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Ëàáîðàòîðiÿ Ìàòåìàòè÷íîãî ìîäåëþâàííÿ ìàñîïåðåíîñó â íåîäíîðiäíèõ i íàíîïîðèñòèõ
ñåðåäîâèùàõ Òåðíîïiëüñüêîãî äåðæàâíîãî òåõíi÷íîãî óíiâåðñèòåòó iìåíi Iâàíà Ïóëþÿ,

Òåðíîïiëü

ÌÀÒÅÌÀÒÈ×ÍÅ ÌÎÄÅËÞÂÀÍÍß ÑÈÑÒÅÌ ÌÀÑÎÏÅÐÅÍÎÑÓ Ç
ÑÏÅÊÒÐÀËÜÍÈÌ ÏÀÐÀÌÅÒÐÎÌ ÄËß ÍÅÎÄÍÎÐIÄÍÈÕ

n-IÍÒÅÐÔÅÉÑÍÈÕ ÖÈËIÍÄÐÈ×ÍÈÕ ÍÀÏIÂÎÁÌÅÆÅÍÈÕ
ÍÀÍÎÏÎÐÈÑÒÈÕ ÑÅÐÅÄÎÂÈÙ Ç ÏÎÐÎÆÍÈÍÎÞ

Ìåòîäàìè iíòåãðàëüíîãî ïåðåòâîðåííÿ Ëàïëàñà i ôóíêöié Êîøi ïîáóäîâàíèé òî÷íèé
àíàëiòè÷íèé ðîçâ'ÿçîê ìàòåìàòè÷íî¨ ìîäåëi ìàñîïåðåíîñó äëÿ íåîäíîðiäíîãî öèëiíäðè÷íîãî
íàïiâîáìåæåíîãî íàíîïîðèñòîãî ñåðåäîâèùà ç ïîðîæíèíîþ i ç ñèñòåìîþ n iíòåðôåéñíèõ ìåæ
iç çàäàíèìè 2n + 1 íåñòàöiîíàðíèìè ðåæèìàìè ìàñîïåðåíîñó íà ìàñîîáìiííèõ ìåæàõ.

The exact analytical solution of the problem of masstransfer for heterogeneous half limited
nanoporous media with space and with n-inteface limits system with 2n+1 nonstationary regimes
of mass exchange is constructed.

Âñòóï. Ðîçðîáëåííÿ i âïðîâàäæåííÿ íî-
âiòíèõ íàíîòåõíîëîãié, íàíîñòðóêòóð i ìà-
òåðiàëiâ âèìàãà¹ íîâèõ ïiäõîäiâ äîñëiäæå-
ííÿ ìåõàíiçìiâ êiíåòèêè òà iíòåíñèôiêà-
öi¨ äèôóçiéíî-àäñîðáöiéíîãî ìàñîïåðåíîñó â
áàãàòîøàðîâèõ íåîäíîðiäíèõ é ïîðèñòèõ ñå-
ðåäîâèùàõ òà ðîçðîáêè íîâèõ ìåòîäiâ ìî-
äåëþâàííÿ ìàñîïåðåíîñó â íåîäíîðiäíèõ i
íàíîïîðèñòèõ ñåðåäîâèùàõ, ùî äîçâîëÿþòü
ÿêiñíî îïèñóâàòè ñêëàäíi ìåõàíiçìè ñèñòå-
ìè áàãàòîiíòåðôåéñíèõ âçà¹ìîäié ìiæ ñêëà-
äîâèìè ïåðåíîñó, óìîâè ðiâíîâàãè òà íåñòà-
öiîíàðíi ðåæèìè ìàñîïåðåíîñó íà ìàñîîá-
ìiííèõ ïîâåðõíÿõ. Ïðîáëåìè ìàòåìàòè÷íî-
ãî ìîäåëþâàííÿ äèôóçiéíî-àäñîðáöiéíîãî
ìàñîïåðåíîñó â îäíîðiäíèõ i íåîäíîðiäíèõ
ïîðèñòèõ ñåðåäîâèùàõ ðîçãëÿíóòî â ðîáî-
òàõ Ëèêîâà [7], Fraissard, Springuel-Huet,
N'Gokoli-Kekele, Laurence, Conner [12 � 14],
Barrer [8], Chen, Degan, Smith [9], Karger,
Ruthven [10, 11].

Ìàòåìàòè÷íèé îïèñ ïðîáëåìè. Ðîç-
ãëÿäà¹òüñÿ àäñîðáöiéíèé ìàñîïåðåíîñ â íåî-
äíîðiäíîìó íàïiâîáìåæåíîìó öèëiíäðè÷íî-
ìó n-iíòåðôåéñíîìó ïî êîîðäèíàòi r àäñîðá-
öiéíîìó ñåðåäîâèùi, çàïîâíåíîìó n àäñîð-
áåíòàìè ç ðiçíèìè ôiçèêî-õiìi÷íèìè õàðà-

êòåðèñòèêàìè. Ìàòåìàòè÷íà ìîäåëü òàêî-
ãî ïåðåíîñó ç óðàõóâàííÿì íåñòàöiîíàðíî-
ñòi ìàñîîáìiíó íà ìàñîîáìiííèõ ïîâåðõíÿõ
(êðàéîâèõ ïîâåðõíÿõ i ïîâåðõíÿõ êîíòàêòó
r = Rj−1, j = 1, n) òà ôiçè÷íèõ ïðèïóùåíü,
ïîäàíèõ â [2 � 5], ìîæå áóòè îïèñàíà ó âèãëÿ-
äi òàêî¨ çìiøàíî¨ çàäà÷i: ïîáóäóâàòè îáìå-
æåíèé â îáëàñòi Dn = {(t, r) : t > 0, r ∈
n+1⋃
j=1

(Rj−1, Rj), R0 > 0, Rn+1 = ∞} ðîçâ'ÿçîê

ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü â ÷àñòèí-
íèõ ïîõiäíèõ

∂Cj(t, r)

∂t
+

∂aj(t, r)

∂t
+ η2

j Cj =

= Drj
Bνj ,αj

[Cj] + fj(t, r), (1)

∂aj

∂t
= βj(Cj − γjaj), j = 1, n + 1 (2)

çà ïî÷àòêîâèìè óìîâàìè

Cj(t, r)t=0 = C0j(r); aj(t, r)|t=0 = a0j(r);

j = 1, n + 1, (3)

êðàéîâèìè óìîâàìè òà ñèñòåìîþ óìîâ iíòåð-
ôåéñó ïî ãåîìåòðè÷íié êîîðäèíàòi r

[(
α0

11 + δ0
11

∂

∂t

)
∂

∂r
+
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+

(
β0

11 + γ0
11

∂

∂t

)
∂

∂r

]
C1(t, r)

∣∣∣∣∣
r=R0

= ω0(t);

∂

∂r
Cn+1(t, r)

∣∣∣∣∣
r=∞

= 0

[[(
αj

i1 + δj
i1

∂

∂t

)
∂

∂r
+

(
βj

i1+

+γj
i1

∂

∂t

)
∂

∂r

]
Cj(t, r)−

[(
αj

i2 + δj
i2

∂

∂t

)
∂

∂r
+

+

(
βj

i2 + γj
i2

∂

∂t

)
∂

∂r

]
Cj+1(t, r)

]∣∣∣∣∣
r=Rj

= 0;

j = 1, n, i = 1, 2. (5)

Òóò Bνj ,αj
=

d2

dr2
+

1

r
(2αj + 1)

d

dr
− (ν2

j −
α2

j )r
−2 � îïåðàòîð Áåññåëÿ, Cj, aj � ìàñîâi

êîíöåíòðàöi¨ àäñîðáòèâó âiäïîâiäíî â ðiäèí-
íié ôàçi (ìiæ÷àñòèíêîâèé ïðîñòið) òà òâåð-
äié ôàçi (â ìiêðî- i íàíîïîðàõ çåðåí àäñîð-
áåíòó) äëÿ j-ãî øàðó àäñîðáöiéíîãî ñåðåäî-
âèùà, νj ≥ αj ≥ −1/2, j = 1, n + 1.

Ìåòîäîëîãiÿ çíàõîäæåííÿ àíàëiòè-
÷íîãî ðîçâ'ÿçêó ìîäåëi òà ðåêóðåíòíi
àëãîðèòìè ïîáóäîâè ìàòðèöü ôóíêöié
âïëèâó ñèñòåìè

Òåîðåìà (ïðî ðîçâ'ÿçíiñòü). ßêùî âè-
êîíó¹òüñÿ óìîâà îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi
ìiøàíî¨ çàäà÷i é çàäàíi òà øóêàíi ôóíêöi¨ ¹
îðèãiíàëàìè çà Ëàïëàñîì, òî ðîçâ'ÿçîê êðà-
éîâî¨ çàäà÷i (1) � (5) iñíó¹ òà ¹äèíèé.

Â ïðèïóùåííi, ùî øóêàíi âåêòîð-ôóíêöi¨
C(t, r), a(t, r) ¹ îðèãiíàëàìè çà Ëàïëàñîì, çà-
ñòîñó¹ìî äî çàäà÷i (1) � (5) iíòåãðàëüíå ïåðå-
òâîðåííÿ Ëàïëàñà ñòîñîâíî ÷àñîâî¨ çìiííî¨ t
[5]. Â ðåçóëüòàòi îòðèìà¹ìî êðàéîâó çàäà÷ó:
ïîáóäóâàòè îáìåæåíèé íà ìíîæèíi In = {r :

r ∈
n+1⋃
j=1

(Rj−1, Rj), R0 > 0, Rn+1 = ∞} ðîçâ'ÿ-

çîê ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü Áåñ-
ñåëÿ äëÿ ìîäèôiêîâàíèõ ôóíêöié:

[Bνj ,αj
− q2

j (p)]C∗
j (p, r) = −F∗

j (p, r) (6)

çà êðàéîâèìè óìîâàìè
[
α0

12

d

dr
+ β

0

12

]
C∗

1(p, r)

∣∣∣∣∣
r=R0

= ω∗R0
(p);

d

dr
C∗

n+1(p, r)

∣∣∣∣∣
r=∞

= 0; (7)

òà óìîâàìè iíòåðôåéñó ïî êîîðäèíàòi r:
[[

αj
i1

d

dr
+ β

j

i1

]
C∗

j (p, r)−

−
[
αk

i2

d

dr
+ β

k

i2

]
C∗

j+1(p, r)

]∣∣∣∣∣
r=Rj

= ωij;

j = 1, n; i = 1, 2. (8)

Òóò ïðèéíÿòi ïîçíà÷åííÿ:

F∗
j (p, r) =

1

Drj

[
f ∗j (p, r) + C0j(r)+

+
βjγj

p + βjγj

a0j(r)

]
; (9)

ω∗R0
(p) = ω∗0(p) +

(
δ0
12

d

dr
+ γ0

12

)
C01(r)

∣∣∣∣∣
r=R0

≡

≡ ω∗0(p) + ω11; (10)

ωij =

[(
δj
i1

d

dr
+ γj

i1

)
C0,i(r)−

−
(

δj
i2

d

dr
+ γj

i2

)
C0,i+1(r)

]∣∣∣∣∣
r=Rj

; (11)

q2
j (p) =

1

Drj
(p + βjγj)

×

×[p2 + p(βj(1 + γj) + |eta2
j) + βjγjη

2
j ]; (12)

αj
im = αj

im + δj
im · p; β

j

im = βj
im + γj

im · p;
j = 1, n; i,m = 1, 2. Iíäåêñè i, m, ùî ïðè ií-
òåðôåéñíèõ êîíñòàíòàõ, âèçíà÷àþòü òèï ií-
òåðôåéñíî¨ óìîâè äëÿ j-ãî iíòåðôåéñó; ïðè
i = 1 ìà¹ìî ïåðøó óìîâó, ïðè i = 2 � äðóãó
óìîâó. Çíà÷åííÿ iíäåêñó m = 1 âiäïîâiäà¹
ëiâié ÷àñòèíi iíòåðôåéñíî¨ óìîâè (íà ìåæi
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r = Rj − 0); m = 2 � âiäïîâiäà¹ ïðàâié ÷à-
ñòèíi óìîâè (íà ìåæi r = Rj +0). Ïðè öüîìó

a∗j(p, r) =
a0j(r)

p + βjγj

+
βj

p + βjγj

C∗
j (p, r);

j = 1, n + 1. (13)

Çàôiêñóâàâøè âiòêó äâîëèñòíî¨ ôóíêöi¨
qj(p), íà ÿêié Re qj(p) > 0, âíàñëiäîê âëàñòè-
âîñòåé ôóíêöié, ÿêi óòâîðþþòü ôóíäàìåí-
òàëüíó ñèñòåìó ðîçâ'ÿçêiâ ðiâíÿííÿ Áåññåëÿ
(6), ðîçâ'ÿçîê íåîäíîðiäíî¨ êðàéîâî¨ çàäà÷i
(6) � (8) áóäó¹ìî ìåòîäîì ôóíêöié Êîøi [1,
2]:

C∗
j (p, r) = AjIνj ,αj

(qjr) + BjKνj ,αj
(qjr)+

+

Rj∫

Rj−1

E∗νj ,αj
(p, r, ρ)F∗

j (p, ρ)ρ2αj+1dρ; j = 1, n;

C∗
n+1(p, r) = Bn+1Kνn+1,αn+1(qn+1r)+

+

∞∫

Rn

E∗νn+1,αn+1
(p, r, ρ)F∗

n+1(p, ρ)ρ2αn+1+1dρ,

(14)
äå E∗νj ,αj

(p, r, ρ), j = 1, n + 1 � ôóíêöi¨ Êîøi:




E∗νj ,αj
(p, r, ρ)

∣∣∣∣∣
r=ρ+0

−

d

dr
E∗νj ,αj

(p, r, ρ)

∣∣∣∣∣
r=ρ+0

−

−E∗νj ,αj
(p, r, ρ)

∣∣∣∣∣
r=ρ−0

= 0;

− d

dr
E∗νj ,αj

(p, r, ρ)

∣∣∣∣∣
r=ρ−0

= −ρ−(2αj+1).

(15)

Ôóíêöi¨ Êîøi Eνj ,αj
(p, r, ρ), j = 1, n + 1,

øóêà¹ìî ó íàñòóïíîìó âèãëÿäi:

E∗νj ,αj
(p, r, ρ) =

{ E−∗νj ,αj
= D1jIνj ,αj

(qjr)+

E+∗
νj ,αj

= D2jIνj ,αj
(qjr)+

+E1jKνj ,αj
(qjr); Rj−1 < r < ρ < Rj,

+E2jKνj ,αj
(qjr); Rj−1 < ρ < r < Rj,

j = 1, n,

E∗νn+1,αn+1
(p, r, ρ) =

{ E−∗νn+1,αn+1
=

E+∗
νn+1,αn+1

=

= D1n+1Iνn+1,αn+1(qn+1r)+
= E2n+1Kνn+1,αn+1(qn+1r);

+E1n+1Kνn+1,αn+1(qn+1r); Rn < r < ρ < ∞,
Rn < ρ < r < ∞,

(16)
â ïðèïóùåííi, ùî ñïðàâäæóþòüñÿ ùå äîäà-
òêîâi îäíîðiäíi óìîâè:
(

αj−1
12

d

dr
+ β

j−1

12

)
−
E ∗νj ,αj

∣∣∣∣∣
r=Rj−1

= 0, j = 1, n,

(17)(
αj

11

d

dr
+ β

j

11

)
+

E ∗νj ,αj

∣∣∣∣∣
r=Rj

= 0, (18)

Ïðè öüîìó (α0
12d/dr + β

0

12)
−
E ∗ν1,α1

∣∣∣
r=R0

= 0,
(

αn
12

d

dr
+ β

n

12

)
−
E ∗νn+1,αn+1

∣∣∣∣∣
r=Rn

= 0. (19)

Ââåäåìî äî ðîçãëÿäó ôóíêöi¨:

U j1
νj ,αj ;im

(qsRj)=

(
αj

im

d

dr
+β

j

im

)
Iνj ,αj

(qsr)

∣∣∣∣∣
r=Rj

=

=

(
αj

im

νj − αj

Rj

+ β
j

im

)
Iνj ,αj

(qsRj)+

+αj
imRjq

2
sIνj+1,αj+1(qsRj);

U j2
νj ,αj ;im

(qsRj)=

(
αj

im

d

dr
+β

j

im

)
Kνj ,αj

(qsr)

∣∣∣∣∣
r=Rj

=

=

(
αj

im

νj − αj

Rj

+ β
j

im

)
Kνj ,αj

(qsRj)−

−αj
imRjq

2
sKνj+1,αj+1(qsRj);

Φj
νj ,αj ;im

(qsRj, qsr) = U j1
νj ,αj ;im

(qsRj)×
×Kνj ,αj

(qsr)−U j2
νj ,αj ;im

(qsRj)Iνj ,αj
(qsr). (20)

Äëÿ âèçíà÷åííÿ ñòàëèõ D1k, E1k, D2k, E2k

ôóíêöié Êîøi E∗k (p, r, ρ), k = 1, n, âíàñëiäîê
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¨õíiõ âëàñòèâîñòåé (15), (17) � (19) îòðèìà¹-
ìî àëãåáðà¨÷íó ñèñòåìó ðiâíÿíü:

(D2k −D1k)Iνk,αk
(qkρ)+

+(E2k − E1k)Kνk,αk
(qkρ) = 0;

(D2k −D1k)

(
νk − αk

ρ
Iνk,αk

(qkρ)+

+Rkq
2
kIνk+1,αk+1

(qkρ)

)
+

+(E2k − E1k)

(
νk − αk

ρ
Kνk,αk

(qkρ)−

−Rkq
2
kKνk+1,αk+1

(qkρ)

)
= − 1

qkρ2αk+1
;

D1kU
k−1,1
νk,αk;12(qkRk−1)+

+E1kU
k−1,2
νk,αk;12(qkRk−1) = 0; (21)

D2kU
k1
νk,αk;11(qkRk) + E2kU

k2
νk,αk;11(qkRk) = 0.

Â ðåçóëüòàòi îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi ñè-
ñòåì (21) ôóíêöi¨ Êîøi E∗k (p, r, ρ) (k =
1, n + 1) âèçíà÷åíi i âíàñëiäîê ñèìåòði¨ âiä-
íîñíî äiàãîíàëi r = ρ ìàþòü ñòðóêòóðó:

E∗νk,αk
(p, r, ρ) =

q2αk
k

∆11
νk,αk

(qkRk−1, qkRk)
×

×
{

Φk
νk,αk;11(qkRk, qkρ)×

Φk
νk,αk;11(qkRk, qkr)×

×Φk−1
νk,αk;12(qkRk−1, qkr),

×Φk
νk,αk;12(qkRk−1, qkρ),

k = 1, n;

Rk−1 < r < ρ < Rk,
Rk−1 < ρ < r < Rk,

k = 1, n;

E∗νn+1,αn+1
(p, r, ρ) =

= − q
2αn+1

n+1

Un2
νn+1,αn+1;12(qn+1Rn, qn+1Rn)

×

×
{

Kνn+1,αn+1(qn+1ρ)Φn
νn,αn;12(qn+1Rn, qn+1r),

Kνn+1,αn+1(qn+1r)Φ
n
νn,αn;12(qn+1Rn, qn+1ρ),

Rn < r < ρ < ∞,
Rn < ρ < r < ∞.

(22)

Òóò

∆im
νk,αk

(qkRk−1, qkRk) = Uk−1,1
νk,αk;i2(qkRk−1)×

×Uk2
νk,αk;m1(qkRk)− Uk−1,2

νk,αk;i2(qkRk−1)×
×Uk1

νk,αk;m1(qkRk); k = 2, n; i,m = 1, 2. (23)

Ïðè âiäîìèõ ôóíêöiÿõ Êîøi E∗νj ,αj
(p, r, ρ)

êðàéîâà óìîâà â òî÷öi r = R0 é óìîâè iíòåð-
ôåéñó (7) äëÿ âèçíà÷åííÿ íåâiäîìèõ êîåôi-
öi¹íòiâ Ak, Bk (k = 1, n) òà Bn+1, ùî áåðóòü
ó÷àñòü ó ñòðóêòóðàõ (14) çàãàëüíîãî ðîçâ'ÿç-
êó êðàéîâî¨ çàäà÷i (6) � (8) äàþòü àëãåáðà¨-
÷íó ñèñòåìó ç (2n + 1)-ãî ðiâíÿííÿ:

U01
ν1,α1;12(q1R0)A1 + U02

ν1,α1;12(q1R0)B1 = ω∗R0
;

U11
ν1,α1;11(q1R1)A1 + U12

ν1,α1;11(q1R1)B1−
−U11

ν2,α2;12(q2R1)A2 − U12
ν2,α2;12(q2R1)B2 = ω11;

U11
ν1,α1;21(q1R1)A1 + U12

ν1,α1;21(q1R1)B1−
−U11

ν2,α2;22(q2R1)A2−U12
ν2,α2;22(q2R1)B2 = ω21+G∗

1;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Uk1
νk,αk;11(qkRk)Ak + Uk2

νk,αk;11(qkRk)Bk−
−Uk1

νk+1,αk+1;12(qk+1Rk)Ak+1−
−Uk2

νk+1,αk+1;12(qk+1Rk+1)Bk+1 = ω1k;

Uk1
νk,αk;21(qkRk)Ak + Uk2

νk,αk;21(qkRk)Bk−
−Uk1

νk+1,αk+1;22(qk+1Rk)Ak+1−
−Uk2

νk+1,αk+1;22(qk+1Rk)Bk+1 = ω2k + G∗
k;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Un1
νn,αn;11(qnRn)An + Un2

νn,αn;11(qnRn)Bn−
−Un2

νn+1,αn+1;12(qn+1Rn)Bn+1 = ω1n;

Un1
νn,αn;21(qnRn)An + Un2

νn,αn;21(qnRn)Bn−
−Un2

νn+1,αn+1;22(qn+1Rn)Bn+1 = ω2n + G∗
n.

Òóò G∗
j � âèðàçè, ùî ìiñòÿòü iíòåãðàëè âiä

ôóíêöié Êîøi E∗νj ,αj
(p, r, ρ) â (24):

G∗
j =

c1j

R
2αj+1
j

Rj∫

Rj−1

Φj−1
νj ,αj ;12(qjRj−1, qjρ)

∆11
νj ,αj

(qjRj−1, qjRj−1)
×

×F∗
j (p, ρ)ρ2αj+1dρ−
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− c2j

R
2αj+1+1
j

Rj+1∫

Rj

Φj+1
νj ,αj ;11(qj+1Rj+1, qj+1ρ)

∆11
νj ,αj

(qj+1Rj, qj+1Rj+1)
×

×F∗
j+1(p, ρ)ρ2αj+1+1dρ, j = 1, n− 1.

G∗
n =

c1n

R2αn+1
n

Rn∫

Rn−1

Φn−1
νn,αn;12(qnRn−1, qnρ)

∆11
νj ,αj

(qnRn−1, qnRn)
×

×F∗
n(p, ρ)ρ2αn+1dρ+

+
c2n

R
2αn+1+1
n

∞∫

Rn

Kνn+1,αn+1(qn+1ρ)

Un2
νn+1,αn+1;22(qn+1Rn)

×

×F∗
n+1(p, ρ)ρ2αn+1+1dρ. (25)

Òóò cjk = αk
2j ·β

k

1j−αk
1j ·β

k

2j; k = 1, n; j = 1, 2;

z1k ≡ −c1k

q2αk
k R2αk+1

k

= Uk1
νk,αk;11(qkRk)×

×Uk2
νk,αk;21(qkRk)−

−Uk2
νk,αk;11(qkRk)U

k1
νk,αk;21(qkRk); k = 1, n;

z2k ≡ −c2k

q
2αk+1

k+1 R
2αk+1+1
k+1

= Uk1
νk,αk;12(qk+1Rk)×

×Uk2
νk,αk;22(qk+1Rk)−

−Uk2
νk,αk;12(qk+1Rk)U

k1
νk,αk;22(qk+1Rk); k = 1, n.

Ïðèïóñòèìî, ùî ìà¹ ìiñöå óìîâà îäíî-
çíà÷íî¨ ðîçâ'ÿçíîñòi êðàéîâî¨ çàäà÷i (6) �
(8): âèçíà÷íèê àëãåáðà¨÷íî¨ ñèñòåìè (24) â
ïiâïëîùèíi Re p ≥ σ0, äå σ0 � àáñöèñà çái-
æíîñòi iíòåãðàëó Ëàïëàñà, íå ðiâíèé íóëþ:

∆∗
(ν,α)(p) 6= 0. (26)

Â ðåçóëüòàòi îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi àë-
ãåáðà¨÷íî¨ ñèñòåìè (24), ïiäñòàíîâêè îòðè-
ìàíèõ çíà÷åíü Ak, Bk, Bn+1, D1k, D2k, E1k,
E2k, D1,n+1, E1,n+1, E2,n+1 (k = 1, n) â (14)
ïiñëÿ íèçêè ïåðåòâîðåíü øëÿõîì ðîçêðèòòÿ
âèçíà÷íèêiâ ∆∗

Ak
Iνk,αk

(qkr) + ∆∗
Bk

Kνk,αk
(qkr)

(k = 1, n) îäåðæó¹ìî ðåêóðåíòíi âèðàçè
äëÿ îá÷èñëåííÿ êîìïîíåíò âåêòîð-ôóíêöi¨
C∗(p, r) � ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (6) � (8):

C∗
k(p, r) = W ∗

k1(p, r)ω
∗
R0

(p)+

+
n∑

j=1

[R∗
1;k,j(p, r)ω1j +R∗

2;k,j(p, r)ω2j]+

+
n+1∑
j=1

Rj∫

Rj−1

H∗
(ν,α);kj(p, r, ρ) · F∗

j (p, ρ)ρ2αj+1dρ;

k = 1, n + 1, Rn+1 = ∞. (27)

Òóò ãîëîâíi ðîçâ'ÿçêè êðàéîâî¨ çàäà÷i (6)
� (8) ìàþòü ïîäàíi íèæ÷å âèðàçè. Ôóíêöi¨
âïëèâó ëiâî¨ êðàéîâî¨ óìîâè ω∗R0

(p) íà k-èé
ñåãìåíò àäñîðáöiéíîãî ñåðåäîâèùà

W ∗
k1(p, r) =





1
∆∗

(ν,α)
(p)

[Φ1
ν1,α1;21(q1R1, q1r)∆

′
1,2
−

1
∆∗

(ν,α)
(p)

k−1∏
s=1

z1s×
1

∆∗
(ν,α)

(p)

n∏
s=1

z1s×

−Φ1
ν1,α1;11(q1R1, q1r)∆1,2],

×[Φk
νk,αk;21(qkRk, qkr)∆

′
1,2k
−

×Kνn+1,αn+1(qn+1r),

k = 1;
−Φk

νk,αk;11(qkRk, qkr)∆1,2k], k = 2, n;
k = n + 1;

(28)
Ôóíêöi¨ âïëèâó j-ãî äæåðåëà F∗

j (p, ρ) íà
k-èé ñåãìåíò íåîäíîðiäíîãî íàíîïîðèñòîãî
ñåðåäîâèùà:

� âïëèâó j-ãî äæåðåëà (j = 1, n + 1) íà
ïåðøèé ñåãìåíò ñåðåäîâèùà:

H∗
(ν,α);11(p, r, ρ) =

q2α1
1

∆∗
(ν,α)

{
Φ0

ν1,α1;12(q1R0, q1ρ)×
Φ0

ν1,α1;12(q1R0, q1r)×

×[Φ1
ν1,α1;11(q1r, q1R1)A1,2−

×[Φ1
ν1,α1;11(q1ρ, q1R1)A1,2− (29)

−Φ1
ν1,α1;21(q1r, q1R1)A

′
1,2

], R0 < ρ < r < R1;

−Φ1
ν1,α1;21(q1ρ, q1R1)A

′
1,2

], R0 < r < ρ < R1;

H∗
(ν,α);1j(p, r, ρ) =

q
2αj

j

j−1∏
s=1

z2s

∆∗
(ν,α)(p)

×

×Φ0
ν1,α1;12(q1R0, q1r)[Φ

j
νj ,αj ;11(qjRj, qjρ)×

×A1,2j − Φj
νj ,αj ;21(qjRj, qjρ)A′

1,2j
]; j = 2, n;

(30)

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2007. Âèïóñê 336 � 337. Ìàòåìàòèêà. 155



H∗
(ν,α);1,n+1(p, r, ρ) =

q
2αn+1

n+1

n∏
s=1

z2s

∆∗
(ν,α)(p)

×

×Φ0
ν1,α1;12(q1R0, q1r)Kνn+1,αn+1(qn+1ρ); (31)

� âïëèâó j-ãî äæåðåëà (j = 1, n + 1) íà
k-èé ñåãìåíò (k = 2, n) ñåðåäîâèùà:

H∗
(ν,α);k1(p, r, ρ) = − q2α1

1

∆∗
(ν,α)(p)

k−1∏
s=1

z1s×

×Φ0
ν1,α1;12(q1R0, q1ρ)[Φk

νk,αk;21(qkRk, qkr)×
×A′

1,2k
− Φk

νk,αk;11(qkRk, qkr)A1,2k]; (32)

H∗
(ν,α);kj(p, r, ρ) =

q
2αj

j

k−1∏
s=j

z1s

∆∗
(ν,α)(p)

×

×[Φk
νk,αk;21(qkRk, qkr)A

′
1,2k
−

−Φk
νk,αk;11(qkRk, qkr)A1,2k]×

×[Φj−1
νj ,αj ;22(qjRj−1, qjρ)∆1,2j−2−

−Φj−1
νj ,αj ;12(qjRj−1, qjρ)∆′

1,2j−2
];

j = 2, k − 1; k = 2, n; (33)

H∗
(ν,α);kj(p, r, ρ) =

q
2αj

j

j−1∏
s=k

z2s

∆∗
(ν,α)(p)

×

×[Φk−1
νk,αk;22(qkRk−1, qkr)∆1,2k−2−

−Φk−1
νk,αk;12(qkRk−1, qkr)∆

′
1,2k−2

]×
×[Φj

νj ,αj ;21(qjRj, qjρ)A′
1,2j
−

−Φj
νj ,αj ;11(qjRj, qjρ)A1,2j];

j = k + 1, n; k = 2, n; (34)

H∗
(ν,α);kk(p, r, ρ) =

q2αk
k

∆∗
(ν,α)(p)

×

×
{ [

Φk−1
νk,αk;22(qkRk−1, qkρ)∆1,2k−2−[

Φk−1
νk,αk;22(qkRk−1, qkr)∆1,2k−2−

−Φk−1
νk,αk;12(qkRk−1, qkρ)∆′

1,2k−2

]×
−Φk−1

νk,αk;12(qkRk−1, qkr)∆
′
1,2k−2

]×

×[
Φk

νk,αk;21(qkRk, qkr)A
′
1,2k
−

×[
Φk

νk,αk;21(qkRk, qkρ)A′
1,2k
−

−Φk
νk,αk;11(qkRk, qkr)A1,2k], Rk−1 < ρ < r < Rk,

−Φk
νk,αk;11(qkRk, qkρ)A1,2k], Rk−1 < r < ρ < Rk,

(35)

H∗
(ν,α);k,n+1(p, r, ρ) =

q
2αn+1

n+1

∆∗
(ν,α)(p)

×

×
n∏

s=k

z2sKνn+1,αn+1(qn+1ρ)×

×[Φk−1
νk,αk;22(qkRk−1, qkr)∆1,2k−2−

−Φk−1
νk,αk;12(qkRk−1, qkr)∆

′
1,2k−2

]; (36)

� âïëèâó j-ãî äæåðåëà (j = 1, n + 1) íà
n + 1-èé ñåãìåíò ñåðåäîâèùà:

H∗
(ν,α);n+1,1(p, r, ρ) = − q2α1

1

∆∗
(ν,α)(p)

n∏
s=1

z1s×

×Φ0
ν1,α1;12(q1R0, q1ρ)Kνn+1,αn+1(qn+1r); (37)

H∗
(ν,α);n+1,j(p, r, ρ) =

q
2αj

j

n∏
s=j

z1s

∆∗
(ν,α)(p)

×

×Kνn+1,αn+1(qn+1r)[Φ
j−1
νj ,αj ;22(qjRj−1, qjρ)×

×∆1,2j−2−Φj−1
νj ,αj ;12(qjRj−1, qjρ)∆′

1,2j−2
]; j = 2, n;

(38)

H∗
(ν,α);n+1,n+1(p, r, ρ) =

q
2αn+1

n+1

∆∗
(ν,α)(p)

×

×
{

Kνn+1,αn+1(qn+1r)×
Kνn+1,αn+1(qn+1ρ)×

×[Φn
νn+1,αn+1;22(qn+1Rn, qn+1ρ)∆1,2n−

×[Φn
νn+1,αn+1;22(qn+1Rn, qn+1r)∆1,2n− (39)

−Φn
νn+1,αn+1;12(qn+1Rn, qn+1ρ)∆′

1,2n
],

−Φn
νn+1,αn+1;12(qn+1Rn, qn+1r)∆

′
1,2n

],

Rn < ρ < r < Rn+1;
Rn < r < ρ < Rn+1;

Ôóíêöi¨ âïëèâó íåîäíîðiäíîñòåé ïåðøî¨
óìîâè j-ãî iíòåðôåéñó ω1j (j = 1, n) íà k-èé
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ñåãìåíò íåîäíîðiäíîãî íàíîïîðèñòîãî ñåðå-
äîâèùà:

R∗
1;1j(p, r) =

1

∆∗
(ν,α)(p)





Φ0
ν1,α1;12(q1R0, q1ρ)×

j−1∏
s=1

z2s×
−Un,2

νj ,αj ;22(qn+1Rn)×

×A1,2; j = 1,
×Φ0

ν1,α1;12(q1R0, q1r)A1,2j; j = 2, n− 1;

×
n−1∏
s=1

z2sΦ
0
ν1,α1;12(q1R0, q1r); j = n;

(40)

R∗
1;kj(p, r) = − 1

∆∗
(ν,α)(p)





∆ν1,α1;12(q1R0, q1R1)×
∆′

1,2j
×

A1,2k×
A1,2j×
−Un,2

νn+1,αn+1;22(qn+1Rn)×

×
k−1∏
s=2

z1s[Φ
k
νk,αk;21(qkRk, qkr)A

′
1,2k
−

×
k−1∏

s=j+1

z1s[Φ
k
νk,αk;21(qkRk, qkr)A

′
1,2k
−

×[Φk−1
νk,αk;22(qkRk−1, qkr)∆1,2k−2−

×
j−1∏
s=k

z2s[Φ
k−1
νk,αk;22(qkRk−1, qkr)×

×
n−1∏
s=k

z2s[Φ
k−1
νk,αk;22(qkRk−1, qkr)×

−Φk
νk,αk;11(qkRk, qkr)A1,2k];

−Φk
νk,αk;11(qkRk, qkr)A1,2k];

−Φk−1
νj ,αj ;12(qkRk−1, qkr)∆

′
1,2k−2

];

×∆1,2k−2 − Φk−2
νk,αk;12(qkRk−1, qkr)∆

′
1,2k−2

];

×∆1,2k−2 − Φk−2
νk,αk;12(qkRk−1, qkr)∆

′
1,2k−2

];

j = 1;
j = 2, k − 1;
j = k;
j = k + 1, n− 1;
j = n;

(41)

R∗
1;n+1,j(p, r) = − 1

∆∗
(ν,α)(p)

×

×





∆ν1,α1;12(q1R0, q1R1)×
∆′

1,2j

n−1∏
s=2

z1s×
∆′

1,2n
×

×
n∏

s=2

z1sKνn+1,αn+1(qn+1r); j = 1;

×Kνn+1,αn+1(qn+1r); j = 2, n− 1;
×Kνn+1,αn+1(qn+1r); j = n;

(42)

Ôóíêöi¨ âïëèâó íåîäíîðiäíîñòåé äðóãî¨
óìîâè j-ãî iíòåðôåéñó ω2j (j = 1, n) íà k-
èé ñåãìåíò íàíîïîðèñòîãî ñåðåäîâèùà:

R∗
2;1j(p, r) = − 1

∆∗
(ν,α)(p)





Φ0
ν1,α1;12(q1R0, q1r)×

j−1∏
s=1

z2s×
−Un,2

νn+1,αn+1;12(qn+1Rn)×
×A′

1,2
; j = 1,

×Φ0
ν1,α1;12(q1R0, q1r)A

′
1,2j

; j = 2, n− 1;

×
n−1∏
s=1

z2sΦ
0
ν1,α1;12(q1R0, q1r); j = n;

(43)

R∗
2;kj(p, r) =

1

∆∗
(ν,α)(p)





∆ν1,α1;11(q1R0, q1R1)×
∆1,2j×
A′

1,2k
×

A′
1,2j
×

−Un,2
νn+1,αn+1;12(qn+1Rn)×

×
k−1∏
s=2

z1s[Φ
k
νk,αk;21(qkRk, qkr)A

′
1,2k
−

×
k−1∏

s=j+1

z1s[Φ
k
νk,αk;21(qkRk, qkr)A

′
1,2k
−

×[Φk−1
νk,αk;22(qkRk−1, qkr)∆1,2k−2−

×
j−1∏
s=k

z2s[Φ
k−1
νk,αk;22(qkRk−1, qkr)×

×
n−1∏
s=k

z2s[Φ
k−1
νk,αk;22(qkRk−1, qkr)×

−Φk
νk,αk;11(qkRk, qkr)A1,2k];

−Φk
νj ,αj ;11(qkRk, qkr)A1,2k];

−Φk−1
νk,αk;12(qkRk−1, qkr)∆

′
1,2k−2

];

×∆1,2k−2 − Φk−2
νk,αk;12(qkRk−1, qkr)∆

′
1,2k−2

];

×∆1,2k−2 − Φk−2
νk,αk;12(qkRk−1, qkr)∆

′
1,2k−2

];

j = 1;
j = 2, k − 1;
j = k;
j = k + 1, n− 1;
j = n;

(44)

R∗
2;n+1,j(p, r) =

1

∆∗
(ν,α)(p)

×
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×





∆ν1,α1;11(q1R0, q1R1)×
∆1,2j

n−1∏
s=2

z1s×
∆1,2n×

×
n∏

s=2

z1sKνn+1,αn+1(qn+1r); j = 1;

×Kνn+1,αn+1(qn+1r); j = 2, n− 1;
×Kνn+1,αn+1(qn+1r); j = n.

(45)

Ïåðåõiä äî îðèãiíàëiâ. Îñîáëèâèìè
òî÷êàìè ãîëîâíèõ ðîçâ'ÿçêiâ êðàéîâî¨ çàäà-
÷i (6) � (8) W ∗

1k(p, r), R∗
1;kj(p, r), R∗

2;kj(p, r),
H∗

(ν,α);kj(p, r, ρ) ¹ òî÷êè ãàëóæåííÿ p = ∞ òà
p1,2 = −1

2
[S1 ±

√
S2] < 0;

S1 = βk(1 + γk) + η2
k; S2 = (ηk − βkγk)

2+

+βk[βk(1 + 2γk) + 2η2
k] > 0. (46)

Îòæå, ïðè ïåðåõîäi äî îðèãiíàëiâ çà Ëàïëà-
ñîì iíòåãðàë ïî êîíòóðó Áðîìâi÷à ìîæíà çà-
ìiíèòè iíòåãðàëîì ïî óÿâíié îñi [6]:

W1k(t, r) = L−1[W ∗
1k(p, r)] =

=
1

2πi

σ+i∞∫

σ−i∞

W ∗
1k(p, r)e

ptdp =

=
1

2πi

i∞∫

−i∞

W ∗
1k(p, r)e

ptdp =

=
1

2π

∞∫

−∞

W ∗
1k(is, r)e

istds =

=
1

π

∞∫

0

Re [W ∗
1k(is, r)e

ist]ds;

Rmkj(t, r) = L−1[R∗
m;kj(p, r)] =

=
1

π

∞∫

0

Re [R∗
m;kj(is, r)e

ist]ds,m = 1, 2;

H(ν,α);k,k1(t, r, ρ) = L−1[H∗
(ν,α);k,k1

(p, r, ρ)] =

=
1

π

∞∫

0

Re [H∗
(ν,α);k,k1

(is, r, ρ)eist]ds. (47)

Ó ðåçóëüòàòi îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi àë-
ãåáðà¨÷íî¨ ñèñòåìè (22), ç âðàõóâàííÿì îäåð-
æàíèõ ãîëîâíèõ ðîçâ'ÿçêiâ çàäà÷i (6) � (8)
òà ôîðìóë (47), îòðèìó¹ìî ¹äèíèé ðîçâ'ÿ-
çîê âèõiäíî¨ çàäà÷i (1) � (5):

Ck(t, r) =

t∫

0

W1k(t− τ, r)ωR0(τ)dτ+

+
n∑

j=1

t∫

0

[R1;kj(t− τ, r)ω1j(τ)+

+R2;kj(t− τ, r)ω2j(τ)]dτ+

+

t∫

0

n+1∑

k1=1

Rk1∫

Rk1
−1

H(ν,α);k,k1(t− τ, r, ρ)[fk1(τ, ρ)+

+C0;k1(ρ)δ+(τ)]ρ2αk+1dρdτ+

+

t∫

0

n+1∑

k1=1

Rk1∫

Rk1
−1

βk1γk1

Dzk1

H(ν,α);k,k1(t−τ, r, ρ)e−βk1
γk1

τ×

×a0;k1(ρ)ρ2αk1+1dρdτ ; (48)

ak(t, r) = βk

t∫

0

e−βkγk(t−τ)Ck(τ, r)dτ+

+e−βkγkta0k(r). (49)

Òóò

ωR0(t) = L−1[ω∗R0
(p)] = ω0(t) +

(
δ0
11

d

dr
+

+γ0
11

)
C01(r)

∣∣∣∣∣
r=R0

δ+(t);

ωmj =

[(
δj
m1

d

dr
+ γj

m1

)
C0j(r)−

(
δj
m2

d

dr
+

+γj
m2

)
C0,j+1(r)

∣∣∣∣∣
r=Rj

δ+(t); m = 1, 2; j = 1, n,

δ+(t) � äåëüòà-ôóíêöiÿ, çîñåðåäæåíà â òî÷öi
t = 0+.
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Âèñíîâêè. Çàïðîïîíîâàíà ìàòåìàòè÷íà
ìîäåëü ìàñîïåðåíîñó â íåîáìåæåíîìó öè-
ëiíäðè÷íîìó íåîäíîðiäíîìó íàíîïîðèñòîìó
ñåðåäîâèùi ç ïîðîæíèíîþ, äîâåäåíî òåîðå-
ìó ïðî ðîçâ'ÿçíiñòü âiäïîâiäíî¨ íåîäíîðiäíî¨
çìiøàíî¨ çàäà÷i i îòðèìàíî òî÷íèé àíàëi-
òè÷íèé ðîçâ'ÿçîê, ùî îïèñó¹ âïëèâ öiëîãî
ðÿäó âàæëèâèõ ôiçè÷íèõ ÷èííèêiâ âíóòði-
øíüî¨ êiíåòèêè ïåðåíîñó, ãîëîâíèìè ñåðåä
ÿêèõ ¹ âïëèâ íåñòàöiîíàðíèõ óìîâ ñèñòåìè
n-iíòåðôåéñíèõ âçà¹ìîäié íà ìàñîîáìiííèõ
ìåæàõ. Öå äà¹ ìîæëèâiñòü ìîäåëþâàòè êîí-
öåíòðàöiéíi ïðîôiëi àäñîðáòèâó â ìàêðî- òà
ìiêðîïîðàõ, çäiéñíþâàòè êîìïëåêñíèé àíà-
ëiç âíóòðiøíüî¨ êiíåòèêè ìàñîïåðåíîñó ÿê
íà ìàêðîðiâíi, òàê i íà ðiâíi íàíîïîðiâ ÷à-
ñòèíîê ñåðåäîâèù, ïðîåêòóâàòè îïòèìàëüíi
òåõíîëîãi÷íi ñõåìè íåîäíîðiäíîãî ìàñîïåðå-
íîñó äëÿ áàãàòîñêëàäîâèõ ñåðåäîâèù ç ði-
çíèìè ôiçèêî-õiìi÷íèìè õàðàêòåðèñòèêàìè.
ßê ïîêàçóþòü ðåçóëüòàòè iíøèõ ïðàöü àâ-
òîðà, òàêîãî êëàñó ðîçâ'ÿçêè ðàçîì ç ðåêó-
ðåíòíèìè ìàòðè÷íèìè àëãîðèòìàìè ïîáóäî-
âè ìàòðèöü ôóíêöié âïëèâó çìiøàíî¨ çàäà÷i
¹ äîáðå çàñòîñîâíèìè äëÿ ôîðìóëþâàííÿ òà
ðîçâ'ÿçóâàííÿ çâîðîòíèõ çàäà÷ ìàñîïåðåíî-
ñó � âèçíà÷åííÿ êiíåòè÷íèõ ïàðàìåòðiâ. Öå
äîçâîëÿ¹ ðåàëiçîâóâàòè åôåêòèâíi ïðîöåäó-
ðè ïåðåâiðêè íà àäåêâàòíiñòü ïàðàìåòðiâ ìî-
äåëþâàííÿ i ôiçè÷íîãî åêñïåðèìåíòó.
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