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Âèâ÷à¹òüñÿ ïî÷àòêîâà çàäà÷à äëÿ ãiïåðáîëi÷íîãî ðiâíÿííÿ i áàãàòî÷àñòîòíî¨ ñèñòåìè äè-
ôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì. Îáãðóíòîâàíî ìåòîä óñåðåäíåííÿ çà øâèäêèìè çìiííè-
ìè íà ñêií÷åííîìó ïðîìiæêó ÷àñó â òîìó âèïàäêó,êîëè ñèñòåìà â ïðîöåñi åâîëþöi¨ ïðîõîäèòü
÷åðåç ðåçîíàìè. Îäåðæàíî îöiíêó ïîõèáêè ìåòîäó óñåðåäíåííÿ, ÿêà ÿâíî çàëåæèòü âiä ìàëîãî
ïàðàìåòðà.

The object of this paper is to study a system of hyperbolic di�erential equation and a multi-
frequence di�erential equation systems with delay. An averaging method over fast variables is
justi�ed for system which pass through the resonance in the evolution process. For the error of the
method, an estimate explicitly dependent of a small parameter is obtained.

Âñòóï. Êîëèâàííÿ ñèñòåì iç çîñåðåäæå-
íèìè i ðîçïîäiëåíèìè ïàðàìåòðàìè, ÿêi âçà-
¹ìîäiþòü ìiæ ñîáîþ, äîñëiäæóâàëîñü â áà-
ãàòüîõ ðîáîòàõ. Çîêðåìà, â çàäà÷i ïðî êåðó-
âàííÿ êîëèâíèì ïðîöåñîì, êîëè îäèí iç îá'-
¹êòiâ îïèñó¹òüñÿ õâèëüîâèì ðiâíÿííÿì, à ií-
øi � äèôåðåíöiàëüíèìè ðiâíÿííÿìè iç çâè-
÷àéíèìè ïîõiäíèìè [1], ñòðóííîãî ãåíåðàòî-
ðà ç ïiäñèëþâà÷åì [2], ïðî êåðóâàííÿ äèíà-
ìi÷íîþ ñèñòåìîþ ïiä äi¹þ âèñîêî÷àñòîòíèõ
çáóðåíü [3] òà ií.

Ó äàíié ðîáîòi ðîçãëÿíåìî çàäà÷ó îáãðóí-
òóâàííÿ ìåòîäó óñåðåäíåííÿ äëÿ çáóðåíî-
ãî ðiâíÿííÿ êîëèâàííÿ íåñêií÷åííî¨ ñòðó-
íè. Çáóðåííÿ ¹ ðåçóëüòàòîì äi¨ áàãàòî÷à-
ñòîòíî¨ ñèñòåìè iç çàïiçíåííÿì. Äîñëiäæåí-
íþ áàãàòî÷àñòîòíèõ ñèñòåì ïðèñâÿ÷åíà ìî-
íîãðàôiÿ [4] òà ií. Çàñòîñóâàííÿ àñèìïòî-
òè÷íèõ ìåòîäiâ äëÿ ãiïåðáîëi÷íèõ ðiâíÿíü
âèâ÷àëàñü, íàïðèêëàä, â [5, 6], à ïèòàí-
íÿ iñíóâàííÿ ðîçâ'ÿçêó äëÿ ãiïåðáîëi÷íèõ
ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ ðiâíÿíü �
â [7].

1. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿíåìî ñè-
ñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó

∂2u

∂t2
= c2∂2u

∂x2
+ ε2f(x, τ, a, a∆, ϕ, ϕ∆), (1)

da

dτ
= A(τ, a, a∆, ϕ, ϕ∆),

dϕ

dτ
=

ω(τ)

ε
+ B(τ, a, a∆, ϕ, ϕ∆), (2)

äå ε � ìàëèé ïàðàìåòð, ε ∈ (0, ε0], τ = εt,
x ∈ R, τ ∈ [0, L], c > 0, ∆ > 0, a∆(τ) =
a(τ − ε∆), ϕ∆(τ) = ϕ(τ − ε∆). Ôóíêöi¨ A, B
i f 2π-ïåðiîäè÷íi çà êîìïîíåíòàìè ϕ, ϕ∆.

Ïåðøå ç ðiâíÿíü îïèñó¹ êîëèâàííÿ íå-
ñêií÷åííî¨ ñòðóíè ïiä äi¹þ çáóðåííÿ, ùî çà-
ëåæèòü âiä àìïëiòóäíèõ çìiííèõ a ∈ D , D
� îáìåæåíà îáëàñòü â Rn, i ôàçîâèõ çìiííèõ
ϕ ∈ Rm, m ≥ 1, à òàêîæ âiä öèõ çìiííèõ
iç ñòàëèì çàïiçíåííÿì. Ñèñòåìà (2) íàçèâà-
¹òüñÿ m-÷àñòîòíîþ i õàðàêòåðíèì äëÿ íå¨ ¹
ÿâèùå ðåçîíàíñó ÷àñòîò. Óìîâîþ ðåçîíàíñó
â òî÷öi τ ¹ âèêîíàííÿ ðiâíîñòi [8]

γkl(τ, ε) ≈ 0, (3)

äå γkl(τ, ε) = (k, ω(τ)) + (l, ω(τ − ε∆)), k, l ∈
Zm, ‖k‖+ ‖l‖ 6= 0.

Äëÿ ñèñòåìè áåç çàïiçíåííÿ (∆ = 0) óìî-
âîþ ðåçîíàíñó â òî÷öi τ ñëóæèòü âèêîíàííÿ
ðiâíîñòi

(p, ω(τ)) = 0, p = k + l 6= 0.

ßêùî ∆ > 0 i k + l = 0, òî ñèñòåìà (2) ìî-
æå çíàõîäèòèñÿ â îêîëi ðåçîíàíñó (k, ω(τ)−
ω(τ − ε∆)) ≈ 0 ÿê çàâãîäíî äîâãî, òîìó â
óñåðåäíåíié ñèñòåìi çáåðiãàþòüñÿ âiäïîâiäíi
ñêëàäîâi.
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Çàäàìî äëÿ (1), (2) ïî÷àòêîâi óìîâè:

u(x, 0, ε) = v(x),

∂u(x, 0, ε)

∂t
= w(x), x ∈ R; (4)

a(τ, ε) = a0(τ), ϕ(τ, ε) = ϕ0(τ), τ ∈ [−ε∆, 0],

äå

v ∈ C2(R), w ∈ C1(R), (a0, ϕ0) ∈ C[−ε∆, 0].

ßê ïîêàçàíî â [8], óìîâîþ íåçàñòðÿãàííÿ
ñèñòåìè (2) â îêîëi ðåçîíàíñó (3), êîëè k +
l 6= 0, ¹ âèêîíàííÿ óìîâè

V (τ) 6= 0, τ ∈ [0, L], (5)

äå V (τ) � âðîíñêiàí ñèñòåìè ôóíêöié
{ω1(τ), . . . , ωm(τ)}.

Âiäïîâiäíà (1), (2) óñåðåäíåíà çà øâèäêè-
ìè çìiííèìè ñèñòåìà, â ÿêié âðàõîâàíî ðå-
çîíàíñè (3) äëÿ k + l = 0, íàáóâà¹ âèãëÿäó

∂2u

∂t2
= c2∂2u

∂x2
+ ε2f(x, τ, a, a∆, ), (6)

da

dτ
= A(τ, a, a∆),

dϕ

dτ
=

ω(τ)

ε
+ B(τ, a, a∆), (7)

äå

F (χ, τ, a, b) =
1

(2π)m

2π∫

0

. . .

2π∫

0

F (x, τ, a, b, ϕ,

ϕ−ψ)dϕ1 . . . dϕm =
∑

k+l=0

Fkl(x, τ, a, b)e−i(k,ψ),

ψ = ω(τ)∆, F := (f, A,B).

Óñåðåäíåíà ñèñòåìà ïðîñòiøà, íiæ (1),
(2), îñêiëüêè ðiâíÿííÿ äëÿ a íå çàëåæèòü
âiä øâèäêèõ çìiííèõ, à çíàõîäæåííÿ u i ϕ
çâîäèòüñÿ äî çàäà÷i iíòåãðóâàííÿ.

Çàäà÷à ïîëÿãà¹ â äîâåäåííi iñíóâàííÿ
ðîçâ'ÿçêó 1), (2) iç ïî÷àòêîâèìè óìîâàìè (4)
òà çíàõîäæåííi îöiíêè âiäõèëåííÿ ðîçâ'ÿç-
êiâ ñèñòåì âèõiäíî¨ òà óñåðåäíåíî¨ ñèñòåì
äëÿ τ ∈ [0, L] i x ∈ R, ÿêùî ¨õ ïî÷àòêîâi
óìîâè çáiãàþòüñÿ.

3. Îá ðóíòóâàííÿ ìåòîäó óñåðåäíåí-
íÿ.

Òåîðåìà. Íåõàé âèêîíóþòüñÿ íàñòóïíi
óìîâè:

1) ôóíêöi¨ ων ∈ Cm[0, L], ν = 1, . . . , m, i
ñïðàâäæó¹òüñÿ óìîâà (5);

2) âåêòîð-ôóíêöiÿ F (x, τ, a, b, ϕ, θ) íåïå-
ðåðâíî äèôåðåíöiéîâíà l1 ≥ 2 ðàç çà x, τ, a, b
i l2 ≥ 2m + 1 ðàç çà çìiííèìè (ϕ, θ) â îáëà-
ñòi R× [0, L]×D×D×Rm×Rm i îáìåæåíà
ðàçîì iç ïîõiäíèìè ñòàëîþ σ1;

3) íà ïðîìiæêó [0, L] iñíó¹ ðîçâ'ÿçîê ñè-
ñòåìè (7), ïðè÷îìó a(τ, ε) ëåæèòü â îáëà-
ñòi D ðàçîì iç ñâî¨ì ρ-îêîëîì äëÿ âñiõ ε ∈
(0, ε0];

4) â îáëàñòi G1 = R1 × [0, L]×D ×D

∑

k+l=0

sup
G1

‖Fkl‖+
∑

k+l 6=0

[
sup
G1

‖Fkl‖+
1

‖k + l‖×

×
(

sup
G1

∥∥∥∂Fkl

∂τ

∥∥∥ + σ1

(
sup
G1

∥∥∥∂Fkl

∂a

∥∥∥+

+ sup
G1

∥∥∥∂Fkl

∂b

∥∥∥
))]

≤ σ2.

.
Òîäi äëÿ äîñèòü ìàëîãî ε0 > 0, âñiõ

(x, τ, ε) ∈ R × [0, L] × (0, ε0] iñíó¹ ¹äèíèé
ðîçâ'ÿçîê ñèñòåìè (1), (2) ç ïî÷àòêîâèìè
óìîâàìè (4) i ñïðàâäæó¹òüñÿ îöiíêà

‖a(τ, ε)− a(τ, ε)‖+ ‖ϕ(τ, ε)− ϕ(τ, ε)‖+
+‖u(x, τ/ε, ε)− u(x, τ/ε, ε)‖ ≤ c3ε

1/m. (8)

Äîâåäåííÿ. Çà ôîðìóëîþ Äàëàìáåðà [9]
äëÿ ðîçâ'ÿçêiâ ðiâíÿíü (1) i (6) ìà¹ìî

u(x, t, ε)− u(x, t, ε) =
ε2

2c

t∫

0

ds

x+c(t−s)∫

x−c(t−s)

[f(z, εs,

a(s, ε), a(s−∆, ε), ϕ(s, ε), ϕ(s−∆, ε))−f(z, εs,

a(s, ε), a(s−∆, ε))]dz.

Ïåðåéøîâøè äî çìiííî¨ τ îäåðæèìî

|u(x, τ/ε, ε)−u(x, τ/ε, ε)| ≤ 2σ1

τ∫

0

(τ−s)‖a(s, ε)−
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−a(s, ε)‖ds+
ε

2c

∑

k+l 6=0

∣∣∣∣∣

τ∫

0

ds

x+ c
ε
(τ−s)∫

x− c
ε
(τ−s)

fkl(z, τ, a, a∆)×

× exp[i(k, ϕ) + i(l, ϕ∆)]dz

∣∣∣∣∣.

Ââåäåìî ïîçíà÷åííÿ:

gkl(x, τ, s, ε) =

x+ c
ε
(τ−s)∫

x− c
ε
(τ−s)

fkl(z, τ, a, a∆)×

× exp

[
− i

ε

τ∫

0

γkl(s1, ε)ds1+i(k, ϕ)+i(l, ϕ∆)

]
dz.

Ñêîðèñòà¹ìîñÿ îöiíêîþ [8]

‖a(τ, ε)− a(τ, ε)‖ ≤ c1ε
1/m, (10)

ïðàâèëüíîþ äëÿ âñiõ (τ, ε) ∈ [0, L] × (0, ε0]
â ðàçi âèêîíàííÿ óìîâ 1) � 3) òåîðåìè äëÿ
ôóíêöié ω, A i B, òà îöiíêîþ îñöèëÿöiéíîãî
iíòåãðàëà
∣∣∣∣∣

τ∫

0

gkl(x, τ, s, ε) exp

[
i

ε

s∫

0

γkl(s1, ε)ds1

]
ds

∣∣∣∣∣ ≤

≤ c2ε
1/m

(
sup
G2

|gkl|+ 1

‖k + l‖ sup
G2

∣∣∣∂gkl

∂s

∣∣∣
)
,

G2 = R× [0, L]× [0, L]× (0, ε]. Iç óìîâ 1 i
4 äëÿ (x, τ, ε) ∈ R× [0, .L]× (0, ε0] îäåðæèìî

|gkl(x, τ, s, ε)| ≤ 2cL

ε
sup
G1

|fkl|,

∣∣∣∂gkl(x, τ, s, ε)

∂τ

∣∣∣ ≤ 2c(1 + σ1L)

ε
(‖k‖+‖l‖) sup

G1

|fkl|+

+
2cL

ε
sup
G1

∣∣∣dfkl

dτ

∣∣∣. (11)

Íà ïiäñòàâi (10), (11) iç (9) ìà¹ìî

|u(x, τ/ε, ε)− u(x, τ/ε, ε)| ≤ σ1c1L
2ε1/m+

+2c2c
∑

k+l 6=1

[
(L + (1 + σ1L)×

×(‖k‖+ ‖l‖)) sup
G1

|fkl|+ L sup
G1

∣∣∣dfkl

dτ

∣∣∣
]
≤

≤ ε1/m(σ1c1L
2+c2σ2(L(1+σ1)+1))σ2) ≡ c3ε

1/m.

ßêùî 2c3ε
1/m
0 ≤ ρ, òî îöiíêà (8) âèêîíó¹-

òüñÿ äëÿ âñiõ (x, τ, ε) ∈ R× [0, L]× (0, ε0].
Òåîðåìó äîâåäåíî.
4. Ïðèêëàä. Ðîçãëÿíåìî ìîäåëüíèé

ïðèêëàä ñèñòåìè iç m = 4 ÷àñòîòàìè âèãëÿ-
äó
∂2u

∂t2
= c2∂2u

∂x2
+ε2(d1 cos(2ϕ1−ϕ2+ϕ3−ϕ4−ϕ1∆)+

+d2 cos(ϕ1 + ϕ2 − ϕ1∆ − ϕ2∆)), (12)

da

dτ
= b1 cos(2ϕ1 − ϕ2 + ϕ3 − ϕ4 − ϕ1∆)+

+b2 cos(ϕ1 + ϕ2 − ϕ1∆ − ϕ2∆), (13)

dϕ1

dτ
=

1

ε
,

dϕ2

dτ
=

1 + τ

ε
,

dϕ3

dτ
=

1 + τ + τ 2

ε
,

dϕ4

dτ
=

1 + τ 2 + 4τ 3

ε
.

Òóò c > 0, bν , dν � äåÿêi ñòàëi, 0 < ∆ <
π/4, ϕ1(τ, ε) = τ/ε, ϕ2(τ, ε) = (τ + 0.5τ 2)/ε
ïðè τ ≤ 0, ϕ3(0) = ϕ4(0) = 0.

Â ñèñòåìi ¹ ðåçîíàíñ â ìîìåíò ÷àñó τ =
0, îñêiëüêè γ(1) = 2ω1 − ω2 + ω3 − ω4 −
ω1∆ = −4τ 3. Êðiì òîãî, ïðè τ ≥ ε∆ âè-
êîíó¹òüñÿ ðåçîíàíñíå ñïiââiäíîøåííÿ γ(2) =
ω1 − ω1∆ + ω2 − ω2∆ = ε∆. Âiäïîâiäíi ôà-
çè íàáóâàþòü âèãëÿäó: ψ(1) = ∆ − τ 4/ε i
ψ(2) = (τ + 2 − ε∆/2)∆, τ ≥ 0. Óìîâà (6)
âèêîíó¹òüñÿ, îñêiëüêè V (τ) = 24.

Óñåðåäíèìî ïåðøi äâà ðiâíÿííÿ:
∂2u

∂t2
= c2∂2u

∂x2
+ ε2d2 cos(εt + 2)∆,

da

dτ
= b2 cos(τ + 2)∆.

Ìà¹ìî

a(τ, ε)− a(τ, ε) = b1

(
cos∆

τ∫

0

cos
τ 4

ε
dτ+

+ sin ∆

τ∫

0

sin
τ 4

ε
dτ

)
+b2

τ∫

0

(cos(τ +2− ε∆

2
)∆−
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− cos(τ + 2)∆)dτ.

Íåõàé L = 1, α = Γ(
1

4
) cos

π

8
, Γ(z) � ãàìà-

ôóíêöiÿ. Íà ïiäñòàâi àñèìïòîòè÷íîãî ðîç-
êëàäó óçàãàëüíåíîãî iíòåãðàëà Ôðåíåëÿ [10]

1∫

0

cos
τ 4

ε
dτ = 4

√
ε

1/ 4√ε∫

0

cos τ 4dτ =

= 4
√

ε(α + O( 4
√

ε))

òà àíàëîãi÷íîãî ðîçêëàäó äëÿ iíòåãðàëà âiä
sin τ 4 îäåðæèìî

a(1, ε)− a(1, ε) = 2 4
√

εαb1 cos(
π

4
−∆)+

+
4b2

∆
sin

ε∆2

4
sin

∆

2
sin

∆

2
(5− ε∆

2
) =

= O( 4
√

ε) + O(ε) = O( 4
√

ε)

ïðè ε → 0.
Çàóâàæèìî, ùî óñåðåäíèâøè â (12) i (14)

çà âñiìà êîìïîíåíòàìè âåêòîðiâ ϕ i ϕ∆ áåç
âðàõóâàííÿ ðåçîíàíñó γ(2), îäåðæèìî

dã

dτ
= 0.

Òîäi äëÿ τ ∈ [0, 1]

a(τ, ε)− ã = b1

τ∫

0

cos(
τ 4

ε
−∆)dτ + b2×

×
τ∫

0

cos(τ + 2− ε∆

2
)∆dτ =

= 2 4
√

εb1α cos(
π

4
−∆)+

2

∆
cos

∆

2
cos(5−ε∆)

∆

2
=

= O(1).

Îòæå, â öüîìó âèïàäêó ðîçâ'ÿçêè òî÷íî¨ òà
óñåðåäíåíî¨ çàäà÷ íå áóäóòü áëèçüêèìè äëÿ
τ ∈ [0, 1], òîáòî äëÿ t ∈ [0, 1/ε].

Äëÿ ðîçâ'ÿçêiâ ãiïåðáîëi÷íîãî ðiâíÿííÿ
ìà¹ìî

u(x, t, ε)−u(x, t, ε) = ε2

t∫

0

ds

x+c(t−s)∫

x−c(t−s)

(d1 cos(∆−

−ε3s4) + 2d2 sin
ε∆2

4
sin(εs + 2− ε∆

4
)∆)dz =

= 2αcd1
4
√

ε− 1

2
d1c
√

ε + c4 sin
ε∆2

4
+ o( 4

√
ε),

äå c4 =
2
√

2

∆
sin

∆

2
cos(5∆ − ε∆2 − π

2
)/2 +

cos(5−ε∆)∆/2, òîáòî ìà¹ìî îöiíêó âèãëÿäó
(8).
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