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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

ÏÐÎ ÐÎÇÂ'ßÇÍIÑÒÜ ÌIØÀÍÎ� ÇÀÄÀ×I ÄËß ÍÅËIÍIÉÍÎÃÎ
ÅÂÎËÞÖIÉÍÎÃÎ ÐIÂÍßÍÍß ÒÐÅÒÜÎÃÎ ÏÎÐßÄÊÓ

Ó íåîáìåæåíié çà ïðîñòîðîâèìè çìiííèìè îáëàñòi äîñëiäæåíî ìiøàíó çàäà÷ó äëÿ íå-
ëiíiéíîãî åâîëþöiéíîãî ðiâíÿííÿ òðåòüîãî ïîðÿäêó. Óìîâè iñíóâàííÿ ðîçâ'ÿçêó òàêî¨ çàäà÷i
îòðèìàíî â óçàãàëüíåíèõ ïðîñòîðàõ Ñîáîë¹âà.

It is investigated the mixed problem for a nonlinear evolution equation of the third order in an
unbounded domain with respect to spatial variables. In generalized Sobolev spaces some conditions
for existence of solution of such problem are obtained.

Äèôåðåíöiàëüíi ðiâíÿííÿ â ÷àñòèííèõ
ïîõiäíèõ òðåòüîãî ïîðÿäêó ¹ ïðåäìåòîì äî-
ñëiäæåííÿ áàãàòüîõ â÷åíèõ ùå ïî÷èíàþ÷è ç
äðóãî¨ ïîëîâèíè XX ñòîëiòòÿ (äèâ., íàïðè-
êëàä, [1-13]). Ðiâíÿííÿ òàêîãî òèïó ìîäåëþ-
þòü, çîêðåìà, ïîøèðåííÿ çáóðåíü ó â'ÿçêî-
ïðóæíîìó ìàòåðiàëi, ðîçïîâñþäæåííÿ çâó-
êó ó â'ÿçêîìó ãàçi, ïîìiùåíîãî â òðóáó, à òà-
êîæ iíøi ïðîöåñè ïîäiáíî¨ ïðèðîäè.

Ó ïðàöi [1] âïåðøå áóëî äîñëiäæåíî ìiøà-
íó çàäà÷ó äëÿ ðiâíÿííÿ

ρutt = G
′
(ux, uxt) + g(u, ut) + f(x, t), (1)

(x, t) ∈ Ω×(0, +∞), ρ - äîäàòíà ñòàëà, G, g, f
- äåÿêi ôóíêöi¨, G

′ - ïîõiäíà çà ïðîñòîðîâè-
ìè çìiííèìè, Ω - îáìåæåíà îáëàñòü,
ó âèïàäêó Ω = (0, 1), G

′
= σ

′
(ux)uxx +

λuxtx, g = f = 0. Äîâåäåíî, ùî ïðè âèêî-
íàííi, çîêðåìà, óìîâ

σ
′
(ξ) > 0, ξ ∈ R, σ ∈ C3(R), λ > 0

iñíó¹ ¹äèíèé êëàñè÷íèé ðîçâ'ÿçîê u òàêî¨ çà-
äà÷i, ñòiéêèé äî çáóðåíü ïî÷àòêîâèõ äàíèõ.
Òàêîæ äîñëiäæåíî ïîâåäiíêó öüîãî ðîçâ'ÿç-
êó (u → 0) ïðè t → ∞. Êðiì òîãî, â
[3] çíàéäåíî óìîâè iñíóâàííÿ ëîêàëüíîãî òà
ãëîáàëüíîãî ðîçâ'ÿçêó òàêî¨ æ çàäà÷i (t ∈
[0, T ]), àëå âæå ó ïðîñòîðàõ Ñîáîë¹âà. Äëÿ
äîâåäåííÿ îñíîâíèõ ðåçóëüòàòiâ àâòîð âèêî-
ðèñòîâó¹ îöiíêè ôóíêöi¨ �ðiíà çàäà÷i Äiði-
õëå äëÿ ðiâíÿííÿ òåïëîðîâiäíîñòi òà ïðèí-
öèï ìàêñèìóìó.

Âèïàäîê, êîëè â ðiâíÿííi (1) ôóíêöiÿ G -
íåëiíiéíà çà äâîìà àðãóìåíòàìè, g = f = 0,
âèâ÷åíî â [2]. Äëÿ ðîçâ'ÿçíîñòi òàêî¨ çàäà÷i
â êëàñi ãëàäêèõ ôóíêöié àâòîðîì îäåðæàíî
ñëàáøi óìîâè íà âèõiäíi äàíi, íiæ â [1].

Ó ïðàöÿõ [4, 5] äîñëiäæåíî ðiâíÿííÿ (1),
â ÿêîìó G

′
(ux, uxt) = 4u+

n∑
i=1

(|uxit|p−2uxit)xi
,

x ∈ Ω ⊂ Rn, t ∈ [0, T ], p > 2. Çíàéäå-
íî óìîâè íà êîåôiöi¹íòè ðiâíÿííÿ òà ïîêàç-
íèêè íåëiíiéíîñòåé, ùî çàáåçïå÷óþòü iñíó-
âàííÿ ¹äèíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó ðîç-
ãëÿäóâàíèõ çàäà÷ â ïðîñòîðàõ Ñîáîë¹âà. Âè-
ïàäîê, êîëè ó ãîëîâíié ÷àñòèíi ðiâíÿííÿ ïî-
êàçíèê íåëiíiéíîñòi ¹ ôóíêöi¹þ âiä ïðîñòî-
ðîâèõ çìiííèõ (p = p(x)), âèâ÷åíî â [6].

Ìåòà öi¹¨ ðîáîòè - â íåîáìåæåíié çà ïðî-
ñòîðîâèìè çìiííèìè îáëàñòi îäåðæàòè óìî-
âè ðîçâ'ÿçíîñòi ìiøàíî¨ çàäà÷i äëÿ ðiâíÿííÿ
(1) ó âèïàäêó âèðîäæåííÿ.

Íåõàé T > 0 � ôiêñîâàíå ÷èñëî, Ω ⊂
Rn, n ≥ 1 � íåîáìåæåíà îáëàñòü ç ãëàä-
êîþ ìåæåþ ∂Ω êëàñó C1, òàêà ùî ΩR =
Ω ∩ {x ∈ Rn : |x| < R} − îáëàñòü äëÿ êî-
æíîãî R > R0 ç ðåãóëÿðíîþ çà Êàëüäåðîíîì
([14], ñ. 45) ìåæåþ ∂ΩR, R0 > 0− äåÿêå ÷è-
ñëî. Ïîçíà÷èìî Qτ = Ω× (0, τ), Sτ = ∂Ω×
(0, τ), Ωτ = {(x, t) : x ∈ Ω, t = τ}, QR

τ =
ΩR × (0, τ), SR

τ = ∂ΩR × (0, τ), ΩR
τ = {(x, t) :

x ∈ ΩR, t = τ}, τ ∈ [0, T ], R > R0;
x
′
i = (x1, ..., xi−1, xi+1, ..., xn), i = 1, .., n.

Â îáëàñòi QT ðîçãëÿíåìî ãiïåðáîëi÷íå
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ðiâíÿííÿ

Au ≡ utt −
n∑

i=1

(ai(x
′
i, t)|ut|p−2uxit)xi

−

−
n∑

i,j=1

(bij(x, t)uxi
)xj

+
n∑

i=1

ci(x, t)uxi
+ (2)

+c0(x, t)u + g(x, t, ut) = f(x, t), (x, t) ∈ QT

ç ïî÷àòêîâèìè

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω (3)

òà êðàéîâîþ

u|ST
= 0 (4)

óìîâàìè.
Ãîâîðèòèìåìî, ùî äëÿ êîåôiöi¹íòiâ ðiâ-

íÿííÿ (1) âèêîíóþòüñÿ óìîâè
(A), (BC), (Q), (G), ÿêùî:

(A): ai ∈ L∞(QT ), ai(x
′
i, t) ≥

a0 ìàéæå äëÿ âñiõ(x, t) ∈ QT ,
a0 > 0, i = 1, ...n;

(BC): bij, bijt ∈ L∞(QT ), bij(x, t) =
bji(x, t) ìàéæå äëÿ âñiõ (x, t) ∈
QT , i, j = 1, ..., n,

n∑
i,j=1

bij(x, t)ξiξj ≥ θ0|ξ|2, θ0 > 0

äëÿ âñiõ ξ ∈ Rn i ìàéæå âñiõ
(x, t) ∈ QT ,
ci ∈ L∞(QT ), i = 1, ..., n, c0 ∈
L∞(QT );

(Q): q : Ω → (0, +∞), q ∈ L∞(Ω),
1 < q ≤ q(x) ≤ q̂, q =
ess inf

Ω
q(x), q̂ = ess sup

Ω
q(x);

(G): ôóíêöiÿ g(·, ·, ξ) âèìiðíà â QT

äëÿ âñiõ ξ ∈ R;
ôóíêöiÿ g(x, t, ·) íåïåðåðâíà íà
R ìàéæå äëÿ âñiõ (x, t) ∈ QT ;
(g(x, t, ξ) − g(x, t, η))(ξ − η) ≥
g0|ξ − η|q(x),
|g(x, t, ξ)| ≤ g1|ξ|q(x)−1 äëÿ âñiõ
ξ, η ∈ R i äëÿ ìàéæå âñiõ (x, t) ∈
QT , äå g0, g1 � íåâiä'¹ìíi ñòàëi.

Ïiä Lq(x)(ΩR) ðîçóìi¹ìî óçàãàëüíåíèé
ïðîñòið Ëåáåãà, òîáòî âèìiðíi íà ΩR ôóíêöi¨
v, ùî çàäîâîëüíÿþòü óìîâó

∫
ΩR

|v|q(x)dx <

+∞. Â [15] äîâåäåíî, ùî Lq(x)(ΩR) ¹ áàíà-
õîâèì ïðîñòîðîì ç íîðìîþ

||v; Lq(x)(ΩR)|| = inf
{

λ > 0 :

∫

ΩR

|v(x)/λ|q(x)dx ≤ 1

}
.

Ïîçíà÷èìî

L
q(x)
loc (Ω) =

{
u : u ∈ Lq(x)(ΩR) ∀R > R0

}
.

Ðîçãëÿäàòèìåìî ùå òàêi ôóíêöiîíàëüíi ïðî-
ñòîðè

H1
0 (ΩR) =

{
u : u ∈ H1(ΩR), u|∂Ω∩ΩR = 0

}
,

H1
0,loc(Ω) =

{
u : u ∈ H1

0 (ΩR) ∀R > R0

}
,

W 1,p
0 (ΩR) =

{
u : u ∈ W 1,p(ΩR),

u|∂Ω∩ΩR = 0

}
,

W 1,p
0, loc(Ω) =

{
u : u ∈ W 1,p

0 (ΩR) ∀R > R0

}
.

Âèâ÷èìî ñïî÷àòêó ïèòàííÿ ïðî iñíóâàííÿ
â îáëàñòi QR

T ðîçâ'ÿçêó ðiâíÿííÿ
Au = f, (x, t) ∈ QR

T , (5)
ÿêèé çàäîâîëüíÿ¹ óìîâè
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ ΩR, (6)

u|SR
T

= 0. (7)
Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè

(A), (BC), (G), (Q), p, q > 2 i, êðiì òî-
ãî, f ∈ Lq

′
(x)(QR

T ), u0 ∈ ◦
H 1(ΩR), u1 ∈
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L2(ΩR). Òîäi iñíó¹ ðîçâ'ÿçîê uR çàäà-
÷i (5)-(7) (â ñåíñi ðîçïîäiëiâ) òàêèé, ùî
uR ∈ L∞((0, T );

◦
H 1(ΩR)), |uR

t |
p−2
2 uR

t ∈
L2((0, T );

◦
H 1(ΩR)), uR

t ∈ Lq(x)(QR
T ).

Äîâåäåííÿ. Âèêîðèñòà¹ìî ìåòîä Ôàåäî-
Ãàëüîðêiíà. Ïîçíà÷èìî ÷åðåç s íàéìåíøå
íàòóðàëüíå ÷èñëî, äëÿ ÿêîãî âèêîíó¹òüñÿ
âêëàäåííÿ Hs

0(Ω
R) ⊂ Lq(x)(ΩR) i, êðiì òîãî,

óìîâà

w ∈ Hs
0(Ω

R) ⇒ wxixi
∈ Lp(ΩR).

Ðîçãëÿíåìî îðòîíîðìîâàíó â L2(ΩR) ñèñòå-
ìó âñiõ âëàñíèõ ôóíêöié çàäà÷i

(u, v)Hs
0(ΩR) = λ(u, v)L2(ΩR), äå (8)

(·, ·)Hs
0(ΩR), (·, ·)L2(ΩR) - ñêàëÿðíi äîáóòêè â

ïðîñòîðàõ Hs
0(Ω

R) i L2(ΩR) âiäïîâiäíî. Íà-
áëèæåíèé ðîçâ'ÿçîê çàäà÷i (5)-(7) øóêà¹ìî
ó âèãëÿäi uN(x, t) =

N∑
k=1

CN
k (t)ϕk(x), äå ϕk -

âëàñíi ôóíêöi¨ çàäà÷i (8), à êîåôiöi¹íòè CN
k ,

k = 1, ..., N âèçíà÷àþòüñÿ ÿê ðîçâ'ÿçîê çàäà-
÷i Êîøi

∫

ΩR

[
uN

tt ϕ
k +

n∑
i=1

ai(x
′
i, t)|uN

t |p−2uN
xit

ϕk
xi

+

+
n∑

i,j=1

bij(x, t)uN
xi

ϕk
xj

+
n∑

i=1

ci(x, t)uN
xi

ϕk +

+ c0(x, t)uNϕk + g(x, t, uN
t )ϕk −

− f(x, t)ϕk

]
dx = 0, (9)

CN
k (0) = uN

0,k, CN
kt(0) = uN

1,k. (10)

Òóò uN
0 (x) =

N∑

k=1

uN
0,kϕ

k(x), uN
1 (x) =

=
N∑

k=1

uN
1,kϕ

k(x) i
∥∥uN

0 − u0

∥∥ ◦
H 1(ΩR)

→ 0,

∥∥uN
1 − u1

∥∥
L2(ΩR)

→ 0. (11)

Íà ïiäñòàâi òåîðåìè Êàðàòåîäîði ([16], ñ.
54) iñíó¹ ðîçâ'ÿçîê çàäà÷i (9), (10), âèçíà÷å-
íèé íà äåÿêîìó ïðîìiæêó (0, t0], ùî ìà¹ àá-

ñîëþòíî íåïåðåðâíó ïîõiäíó. Ç îöiíîê, îäåð-
æàíèõ íèæ÷å, âèïëèâà¹, ùî t0 = T .

Ïîìíîæèìî (9) âiäïîâiäíî íà ôóíêöi¨
CN

kte
−ηt, η > 0, ïiäñóìó¹ìî çà k âiä 1 äî N i

ïðîiíòåãðó¹ìî ïî ïðîìiæêó (0, τ ], τ ∈ (0, T ]:
∫

QR
τ

[
uN

tt u
N
t +

n∑
i=1

ai(x
′
i, t)|uN

t |p−2|uN
xit
|2 +

+
n∑

i,j=1

bij(x, t)uN
xi

uN
txj

+
n∑

i=1

ci(x, t)uN
xi

uN
t +

+ c0(x, t)uNuN
t + g(x, t, uN

t )uN
t −

− f(x, t)uN
t

]
e−ηtdxdt = 0. (12)

Ïåðåòâîðèìî òà îöiíèìî êîæíèé äîäàíîê ç
(12), âðàõîâóþ÷è óìîâè òåîðåìè. Ìà¹ìî

I1
1 :=

∫

QR
τ

uN
tt u

N
t e−ηtdxdt =

1

2

∫

ΩR
τ

∣∣uN
t

∣∣2 e−ητdx−

− 1

2

∫

ΩR
0

∣∣uN
1

∣∣2 dx +
η

2

∫

QR
τ

∣∣uN
t

∣∣2 e−ηtdxdt;

I1
2 :=

∫

QR
τ

n∑
i=1

ai(x
′
i, t)|uN

t |p−2|uN
xit
|2e−ηtdxdt ≥

≥ 4a0

p

∫

QR
τ

n∑
i=1

[(
|uN

t |
p−2
2 uN

t

)

xi

]2

e−ηtdxdt;

I1
3 :=

∫

QR
τ

n∑
i,j=1

bij(x, t)uN
xi

uN
txj

e−ηtdxdt =

=
1

2

∫

ΩR
τ

n∑
i,j=1

bij(x, τ)uN
xi

uN
xj

e−ητdx−

− 1

2

∫

Ω0

n∑
i,j=1

bij(x, 0)uN
0,xi

uN
0,xj

dx−

− 1

2

∫

QR
τ

n∑
i,j=1

bijt(x, t)uN
xi

uN
xj

e−ηtdxdt +

+
η

2

∫

QR
τ

n∑
i,j=1

bij(x, t)uN
xi

uN
xj

e−ηtdxdt ≥

≥ θ0

2

∫

ΩR
τ

∣∣∇uN
∣∣2 e−ητdx−
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− B0

2

∫

ΩR
0

∣∣∇uN
0

∣∣2 dx +

+

(
ηθ0

2
− B0

2

) ∫

QR
τ

∣∣∇uN
∣∣2 e−ηtdxdt,

B0 = n max
i,j

ess sup
ΩR

|bij(x, 0)| ,
B0 = n max

i,j
ess sup

QR
T

|bijt(x, t)| ;

I1
4 :=

∫

QR
τ

n∑
i=1

ci(x, t)uN
xi

uN
t e−ηtdxdt ≤

≤ 1

2

∫

QR
τ

[
C1

∣∣∇uN
∣∣2 +

∣∣uN
t

∣∣2
]
e−ηtdxdt,

C1 = ess sup
QR

T

n∑
i=1

c2
i (x, t);

I1
5 :=

∫

QR
τ

c0(x, t)uNuN
t e−ηtdxdt ≤

≤ TC2

∫

ΩR
0

|uN
0 |2dx +

C2

2
(2T 2 +

+ 1)

∫

QR
τ

|uN
t |2e−ηtdxdt,

C2 = ess sup
QR

T

|c0(x, t)| ;

I1
6 :=

∫

QR
τ

g(x, t, uN
t )uN

t dxdt ≥

≥ g0

∫

QR
τ

|uN
t |q(x)dxdt;

I1
7 :=

∫

QR
τ

f(x, t)uN
t ≤ 1

2δ

∫

QR
τ

|f |q
′
(x)dxdt +

+
δ

2

∫

QR
τ

|uN
t |q(x)dxdt;

Âðàõîâóþ÷è îöiíêè iíòåãðàëiâ I1
1 − I1

7 , ç
(12) îäåðæèìî íåðiâíiñòü

∫

ΩR
τ

[∣∣uN
t

∣∣2 + θ0

∣∣∇uN
∣∣2

]
e−ητdx +

+
8a0

p

∫

QR
τ

n∑
i=1

[(
|uN

t |
p−2
2 uN

t

)

xi

]2

e−ηtdxdt +

+ (η − 1− C2(2T
2 + 1))

∫

QR
τ

|uN
t |2e−ηtdxdt +

+ (ηθ0 −B0 − C1)

∫

QR
τ

|∇uN |2e−ηtdxdt +

+ (2g0 − δ)

∫

QR
τ

|uN
t |q(x)e−ηtdxdt ≤

≤
∫

ΩR
0

[∣∣uN
1

∣∣2 + B0
∣∣∇uN

0

∣∣2 + 2TC2

∣∣uN
0

∣∣2
]
dx +

+
1

δ

∫

QR
τ

|f(x, t)|q
′
(x) e−ηtdxdt.

Âèáèðåìî δ i ïàðàìåòð η òàê, ùîá âèêîíóâà-
ëèñÿ óìîâè: η − 1 − C2(2T

2 + 1) ≥ 1, ηθ0 −
B0 − C1 ≥ 1, 2g0 − δ ≥ 1. Òîäi ìàòèìåìî
îöiíêè

||uN ||
L∞((0,T );

◦
H 1(ΩR))

≤ M1,

||uN
t ||L∞((0,T );L2(ΩR))∩Lq(x)(QR

T ) ≤ M1,

|| |uN
t |

p(x)−2
2 uN

t ||L2(0,T ;
◦
H 1(ΩR))

≤ M1, (13)

äå êîíñòàíòà M1 íå çàëåæèòü âiä N. Êðiì
òîãî, ç óìîâè (G) îòðèìó¹ìî, ùî

||g(x, t, uN
t )||

Lq
′
(x)(QR

T )
≤ M2 (14)

i êîíñòàíòà M2 íå çàëåæèòü âiä N.
Íà ïiäñòàâi (13), (14) iñíó¹ ïiäïîñëiäîâ-

íiñòü ïîñëiäîâíîñòi {uN}N∈N (íåõàé öå çíîâó
áóäå {uN}N∈N ) òàêà, ùî

uN → uR ∗ − ñëàáêî â L∞((0, T );
◦
H

1(ΩR)),

uN
t (·, T ) → z ñëàáêî â L2(ΩR),

uN
t → uR

t ∗ − ñëàáêî â L∞((0, T ); L2(ΩR)),

uN
t → uR

t ñëàáêî â Lq(x)(QR
T ),

∣∣uN
t

∣∣ p−2
2 uN

t → χ ñëàáêî âL2(0, T ;
◦
H

1(ΩR)),

g(x, t, uN
t ) → ξ ñëàáêî â Lq

′
(x)(QR

T ). (15)
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Ðîçãëÿíåìî

a(u, v) =

∫

QR
T

n∑
i=1

ai(x
′
i, t)|u|p−2uxi

vxi
dx dt =

= 〈β(u), v〉, u, v ∈ Hs
0(Ω

R).

Òóò 〈·, ·〉 îçíà÷à¹ ñêàëÿðíèé äîáóòîê ìiæ
ïðîñòîðàìè H−s(ΩR) òà Hs

0(Ω
R).

Îñêiëüêè |u|p−2uxi
= (p− 1)(|u|p−2u)xi

, òî

a(u, v) = −
∫

QR
T

n∑
i=1

ai(x
′
i, t)

p− 1
|u|p−2uvxixi

dx dt.

Òîìó

|a(u, v)| ≤ a0

p− 1
|| |u|p−2u ||

Lp
′
(ΩR)

||∆v||Lp(ΩR).

Êðiì òîãî,
||∆v||Lp(ΩR) ≤ c||v||Hs

0(ΩR).

Òîäi
||β(u)||H−s(ΩR) ≤ c1||u||p−1

Lp(ΩR)
.

Äàëi,
T∫

0

||β(u)||p
′

H−s(ΩR)
dt ≤

≤ c2

T∫

0

||u||p
Lp(ΩR)

dt ≤ M3.

Îòæå,
||β(u)||

Lp
′
(0,T ;H−s(ΩR))

≤ M3.

Íåõàé PN - îïåðàòîð îðòîãîíàëüíîãî ïðî-
åêòóâàííÿ ïðîñòîðó L2(ΩR) íà ïiäïðîñòið
ΦN = [φ1, ..., φN ], äå φ1,...,φN - âëàñíi ôóíêöi¨
çàäà÷i (8). Òîäi PN ∈ L(L2(ΩR); L2(ΩR)),
PN ∈ L(Hs

0(Ω
R); Hs

0(Ω
R)), PN ∈

L(H−s
0 (ΩR); H−s

0 (ΩR)) i ðiâíîìiðíî îáìå-
æåíèé îäèíèöåþ.

Ïîêëàäåìî

B̃(uN) = −
n∑

i,j=1

(bij(x, t)uN
xi

)xj
,

C(uN) =
n∑

i=1

ci(x, t)uN
xi

+ c0(x, t)uN ,

G(uN
t ) = g(x, t, uN

t ).

Òîäi (9) ìîæíà çàïèñàòè ÿê

uN
tt + PNβ(uN

t ) + PN B̃(uN) + PNC(uN) +

+ PNG(uN
t )− PNf = 0.

Ç öi¹¨ ðiâíîñòi íà îñíîâi (13), (14) ðîáèìî
âèñíîâîê, ùî

||uN
tt ||Lr0 ((0,T );H−s(ΩR)) ≤ M4, r0 = min{p′ , q ′}

i êîíñòàíòà M4 íå çàëåæèòü âiä N.
Çàñòîñîâó¹ìî òåîðåìó 12.1 ([17], ñ. 154),

äå ïîêëàäåìî

B1 = H−s(ΩR), B = Lp(ΩR), p1 = p
′
.

Òîäi iñíó¹ ïiäïîñëiäîâíñòü {uNk}k∈N ⊂
{uN}N∈N (íåõàé öå çíîâó áóäå {uN}N∈N)
òàêà, ùî uN

t → uR
t ñèëüíî â Lp(QR

T )
i ìàéæå ñêðiçü â QR

T . À òîìó uN
t →

uR
t ñèëüíî â L2(QR

T ) i ìàéæå ñêðiçü â QR
T .

Çâiäñè, âèêîðèñòîâóþ÷è (15), íà îñíîâi ëå-
ìè 1.3 ([17], ñ. 25) îòðèìó¹ìî çáiæíîñòi

∣∣uN
t

∣∣ p−2
2 uN

t →
∣∣uR

t

∣∣ p−2
2 uR

t ñëàáêî â

L2(0, T ;
◦
H

1(ΩR)),

g(x, t, uN
t ) → g(x, t, uR

t ) ñëàáêî â Lq
′
(x)(QR

T ).

Îñêiëüêè ut ∈ Lq(x)(QR
T ) ⊂ L2(QR

T ) i
u ∈ L2(0, T ;

◦
H 1(ΩR)), òî çãiäíî ç ëåìîþ

1.2 ([17], ñ. 20) u ∈ C([0, T ]; L2(ΩR)). Òîìó
uN(·, 0) → u(·, 0) ñëàáêî â L2(ΩR). Ç iíøîãî
áîêó, uN(·, 0) = uN

0 → u0 â L2(ΩR). Îòæå,
u(x, 0) = u0(x) ìàéæå äëÿ âñiõ x ∈ ΩR.

Ç (9), çîêðåìà, îäåðæàëè ðiâíiñòü (â ñåíñi
ðîçïîäiëiâ)

uR
tt = −

n∑
i=1

(ai(x
′
i, t)|uR

t |p−2uR
xit

)xi
−

−
n∑

i,j=1

(bij(x, t)uR
xi

)xj
−

n∑
i=1

ci(x, t)uR
xi
−

− c0(x, t)uR − g(x, t, uR
t ) + f. (16)

Âðàõîâóþ÷è ãëàäêiñòü ïðàâî¨ ÷àñòèíè
îñòàííüî¨ ðiâíîñòi, ìàòèìåìî

uR
tt ∈ Lp

′
(0, T ; W−1,p

′
(ΩR)) +
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+ L2(0, T ; H−1(ΩR)) + Lq
′
(x)(QR

T ) ⊂
⊂ Lp

′
(0, T ; W−1,p

′
(ΩR)) +

+L2(0, T ; H−1(ΩR)) ⊂ Lm
′
(0, T ; W−1,m

′
(ΩR)),

äå m = p, ÿêùî p ≥ q i m = q, ÿêùî q > p.
Ïîêëàäåìî æ = min{2,m′}. Íåõàé r1

- òàêå íàéìåíøå ÷èñëî, äëÿ ÿêîãî ìà-
þòü ìiñöå âêëàäåííÿ L2(ΩR) ⊂ H−r1(ΩR),

W−1,m
′
(ΩR) ⊂ H−r1(ΩR). Òîäi ut, utt ∈

Læ(0, T ; H−r1(ΩR)) i çà ëåìîþ 1.2 ([17], ñ. 20)
utt ∈ C([0, T ]; H−r1(ΩR)). Îòæå, ïî÷àòêîâi
óìîâè (6) ìàþòü çìiñò.

Êðiì òîãî, äëÿ âñiõ k = 1, .., N∫

ΩR

uN
t (x, 0)ϕk(x) dx →

∫

ΩR

ut(x, 0)ϕk(x) dx.

Ç iíøîãî áîêó,∫

ΩR

uN
t (x, 0)ϕk(x) dx →

∫

ΩR

u1(x)ϕk(x) dx.

Òîìó ut(x, 0) = u1(x). Àíàëîãi÷íèìè ìiðêó-
âàííÿìè îäåðæèìî, ùî ut(x, T ) = z(x). Îò-
æå, ôóíêöiÿ u � ðîçâ'ÿçîê çàäà÷i(5)-(7) â
ñåíñi ðîçïîäiëiâ.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìî-
âè (A), (BÑ), (Q), (G), p, q > 2.
Òîäi çàäà÷à (2)-(4) ìà¹ óçàãàëüíåíèé
ðîçâ'ÿçîê (â ñåíñi ðîçïîäiëiâ) òàêèé, ùî
u ∈ L∞((0, T ); H1

0,loc(Ω)), |ut| p−2
2 ut ∈

L2((0, T ); H1
0,loc(Ω)), ut ∈ Lq(x)(QT ).

Äîâåäåííÿ. Ôiêñó¹ìî R ∈ N, R > R0.
Ðîçãëÿíåìî k ∈ N, k > R > 1. Çãiäíî ç
òåîðåìîþ 1, äëÿ êîæíîãî k ∈ {2, ...} iñíó¹
ðîçâ'ÿçîê (â ñåíñi ðîçïîäiëiâ) uk ≡ uRK âiä-
ïîâiäíî¨ ìiøàíî¨ çàäà÷i (5)-(7), äå u0 = u1 =
0. Íåõàé τ0, τ ∈ (0, T ), τ0 < τ, m ∈ N. Âè-
çíà÷èìî ôóíêöiþ Θm íà ïðîìiæêó [0, T ] çà
ïðàâèëîì Θm(t) = 1, τ0 + 2

m
< t < τ − 2

m
,

Θm(t) = 0, t > τ − 1
m
, t < τ0 + 1

m
. Íåõàé

ρl � ðåãóëÿðèçóþ÷à ïîñëiäîâíiñòü â D(R),
ρl(t) = ρl(−t),

+∞∫

−∞

ρl(t)dt = 1, supp ρl ⊂
[
−1

l
,
1

l

]
.

Ðîçãëÿäàòèìåìî çðiçàþ÷ó ôóíêöiþ
ϕR(x) = [hR(x)]γ, γ > 0,

hR(x) =

{
R2 − |x|2

R2
, 0 ≤ |x| ≤ R,

0, |x| > R.

Òîäi |ϕR,xi
| ≤ c[hR(x)]γ−1 i R− |x| ≤ hR(x) ≤

R + |x|.
Ïîêëàäåìî v = ((Θme−ηtuk

t ) ∗ ρl ∗ ρl)
Θme−ηtϕR, äå l > 2m, η > 0 i ∗ îçíà÷à¹
çãîðòêó çà t. Î÷åâèäíî, ùî

vt = ((Θme−ηtuk
t ) ∗ ρl ∗ ρl)tΘme−ηtϕR +

+((Θme−ηtuk
t ) ∗ ρl ∗ ρl)Θ

′
me−ηtϕR −

−η((Θme−ηtuk
t ) ∗ ρl ∗ ρl)Θme−ηtϕR.

Äîìíîæèìî (16) íà ôóíêöiþ v òà ïðîií-
òåãðó¹ìî ïî îáëàñòi QT . Ðîçãëÿíåìî äîäàíêè
îäåðæàíî¨ ðiâíîñòi

∫

QT

uk
ttvdxdt = −

∫

QT

uk
t vtϕR dx dt =

=

∫

QT

((Θme−ηtuk
t )t ∗ ρl)×

× ((Θme−ηtuk
t ) ∗ ρl)ϕR dx dt−

−
∫

QT

((Θ ′
me−ηtuk

t ) ∗ ρl)×

× ((Θme−ηtuk
t ) ∗ ρl)ϕR dx dt +

+ η

∫

QT

((Θme−ηtuk
t ) ∗ ρl)

2ϕR dx dt −→
l→∞

−→
l→∞

−
∫

QT

|uk
t |2ΘmΘ ′

me−2ηtϕR dx dt +

+ η

∫

QT

((Θ2
me−2ηtuk

t ) ∗ ρl)
2ϕR dx dt −→

m→∞

−→
m→∞

1

2

∫

Ωτ

|uk
t |2e−2ητϕR dx−

− 1

2

∫

Ωτ0

|uk
t |2e−2ητ0ϕR dx +

+ η

∫

Qτ0,τ

|uk
t |2e−2ηtϕR dx dt;
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−
∫

QT

(
n∑

i,j=1

bij(x, t)uk
xi

)

xj

v dx dt =

=

∫

QT

n∑
i,j=1

bij(x, t)uk
xi

vxj
dx dt =

=

∫

QT

n∑
i,j=1

bij(x, t)((uk
xi

Θme−ηt) ∗ ρl)×

× ((uk
xj

Θme−ηt)t ∗ ρl)ϕR dx dt−

−
∫

QT

n∑
i,j=1

bij(x, t)((uk
xi

Θme−ηt) ∗ ρl)×

× ((uk
xj

Θ ′
me−ηt) ∗ ρl)ϕR dx dt +

+ η

∫

QT

n∑
i,j=1

bij(x, t)((uk
xi

Θme−ηt) ∗ ρl)×

× ((uk
xj

Θme−ηt) ∗ ρl)ϕR dx dt +

+

∫

QT

n∑
i,j=1

bij(x, t)((uk
xi

Θme−ηt) ∗ ρl)×

× ((uk
t Θme−ηt) ∗ ρl)ϕRxj

dx dt −→
l,m→∞

−→
l,m→∞

1

2

∫

Ωτ

n∑
i,j=1

bij(x, τ)uk
xi

uk
xj

e−2ητϕR dx−

− 1

2

∫

Ωτ0

n∑
i,j=1

bij(x, τ0)u
k
xi

uk
xj

e−2ητ0ϕR dx +

+

∫

Qτ0,τ

n∑
i,j=1

bij(x, t)uk
xi

uk
t e
−2ηtϕRxj

dx dt +

+ η

∫

Qτ0,τ

n∑
i,j=1

bij(x, t)uk
xi

uk
xj

e−2ηtϕR dx dt.

Äàëi,
∫

QT

[
n∑

i=1

ai(x
′
i, t)|uk

t |p−2uk
xit

vxi
+

+
n∑

i=1

ci(x, t)uk
xi

v + c0(x, t)ukv+

+g(x, t, uk
t )v − f(x, t)v

]
dx dt −→

l,m→∞

−→
l,m→∞

∫

Qτ0,τ

[
n∑

i=1

ai(x
′
i, t)|uk

t |p−2uk
xit

(uk
t ϕR)xi

+

+
n∑

i=1

ci(x, t)uk
xi

uk
t ϕR + c0(x, t)ukuk

t ϕR+

+g(x, t, uk
t )u

k
t ϕR − f(x, t)uk

t ϕR

]
e−2ηt dx dt.

Òàêèì ÷èíîì, äëÿ ìàéæå âñiõ τ0, τ ∈ (0, T )
ìà¹ìî

1

2

∫

Ωτ

[
|uk

t |2 +
n∑

i,j=1

bij(x, τ)uk
xi

uk
xj

]
×

×e−2ητϕR dx− 1

2

∫

Ωτ0

[
|uk

t |2+

n∑
i,j=1

bij(x, τ0)u
k
xi

uk
xj

]
e−2ητ0ϕR dx+ (17)

+

∫

Qτ0,τ

[
n∑

i=1

ai(x
′
i, t)|uk

t |p−2uk
xit

(uk
t ϕR)xi

+

+
n∑

i,j=1

bij(x, t)uk
xi

uk
t ϕRxj

]
×

×e−2ηtdxdt + η

∫

Qτ0,τ

[
|uk

t |2+

+
n∑

i,j=1

bij(x, t)uk
xi

uk
xj

]
e−2ηtϕR dx dt+

+

∫

Qτ0,τ

[
n∑

i=1

ci(x, t)uk
xi

uk
t + c0(x, t)ukuk

t +

+g(x, t, uk
t )u

k
t − f(x, t)uk

t

]
e−2ηtϕR dx dt = 0.

Âðàõîâóþ÷è óìîâè òåîðåìè òà (17), äëÿ íå-
âèêëþ÷íèõ òî÷îê τ îäåðæó¹ìî ðiâíiñòü

1

2

∫

Ωτ

[
|uk

t |2 +
n∑

i,j=1

bij(x, t)uk
xi

uk
xj

]
e−2ητϕR dx+
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+

∫

Qτ

[
n∑

i=1

ai(x
′
i, t)|uk

t |p−2uk
xit

(uk
t ϕR)xi

+

+
n∑

i,j=1

bij(x, t)uk
xi

uk
t ϕRxj

]
e−2ηt dx dt+

+

∫

Qτ

[
η|uk

t |2 + η

n∑
i,j=1

bij(x, t)uk
xi

uk
xj

+

+
n∑

i=1

ci(x, t)uk
xi

uk
t + c0(x, t)ukuk

t + (18)

+g(x, t, uk
t )u

k
t − f(x, t)uk

t

]
e−2ηtϕR dx dt = 0.

Ïðîâåäåìî îöiíêè äåÿêèõ äîäàíêiâ ç (18).

I1=

∫

Qτ

n∑
i=1

ai(x
′
i, t)|uk

t |p−2uk
txi

uk
t ϕRxi

e−2ηtdxdt ≤

≤ ε1

∫

Qτ

n∑
i=1

[(
|uk

t |
p−2
2 uk

t

)

xi

]2

ϕR dx dt +

+ ε1

∫

Qτ

|uk
t |q(x)ϕRdxdt +

+ c(ε1)

∫

Qτ

∣∣∣∣
ϕRxi

ϕ
1

q(x)
+ 1

2

R

∣∣∣∣
s(x)

dxdt,

äå 1

q(x)
+

1

2
+

1

s(x)
= 1, çâiäêè

s(x) =
2q(x)

q(x)− 2
;

I2 =

∫

Qτ

n∑
i,j=1

bij(x, t)uk
xi

uk
t ϕRxj

e−2ηtdxdt ≤

≤ ε2

∫

Qτ

|∇uk|2ϕR dx dt+ε2

∫

Qτ

|uk
t |q(x)ϕRdxdt+

+ c(ε2)

∫

Qτ

∣∣∣∣
ϕRxi

ϕ
1

q(x)
+ 1

2

R

∣∣∣∣
s(x)

dxdt,

äå 1

q(x)
+

1

2
+

1

s(x)
= 1.

Îöiíêè ðåøòè äîäàíêiâ ç (18) ïîäiáíi äî I1
1−

I7
1 . Òîìó îòðèìà¹ìî

∫

Ωτ

[
|uk

t |2 + |∇uk|2
]
ϕRdx +

+

∫

Qτ

(
|uk

t |2 + |∇uk|2 + |uk
t |q(x) +

+
n∑

i=1

[(
|uk

t |
p−2
2 uk

t

)

xi

]2)
ϕRdxdt ≤

≤ c̃(ε3)

∫

Qτ

|f(x, t)|q
′
(x) ϕRdxdt +

+ c̃(ε1, ε3)

∫

Qτ

∣∣∣∣
ϕRxi

ϕ
1

q(x)
+ 1

2

R

∣∣∣∣
s(x)

dxdt. (19)

Âèáåðåìî γ > s − n, äå s = ess inf
Ω

s(x).

Îñêiëüêè
∫

QT

∣∣∣∣
ϕRxi

ϕ
1

q(x)
+ 1

2

R

∣∣∣∣
s(x)

dxdt ≤ CRγ−s(x)+n,

s(x) =
2q(x)

q(x)− 2
,

òî ç (19) ìàòèìåìî îöiíêó
∫

ΩR
τ

[∣∣uk
t

∣∣2 +
∣∣∇uk

∣∣2
]
dx +

+

∫

QR
τ

(∣∣uk
t

∣∣2 +
∣∣∇uk

∣∣2 + |uk
t |q(x) +

+
n∑

i=1

[(
|uk

t |
p−2
2 uk

t

)

xi

]2)
dxdt ≤ C(R), (20)

ïðè÷îìó C(R) íå çàëåæèòü âiä k.
Ç (20) ðîáèìî âèñíîâîê, ùî

{uk}k∈N îáìåæåíà â L∞(0, τ ; H1
0 (ΩR)),

{uk
t }k∈N îáìåæåíà â L∞(0, τ ; L2(ΩR)) ∩

Lq(x)(QR
τ ), {|uk

t |
p−2
2 uk

t }k∈N îáìåæåíà â

L2(0, τ ; H1
0 (ΩR)).

Òîäi iñíó¹ ïiäïîñëiäîâíiñòü ïîñëiäîâíîñòi
{uk}k∈N (íåõàé öå çíîâó áóäå {uk}k∈N ) òà-
êà, ùî

uk → u ∗ − ñëàáêî â L∞((0, τ); H1
0 (ΩR)),
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uk
t (·, τ) → z ñëàáêî â L2(ΩR),

uk
t → ut ∗ − ñëàáêî â L∞((0, τ); L2(ΩR)),

uk
t → ut ñëàáêî â Lq(x)(QR

τ ),

∣∣uk
t

∣∣ p−2
2 uk

t → χ ñëàáêî â L2(0, τ ; H1
0 (ΩR)),

g(x, t, uN
t ) → ξ ñëàáêî â Lq

′
(x)(QR

τ ). (21)
Òàêèìè æ ìiðêóâàííÿìè, ÿê i ïðè äîâå-

äåííi òåîðåìè 1, îäåðæó¹ìî, ùî

||uN
tt ||Lro ((0,τ);H−s(ΩR)) ≤ M5, r0 = min{p′ , q ′}

i êîíñòàíòà M5 íå çàëåæèòü âiä k;
uk

t → ut ñèëüíî â Lp(QR
τ ) i ìàéæå ñêðiçü â

QR
τ , à òîìó uk

t → ut ñèëüíî â L2(QR
τ )

i ìàéæå ñêðiçü â QR
τ ;

χ = |ut|
p−2
2 ut, ξ = g(x, t, ut) ìàéæå äëÿ

âñiõ (x, τ) ∈ QR
τ .

Âèêîðèñòîâóþ÷è äiàãîíàëüíèé ìåòîä
òà âêàçiâêè ùîäî çáiæíîñòi ïîñëiäîâíîñòi
{uk}k∈N, îäåðæèìî, ùî ôóíêöiÿ u áóäå
ðîçâ'ÿçêîì çàäà÷i (2)-(4) â ñåíñi ðîçïîäiëiâ.
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