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ÐIÂÍßÍÜ
Ó ãåëüäåðîâèõ ïðîñòîðàõ äîâåäåíî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i ç êîñîþ ïîõiäíîþ òà

iíòåãðàëüíîþ íåëîêàëüíîþ óìîâîþ çà ÷àñîâîþ çìiííîþ äëÿ ðiâíîìiðíî ïàðàáîëi÷íèõ ëiíié-
íèõ ðiâíÿíü. Çíàéäåíî îöiíêó ðîçâ'ÿçêó çàäà÷i ó âiäïîâiäíèõ ïðîñòîðàõ. Ðîçãëÿíóòî çàäà÷ó
âèáîðó îïòèìàëüíîãî êåðóâàííÿ ñèñòåìîþ, ÿêà îïèñó¹òüñÿ íåëîêàëüíîþ çàäà÷åþ ç êîñîþ ïîõi-
äíîþ ç îáìåæåíèì âíóòðiøíiì i êðàéîâèì êåðóâàííÿì. Ôóíêöiîíàë ÿêîñòi çàäà¹òüñÿ îá'¹ìíèì
iíòåãðàëîì.

We prove the well-posed solvability of a problem with skew derivative under an integral
nonlocal condition on a time variable for uniformly parabolic linear equations in H�older spaces.
Besides, we estimate solutions of the problem in the corresponding spaces. We consider also a
problem of choice of an optimal control for a system which is described by a nonlocal problem with
skew derivative and with bounded interior and boundary control. The quality functional is given
by a volume integral.

Íåîáõiäíiñòü îïòèìàëüíîãî êåðóâàííÿ
ïðîöåñàìè, ùî îïèñóþòüñÿ ðiâíÿííÿìè ïà-
ðàáîëi÷íîãî òèïó, âèíèêà¹ ïðè ðîçâ'ÿçàííi
áàãàòüîõ ïðèêëàäíèõ çàäà÷, çîêðåìà ïðè äî-
ñëiäæåííi ïðîöåñiâ íàãðiâàííÿ é îõîëîäæåí-
íÿ ìàñèâíèõ åëåìåíòiâ êîíñòðóêöié, ïîøè-
ðåííÿ ïîëiâ òåìïåðàòóðè àáî êîíöåíòðàöi¨.
Âèâ÷åííÿ òàêèõ çàäà÷ ïðîâîäèëîñÿ â [1 � 3].

Äîñëiäæåííþ êîðåêòíî¨ ðîçâ'ÿçíîñòi ïåð-
øî¨ êðàéîâî¨ çàäà÷i ç íåëîêàëüíîþ iíòå-
ãðàëüíîþ óìîâîþ çà ÷àñîâîþ çìiííîþ äëÿ
ïàðàáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó, ÿêi
âèðîäæóþòüñÿ çà ñóêóïíiñòþ çìiííèõ, ïðè-
ñâÿ÷åíî ïðàöþ [4].

Ó öié ñòàòòi âñòàíîâëåíî íåîáõiäíi òà äî-
ñòàòíi óìîâè îïòèìàëüíîãî êåðóâàííÿ ñèñòå-
ìîþ, ÿêà îïèñó¹òüñÿ çàäà÷åþ ç êîñîþ ïîõi-
äíîþ òà íåëîêàëüíîþ iíòåãðàëüíîþ óìîâîþ
çà ÷àñîâîþ çìiííîþ ó âèïàäêó îáìåæåíîãî
âíóòðiøíüîãî i êðàéîâîãî êåðóâàííÿ, ç êðè-
òåði¹ì ÿêîñòi òèïó îá'¹ìíèõ i ïîâåðõíåâèõ
iíòåãðàëiâ.

Ïîñòàíîâêà çàäà÷i òà îñíîâíi îáìå-
æåííÿ. Íåõàé D � îáìåæåíà âèïóêëà
îáëàñòü â Rn ç ìåæåþ ∂D. Â îáëàñòi Q =
(0, T ] × D ðîçãëÿíåìî çàäà÷ó çíàõîäæåííÿ
ôóíêöié u(t, x, p(t, x)) òà p(t, x), ÿêi ðåàëiçó-

þòü ìiíiìóì ôóíêöiîíàëó

I(p) =

T∫

0

dt

∫

D

F (t, x,−→u )dx (1)

ó êëàñi ôóíêöié

V ≡ {p(t, x) : p(t, x) ∈ C(α)(Q),

ψ1(t, x) ≤ p(t, x) ≤ ψ2(t, x)},
äå u(t, x, p) ¹ ðîçâ'ÿçêîì íåëîêàëüíî¨ êðàéî-
âî¨ çàäà÷i

Lu(t, x) ≡ ∂u

∂t
−

n∑
i,j=1

aij(t, x)
∂2u

∂xi∂xj

−

−
n∑

i=1

ai(t, x)
∂u

∂xi

− a0(t, x)u = f(t, x, p), (2)

u(0, x) +

T∫

0

q(τ, x)u(τ, x)dτ = ϕ(x), (3)

Bu(t, x)

∣∣∣∣∣
Γ

≡
(

n∑

k=1

bk(t, x)
∂u

∂xk

+b0(t, x)u

)∣∣∣∣∣
Γ

=

= g(t, x), (4)
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Γ = (0, T )× ∂D, −→u = (u, ux1 , . . . , uxn , p) ≡
≡ (u0, u1, . . . , un, un+1).

Íåõàé äëÿ çàäà÷i (1) � (4) âèêîíàíi óìîâè:
à) aij ∈ Cα(Q), ai ∈ Cα(Q), i ∈

{0, 1, . . . , n} i äëÿ äîâiëüíîãî âåêòîðà ξ =
(ξ1, . . . , ξn) âèêîíó¹òüñÿ íåðiâíiñòü

π1|ξ|2 ≤
n∑

i,j=1

aij(t, x)ξiξj ≤ π2|ξ|2,

π1, π2 � ôiêñîâàíi äîäàòíi ñòàëi, |ξ|2 =
n∑

i=1

ξ2
i ;

á) q ∈ C2+α(Q),
T∫

0

|q(τ, x)|dτ ≤ M < 1,

bk ∈ C1+α(Γ), k ∈ {0, 1, . . . , n}, ∂D ∈ C2+α,

Bϕ|x∈∂D = g(0, x) +

T∫

0

q(τ, x)g(τ, x)dτ,

n∑

k=1

bk(t, x)
∂q

∂xk

∣∣∣∣∣
Γ

= 0;

â) ôóíêöi¨ f(t, x, p(t, x)) ≡ f1(t, x), ϕ(x),
g(t, x) ÿê ôóíêöi¨ (t, x) íàëåæàòü âiäïîâiäíî
ïðîñòîðàì Cα(Q), C2+α(D), C1+α(Γ);

ã) ôóíêöi¨ F (t, x,−→u ), f(t, x, p) ìàþòü
ãåëüäåðîâi ïîõiäíi äðóãîãî ïîðÿäêó çà àðãó-
ìåíòàìè ui, p, íåïåðåðâíi ÿê ôóíêöi¨ çìií-
íèõ (t, x).

Iñíóâàííÿ òà çîáðàæåííÿ ðîçâ'ÿçêó
çàäà÷i (2) � (4). Ðîçãëÿíåìî â îáëàñòi Q
êðàéîâó çàäà÷ó (2) � (4). Ïðàâèëüíà òàêà òå-
îðåìà.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè
à) � â). Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà-
÷i (2) � (4) ó ïðîñòîði C2+α(Q) i äëÿ íüîãî
ñïðàâäæó¹òüñÿ îöiíêà

|u|C2+α(Q) ≤
≤ c(|f1|Cα(Q) + |ϕ|C2+α(D) + |g|C1+α(Γ)). (5)

Äîâåäåííÿ. Ðîçâ'ÿçîê çàäà÷i (2) � (4)
øóêà¹ìî ó âèãëÿäi

u(t, x) =

∫

D

E(t, x, 0, ξ)u(0, ξ)dξ +v(t, x), (6)

äå v(t, x) � ðîçâ'ÿçîê çàäà÷i ç êîñîþ ïîõi-
äíîþ

(Lv)(t, x) = f1(t, x), v(0, x) = ϕ(x),

(Bv)(t, x)|Γ = g(t, x), (7)

E(t, x, τ, ξ) � ôóíêöiÿ Ãðiíà îäíîðiäíî¨ êðà-
éîâî¨ çàäà÷i

(Lv)(t, x) = f1(t, x), v(0, x) = ϕ(x),

(Bv)(t, x)|Γ = 0. (8)

Ïðè âèêîíàííi óìîâ à) � â) ðîçâ'ÿçîê çà-
äà÷i (7) iñíó¹ i äëÿ íüîãî ïðàâèëüíà îöiíêà

|u|C2+α(Q) ≤
≤ c(|f1|Cα(Q) + |ϕ|C2+α(D) + |g|C1+α(Γ)). (9)

Çàäîâîëüíèâøè íåëîêàëüíó óìîâó (3),
îäåðæèìî

u(0, x) +

T∫

0

dt

∫

D

E(τ, x, 0, ξ)u(0, ξ)q(τ, ξ)dξ =

= −
T∫

0

q(τ, x)v(τ, x)dτ. (10)

Ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ (10)
øóêà¹ìî ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü.
Ðåêóðåíòíi ñïiââiäíîøåííÿ äëÿ ïîñëiäîâíèõ
íàáëèæåíü ìàþòü âèãëÿä

u0(0, x) = −
T∫

0

q(τ, x)v(τ, x)dτ ≡ F (x),

uk(0, x) = F (x) +

T∫

0

dτ

∫

D

q(τ, x)E(τ, x, 0, ξ)×

×uk−1(0, ξ)dξ, k ∈ {1, 2, . . . }.
Îñêiëüêè E(t, x, τ, ξ) ≥ 0, 0 ≤∫

D

E(t, x, τ, ξ)dξ ≤ 1, òî

∣∣∣∣∣

T∫

0

dτ

∫

D

q(τ, x)E(τ, x, 0, ξ)dξ

∣∣∣∣∣ ≤
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≤
T∫

0

|q(τ, x)|dτ ≤ M.

Òîìó, îöiíþþ÷è ðiçíèöi ìiæ ïîñëiäîâíè-
ìè íàáëèæåííÿìè, îäåðæèìî

|uk(0, x)− uk−1(0, x)| ≤ Mk|v|C(Q).

Îòæå, ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ
(10) çîáðàæà¹òüñÿ ðiâíîìiðíî çáiæíèì ôóí-
êöiîíàëüíèì ðÿäîì

u(0, x) = F (x) +
∞∑

k=1

(uk(0, x)− uk−1(0, x))

i äëÿ íüîãî ñïðàâåäëèâà îöiíêà

|u(0x)| ≤ M

1−M
|v|C(Q). (11)

Âñòàíîâèìî ôîðìóëó çîáðàæåííÿ
ðîçâ'ÿçêó çàäà÷i (2) � (4). Âðàõîâóþ÷è
îáìåæåííÿ M < 1, âèçíà÷à¹ìî ðîçâ'ÿçîê
iíòåãðàëüíîãî ðiâíÿííÿ (10) ó âèãëÿäi

u(0, x) = F (x) +

∫

D

R(x, y)F (y)dy, (12)

äå R(x, y) � ðåçîëüâåíòà, ÿêà çàäîâîëüíÿ¹ ií-
òåãðàëüíå ðiâíÿííÿ

R(x, ξ) +

T∫

0

q(τ, x)E(τ, x, 0, ξ)dξ =

= −
T∫

0

q(τ, x)dτ

∫

D

E(τ, x, 0, y)R(y, ξ)dy,

çâiäêè îòðèìó¹ìî îöiíêó
∫

D

R(x, y)dy ≤ M

1−M
.

Ïîêëàâøè ó ðiâíiñòü (12) çàìiñòü F (y)
çíà÷åííÿ

F (x) = −
T∫

0

q(τ, x)

[ τ∫

0

dβ

∫

D

G1(τ, x, β, y)×

×f1(β, y)dy +

∫

D

G1(τ, x, 0, y)ϕ(y)dy+

+

τ∫

0

dβ

∫

∂D

G2(τ, x, β, y)g(β, y)dy

]
,

äå (G1, G2) � ôóíêöiÿ Ãðiíà çàäà÷i (7) iç [5], i
çìiíèâøè ïîðÿäîê iíòåãðóâàííÿ, îòðèìó¹ìî

u(0, x) =

T∫

0

dτ

∫

D

Γ1(T, x, τ, ξ)f1(τ, ξ)dξ+

+

∫

D

Γ1(T, x, 0, ξ)ϕ(ξ)dξ+

+

T∫

0

dτ

∫

∂D

Γ2(T, x, τ, ξ)g(τ, ξ)dξS,

äå

Γj(T, x, τ, ξ) =

T∫

τ

[q(β, x)Gj(β, x, τ, ξ)+

+

∫

D

R(x, y)q(β, y)Gj(β, y, τ, ξ)dy]dβ, j ∈ {1, 2}.

Ïiäñòàâëÿþ÷è çíà÷åííÿ u(0, x) ó ïîâåðõ-
íåâèé iíòåãðàë ðiâíîñòi (6) i çìiíèâøè ïîðÿ-
äîê iíòåãðóâàííÿ, îäåðæèìî çîáðàæåííÿ

u(t, x) =

t∫

0

dτ

∫

D

G1(t, x, τ, ξ)f1(τ, ξ)dξ+

+

∫

D

G1(t, x, 0, ξ)ϕ(ξ)dξ+

+

t∫

0

dτ

∫

∂D

G2(t, x, τ, ξ)g(τ, ξ)dξS+

+

T∫

0

dτ

∫

D

Z1(t, x, τ, ξ)f1(τ, ξ)dξ+

+

∫

D

Z1(t, x, 0, ξ)ϕ(ξ)dξ+
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+

T∫

0

dτ

∫

∂D

Z2(t, x, τ, ξ)g(τ, ξ)dξS, (13)

äå

Zj(t, x, τ, ξ) =

∫

D

E(t, x, 0, y)Γj(T, y, τ, ξ)dy,

j ∈ {1, 2}.
Âðàõîâóþ÷è îöiíêè ôóíêöi¨ Ãðiíà

E(t, x, 0, ξ) i ñïiââiäíîøåííÿ (10), ìà¹ìî

|u(0, x)|C2+α(D) ≤

≤ c(|f1|Cα(Q) + |ϕ|C2+α(D) + |g|C1+α(Γ)). (14)

Òîäi, âðàõîâóþ÷è çîáðàæåííÿ u(t, x) ôîðìó-
ëîþ (6) i îöiíêó (14), îäåðæó¹ìî íåðiâíiñòü
(5).

Êðèòåðié îïòèìàëüíîñòi ðîçâ'ÿçêó
çàäà÷i (1) � (4). Ïîçíà÷èìî ÷åðåç

λ(t, x) =

T∫

t

dτ

∫

D

(
Du0F (τ, ξ,−→u 0)G1(τ, ξ, t, x)+

+
n∑

i=1

Dui
F (τ, ξ,−→u 0)Dξi

G1(τ, ξ, t, x)

)
dξ+

+

T∫

t

dτ

∫

D

(
Du0F (τ, ξ,−→u 0)Z1(τ, ξ, t, x)+

+
n∑

i=1

Dui
F (τ, ξ,−→u 0)Dξi

Z1(τ, ξ, t, x)

)
dξ,

H(t, x,−→u , λ) = F (t, x,−→u ) + λ(t, x)f(t, x, p).

Ñôîðìóëþ¹ìî íåîáõiäíi òà äîñòàòíi óìî-
âè îïòèìàëüíîñòi êåðóâàííÿ p(t, x).

Ïðàâèëüíèìè ¹ íàñòóïíi òåîðåìè.
Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè

à) � ã). Òîäi, ÿêùî ôóíêöiÿ H(t, x,−→u , λ) ¹
ìîíîòîííî çðîñòàþ÷îþ çà àðãóìåíòîì p
äëÿ p ∈ V , òî îïòèìàëüíèì ¹ êåðóâàííÿ
p0 ≡ ψ1(t, x), à îïòèìàëüíèì ðîçâ'ÿçêîì çà-
äà÷i (1) � (4) ¹ u0(t, x, p) ≡ u(t, x, ψ1(t, x)).

ßêùî ôóíêöiÿ H(t, x,−→u , λ) ¹ ñïàäíîþ çà
àðãóìåíòîì p äëÿ p ∈ V , òî îïòèìàëü-
íèì ¹ êåðóâàííÿ p0 ≡ ψ2(t, x), à îïòèìàëü-
íèì ðîçâ'ÿçêîì çàäà÷i (1) � (4) ¹ u0(t, x, p) ≡
u(t, x, ψ2(t, x)).

Äîâåäåííÿ. Íåõàé ∆p � äåÿêèé äîïóñòè-
ìèé ïðèðiñò êåðóâàííÿ p0(t, x). Ïîçíà÷èìî
÷åðåç ∆u ïðèðiñò ôóíêöi¨ u(t, x, p0). Òîäi ∆u
â îáëàñòi Q áóäå ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i

(L∆u)(t, x) = f(t, x, p0(t, x) + ∆p)−
−f(t, x, p0(t, x)) ≡ ∆f(t, x, p),

∆u(0, x, p) +

T∫

0

q(τ, x)∆u(τ, x, p(τ, x))dτ = 0,

(16)

(B∆u)(t, x)

∣∣∣∣∣
Γ

= 0.

Çà äîïîìîãîþ ôîðìóëè Òåéëîðà çíàõîäè-
ìî ïðèðiñò ôóíêöiîíàëà I(p):

∆I =

T∫

0

dt

∫

D

[
n∑

i=0

Dui
F (t, x,−→u , p)∆ui+

+DpF (t, x,−→u , p)∆p+O(|∆p|2)+O(|∆u|2)
]
dx.

(17)
Îñêiëüêè ∆u � ðîçâ'ÿçîê çàäà÷i (16), òî

âèêîðèñòàâøè ôîðìóëó (13), îäåðæèìî

∆u(t, x, p0) =

t∫

0

dτ

∫

D

G1(t, x, τ, ξ)×

×∆f(τ, ξ, p0(τ, ξ))dξ +

T∫

0

dτ

∫

D

Z1(t, x, τ, ξ)×

×∆f(τ, ξ, p0(τ, ξ))dξ,

∆ui = ∆uxi
=

t∫

0

dτ

∫

D

Dxi
G1(t, x, τ, ξ)×

×∆f(τ, ξ, p0(τ, ξ))dξ+

T∫

0

dτ

∫

D

Dxi
Z1(t, x, τ, ξ)×
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×∆f(τ, ξ, p0(τ, ξ))dξ, i ∈ {1, . . . , n}. (18)

Ïiäñòàâëÿþ÷è (18) ó (17) i çìiíþþ÷è ïî-
ðÿäîê iíòåãðóâàííÿ, çíàõîäèìî

∆I(p0) =

T∫

0

dt

∫

D

DpH(t, x,−→u 0)∆pdx+

+O(|∆u|2). (19)

ßêùî p = p0(t, x) i H(t, x,−→u , λ) çàäîâîëü-
íÿþòü óìîâè òåîðåìè 2, òî ïðè äîñèòü ìàëèõ
∆p ìà¹ìî, ùî ∆I > 0.

Íåõàé p0(t, x) � îïòèìàëüíå êåðóâàí-
íÿ, òîáòî ∆I > 0. Ïåðåâiðèìî âèêîíà-
ííÿ óìîâ òåîðåìè 2. ßêùî H(t, x,−→u , λ)
íå ¹ ìîíîòîííîþ çà àðãóìåíòîì p, òî
DpH(t, x,−→u , λ) � çíàêîçìiííà âåëè÷èíà, òîá-
òî DpH(t, x,−→u , λ) > 0 â Q+ ⊂ Q i
DpH(t, x,−→u , λ) < 0 â Q− = Q \ Q+. Âèêî-
ðèñòàâøè òåîðåìó ïðî �ñåðåäí¹� çíà÷åííÿ,
ìà¹ìî:

∆I = DpH(t+, x+,−→u +, λ+)

∫ ∫

Q+

∆pdtdx−

−|DpH(t−, x−,−→u −, λ−)|
∫ ∫

Q−

∆pdtdx+

+

∫ ∫

Q

(O(|∆p|2) + O(|∆u|2))dtdx.

Ïðè äîñèòü ìàëèõ ∆p çíàê ∆I âèçíà÷à¹-
òüñÿ ïåðøèìè äâîìà ÷ëåíàìè ñóìè. Ðiçíèöÿ
ïåðøèõ äâîõ äîäàíêiâ çìiíþ¹ çíàê â çàëå-
æíîñòi âiä âåëè÷èí mes Q+, mes Q−, ∆p. Ïðè
äîñèòü ìàëié mes Q+ i ∆p > 0 ìà¹ìî ∆I < 0 i
íàâïàêè ∆I > 0, ÿêùî ìàëà mes Q− i ∆p > 0.
Îòæå, ôóíêöiîíàë íå äîñÿãà¹ ìiíiìóìó.

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè
à) � ã) i ôóíêöiÿ H(t, x,−→u , λ) íå ¹ ìîíîòîí-
íîþ çà àðãóìåíòîì p. Äëÿ òîãî, ùîá êåðó-
âàííÿ p0 i âiäïîâiäíèé ðîçâ'ÿçîê u0(t, x, p0)
êðàéîâî¨ çàäà÷i (2) � (4) áóëè îïòèìàëüíè-
ìè, íåîáõiäíî òà äîñòàòíüî, ùîá âèêîíó-
âàëèñÿ óìîâè:

1) ôóíêöiÿ H(t, x,−→u , λ) çà àðãóìåíòîì p
ìà¹ â òî÷öi p0 ìiíiìàëüíå çíà÷åííÿ;

2) äëÿ äîâiëüíîãî íåíóëüîâîãî âåêòîðà−→y = (y0, . . . , yn, yn+1) i (t, x) ∈ Q âèêîíó¹-
òüñÿ íåðiâíiñòü

K(t, x,−→y ) ≡
n+1∑
i,j=0

D2
uiuj

F (t, x,−→u 0)yiyj+

+λ(t, x)D2
ppf(t, x, p0)y2

n+1 > 0

Äîâåäåííÿ. Äîñòàòíiñòü. Äîâåäåííÿ
äàíî¨ òåîðåìè ïðîâåäåìî, âèêîðèñòîâóþ÷è
ìåòîäèêó äîâåäåííÿ òåîðåìè 1 iç [6]. Íåõàé
âèêîíóþòüñÿ óìîâè 1), 2). Çàïèøåìî ïðèðiñò
ôóíêöiîíàëà çà ôîðìóëîþ Òåéëîðà

∆I(p0) =

T∫

0

dt

∫

D

[
DpH(t, x,−→u 0, λ)∆p+

+
1

2
K(t, x, ∆u) +

1

2
K∗(t, x, ∆u)

]
dx,

äå

K(t, x, ∆u) =
n+1∑
i,j=0

D2
uiuj

F (t, x,−→u 0)∆ui∆uj+

+λ(t, x)D2
ppf(t, x, p0(t, x))(∆p)2,

K∗(t, x, ∆u) =
n+1∑
i,j=0

D2
uiuj

(F (t, x, −̃→u 0
)−

−F (t, x,−→u 0))∆ui∆uj + λ(t, x)×
×D2

pp(f(t, x, p̃(t, x))− f(t, x, p0(t, x)))(∆p)2.

Ïîçíà÷èìî δ(t, x) ≡ inf
|−→y |=1

K(t, x,−→y ). Çà óìî-
âîþ 2) ìà¹ìî, ùî δ(t, x) > 0 äëÿ âñiõ (t, x) ∈
Q. Òîäi

K(t, x, ∆u) ≥ δ(t, x)|∆u|2. (20)

Âèêîðèñòîâóþ÷è óìîâè ãåëüäåðîâîñòi
äðóãèõ ïîõiäíèõ ôóíêöié F (t, x,−→u ) òà
f(t, x, p), çíàõîäèìî

K∗(t, x, ∆u) ≤ C|∆u|2+α. (21)

Ïðè äîñèòü ìàëèõ ∆p, òàêèõ, ùî

|∆u| ≤
(

1

2c
δ(t, x)

)1/α

,
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îäåðæó¹ìî îöiíêó

∆I(p0) ≥ 1

4

T∫

0

dt

∫

D

δ(t, x)|∆u|2dx > 0.

Íåîáõiäíiñòü. Íåõàé êåðóâàííÿ p0 �
îïòèìàëüíå, òîáòî ∆I(p0) > 0. ßêùî ïðè-
ïóñòèòè, ùî DpH(t, x,−→u 0, λ) 6= 0, òî ∆I(p0)
çìiíþâàòèìå çíàê â çàëåæíîñòi âiä çíàêó
∆p, ùî ñóïåðå÷èòü íàÿâíîñòi ìiíiìóìó ôóí-
êöiîíàëó I(p) â òî÷öi p0. Çàïèñàâøè ïðèðiñò
∆I ó âèãëÿäi

∆I =

T∫

0

dt

∫

D

[DpH(t, x, u0, u0
x, p

0 + θ∆p)∆p+

+O(|∆u|2)]dx,

áà÷èìî, ùî DpH > 0 ïðè p > p0 òà DpH <
0 ïðè p < p0. Òîìó â òî÷öi p0 ôóíêöiÿ H
äîñÿãà¹ ìiíiìóìó.

ßêùî K(t, x, ∆u) ≤ 0 â îáëàñòi Q, òî çà
óìîâîþ 1) îäåðæèìî, ùî ∆I ≤ 0, ùî íåìî-
æëèâî.

Íåõàé K(t, x, ∆u) > 0 â îáëàñòi Q+ ⊂ Q
òà K(t, x, ∆u) = −|K(t, x, ∆u)| < 0 â îáëàñòi
Q− = Q \Q+. Âèêîðèñòîâóþ÷è òåîðåìó ïðî
�ñåðåäí¹� äëÿ ïðèðîñòó ∆I, îäåðæó¹ìî:

∆I(p0) =

∫ ∫

Q+

K(t, x, ∆u)dtdx−

−
∫ ∫

Q−

|K(t, x, ∆u)|dtdx+

+

∫ ∫

Q

K∗(t, x, ∆u)dtdx =

= K(t+, x+, ∆u+)mes Q+ − |K(t−, x−, ∆u−)×

×mes Q− +

∫ ∫

Q

K∗(t, x, ∆u)dtdx.

Ïðè äîñòàòíüî ìàëîìó ∆p çíàê ∆I(p0)
âèçíà÷à¹òüñÿ ïåðøèìè äâîìà äîäàíêà-
ìè. Ðiçíèöÿ öèõ äîäàíêiâ çìiíþ¹ çíàê
∆I â çàëåæíîñòi âiä âåëè÷èíè çíà÷åíü

mes Q+, mes Q−: ïðè äîñòàòíüî ìàëié
mes Q− ∆I(p0) > 0. Îòæå, ïðè çíàêîçìiííié
ôîðìi K(t, x, ∆u) ôóíêöiîíàë íå äîñÿãà¹
ìiíiìóìó.

Iñíóâàííÿ (u0, p0) âñòàíîâëþ¹ìî íàñòó-
ïíèì ÷èíîì.

Íåõàé p0(t, x) � îïòèìàëüíå êåðó-
âàííÿ. Òîäi DpH(t, x,−→u 0, λ) = 0 òà
D2

ppH(t, x,−→u 0, λ) > 0. Çàñòîñîâóþ÷è òå-
îðåìó ïðî íåÿâíó ôóíêöiþ äî ðiâíÿííÿ

DpH(t, x,−→u 0, λ) = 0,

îäåðæó¹ìî, ùî iñíó¹ òàêà äèôåðåíöiéîâíà çà
u òà çà λ ôóíêöiÿ W (t, x, u0, u0

x, λ), ùî

p0 = W (t, x, u0, u0
x, λ).

Âèêîðèñòîâóþ÷è çîáðàæåííÿ (13) òà (15),
ñòàâèìî ó âiäïîâiäíiñòü çàäà÷i (1) � (4) ñè-
ñòåìó iíòåãðàëüíèõ ðiâíÿíü

u(t, x, p0) =

∫

D

G1(t, x, 0, ξ)ϕ(ξ)dξ+

+

t∫

0

dτ

∫

D

G1(t, x, τ, ξ)×

×f(τ, ξ, W (τ, ξ, u0, u0
ξ , λ))dξ+

+

t∫

0

dτ

∫

∂D

G2(t, x, τ, ξ)g(τ, ξ)dξS+

+

∫

D

Z1(t, x, 0, ξ)ϕ(ξ)dξ+

+

T∫

0

dτ

∫

D

Z1(t, x, τ, ξ)×

×f(τ, ξ, W (τ, ξ, u0, u0
ξ , λ))dξ+

+

T∫

0

dτ

∫

∂D

Z2(t, x, τ, ξ)g(τ, ξ)dξS,

ux(t, x, p0) =

∫

D

DxG1(t, x, 0, ξ)ϕ(ξ)dξ+
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+

t∫

0

dτ

∫

D

DxG1(t, x, τ, ξ)×

×f(τ, ξ, W (τ, ξ, u0, u0
ξ , λ))dξ+

+

t∫

0

dτ

∫

∂D

DxG2(t, x, τ, ξ)g(τ, ξ)dξS+

+

∫

D

DxZ1(t, x, 0, ξ)ϕ(ξ)dξ+

+

T∫

0

dτ

∫

D

DxZ1(t, x, τ, ξ)×

×f(τ, ξ, W (τ, ξ, u0, u0
ξ , λ))dξ+

+

T∫

0

dτ

∫

∂D

DxZ2(t, x, τ, ξ)g(τ, ξ)dξS,

λ(t, x) =

T∫

t

dτ

∫

D

[
DuF (τ, ξ, u0, u0

ξ ,

W (τ, ξ, u0, u0
ξ , λ))G1(τ, ξ, t, x)+

+
n∑

i=1

Dui
F (τ, ξ, u0, u0

ξ ,W (τ, ξ, u0, u0
ξ , λ))×

×Dξi
G1(τ, ξ, t, x)

]
dξ+

+

T∫

t

dτ

∫

D

[
DuF (τ, ξ, u0, u0

ξ ,W (τ, ξ, u0, u0
ξ , λ))×

×Z1(τ, ξ, t, x) +
n∑

i=1

Dui
F (τ, ξ, u0, u0

ξ ,

W (τ, ξ, u0, u0
ξ , λ))Dξi

Z1(τ, ξ, t, x)

]
dξ. (22)

Ðîçâ'ÿçîê ñèñòåìè (22) çíàõîäèìî ìåòî-
äîì ïîñëiäîâíèõ íàáëèæåíü.

Àíàëîãi÷íi ðåçóëüòàòè ìàþòü ìiñöå ïðè
äîñëiäæåííi çàäà÷i çíàõîäæåííÿ ôóíêöié

u(t, x, p(t, x), r(t, x)) òà (p(t, x), r(t, x)), ÿêi
ðåàëiçóþòü ìiíiìóì ôóíêöiîíàëà

I(p, r) =

T∫

0

dt

∫

D

F1(t, x,−→u )dx+

+

T∫

0

dt

∫

∂D

F2(t, x, u, r)dxS

ó êëàñi ôóíêöié
V1 ≡ {(p, r) : p ∈ Cα(Q), r ∈ C1+α(Γ),

ψ1(t, x) ≤ p(t, x) ≤ ψ2(t, x), r1(t, x) ≤ r(t, x) ≤
≤ r2(t, x), ψ1, ψ2 ∈ Cα(Q), r1, r2 ∈ C1+α(Γ)},
äå u(t, x, p, r) ¹ ðîçâ'ÿçêîì íåëîêàëüíî¨ êðà-
éîâî¨ çàäà÷i

(Lu)(t, x) ≡ ∂u

∂t
−

n∑
i,j=1

aij(t, x)
∂2u

∂xi∂xj

−

−
n∑

i=1

ai(t, x)
∂u

∂xi

− a0(t, x)u = f(t, x, p),

u(0, x) +

T∫

0

q(τ, x)u(τ, x)dτ = ϕ(x),

(Bu)(t, x)|Γ ≡

≡
(

n∑

k=1

bk(t, x)
∂u

∂xk

+ b0(t, x)u

)∣∣∣∣∣
Γ

= g(t, x, r).
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