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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÄÎÑËIÄÆÅÍÍß ÃËÎÁÀËÜÍÈÕ ÐÎÇÂ'ßÇÊIÂ ÑÈÑÒÅÌ
ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ Ç ÀÐÃÓÌÅÍÒÎÌ, ÙÎ

ÂIÄÕÈËß�ÒÜÑß, I ÌÀËÈÌ ÏÀÐÀÌÅÒÐÎÌ
Ðîçãëÿíóòî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü ç àðãóìåíòîì, ùî âiäõèëÿ¹òüñÿ, i ìàëèì

ïàðàìåòðîì ïðè ÷àñòèíi ïîõiäíèõ. Íàâåäåíî óìîâè, çà ÿêèõ ãëîáàëüíèìè ðîçâ'ÿçêàìè ñèñòåìè
äèôåðåíöiàëüíèõ ðiâíÿíü ç àðãóìåíòîì, ùî âiäõèëÿ¹òüñÿ, i ìàëèì ïàðàìåòðîì ¹ ðîçâ'ÿçêè
ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü, áåç âiäõèëåííÿ àðãóìåíòó.

The article touches upon a system of di�erential equations with deviating argument and with
a small parameter at a part of derivatives. We present conditions under which global solutions of a
system of di�erential equations with deviating argument and with a small parameter are solutions
of a system of di�erential equations without deviating argument.

Ãëîáàëüíi ðîçâ'ÿçêè äèôåðåíöiàëüíèõ
ðiâíÿíü ç àðãóìåíòîì, ùî âiäõèëÿ¹òüñÿ, äî-
ñëiäæóâàëèñÿ áàãàòüìà àâòîðàìè (äèâ. [1-
3] òà ií.). Ó ðîáîòi [4] ïðîáëåìà ãëîáàëüíèõ
ðîçâ'ÿçêiâ äëÿ ðiâíÿííÿ
du(x)

dx
= A(x)u(x)+B(x)u(x+λ)+ f(x) (1)

ðîçâ'ÿçàíà øëÿõîì ïîáóäîâè äèôåðåíöiàëü-
íîãî ðiâíÿííÿ

du(x)

dx
= C(x)u(x) + g(x),

âñi ðîçâ'ÿçêè ÿêîãî ¹ ãëîáàëüíèìè ðîçâ'ÿç-
êàìè ðiâíÿííÿ (1).

Ó äàíié ðîáîòi äëÿ ñèñòåìè äèôåðåíöi-
àëüíèõ ðiâíÿíü ç àðãóìåíòîì, ùî âiäõèëÿ-
¹òüñÿ, i ìàëèì ïàðàìåòðîì ïðè ÷àñòèíi ïî-
õiäíèõ âèãëÿäó

du

dx
= A0(x)u(x) + A1(x)u(x + λ), (2)

ε
dv

dx
= (B(x) + εB0(x))v(x)+

+B1(x)v(x + εµ) + εB2(x)u(x), (3)

çàïðîïîíîâàíî àíàëîãi÷íèé ïiäõiä. Òóò u ∈
Rn, v ∈ R2, λ ∈ R, µ ∈ R, A0(x), A1(x), B(x),
B0(x), B1(x), B2(x) � ìàòðè÷íi ôóíêöi¨ âè-
çíà÷åíi äëÿ x ∈ R, ε ∈ (0, ε0] � ìàëèé ïà-
ðàìåòð. Ìàòðèöÿ B(x) � ìàòðèöÿ ðiâíÿííÿ

Åéði [5]

B(x) =

(
0 1
x 0

)
.

Ìàòðèöÿ B(x) ïðè x = 0 ìà¹ êðàòíå âëà-
ñíå çíà÷åííÿ. Ó öüîìó âèïàäêó êàæóòü, ùî
òî÷êà x = 0 ¹ òî÷êîþ ïîâîðîòó [5].

Ïîáóäó¹ìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâ-
íÿíü âèãëÿäó

du

dx
= C(x)u(x), (4)

ε
dv

dx
= (D(x)+εB0(x))v(x)+εD1(x)u(x), (5)

âñi ðîçâ'ÿçêè ÿêî¨ ¹ ãëîáàëüíèìè ðîçâ'ÿçêà-
ìè ñèñòåìè (2), (3). Òóò C(x), D(x), D1(x) -
äåÿêi ìàòðè÷íi ôóíêöi¨.

Ó ðîáîòi [6] ñèñòåìà (4), (5) çâîäèòüñÿ äî
ñèñòåìè ùå ïðîñòiøîãî âèãëÿäó, äëÿ ÿêî¨ ïî-
áóäîâàíî àñèìïòîòè÷íi ðîçêëàäè ðîçâ'ÿçêó.
Ó ïðàöi [7] óçàãàëüíåíî îäåðæàíi â [6] ðå-
çóëüòàòè äëÿ ñèñòåìè (4), (5) ç êîåôiöi¹íòà-
ìè, ùî çàëåæàòü âiä ìàëîãî ïàðàìåòðà. Öÿ
ìåòîäèêà äà¹ çìîãó îäåðæàòè ðîçâ'ÿçêè äëÿ
øèðøîãî êëàñó çàäà÷, ïîðiâíÿíî ç ðåçóëüòà-
òàìè ìîíîãðàôi¨ [5].

Ðîçãëÿíåìî ñïî÷àòêó ðiâíÿííÿ (4). Ïðè-
ïóñêàòèìåìî, ùî C(x) - âèìiðíà íà R i îáìå-
æåíà ôóíêöiÿ (‖C(x)‖ 6 M). Òîäi çàãàëü-
íèé ðîçâ'ÿçîê ðiâíÿííÿ (4) äà¹òüñÿ ôîðìó-
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ëîþ Êîøi

u(x) = Ωx
τ (C)u0, (6)

äå x ∈ R, τ ∈ R, ñòàëà u0 ∈ Rn. Ðiâíÿííÿ

Ωx
τ (C) = I +

x∫

τ

C(s)ds+

+

x∫

τ

C(s)

s∫

τ

C(s1)ds1ds + ..

+

x∫

τ

C(s)

s∫

τ

C(s1)..

sn−2∫

τ

C(sn−1)dssn−1 ..ds1ds+..

âèçíà÷à¹ ôóíäàìåíòàëüíó ìàòðèöþ ðîçâ'ÿç-
êiâ ðiâíÿííÿ (4).

Ôóíêöiÿ (6) çàäîâîëüíÿòèìå ðiâíÿííÿ
(2), ÿêùî

du(x)

dx
= C(x)Ωx

τ (C)u0 =

= A0(x)Ωx
τ (C)u0 + A1(x)Ωx+λ

τ (C)u0, (7)

x ∈ R.

Ïîêëàâøè â òîòîæíîñòi (7) çíà÷åííÿ u0 = 1,
îäåðæèìî

C(x)Ωx
τ (C) =

= A0(x)Ωx
τ (C)+A1(x)Ωx+λ

τ (C), x ∈ R. (8)

Iç âëàñòèâîñòåé ìàòðèöi Ωx
τ (C) âèïëèâà¹, ùî

ðiâíiñòü (8) ïðàâèëüíà ëèøå ó âèïàäêó, êîëè

C(x) = A0(x) + A1(x)Ωx+λ
x (C), x ∈ R. (9)

Òàêèì ÷èíîì, ìè îòðèìàëè ðiâíÿííÿ äëÿ
çíàõîäæåííÿ ìàòðèöi C(x).

Òåïåð ðîçãëÿíåìî ðiâíÿííÿ (5). ßê i â
ïîïåðåäíüîìó âèïàäêó, ïðèïóñêàòèìåìî, ùî
D(x) i D1(x) � âèìiðíi íà R i îáìåæåíi ôóí-
êöi¨ (‖D(x)‖ 6 L, ‖D1(x)‖ 6 P ). Òîäi çàãàëü-
íèé ðîçâ'ÿçîê ðiâíÿííÿ (5) äà¹òüñÿ ôîðìó-
ëîþ Êîøi

v(x) = Ω̂x
τ (ε

−1D + B0)v0+

+

x∫

τ

Ω̂x
s(ε

−1D + B0)D1(s)u(s)ds, (10)

äå x ∈ R, τ ∈ R, ñòàëà v0 ∈ R2 i

Ω̂x
τ (ε

−1D + B0) = I +

x∫

τ

(ε−1D(s) + B0(s))ds+

+

x∫

τ

(ε−1D(s) + B0(s))

s∫

τ

(ε−1D(s1) + B0(s1)))ds1ds + ...

... +

x∫

τ

(ε−1D(s) + B0(s))...

sn−2∫

τ

(ε−1D(sn−1) + B0(sn−1))dssn−1 ..ds + ..

(11)
Ðÿä (11) âèçíà÷à¹ ôóíäàìåíòàëüíó ìàòðè-
öþ ðîçâ'ÿçêiâ îäíîðiäíîãî ðiâíÿííÿ, ùî âiä-
ïîâiäà¹ ðiâíÿííþ (5).

Çíîâó æ òàêè, ôóíêöiÿ (10) áóäå çàäî-
âîëüíÿòè ðiâíÿííÿ (3), ÿêùî

ε
dv(x)

dx
= (D(x) + εB0(x))

[
Ω̂x

τ (ε
−1D + B0)v0+

+

x∫

τ

Ω̂x
s(ε

−1D+B0)D1(s)u(s)ds
]
+εD1(x)u(x) =

= (B(x) + εB0(x))
[
Ω̂x

τ (ε
−1D + B0)v0+

+

x∫

τ

Ω̂x
s(ε

−1D + B0)D1(s)u(s)ds
]
+

+B1(x)
[
Ω̂x+εµ

τ (ε−1D + B0)v0+

+

x+εµ∫

τ

Ω̂x+εµ
s (ε−1D + B0)D1(s)u(s)ds

]
+

+εB2(x)u(x), x ∈ R. (12)

Ïîêëàâøè â òîòîæíîñòi (7) çíà÷åííÿ v0 = 0,
îäåðæèìî

(D(x)+εB0(x))

x∫

τ

Ω̂x
s(ε

−1D+B0)D1(s)u(s)ds+
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+εD1(x)u(x) = (B(x) + εB0(x))×

×
x∫

τ

Ω̂x
s(ε

−1D + B0)D1(s)u(s)ds+

+B1(x)

x+εµ∫

τ

Ω̂x+εµ
s (ε−1D + B0)D1(s)u(s)ds+

+εB2(x)u(x), x ∈ R. (13)

Âðàõîâóþ÷è (12) i (13), â ðåçóëüòàòi îòðèìà-
¹ìî ðiâíÿííÿ:

(D(x) + εB0(x))Ω̂x
τ (ε

−1D + B0) =

= (B(x) + εB0(x))Ω̂x
τ (ε

−1D + B0)+

+B1(x)Ω̂x+εµ
τ (ε−1D + B0), x ∈ R. (14)

Ïðèðiâíþþ÷è êîåôiöi¹íòè ïðè îäíàêîâèõ
ñòåïåíÿõ ìàëîãî ïàðàìåòðà, ìàòèìåìî

D(x)Ω̂x
τ (ε

−1D + B0) =

= B(x)Ω̂x
τ (ε

−1D + B0)+

+B1(x)Ω̂x+εµ
τ (ε−1D + B0), x ∈ R. (15)

Ç (15), âðàõîâóþ÷è âëàñòèâîñòi ìàòðèöi
Ω̂x

τ (ε
−1D + B0), îäåðæèìî

D(x) = B(x) + B1(x)Ω̂x+εµ
x (ε−1D + B0),

x ∈ R. (16)

Îòðèìàíî ðiâíÿííÿ äëÿ çíàõîäæåííÿ ìà-
òðèöi D(x). Çàëèøèëîñÿ çíàéòè ïðåäñòàâëå-
ííÿ ìàòðèöi D1(x). Äëÿ öüîãî ïiäñòàâèìî
(16) ó (13) i îòðèìà¹ìî, ùî (13) âèêîíó¹òüñÿ
ó âèïàäêó, êîëè äëÿ x ∈ R:

εD1(x)u(x) =

= (B(x) + εB0(x))×

×
x∫

τ

Ω̂x
s(ε

−1D + B0)D1(s)u(s)ds+

+B1(x)

x+εµ∫

τ

Ω̂x+εµ
s (ε−1D + B0)D1(s)u(s)ds+

+εB2(x)u(x)−

−(B(x) + B1(x)Ω̂x+εµ
τ (ε−1D + B0) + εB0(x))×

×
x∫

τ

Ω̂x
s(ε

−1D + B0)D1(s)u(s)ds.

Âðàõîâóþ÷è (6), äëÿ âèçíà÷åííÿ ìàòðèöi
D1(x) îòðèìà¹ìî ðiâíÿííÿ:

D1(x) = ε−1(Ωx
τ (C))−1B1(x)×

×
x+εµ∫

x

Ω̂x+εµ
s (ε−1D+B0)D1(s)Ω

x
τ (C)ds+B2(x),

x ∈ R. (17)

Òåîðåìà. Íåõàé A0, A1, B, B0, B1, B2 -
âèçíà÷åíi i âèìiðíi (çà Ëåáåãîì) íà R ìà-
òðèöi, ùî çàäîâîëüíÿþòü íåðiâíîñòi

‖A0(x)‖ 6 α0, ‖A1(x)‖ 6 α1, ‖B(x)‖ 6 β,

‖B0(x)‖ 6 β0, ‖B1(x)‖ 6 β1,

‖B2(x)‖ 6 β2, x ∈ R,

i òàêi, ùî

|λ|α1e
|λ|α0+1 < 1, (18)

|µ|β1e
|µ|(β+ε0β0)+1 < 1. (19)

Íåõàé òàêîæ äëÿ ìàòðèöàíòà ñèñòåìè
(4) ñïðàâåäëèâà îöiíêà ‖Ωx

τ (C)‖ 6 N .
Òîäi iñíóþòü âèçíà÷åíi i âèìiðíi íà R

ðîçâ'ÿçêè C, D,D1 ðiâíÿíü (9), (16), (17),
ÿêi çàäîâîëüíÿþòü íåðiâíîñòi

‖C(x)‖ 6 M, ‖D(x)‖ 6 L,

‖D1(x)‖ 6 P, x ∈ R, (20)

äå M, L, P - äåÿêi ñòàëi, ùî çàëåæàòü âiä
|λ|, |µ|, α0, α1, β, β0, β1, β2.

Òóò íîðìà âåêòîðà åâêëiäîâà, íîðìà ìà-
òðèöi óçãîäæåíà iç åâêëiäîâîþ íîðìîþ âå-
êòîðà.

Äîâåäåííÿ ïðîâåäåìî çãiäíî iç çàïðîïî-
íîâàíîþ â [4] ñõåìîþ.

Ðîçãëÿíåìî ðiâíÿííÿ (9) i çðîáèìî çàìiíó
çìiííèõ

C = A0 + A1Z. (21)
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Çàìiíà (21) çâîäèòü ðiâíÿííÿ (9) äî âè-
ãëÿäó

Z(x) = Ωx+λ
τ (A0 + A1Z), (22)

ðîçâ'ÿçêè ÿêîãî ¹ íåïåðåðâíèìè ôóíêöiÿìè.
Çà àíàëîãi¹þ ç [4] âèçíà÷èìî îïåðàòîð S

SZ(x) = Ωx+λ
τ (A0 + A1Z) (23)

ó ïðîñòîði C(m) ìàòðèöü Z = Z(x), çàäàíèõ
òà íåïåðåðâíèõ íà R i òàêèõ, ùî

‖Z‖0 = sup
x∈R

‖Z(x)‖ ≤ m.

SZ(x) ¹ íåïåðåðâíîþ íà R ìàòðèöåþ i äëÿ
SZ(x) ïðàâèëüíèìè ¹ îöiíêè

‖SZ‖0 = sup
x∈R

Ωx+λ
τ (‖A0‖+ ‖A1‖m) =

= e|λ|(α0+α1m),

‖SZ1(x)− SZ(x)‖0 ≤
≤ |λ|α1e

|λ|(α0+α1m)‖Z1(x)− Z(x)‖0, x ∈ R.

Ïðè âèêîíàííi íåðiâíîñòi (18) äëÿ çíà÷åíü
m, ùî çàäîâîëüíÿþòü îöiíêó

m <
1

|λ|α1

,

îïåðàòîð S, ùî çàäàíèé íà C(m) ðiâíiñòþ
(23), âiäîáðàæà¹ ïðîñòið C(m) â ñåáå i ¹ ñòè-
ñêàþ÷èì.

Ïðîñòið C(m) ùîäî íîðìè ‖ · ‖0 =
supx∈R ‖·‖ ¹ ïîâíèì íîðìîâàíèì ïðîñòîðîì.
Öüîãî äîñèòü, ùîá S ìàâ â C(m) ¹äèíó íå-
ðóõîìó òî÷êó. Öÿ òî÷êà i ¹ ¹äèíèì â C(m)
ðîçâ'ÿçêîì ðiâíÿííÿ (22).

Ðîçãëÿíåìî òåïåð ðiâíÿííÿ (16).
Çðîáèìî çàìiíó çìiííèõ

D = B + B1Y (24)

òà îòðèìà¹ìî âiäíîñíî Y ðiâíÿííÿ

Y (x) = Ω̂x+εµ
τ (ε−1(B + B1Y ) + B0), (25)

ðîçâ'ÿçêè ÿêîãî ¹ íåïåðåðâíèìè ôóíêöiÿìè.
Âèçíà÷èìî îïåðàòîð S1 â ïðîñòîði C(l)

ìàòðèöü Y = Y (x), çàäàíèõ òà íåïåðåðâíèõ
íà R i òàêèõ, ùî

‖Y ‖0 = sup
x∈R

‖Y (x)‖ ≤ l.

S1Y ¹ íåïåðåðâíîþ íà R ìàòðèöåþ, äëÿ ÿêî¨
¹ ïðàâèëüíèìè îöiíêè

‖S1Y ‖0 =

= sup
x∈R

Ω̂x+εµ
τ (ε−1(‖B‖+ ‖B1‖‖Y ‖) + ‖B0‖) =

= e|µ|(β+β1l+ε0β0),

‖S1Z1(x)− S1Z(x)‖0 ≤
≤ |µ|β1e

|µ|(β+β1l+ε0β0)‖Y1(x)−Y (x)‖0, x ∈ R.

Ïðè âèêîíàííi (19) äëÿ çíà÷åíü l, ÿêi çàäî-
âîëüíÿþòü íåðiâíiñòü

l <
1

|µ|β1

, (26)

îïåðàòîð S1, ùî çàäàíèé íà C(l), âiäîáðàæà¹
C(l) â ñåáå i ¹ ñòèñêàþ÷èì.

Ïðîñòið C(l) ùîäî íîðìè ‖·‖0 = supx∈R ‖·
‖ ¹ ïîâíèì íîðìîâàíèì ïðîñòîðîì. Öüîãî
äîñèòü, ùîá S1 ìàâ ó ïðîñòîði C(l) ¹äèíó
íåðóõîìó òî÷êó. Öÿ òî÷êà i ¹ ¹äèíèì â C(l)
ðîçâ'ÿçêîì ðiâíÿííÿ (25).

Íàðåøòi ðîçãëÿíåìî ðiâíÿííÿ (17).
Çðîáèìî â íüîìó çàìiíó

D1 = B2 + ε−1(Ωx
τ (C))−1B1z.

Òîäi äëÿ z îòðèìà¹ìî ðiâíÿííÿ

z =

εµ∫

0

Ω̂x+εµ
x+s (ε−1D+B0)B2(x+s)Ωx+s

τ (C)ds+

+ε−1

εµ∫

0

Ω̂x+εµ
x+s (ε−1D +B0)B1(x+ s)z(x+ s)ds.

(27)
Âèçíà÷èìî îïåðàòîð S2 ó ïðîñòîði C(M)
ôóíêöié z = z(x), çàäàíèõ òà íåïåðåðâíèõ
íà R i òàêèõ, ùî

‖z‖0 = sup
x∈R

‖z(x)‖ ≤ M.

S2z(x) ¹ íåïåðåðâíîþ íà R ôóíêöi¹þ. Áiëüø
òîãî, äëÿ S2 ñïðàâåäëèâi îöiíêè

‖S2z‖0 ≤ |µ|e|µ|(β+β1l+ε0β0)(β2Nε0 + β1M),

‖S2z1(x)− S2z(x)‖0 ≤
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≤ |µ|β1e
|µ|(β+β1l+ε0β0)‖z1(x)− z(x)‖0, x ∈ R,

äå z1, z - äîâiëüíi ôóíêöi¨ iç Ñ(M).
Çâiäñè, îòðèìà¹ìî íåðiâíiñòü äëÿ âèçíà-

÷åííÿ Ì:

|µ|e|µ|(β+β1l+ε0β0)(β2Nε0 + β1M) 6 M.

Íà ïiäñòàâi óìîâ (19) i (26) äëÿ çíà÷åíü
Ì, ùî çàäîâîëüíÿþòü íåðiâíiñòü

M ≥ ε0|µ|e|µ|(β+β1l+ε0β0)β2N

1− |µ|β1e|µ|(β+β1l+ε0β0)
,

îïåðàòîð S2 âiäîáðàæà¹ ïðîñòið C(M) â ñåáå
i ¹ ñòèñêàþ÷èì. Ïðîñòið C(M) âiäíîñíî íîð-
ìè ‖ · ‖0 ¹ ïîâíèì íîðìîâàíèì ïðîñòîðîì.
Îïåðàòîð S2 ìà¹ ó ïðîñòîði C(M) ¹äèíó íå-
ðóõîìó òî÷êó. Öÿ òî÷êà i ¹ ¹äèíèì â C(M)
ðîçâ'ÿçêîì ðiâíÿííÿ (27).

Òåîðåìó äîâåäåíî.
Òàêèì ÷èíîì, ÿêùî âñi ðîçâ'ÿçêè ñèñòåìè

(4), (5) ¹ ãëîáàëüíèìè ðîçâ'ÿçêàìè ñèñòåìè
(2), (3), òî ìàòðèöÿ C(x) çàäîâîëüíÿ¹ ðiâ-
íÿííÿ (9), ìàòðèöÿ D(x) - ðiâíÿííÿ (16), à
ìàòðèöÿ D1(x) - ðiâíÿííÿ (17).

Î÷åâèäíèì ¹ é îáåðíåíèé ôàêò. ßêùî âè-
ìiðíi íà R ôóíêöi¨ C(x), D(x) i D1(x) çàäî-
âîëüíÿþòü ðiâíÿííÿ (9), (16) i (17) âiäïîâiä-
íî, à òàêîæ íåðiâíiñòü (20), òî ôóíêöi¨ (6) i
(10) ¹ ãëîáàëüíèìè ðîçâ'ÿçêàìè ñèñòåìè (2),
(3).

Çâiäñè âèïëèâà¹, ùî íåîáõiäíîþ i äî-
ñòàòíüîþ óìîâîþ òîãî, ùîá óñi ðîçâ'ÿçêè
ñèñòåìè ðiâíÿíü (4), (5) áóëè ãëîáàëüíè-
ìè ðîçâ'ÿçêàìè ñèñòåìè ðiâíÿíü (2), (3), ¹
ðîçâ'ÿçóâàíiñòü ðiâíÿíü (9), (16), (17) ó ïðî-
ñòîði âèìiðíèõ íà R i òàêèõ, ùî çàäîâîëüíÿ-
þòü íåðiâíiñòü (20), ôóíêöié.
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