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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Þðiÿ Ôåäüêîâè÷à

ÍÀÁËÈÆÅÍI ÐÎÇÂ'ßÇÊÈ ÇÀÄÀ×I ÊÎØI ÄËß ÃIÏÅÐÁÎËI×ÍÎÃÎ
ÐIÂÍßÍÍß Ç ÂÈÐÎÄÆÅÍÍßÌ

Ïîáóäîâàíi íàáëèæåíi ðîçâ'ÿçêè åâîëþöiéíîãî ðiâíÿííÿ ãiïåðáîëi÷íîãî òèïó ç âèðîäæå-
ííÿì, äà¹òüñÿ îöiíêà ïîõèáêè íàáëèæåííÿ.

The constructed approximate solutions of the evolutional equation of the hyperbolic type
with degeneracy, the estimate of the error of the approximation is given.

Áàãàòî çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè ìî-
æíà ïîäàòè ó âèãëÿäi çàäà÷i Êîøi äëÿ åâî-
ëþöiéíîãî ðiâíÿííÿ ãiïåðáîëi÷íîãî òèïó

u′′(t) + tαAu(t) = 0, α ≥ 0, t ∈ [0, T ],

u(0) = f, u′(0) = g, (1)

äå A � íåâiä'¹ìíèé ñàìîñïðÿæåíèé îïåðà-
òîð çi ùiëüíîþ îáëàñòþ âèçíà÷åííÿ â ñåïà-
ðàáåëüíîìó ãiëüáåðòîâîìó ïðîñòîði. Ó ïðàöi
À.Â.Áàáèíà [1] ìåòîäîì òåîði¨ âàãîâîãî íà-
áëèæåííÿ ôóíêöié íà ïiâîñi îäåðæàíî çî-
áðàæåííÿ ðîçâ'ÿçêó çàäà÷i Êîøi (1) ó âè-
ïàäêó α = 0, g = 0, ó âèãëÿäi u(t) =
lim

n→∞
Pn(t, A)f , äå Pn(t, λ) � ïîëiíîì ñòåïåíÿ

n (ïðè ôiêñîâàíîìó t). Ó ïðèïóùåííi, ùî
âåêòîð f íàëåæèòü äî îáëàñòi âèçíà÷åííÿ
îïåðàòîðà ch

√
A, çà øóêàíi ïîëiíîìè ó âêà-

çàíié ïðàöi áåðóòüñÿ ïîëiíîìè, ÿêi íàáëè-
æàþòü ôóíêöiþ cos t

√
λ íà ïiâîñi ç âàãîþ

ch
√

λ. Ïðè öüîìó äà¹òüñÿ îöiíêà øâèäêî-
ñòi çáiæíîñòi: ïîõèáêà sup

t∈[0,T ]

‖u(t)−Pn(t, A)f‖
ñïàäà¹ ÿê exp{−δn}, δ > 0.

Ó êíèçi [2] ïðîïîíó¹òüñÿ iíøèé ìåòîä ïî-
áóäîâè ïîëiíîìiâ Pn, ÿêèé áàçó¹òüñÿ íà íà-
áëèæåííi ôóíêöié íà ïiâîñi ÷àñòèííèìè ñó-
ìàìè ¨õíiõ ðÿäiâ Ôóð'¹, ïîáóäîâàíèìè çà
îðòîãîíàëüíèìè ìíîãî÷ëåíàìè Ëàãåððà, ùî
óòâîðþþòü îðòîíîðìîâàíèé áàçèñ ó ïðîñòî-
ði L2((0,∞), λα exp(−µλ)), äå α > −1, à
µ > 0 � ÷èñëî, çàëåæíå âiä âåêòîðà f . Öåé
ìåòîä äà¹ òî÷íiøó, íiæ ó ïðàöi [1], îöiíêó
âiäõèëåííÿ, àëå ó âóæ÷îìó êëàñi ïî÷àòêî-
âèõ äàíèõ.

Ó äàíié ðîáîòi áóäóþòüñÿ íàáëèæåíi
ðîçâ'ÿçêè çàäà÷i Êîøi äëÿ ðiâíÿííÿ

∂2u

∂t2
+ tαϕ(A)u = 0, (t, x) ∈ [0, T ]× R ≡ Ω,

u(0, x) = f(x), u′x(0, x) = g(x),

äå ϕ(A) � äåÿêà ôóíêöiÿ ãàðìîíiéíîãî îñöè-
ëÿòîðà � îïåðàòîðà A = − d2

dx2
+x2. Ïðè öüî-

ìó âiäïîâiäíi íàáëèæåííÿ ¹ ðiâíîìiðíèìè ïî
(t, x) ∈ Ω. Îñíîâîþ ïðîâåäåíèõ äîñëiäæåíü
¹ ìåòîäèêà, ðîçðîáëåíà â [2].

1. Ïðîñòîðè òèïó S. I.Ì.Ãåëüôàíä
i Ã.�.Øèëîâ ââåëè â [3] ñåðiþ ïðîñòîðiâ,
íàçâàíèõ íèìè ïðîñòîðàìè òèïó S. Âîíè
ñêëàäàþòüñÿ ç íåñêií÷åííî äèôåðåíöiéîâ-
íèõ ôóíêöié, âèçíà÷åíèõ íà R, íà ÿêi íàêëà-
äàþòüñÿ ïåâíi óìîâè ñïàäàííÿ íà íåñêií÷åí-
íîñòi i çðîñòàííÿ ïîõiäíèõ iç çáiëüøåííÿì
ïîðÿäêó. Öi óìîâè çàäàþòüñÿ çà äîïîìîãîþ
íåðiâíîñòåé

|xkϕ(m)(x)| ≤ ckm, x ∈ R, {k, m} ⊂ Z+,

äå {ckm} � äåÿêà ïîäâiéíà ïîñëiäîâíiñòü äî-
äàòíèõ ÷èñåë. ßêùî íà åëåìåíòè ïîñëiäîâ-
íîñòi {ckm} íå íàêëàäàþòüñÿ æîäíi îáìåæå-
ííÿ (òîáòî ckm ìîæóòü çìiíþâàòèñü äîâiëü-
íèì ÷èíîì ðàçîì ç ôóíêöi¹þ ϕ), òî ìà¹ìî,
î÷åâèäíî, ïðîñòið Ë.Øâàðöà øâèäêî ñïà-
äíèõ ôóíêöié. ßêùî æ ÷èñëà ckm çàäîâîëü-
íÿþòü ïåâíi óìîâè, òî âiäïîâiäíi êîíêðåòíi
ïðîñòîðè ìiñòÿòüñÿ â S i íàçèâàþòüñÿ ïðî-
ñòîðàìè òèïó S. Îçíà÷èìî äåÿêi ç íèõ.
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Äëÿ äîâiëüíèõ α, β ≥ 0 ïîêëàäåìî

Sβ
α(R) ≡ Sβ

α := {ϕ ∈ S|∃c > 0 ∃A > 0 ∃B > 0

∀{k,m} ⊂ Z+ ∀x ∈ R : |xkϕ(m)(x)| ≤
≤ cAkBmkkαmmβ}.

Ââåäåíi ïðîñòîðè ìîæíà îõàðàêòåðèçóâà-
òè ùå é òàê [3].

Ïðîñòîðè Sβ
α íåòðèâiàëüíi ïðè α + β ≥ 1

i óòâîðþþòü ùiëüíi â L2(R) ìíîæèíè.
ßêùî 0 < β < 1 i α ≥ 1−β, òî Sβ

α ñêëàäà-
¹òüñÿ ç òèõ i ëèøå òèõ ôóíêöié ϕ, ÿêi äîïó-
ñêàþòü àíàëiòè÷íå ïðîäîâæåííÿ ó âñþ êîì-
ïëåêñíó ïëîùèíó i äëÿ ÿêèõ

|ϕ(x + iy)| ≤ c exp(−a|x|1/α + b|y|1/(1−β)),

c > 0, a > 0, b > 0.

Ïðîñòið S Ë.Øâàðöà ôîðìàëüíî âiäïîâi-
äà¹ ñèìâîëó S∞∞ . Ó êíèçi [4] äîâåäåíî, ùî
S

β/2
β/2 = G{β}(A) ïðè β ≥ 1, äå A � ãàð-

ìîíiéíèé îñöèëÿòîð, òîáòî îïåðàòîð, ïîðî-
äæåíèé â L2(R) äèôåðåíöiàëüíèì âèðàçîì
− d2

dx2
+x2, G{β}(A) � êëàñ Æåâðå ïîðÿäêó β

îïåðàòîðà A, òîáòî

G{β}(A) = {ϕ ∈ S
∣∣∣∃c, B > 0∀n ∈ Z+ :

‖Anϕ‖L2(R) ≤ cBnnnβ}.
Îðòîíîðìîâàíèé áàçèñ â L2(R) óòâîðþ-

þòü ôóíêöi¨ Åðìiòà hn(x) = e−x2/2Ĥn(x),
n ∈ Z+, x ∈ R, äå Ĥn � îðòîíîðìîâàíi ìíî-
ãî÷ëåíè Åðìiòà, òîáòî

Ĥn(x) =
(−1)n

√√
π2nn!

ex2

(e−x2

)(n), n ∈ Z+, x ∈ R.

Ôóíêöi¨ Åðìiòà hk, k ∈ Z+, ¹ âëàñíèìè ôóí-
êöiÿìè îïåðàòîðà A, à λk = 2k + 1, k ∈ Z+

� éîãî âëàñíèìè ÷èñëàìè. Òîäi, ÿê âèïëè-
âà¹ iç çàãàëüíî¨ òåîði¨ íåâiä'¹ìíèõ ñàìîñïðÿ-
æåíèõ îïåðàòîðiâ ó ãiëüáåðòîâîìó ïðîñòîði,
åëåìåíòè ïðîñòîðiâ S, Sβ

β , β ≥ 1/2, ìîæíà
îõàðàêòåðèçóâàòè çà äîïîìîãîþ ¨õíiõ êîåôi-
öi¹íòiâ Ôóð'¹ çà áàçèñîì {hk, k ∈ Z+} òàê [4].

ßêùî f =
∞∑

k=0

ckhk, ck = (f, hk)L2(R) �

êîåôiöi¹íòè Ôóð'¹-Åðìiòà, òî ïðàâèëüíèìè
¹ íàñòóïíi ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi:

à) (f ∈ S) ⇔ (∀m ∈ N ∃c = c(m) > 0
∀k ∈ Z+: |ck| ≤ c(2k + 1)−m);

á) (f ∈ Sβ
β ) ⇔ (∃µ > 0 ∃c > 0 ∀k ∈ Z+:

|ck| ≤ c exp{−µ(2k + 1)1/(2β)}).
Âiäîìî [4], ùî ÿêùî ϕ ∈ S, òî An, n ∈ N,

äå A � ãàðìîíiéíèé îñöèëÿòîð, äi¹ íà ϕ çà
ïðàâèëîì

(Anϕ)(x) =
∑

0≤p+q≤2n

c(n)
p,q x

pϕ(q)(x), x ∈ R,

ïðè öüîìó êîåôiöi¹íòè c
(n)
p,q çàäîâîëüíÿþòü

íåðiâíiñòü

|cn
p,q| ≤ 10nnn− 1

2
(p+q).

Ñèìâîëîì S
1/2
1/2(C) ïîçíà÷èìî ñóêóïíiñòü

àíàëiòè÷íèõ ïðîäîâæåíü ôóíêöié ϕ ç ïðî-
ñòîðó S

1/2
1/2 ó êîìïëåêñíó ïëîùèíó, ïðè öüî-

ìó êîæíå ç òàêèõ ïðîäîâæåíü çàäîâîëüíÿ¹
íåðiâíiñòü

|ϕ(z)| ≡ |ϕ(x + iy)| ≤ c exp{−a|x|2 + b|y|2},
c > 0, a > 0, b > 0.

Îñêiëüêè ó ïðîñòîðàõ S
1/2
1/2 , S

1/2
1/2(C) âèçíà÷å-

íi i ¹ íåïåðåðâíèìè îïåðàöi¨ ìíîæåííÿ íà
íåçàëåæíó çìiííó òà äèôåðåíöiþâàííÿ, òî
îïåðàòîð An ¹ íåïåðåðâíèì ó ïðîñòîði S

1/2
1/2

òà ó ïðîñòîði S
1/2
1/2(C) äëÿ êîæíîãî n ∈ N.

Íåõàé f(z) =
∞∑

n=0

bnz
n � äåÿêà öiëà ôóí-

êöiÿ. Ãîâîðèòèìåìî, ùî â ïðîñòîði S
1/2
1/2(C)

çàäàíî îïåðàòîð f(A) :=
∞∑

n=0

bnAn, ÿêùî äëÿ

äîâiëüíî¨ îñíîâíî¨ ôóíêöi¨ ϕ ∈ S
1/2
1/2(C) ðÿä

ψ(z) = (f(A)ϕ)(z) :=
∞∑

n=0

bn(Anϕ)(z)

çîáðàæà¹ äåÿêó îñíîâíó ôóíêöiþ ç ïðîñòî-
ðó S

1/2
1/2(C).
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Ñèìâîëîì S̃
1/2
1/2(C) ïîçíà÷èìî ñóêóïíiñòü

òèõ ôóíêöié ϕ ∈ S
1/2
1/2(C), êîåôiöi¹íòè Ôóð'¹-

Åðìiòà ÿêèõ çàäîâîëüíÿþòü óìîâó á) ç ïà-
ðàìåòðîì µ ≥ √

e.
Ó ïðàöi [5] äîâåäåíî, ùî ÿêùî öiëà ôóí-

êöiÿ f çàäîâîëüíÿ¹ óìîâó

∃d > 0 ∃q ∈ (0, 1) ∀z = x+iy : |f(z)| ≤ deq|z|,

òî ó ïðîñòîði S̃
1/2
1/2(C) âèçíà÷åíèé i ¹ íå-

ïåðåðâíèì îïåðàòîð f(A), ÿêèé íåïåðåðâíî
âiäîáðàæà¹ S̃

1/2
1/2(C) â S̃

1/2
1/2(C).

Íàïðèêëàä, â S̃
1/2
1/2(C) âèçíà÷åíèé i ¹ íå-

ïåðåðâíèì îïåðàòîð

eqA =
∞∑

n=0

qnAn

n!
, q ∈ (0, 1),

äå A � ãàðìîíiéíèé îñöèëÿòîð. ßêùî ïîñè-
ëèòè óìîâó íà öiëó ôóíêöiþ f , à ñàìå, ââà-
æàòè, ùî

∀ε > 0∃cε > 0∀z = x+iy ∈ C : |f(z)| ≤ cεe
ε|z|,

òî îïåðàòîð f(A) áóäå âæå âèçíà÷åíèé íà
ïðîñòîði S

1/2
1/2(C) i âiäîáðàæàòèìå íåïåðåðâ-

íî öåé ïðîñòið â ñåáå. Íàäàëi ââàæàòèìåìî,
ùî ôóíêöiÿ f çàäîâîëüíÿ¹ îñòàííþ óìîâó.

Çâóæåííÿ îïåðàòîðà f(A) íà ïðîñòið
S

1/2
1/2 ≡ S

1/2
1/2(R) ïîçíà÷àòèìåìî ñèìâîëîì Af .

Ââàæàòèìåìî òàêîæ, ùî íà äiéñíié âiñi ôóí-
êöiÿ f äîäàòêîâî çàäîâîëüíÿ¹ óìîâó

∃d0 > 0 ∀x ∈ R : f(x) ≥ d0|x|.

2. Íàáëèæåíi ðîçâ'ÿçêè çàäà÷i Êî-
øi äëÿ ðiâíÿííÿ ãiïåðáîëi÷íîãî òèïó ç
âèðîäæåííÿì. Ðîçãëÿíåìî ðiâíÿííÿ

∂2u(t, x)

∂t2
+ tαAfu(t, x) = 0,

(t, x) ∈ [0, T ]× R ≡ Ω, (2)

äå α > 0 � ôiêñîâàíèé ïàðàìåòð, Af � îïå-
ðàòîð, ïîáóäîâàíèé çà ôóíêöi¹þ f .

Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (2) ðîçóìiòèìå-
ìî ôóíêöiþ u, ÿêà çàäîâîëüíÿ¹ óìîâè:

1) u(t, ·) ∈ S
1/2
1/2 ïðè êîæíîìó t ∈ [0, T ];

2) u(·, x) äâi÷i äèôåðåíöiéâîíà ïî t ïðè
êîæíîìó x ∈ R;

3) u çàäîâîëüíÿ¹ ðiâíÿííÿ (2).
Âiäîìî [6], ùî ôóíäàìåíòàëüíó ñèñòåìó

ðîçâ'ÿçêiâ ðiâíÿííÿ

ω′′ + btαω = 0

(b > 0 � ÷èñëî) óòâîðþþòü ôóíêöi¨

G1(t, b, α) ≡ G1(t, b) = πτ τbτ/2t1/2×
×(Γ(τ) sin πτ)−1J−τ (2τb1/2t1/(2τ)),

G2(t, b, α) ≡ G2(t, b) = Γ(τ)τ 1−τ t1/2b−τ/2×
×Jτ (2τb1/2t1/(2τ)),

äå τ = (α + 2)−1, Γ(·) � ãàìà-ôóíêöiÿ, Jω(·)
� ôóíêöiÿ Áåññåëÿ ïåðøîãî ðîäó ïîðÿäêó
ω, ω ∈ {−τ, τ}. Çàçíà÷èìî, ùî G1(t, b, 0) =

cos t
√

b, G2(t, b, 0) = b−1/2 sin(t
√

b).
Çâiäñè âèïëèâà¹, ùî ôóíêöiÿ

u(t, x) =
∞∑

k=0

(G1(t, λk)ck(g)+

+G2(t, λk)ck(γ))hk(x),

äå

g =
∞∑

k=0

ck(g)hk ∈ S
1/2
1/2 ,

γ =
∞∑

k=0

ck(γ)hk ∈ S
1/2
1/2 ,

ck(g) = (g, hk), ck(γ) = (γ, hk),

λk = f(2k + 1), k ∈ Z+

¹ ðîçâ'ÿçêîì ðiâíÿííÿ (2), òîáòî ðîçâ'ÿçêîì,
ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè

u(0, x) = g(x), u′x(0, x) = γ(x). (3)

Ôóíêöi¨ G1(t, λ), G2(t, λ), λ > 0, çà äî-
ïîìîãîþ ÿêèõ çîáðàæà¹òüñÿ ðîçâ'ÿçîê çàäà-
÷i Êîøi (2), (3), ìàþòü ñêëàäíó ñòðóêòó-
ðó. Âèÿâëÿ¹òüñÿ, ùî öi ôóíêöi¨ äîïóñêàþòü
ðîçâèíåííÿ â ðÿäè Ôóð'¹ çà îðòîíîðìîâàíè-
ìè ìíîãî÷ëåíàìè ×åáèøîâà-Ëàãåððà, òîá-
òî â êîæíié òî÷öi λ ∈ (0,∞) ïðàâèëüíè-
ìè ¹ ñïiââiäíîøåííÿ Gi(t, λ) = lim

n→∞
P

(i)
n (t, λ),
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i ∈ {1, 2}, äå P
(i)
n (t, λ) � ÷àñòèííi ñóìè ðÿ-

äiâ Ôóð'¹ ôóíêöié Gi(t, λ) (ïðè ôiêñîâàíîìó
t > 0). Îòæå, ìîæíà ãîâîðèòè ïðî íàáëèæå-
íi ðîçâ'ÿçêè çàäà÷i Êîøi (2), (3) ó ïåâíîìó
ðîçóìiííi. Äëÿ òîãî, ùîá ñôîðìóëþâàòè âiä-
ïîâiäíi òâåðäæåííÿ, íàâåäåìî îñíîâíi îçíà-
÷åííÿ, ÿêi ñòîñóþòüñÿ ïîëiíîìiâ ×åáèøîâà-
Ëàãåððà.

Óçàãàëüíåíi ìíîãî÷ëåíè Ëàãåððà.
Ñèìâîëîì L̂ω,µ,n(λ) (λ ∈ (0,∞), ω > −1, µ >
0; ω, µ � ôiêñîâàíi ïàðàìåòðè) äîìîâèìîñÿ
ïîçíà÷àòè óçàãàëüíåíi ìíîãî÷ëåíè Ëàãåððà,
ÿêi óòâîðþþòü îðòîíîðìîâàíèé áàçèñ ó ãiëü-
áåðòîâîìó ïðîñòîði L2((0,∞), λω exp(−µλ)).
Ëåãêî ïåðåêîíàòèñÿ â òîìó, ùî

L̂ω,µ,n(λ) =
√

µ1+ωL̂ω,1,n(λ), (4)

äå L̂ω,1,n � ìíîãî÷ëåíè, îðòîíîðìîâàíi ç âà-
ãîþ λω exp(−λ), λ > 0. Âðàõóâàâøè (4)
òà ôîðìóëó Ðîäðiãà äëÿ ìíîãî÷ëåíiâ L̂ω,1,n

(äèâ. [7]) äiñòà¹ìî, ùî

L̂ω,µ,n(λ) =
(−1)n

√
µ1+ω

√
n!Γ(n + ω + 1)

(µλ)−ωeµλ×

×[(µλ)ω+ne−µλ](n), n ∈ Z+.

Çà ñèñòåìîþ ìíîãî÷ëåíiâ L̂ω,µ,n, n ∈ Z+,
ÿê i çà äîâiëüíîþ iíøîþ îðòîíîðìîâàíîþ
ñèñòåìîþ, ìîæíà áóäóâàòè ðÿäè Ôóð'¹. Íå-
õàé ôóíêöiÿ ϕ ∈ L2((0,∞), λω exp(−µλ)). Çi-
ñòàâèìî öié ôóíêöi¨ ó âiäïîâiäíiñòü ðÿä

∞∑
n=0

an(ω, µ)L̂ω,µ,n(λ), (5)

êîåôiöi¹íòè ÿêîãî âèçíà÷àþòüñÿ ôîðìóëîþ

an(ω, µ) =

∞∫

0

λωe−µλϕ(λ)L̂ω,µ,n(λ)dλ.

Ðÿä (5) çàâæäè çáiãà¹òüñÿ äî ôóíêöi¨ ϕ çà
íîðìîþ ïðîñòîðó L2((0,∞), λω exp(−µλ)).

Óìîâè çáiæíîñòi ðÿäó (5) äî ôóíêöi¨ ϕ ó
òî÷öi λ ∈ (0,∞) ¹ òàêèìè [7]:

1) ÿêùî ω > 0, à ôóíêöiÿ ϕ ∈
L1((0,∞), λω exp(−µλ)) â îêîëi ôiêñîâàíî¨

òî÷êè λ ∈ (0,∞) çàäîâîëüíÿ¹ óìîâó Ëiïøè-
öÿ i, êðiì òîãî, iñíóþòü iíòåãðàëè

1∫

0

λω/2−1/4|ϕ(λ)|dλ,

∞∫

1

λω/2+1/2e−µλ/2|ϕ(λ)|dλ,

òî ðÿä Ôóð'¹ çà ìíîãî÷ëåíàìè L̂ω,µ,n ôóíêöi¨
ϕ çáiãà¹òüñÿ äî öi¹¨ ôóíêöi¨ ó òî÷öi λ, òîáòî

ϕ(λ) =
∞∑

n=0

an(ω, µ)L̂ω,µ,n(λ); (6)

2) ÿêùî −1 ≤ ω ≤ 0, à ôóíêöiÿ ϕ ∈
L1((0,∞), λω exp(−µλ)) â îêîëi òî÷êè λ çà-
äîâîëüíÿ¹ óìîâó Ëiïøèöÿ i iñíóþòü iíòåãðà-
ëè

1∫

0

λω/2−3/4|ϕ(λ)|dλ,

∞∫

1

λω/2e−µλ/2|ϕ(λ)|dλ,

òî ïðàâèëüíîþ ¹ ôîðìóëà (6).
Âiäîìî [7], ùî ðîçâèíåííÿ ôóíêöi¨

F (λ) = (λa)−ω/2Jω(2
√

λa),

λ ∈ (0,∞), a > 0, ω > −1,

â ðÿä Ôóð'¹ çà ìíîãî÷ëåíàìè L̂ω,1,k, k ∈ Z+,
ìà¹ âèãëÿä

F (λ) = e−a

∞∑

k=0

(−1)kak

√
k!Γ(k + ω + 1)

L̂ω,1,k(λ).

Çâiäñè äiñòà¹ìî, ùî

F (µλ) =
e−a

√
µ1+ω

×

×
∞∑

k=0

(−1)kak

√
k!Γ(k + ω + 1)

L̂ω,µ,k(λ), (7)

äå µ > 0 � ôiêñîâàíèé ïàðàìåòð. Ïîêëàâøè
â (7) ω = −τ , √µa = τt1/(2τ) îäåðæèìî, ùî
ôóíêöiÿ G1(t, λ) ðîçêëàäà¹òüñÿ â ðÿä Ôóð'¹
çà ìíîãî÷ëåíàìè L̂−τ,µ,k i öå ðîçâèíåííÿ ìà¹
âèãëÿä

G1(t, λ) =
∞∑

k=0

ak(t, µ, α)L̂−τ,µ,k(λ), λ > 0,
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äå

ak(t, µ, α) =
πe−δ(−1)kδk

Γ(τ) sin πτ
√

µ1−τk!Γ(k − τ + 1)
,

δ =
tα+2

µ(α + 2)2
.

Àíàëîãi÷íî çíàõîäèìî, ùî ôóíêöiÿ
G2(t, λ) ðîçêëàäà¹òüñÿ â ðÿä Ôóð'¹ çà ìíî-
ãî÷ëåíàìè L̂τ,µ,k i öåé ðîçêëàä çîáðàæà¹òüñÿ
ôîðìóëîþ

G2(t, λ) =
∞∑

k=0

bk(t, µ, α)L̂τ,µ,k(λ), λ > 0,

äå

bk(t, µ, α) =
tτΓ(τ)e−δ(−1)kδk

√
µ1+τk!Γ(k + τ + 1)

.

Ïîçíà÷èìî ÷åðåç P
(1)
µ,t,n, P

(2)
µ,t,n n-i ÷àñòèííi

ñóìè ðÿäiâ Ôóð'¹ ôóíêöié G1, G2 çà ìíîãî-
÷ëåíàìè L̂−τ,µ,k, L̂τ,µ,k âiäïîâiäíî; ïðè öüî-
ìó P

(1)
µ,t,n(λ) → G1(t, λ), P

(2)
µ,t,n(λ) → G2(t, λ),

n →∞, ó êîæíié òî÷öi λ ∈ (0,∞) [7].
Ñèìâîëîì G{β}(Af ), β ≥ 1, ïîçíà÷èìî ñó-

êóïíiñòü òèõ ôóíêöié f ç ïðîñòîðó S
β/2
β/2 , ÿêi

çàäîâîëüíÿþòü óìîâó

∃µ > 0 ∃c > 0 ∀k ∈ Z+ : |ck(f)| ≤ ce−µλ
1/β
k ,

λk = f(2k + 1), k ∈ Z+.

Ïðàâèëüíèì ¹ íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 1. Íåõàé u(t, x), (t, x) ∈ Ω

� ðîçâ'ÿçîê çàäà÷i Êîøi (2), (3). ßêùî
{g, γ} ⊂ G{1}(Af ) ⊂ G{1}(A) = S

1/2
1/2 , òî

∀T > 0 ∃c1 = c1(g, γ) > 0 ∃µ1 = µ1(g, γ) > 0

∃L = L(T ) > 0 : sup
(t,x)∈Ω

|u(t, x)−

−u(1)
n (t, x)− u(2)

n (t, x)| ≤ c1
Ln+1

(n + 1)!
,

äå

u(1)
n (t, x) =

∞∑

k=0

P
(1)
µ,t,n(λk)ck(g)hk(x),

u(2)
n (t, x) =

∞∑

k=0

P
(2)
µ,t,n(λk)ck(γ)hk(x),

λk = f(2k + 1), k ∈ Z+.

Äîâåäåííÿ. Äëÿ ñïðîùåííÿ âèêëàäîê
ïðèïóñòèìî, ùî γ = 0, òîáòî

u(t, x) =
∞∑

k=0

G1(t, λk)ck(g)hk(x).

Îñêiëüêè g ∈ G{1}(Af ), òî
∃µ > 0 ∃c > 0 ∀k ∈ Z+ : |ck(g)| ≤ ce−µλk .

Ïîêëàäåìî µ1 =
µ

2
. Òîäi

u(1)
n (t, x) =

∞∑

k=0

P
(1)
µ1,t,n(λk)ck(g)hk(x)

i

|u(t, x)− u(1)
n (t, x)| = |

∞∑

k=0

(G1(t, λk)−

−P
(1)
µ1,t,n(λk))ck(g)hk(x)| ≤

≤ c

∞∑

k=0

|G1(t, λk)− P
(1)
µ1,t,n(λk)|e−µλk =

= c

∞∑

k=0

|G1(t, λk)− P
(1)
µ1,t,n(λk)|e−µ1λk · e−µ1λk .

Òóò âðàõîâàíà íåðiâíiñòü |hk(x)| ≤ 1, ∀x ∈
R, ∀k ∈ Z+. Îñêiëüêè P

(1)
µ1,t,n(λ) → G1(t, λ)

ïðè n → ∞ ó êîæíié òî÷öi λ ∈ (0, +∞), òî,
âçÿâøè äî óâàãè âèãëÿä ïîëiíîìà P

(1)
µ1,t,n(λ)

îäåðæèìî, ùî

e−µ1λk |G1(t, λk)− P
(1)
µ1,t,n(λk)| =

= e−µ1λk

∣∣∣
∞∑

j=n+1

aj(t, µ1, α)L̂−τ,µ1,j(λk)
∣∣∣ ≤

≤
∞∑

j=n+1

|aj(t, µ1, α)|e−µ1λk |L̂−τ,µ1,j(λk)|.

Äëÿ çäiéñíåííÿ îöiíêè âèðàçó
exp(−µ1λk)|L̂−τ,µ1,j(λk)| ñêîðèñòà¹ìîñü
òàêîþ íåðiâíiñòþ ç [8]:

e−λ/2|Lω,1,j(λ)| ≤ 1

Γ(ω + 1)

(
Γ(j + ω + 1)

j!

)1/2

,
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ω > −1, j ∈ Z+, λ ∈ (0,∞). (8)

Îñêiëüêè

L̂−τ,µ1,j(λ) =

√
µ1−τ

1 L̂−τ,1,j(µ1λ),

òî, çãiäíî ç (8),

e−µ1λk |L̂−τ,µ1,j(λk)| ≤
√

µ1−τ
1

Γ(1− τ)
×

×
(

Γ(j − τ + 1)

j!

)1/2

.

Îòæå,

e−µ1λk |G1(t, λk)− P
(1)
µ1,t,n(λk)| ≤

≤ πe−δ

|Γ(τ)Γ(1− τ) sin πτ |
∞∑

j=n+1

δj

j!
≤

≤ e−δδn+1

(n + 1)!

∞∑
j=0

δj

j!
=

δn+1

(n + 1)!
≤ Ln+1

(n + 1)!
,

äå L = T α+2/(µ1(α + 2))2. Òàêèì ÷èíîì,

|u(t, x)− u(1)
n (t, x)| ≤ c

Ln+1

(n + 1)!

∞∑

k=0

e−µ1λk ≤

≤ c
Ln+1

(n + 1)!

∞∑

k=0

e−µ1d0(2k+1) = c1
Ln+1

(n + 1)!
,

äå

c1 = ce−µ1d0

∞∑

k=0

(
1

e2µ1d0

)k

= c
eµ1d0

e2µ1d0 − 1
.

Ñòàëi c1, L íå çàëåæàòü âiä t òà x. Òåîðåìà
äîâåäåíà.

ßêùî ïî÷àòêîâi ôóíêöi¨ g, γ áðàòè ç øèð-
øîãî, íiæ G{1}(Af ) êëàñó, à ñàìå, ç êëàñó
G{β}(Af ), äå β > 1, òî âèÿâëÿ¹òüñÿ, ùî i
â öüîìó âèïàäêó ìîæíà çíàéòè íàáëèæå-
íi ðîçâ'ÿçêè çàäà÷i Êîøi (2), (3) i îöiíèòè
ïîõèáêó âiäõèëåííÿ sup

(t,x)∈Ω

|u(t, x) − un(t, x)|.
Äëÿ òîãî, ùîá ñôîðìóëþâàòè îñíîâíi òâåð-
äæåííÿ, íàì ïîòðiáíèé áóäå íàñòóïíèé äî-
ïîìiæíèé ðåçóëüòàò.

Ëåìà 1. Íåõàé µ > 0, 1 < β < 2 � ôi-
êñîâàíi ïàðàìåòðè. Òîäi ïðàâèëüíèìè ¹ íà-
ñòóïíi íåðiâíîñòi:

sup
λ≥0

(exp(−µλ1/β)|L̂−τ,1,n(λ)|) ≤

≤ ω0L
n
0 (n!Γ(n− τ + 1))1/2nn(β−2), (9)

sup
λ≥0

(exp(−µλ1/β)|L̂τ,1,n(λ)|) ≤

≤ ω1L
n
0 (n!Γ(n + τ + 1))1/2nn(β−2), (10)

äå n ∈ Z+,

ω0 = max{(Γ(1−τ))−1, (2π)−1(1−τ)τ−1/2e2τ},
L0 = e + ββµ−βe−β

ω1 = max{(Γ(1− τ))−1, (2π)−1(1 + τ)−e−τ}.
Äîâåäåííÿ. Ñïåðøó çàóâàæèìî, ùî

îñêiëüêè 1/β < 1, òî ñêîðèñòàòèñÿ âiäîìè-
ìè àñèìïòîòè÷íèìè âëàñòèâîñòÿìè ìíîãî-
÷ëåíiâ Ëàãåððà íå ìîæíà. Äëÿ òîãî, ùîá
îäåðæàòè ïîòðiáíi îöiíêè, âèêîðèñòà¹ìî íà-
ñòóïíå çîáðàæåííÿ ìíîãî÷ëåíiâ L̂ν,1,n [8]:

L̂ν,1,n(λ) = (−1)n (n!Γ(n + ν + 1))1/2

n!
×

×
n∑

k=0

Ck
n

(−λ)k

Γ(k + ν + 1)
, ν ∈ {−τ, τ}.

Íåõàé ν = −τ . Òîäi

ϕ(n) ≡ sup
λ≥0

(exp(−µλ1/β)|L̂−τ,1,n(λ)|) ≤

≤ (n!Γ(n− τ + 1))1/2

n!

(
1

Γ(1− τ)
+

+
n∑

k=1

Ck
n

Γ(k − τ + 1)
sup
λ≥0

((−λ)ke−µλ1/β

)

)
.

Óðàõóâàâøè ôîðìóëó Ñòiðëiíãà

Γ(λ + 1) =
√

2πλλ+1/2 exp(−λ + θ/(12λ)),

0 < θ < 1, λ > 0,

òà ñïiââiäíîøåííÿ

sup
λ≥0

(λk exp(−µλ1/β)) = (ββµ−βe−β)kkkβ,
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çíàéäåìî, ùî

ϕ(n) ≤ (n!Γ(n− τ + 1))1/2

n!Γ(1− τ)
+

+
(n!Γ(n− τ + 1))1/2

n!

n∑

k=1

Ck
n(ββµ−βe−β)k

Γ(k − τ + 1)
kkβ ≤

≤ (n!Γ(n− τ + 1))1/2

(
1

Γ(1− τ)
+

1

2π
en+τ×

×nn(β−2)

n∑

k=1

Ck
n(ββµ−βe−β)k

ek(1− τ/k)k(1− τ/k)−τ+1/2

)
.

Îñêiëüêè

(1− τ/k)−τ+1/2 ≥ (1− τ)−τ+1/2,

(1− τ/k)k ≥ e−τ , ∀k ≥ 1,

òî

ϕ(n) ≤ (n!Γ(n− τ + 1))1/2

(
1

Γ(1− τ)
+

+
en+2τnn(β−2)

2π(1− τ)1/2−τ

n∑

k=1

Ck
n(ββµ−βe−(1+β))k

)
.

Ïîêëàäåìî

ω0 = max{(Γ(1− τ))−1, (2π)−1(1− τ)τ−1/2×
× exp(2τ)}.

Òîäi

ϕ(n) ≤ ω0(n!Γ(n− τ + 1))1/2nn(β−2)en×

×
n∑

k=0

Ck
n(ββµ−βe−(1+β))k ≤

≤ ω0(n!Γ(n−τ +1))1/2nn(β−2)(e+ββµ−βe−β)n,

ùî é ïîòðiáíî áóëî äîâåñòè.
Íåðiâíiñòü (10) äîâîäèòüñÿ àíàëîãi÷íî.
Ëåìà äîâåäåíà.
Òåîðåìà 2. Íåõàé u(t, x), (t, x) ∈ Ω

� ðîçâ'ÿçîê çàäà÷i Êîøi (2), (3). ßêùî
{g, γ} ⊂ G{β}(Af ) ⊂ G{β}(A) = S

β/2
β/2 , 1 <

β < 2, òî

∀T > 0 ∃c = c(g, γ, T, α, β) > 0

∃L = L(g, γ, T, α, β) > 0 : sup
(t,x)∈Ω

|u(t, x)−

−ũ(1)
n (t, x)−ũ(2)

n (t, x)| ≤ cLn+1(n+1)(n+1)(β−2),

äå

ũ(1)
n (t, x) =

∞∑

k=0

P
(1)
1,t,n(λk)ck(g)hk(x),

ũ(2)
n (t, x) =

∞∑

k=0

P
(2)
1,t,n(λk)ck(γ)hk(x),

λk = f(2k + 1), k ∈ Z+ .

Äîâåäåííÿ. Îñêiëüêè {g, γ} ⊂ G{β}(Af ),
òî

∃µ1 > 0∃c1 > 0∀k ∈ Z+ : |ck(g)| ≤ c1e
−µ1λ

1/β
k ,

∃µ2 > 0∃c2 > 0∀k ∈ Z+ : |ck(γ)| ≤ c2e
−µ2λ

1/β
k .

Íåõàé µ = min{µ1, µ2}, c̃ = max{c1, c2}. Òîäi
|u(t, x)− ũ(1)

n (t, x)− ũ(2)
n (t, x)| ≤

≤ c̃

( ∞∑

k=0

ϕ1(t, n, λk) exp
(
−µ

2
λ

1/β
k

)
+

+
∞∑

k=0

ϕ2(t, n, λk) exp
(
−µ

2
λ

1/β
k

))
,

äå

ϕ1(t, n, λk) = |G1(t, λk)− P
(1)
1,t,n(λk)|×

× exp
(
−µ

2
λ

1/β
k

)

ϕ2(t, n, λk) = |G2(t, λk)− P
(2)
1,t,n(λk)|×

× exp
(
−µ

2
λ

1/β
k

)
.

Óðàõóâàâøè âèãëÿä ïîëiíîìà P
(1)
1,t,n, à òàêîæ

íåðiâíiñòü (9) çíàéäåìî, ùî

sup
t∈[0,T ]

ϕ1(t, n, λk) ≤
∞∑

j=n+1

|aj(t, 1, α)|×

× sup
λ≥0

(
exp

(
−µ

2
λ1/β

)
|L̂−τ,1,n(λ)|

)
≤

≤ c1

∞∑
j=n+1

(BL0)
jjj(β−2) ≤ c2(BL0)

n+1×
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×(n + 1)(n+1)(β−2),

äå

c2 = c1

∞∑
j=1

(BL0)
j−1j(j−1)(β−2) < ∞,

c1 = c̃πω0(Γ(τ) sin πτ)−1,

L0 = e + ββ
(µ

2

)−β

e−β, B = T α+2(α + 2)−2.

Äàëi, ñêîðèñòàâøèñü íåðiâíiñòþ (10) çíàéäå-
ìî, ùî
sup

t∈[0,T ]

ϕ2(t, n, λk) ≤ c3(BL0)
n+1(n+1)(n+1)(β−2),

äå

c3 = c̃ω1TτΓ(τ)
∞∑

j=1

(BL0)
j−1j(j−1)(β−2) < ∞.

Îòæå,
sup

(t,x)∈Ω

|u(t, x)− ũ(1)
n (t, x)− ũ(2)

n (t, x)| ≤ cLn+1×

×(n + 1)(n+1)(β−2),

äå

L = BL0, c = (c2+c3)
∞∑

k=1

exp
(
−µ

2
λ

1/β
k

)
< ∞.

Òåîðåìà äîâåäåíà.
Òåîðåìà 3. Íåõàé u(t, x), (t, x) ∈ Ω

� ðîçâ'ÿçîê çàäà÷i Êîøi (2), (3). ßêùî
{g, γ} ⊂ G{2}(Af ) ⊂ G{2}(A) = S1

1 , òî
∀T > 0 ∃T1 = T1(g, γ, α) ≤ T

∃c = c(g, γ, T, α) > 0 ∃ρ = ρ(g, γ, T, α) < 1 :

sup
t∈[0,T1]

x∈R

|u(t, x)− ũ(1)
n (t, x)− ũ(2)

n (t, x)| ≤

≤ cρn+1. (11)

Äîâåäåííÿ. Äîâåäåííÿ öüîãî òâåðäæåí-
íÿ àíàëîãi÷íå äîâåäåííþ òåîðåìè 2. Òîìó,
âèêîðèñòîâóþ÷è ïîçíà÷åííÿ, ÿêi áóëè ââå-
äåíi ðàíiøå (äèâ. äîâåäåííÿ òåîðåìè 2) çíà-
éäåìî, ùî

sup
t∈[0,T1]

ϕ1(t, n, λk) ≤ c1

∞∑

k=n+1

(B0L0)
k, n ≥ 1

äå

c1 = πω0(Γ(τ) sin πτ)−1, B0 = τT 1/τ ,

L0 = e + 4e−2
(µ

2

)−2

.

Âêàçàíà îöiíêà ìà¹ çìiñò, ÿêùî B0L0 < 1,
òîáòî

T < T0 ≡
(µ

2
e
)2τ

τ−τ

((µ

2

)2

e3 + 4

)−τ

.

Îòæå, ÿêùî T < T0, òî ïîêëàäåìî T1 = T ;
ÿêùî æ T ≥ T0, òî âiçüìåìî T1 < T0. Çàôi-
êñóâàâøè òåïåð òàêå T1 çíàéäåìî, ùî

sup
t∈[0,T1]

ϕ1(t, n, λk) ≤ c1

∞∑

k=n+1

ρk = c′2 · ρn+1,

äå ρ = B0L0 < 1, c′2 = c1(1 − ρ)−1. Äàëi, äëÿ
òîãî æ çíà÷åííÿ T1 ìà¹ìî:

sup
t∈[0,T1]

ϕ2(t, n, λk) ≤ c′3ρ
n+1, ρ = B0L0 < 1,

äå c′3 = ω1T1τΓ(τ)(1 − ρ)−1. Çâiäñè âæå âè-
ïëèâà¹ íåðiâíiñòü (11), äå

c = (c′2 + c′3)
∞∑

k=1

exp
(
−µ

2
λ

1/2
k

)
< ∞.

Òåîðåìà äîâåäåíà.
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