, y) = 0. (19)

×åðåç òå, ùî õàðàêòåðèñòè÷íå ðiâíÿííÿ
äëÿ ñèñòåìè

L0(t, τ, x, ∂t, ∂x)u = 0 (20)

åêâiâàëåíòíå õàðàêòåðèñòè÷íîìó ðiâíÿííþ
äëÿ ñèñòåìè (2), òî ñèñòåìà (20) ¹ −→

2b-
ïàðàáîëi÷íîþ. Iç ðiâíîñòåé (18) i (19) âè-
ïëèâà¹, ùî Z0 � ÔÌÐÇÊ äëÿ ñèñòåìè (20).
Îñêiëüêè öÿ ñèñòåìà çàäîâîëüíÿ¹ óìîâó iç
âëàñòèâîñòi 60, òî

I =

∫

Rn

Z0(t, x; τ, y)dy =

= U−1
0 (t, τ)

∫

Rn

Z(t, x; τ, y)dy = U−1
0 (t, τ)U(t, τ),

çâiäêè âèïëèâà¹, ùî U(t, τ) = U0(t, τ) i âëà-
ñòèâiñòü 70 äîâåäåíà. I
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