
ÓÄÊ 517.51, 515.12
c©2007 p. Â.Â.Ìèõàéëþê, Â.À. Õîëîìåíþê
×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iì.Þ.Ôåäüêîâè÷à

ÓÒÎ×ÍÅÍÍß ÎÖIÍÊÈ Â ÍÅÐIÂÍÎÑÒI ÕIÍ×ÈÍÀ ÄËß ÍÅÇÀËÅÆÍÈÕ
ÂÈÏÀÄÊÎÂÈÕ ÂÅËÈ×ÈÍ

Âèçíà÷à¹òüñÿ àñèìïòîòè÷íà ïîâåäiíêà êîíñòàíò, ÿêi ôiãóðóþòü â íåðiâíîñòi Õií÷èíà äëÿ íå-
çàëåæíèõ âèïàäêîâèõ âåëè÷èí ç íóëüîâèì ìàòåìàòè÷íèì ñïîäiâàííÿì.

Asymptotic behavior of the constants in Khinchin's inequality for independent random variables
with zero average of distribution is investigated.

1. Íåõàé (rn)∞n=1 - ïîñëiäîâíiñòü ôóíêöié
Ðàäåìàõåðà

rn(t) = sign sin(2nπt), t ∈ [0, 1].

Äëÿ äîâiëüíèõ m ∈ N, p ∈ [1, +∞) i ïîñëi-
äîâíîñòi (an)∞n=1 ñêàëÿðiâ an ∈ R çãiäíî ç
êëàñè÷íîþ íåðiâíiñòþ Õií÷èíà [1]

A(0)
p (

m∑
n=1

a2
n )

1
2 ≤ (

∫

[0,1]

|
m∑

n=1

anrn(t)|p dµ)
1
p ≤

≤ B(0)
p (

m∑
n=1

a2
n )

1
2 , (1.1)

äå

A(0)
p =

{
1√
2
, p ∈ [1, 2),

1, p ∈ [2, +∞),

B(0)
p =

{
1, p ∈ [1, 2],
O(
√

p), p ∈ (2, +∞).

Öÿ íåðiâíiñòü äîñèòü øèðîêî çàñòîñîâó¹-
òüñÿ â òåîði¨ éìîâiðíîñòåé i àíàëiçi i óçàãàëü-
íþ¹òüñÿ â ðiçíèõ íàïðÿìêàõ (äèâ. [2-5]).

Íàãàäà¹ìî, ùî âèìiðíi çà Ëåáåãîì ôóí-
êöi¨ f1, ..., fn : [0, 1] → R íàçèâàþòüñÿ íåçà-
ëåæíèìè âèïàäêîâèìè âåëè÷èíàìè, ÿêùî
äëÿ äîâiëüíèõ a1, ..., an, b1, ..., bn ∈ R ç a1 <
< b1, ..., an < bn ìà¹ ìiñöå íàñòóïíà ðiâíiñòü

µ(
n⋂

k=1

{t ∈ [0, 1] : ak ≤ fk(t) ≤ bk}) =

=
n∏

k=1

µ({t ∈ [0, 1] : ak ≤ fk(t) ≤ bk}),

äå µ � ìiðà Ëåáåãà íà [0,1]. Ïîñëiäîâíiñòü
(fn)∞n=1 âèìiðíèõ ôóíêöié fn : [0, 1] → R
íàçèâà¹òüñÿ ïîñëiäîâíiñòþ íåçàëåæíèõ âè-
ïàäêîâèõ âåëè÷èí, ÿêùî äëÿ êîæíîãî n ∈ N
ôóíêöi¨ f1, ..., fn ¹ íåçàëåæíèìè âèïàäêîâè-
ìè âåëè÷èíàìè.

Â [6] äîâåäåíà íåðiâíiñòü òèïó íåðiâíî-
ñòi Õií÷èíà äëÿ k-êðàòíèõ äîáóòêiâ íåçàëå-
æíèõ âèïàäêîâèõ âåëè÷èí ç íóëüîâèì ìàòå-
ìàòè÷íèì ñïîäiâàííÿì. Çîêðåìà, äëÿ ïîñëi-
äîâíîñòi (yn)∞n=1 íåçàëåæíèõ âèïàäêîâèõ âå-
ëè÷èí yn : [0, 1] → R òàêèõ,ùî yn ∈ Lp[0, 1]
äëÿ êîæíîãî p ∈ [1,∞) i

∫
[0,1]

yndµ = 0, ìà¹

ìiñöå íåðiâíiñòü

αqA
(0)
p

p∗
(

m∑
n=1

a2
n )

1
2 ≤ ||

m∑
n=1

anyn||p ≤

≤ βrB
(0)
p p∗(

m∑
n=1

a2
n )

1
2 , (1.2)

äå

p ∈ (1, +∞), r = max{p, 2}, q = min{p, 2},
p∗ = max{p, p

p−1
} − 1, an ∈ R äëÿ êîæíîãî

n ∈ N, || · ||p � íîðìà â ïðîñòîði Lp[0, 1],
αq = inf

n∈N
||yn||q i βr = sup

n∈N
||yn||r.

Êðiì òîãî, â [6] çàóâàæåíî, ùî ëiâà îöií-
êà â íåðiâíîñòi (1.2) ¹ äóæå ãðóáîþ i õî÷à
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lim
p→1+0

p∗ = +∞ àíàëîãi÷íî, ÿê ïðè äîâåäåí-
íi íåðiâíîñòi Õií÷èíà ìîæíà îòðèìàòè àíà-
ëîã (1.2) ïðè p = 1. Òàêèì ÷èíîì, íåðiâíiñòü
(1.2) ìîæíà çàïèñàòè ó òàêîìó âèãëÿäi

αq · Ap(
m∑

n=1

a2
n )

1
2 ≤ ||

m∑
n=1

anyn||p ≤

≤ βr ·Bp(
m∑

n=1

a2
n )

1
2 , (1.3)

äå p ∈ [1, +∞), i Ap òà Bp � öå âiäïîâiäíî
íàéáiëüøà i íàéìåíøà êîíñòàíòè, äëÿ ÿêèõ
âèêîíó¹òüñÿ öÿ íåðiâíiñòü äëÿ äîâiëüíî¨ ïî-
ñëiäîâíîñòi (yn)∞n=1 íåçàëåæíèõ âèïàäêîâèõ
âåëè÷èí ç íóëüîâèì ìàòåìàòè÷íèì ñïîäiâà-
ííÿì.

Çàóâàæèìî, ùî çãiäíî ç (1.2) ìà¹ ìiñöå
íåðiâíiñòü B2p ≤ O(p

√
p). Îòæå, íåðiâíiñòü

(1.2) äëÿ ïîñëiäîâíîñòi ôóíêöié Ðàäåìàõå-
ðà äà¹ çíà÷íî ãðóáøó îöiíêó â ïîðiâíÿííi ç
(1.1). Òîìó ïðèðîäíî âèíèêà¹ ïèòàííÿ ïðî
äîñëiäæåííÿ àñèìïòîòèêè ïîâåäiíêè Bp ïðè
p →∞.

Â äàíié ñòàòòi ìè, ðîçâèâàþ÷è êëàñè÷íèé
êîìáiíàòîðíèé ìåòîä äîâåäåííÿ íåðiâíîñòi
(1.1), ïîêàæåìî, ùî B2p ≤ p ïðè p ∈ N.

2. Ñïî÷àòêó äîâåäåìî äîïîìiæíèé êîì-
áiíàòîðíèé ðåçóëüòàò, ÿêèé ìè áóäåìî âèêî-
ðèñòîâóâàòè ïðè äîñëiäæåííi ïîâåäiíêè êîí-
ñòàíò Bp ç íåðiâíîñòi (1.3).

Íàãàäà¹ìî, ùî äëÿ äîâiëüíèõ n ∈ N i
a1, ..., an ∈ R ìà¹ ìiñöå ðiâíiñòü

(a1 + ... + am)p =

=
∑

k1+...+km=p, ki≥0

γ(k1, ..., km) · ak1
1 · ... · akm

m =

=
∑

1≤s≤p

∑

k1+...+ks=2p, ki≥1

γ(k1, ..., ks)×

× ak1
n1
· ... · aks

ns
,

äå
γ(k1, ..., km) =

(k1 + ... + km)!

k1! · ... · km!
.

Íàñòóïíå òâåðäæåííÿ ïîêàçó¹, ùî ó ïðàâié
÷àñòèíi âêàçàíîãî âèùå ðîçêëàäó ïîëiíîìà

îñíîâíó ÷àñòèíó ñóìè óòâîðþþòü äîäàíêè,
ÿêi ìiñòÿòü ïåðøi ñòåïåíi äîäàíêiâ ai.

Ëåìà 2.1. Íåõàé a1, ..., an ≥ 0. Òîäi
∑

1≤s≤p

∑

k1+...+ks=2p, ki≥2

γ(k1, ..., ks)×

×
∑

1≤n1<n2...<ns≤n

ak1
n1
· ... · aks

ns
≤ p2p(a2

1 + ... + a2
m)p.

Äîâåäåííÿ. Áåç îáìåæåííÿ çàãàëüíîñòi
ìîæåìî ââàæàòè, ùî a1 ≥ a2 ≥ ... ≥ an.

Ðîçãëÿíåìî ìíîæèíè A = {(k1, k2, ..., ks) :
1 ≤ s ≤ p, ki ≥ 2, k1 + k2 + ... + ks = 2p)}
òà B = {(m1,m2, ..., ms) : 1 ≤ s ≤ p, mi ∈
N, m1 + m2 + ... + ms = p)}.

Ïîáóäó¹ìî âiäîáðàæåííÿ ϕ : A → B, ÿêå
çàäîâîëüíÿ¹ íàñòóïíi óìîâè:

ÿêùî ϕ(k1, k2, ..., ks) = (m1,m2, ...,mr), òî
s = r; (2.1)

ak1
n1
· ... · aks

ns
≤ a2m1

n1
· ... · a2ms

ns
äëÿ äîâiëüíèõ

1 ≤ n1 ≤ ... ≤ ns ≤ n, (k1, k2, ..., ks) ∈ A
i (m1,m2, ..., ms) = ϕ(k1, k2, ..., ks). (2.2)
Íåõàé s ∈ N, (k1, k2, ..., ks) ∈ A. Ïîçíà÷è-
ìî ÷åðåç I ìíîæèíó âñiõ íîìåðiâ i ≤ s òà-
êèõ, ùî ki � ïàðíå, à ÷åðåç J � ìíîæèíó
âñiõ íîìåðiâ j ≤ s òàêèõ, ùî kj � íåïàðíå.
Çðîçóìiëî, ùî I t J = {1, ..., s}. Êðiì òîãî,
îñêiëüêè k1 +k2 + ...+ks = 2p � ïàðíå ÷èñëî,
òî ìíîæèíà J ñêëàäà¹òüñÿ ç ïàðíî¨ êiëüêî-
ñòi åëåìåíòiâ.

Íåõàé J = {j1, j2, ..., j2r}, ïðè÷îìó j1 <
< j2 < ... < j2r. Ïîêëàäåìî

mi =





ki

2
, i ∈ I,

ki+1
2

, i = j2l−1, 1 ≤ l ≤ r,
ki−1

2
, i = j2l, 1 ≤ l ≤ r,

äëÿ êîæíîãî j ≤ s i

ϕ(k1, k2, ..., ks) = (m1,m2, ..., ms).

Îñêiëüêè kj ≥ 3 äëÿ êîæíîãî j ∈ J , òî
mi ≥ 1 äëÿ êîæíîãî i ≤ s. Êðiì òîãî, m1 +
+m2 + ... + ms = 1

2
· (n1 + n2 + ... + ns) = p,

òîáòî (m1,m2, ..., ms) ∈ B.
Çðîçóìiëî, ùî âiäîáðàæåííÿ ϕ çàäîâîëü-

íÿ¹ óìîâó (2.1). Ïåðåâiðèìî óìîâó (2.2).
Íåõàé 1 ≤ n1 < ... < ns ≤ n,

(k1, k2, ..., ks) ∈ A i (m1,m2, ..., ms) =
= ϕ(k1, k2, ..., ks).
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Òîäi

ak1
n1
·...·aks

ns
=

∏
i∈JtI

aki
ni

=
∏
i∈I

aki
ni
·akj1

nj1
·...·akj2r

nj2r
≤

≤
∏
i∈I

a2mi
ni

·akj1
+1

nj1
a

kj2
−1

nj2
· ...·akj2r−1+1

nj2r−1 ·akj2r
−1

nj2r
=

=
∏
i∈I

a2mi
ni

·
∏
i∈J

a2mi
ni

= a2m1
n1

· ... · a2ms
ns

.

Çàôiêñó¹ìî s ≤ p, 1 ≤ n1 < n2 < ... <
< ns ≤ n i b = (m1,m2, ..., ms) ∈ B. Äëÿ
äîâiëüíèõ c1, c2, ..., cs ìà¹ìî

(c1 + c2 + ... + cs)
2p =

=
∑

k1+...+ks=2p, ki≥0

γ(k1, ..., ks) · ck1
1 · ... · cks

s .

Ïîêëàâøè c1 = c2 = ... = cs = 1, îòðèìà¹ìî

s2p =
∑

k1+...+ks=2p, ki≥0

γ(k1, ..., ks).

Òîäi
∑

(k1,...ks)∈ϕ−1(b)

γ(k1, ..., ks) ak1
n1
· ... · aks

ns
≤

≤
∑

(k1,...ks)∈ϕ−1(b)

γ(k1, ..., ks) a2m1
n1

· ... · a2ms
ns

≤

≤ a2m1
n1
·...·a2ms

ns

∑

k1+...ks=2p, 0≤ki≤2p

γ(k1, ..., ks) =

= s2p · a2m1
n1

· ... · a2ms
ns

.

Òåïåð ìà¹ìî
∑

1≤s≤p

∑

k1+...+ks=2p, ki≥2

γ(k1, ..., ks)×

×
∑

1≤n1<n2<...<ns≤n

ak1
n1
· ... · aks

ns
=

=
∑

1≤s≤p

∑

(k1,...,ks)∈A

γ(k1, ..., ks)×

×
∑

1≤n1<n2<...<ns≤n

ak1
n1
· ... · aks

ns
=

=
∑

1≤s≤p

∑
1≤n1<n2<...<ns≤n

∑

(k1,...,ks)∈A

γ(k1, ..., ks) ak1
n1
· ... · aks

ns
=

=
∑

1≤s≤p

∑
1≤n1<n2<...<ns≤n

∑

b=(m1,...,ms)∈B∑

(k1,...,ks)∈ϕ−1(b)

γ(k1, ..., ks) ak1
n1
· ... · aks

ns
≤

≤
∑

1≤s≤p

∑
1≤n1<n2<...<ns≤n∑

(m1,...,ms)∈B

p2p(a2
n1

)m1 · ... · (a2
ns

)ms =

= p2p
∑

1≤s≤p

∑
1≤n1<n2<...<ns≤n∑

m1+...+ms=p, mi≥1

(a2
n1

)m1 · ... · (a2
ns

)ms ≤

≤ p2p
∑

1≤s≤p

∑
1≤n1<n2<...<ns≤n∑

m1+...+ms=p, mi≥1

γ(m1, ..., ms)×

×(a2
n1

)m1 · ... · (a2
ns

)ms ≤
≤ p2p(a2

1 + ... + a2
n)p.

Òàêèì ÷èíîì, ëåìà 2.1. äîâåäåíà.
3. Îñíîâíèì ðåçóëüòàòîì äàíîãî ïóíêòó

¹ íàñòóïíà òåîðåìà, ìåòîä äîâåäåííÿ ÿêî¨
ïîäiáíèé äî äîâåäåííÿ êëàñè÷íî¨ íåðiâíîñòi
Õií÷èíà ç [1] i áàçó¹òüñÿ íà ëåìi 2.1.

Òåîðåìà 3.1. Íåõàé (yn(t))∞n=1 � ïîñëi-
äîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí
yn : [0, 1] → R, ÿêi çàäîâîëüíÿþòü íàñòóïíi
óìîâè: ∫

[0,1]

yn(t) dµ = 0, ∀n ∈ N; (3.1)

βp = sup
n∈N

||yn|| < +∞ äëÿ êîæíîãî
p ≥ 1. (3.2)

Òîäi B2p ≤ p äëÿ êîæíîãî p ∈ N.
Äîâåäåííÿ. Çàóâàæèìî, ùî ôóíêöiÿ βp

ç óìîâè (3.2) ¹ çðîñòàþ÷îþ. Êðiì òîãî, äëÿ
äîâiëüíèõ ñêií÷åííèõ ìíîæèí I = {i1, ..., in},
{k1, ..., kn} ∈ N i íîìåðà j 6∈ I âèïàäêîâi âåëè-
÷èíè yj òà z = yk1

i1
· ... · ykn

in
¹ íåçàëåæíèìè.

Òîìó ∫

[0,1]

yj · yk1
i1
· ... · ykn

in
dµ =
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=

∫

[0,1]

yj dµ ·
∫

[0,1]

yk1
i1
· ... · ykn

in
dµ = 0. (3.3)

Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê äîäàòíiõ ñêà-
ëÿðiâ. Íåõàé p ∈ N i a1, ..., am ≥ 0. Äîâåäåìî,
ùî ||

m∑
n=1

anyn||2p ≤ β2pp(
m∑

n=1

a2
n)

1
2 . Ìà¹ìî

∫

[0,1]

|
m∑

n=1

an · yn|2p dµ =

=
∑

1≤s≤2p

∑

k1+...+ks=2p, ki≥1

γ(k1, ..., ks)×

×
∑

1≤n1<n2<...<ns≤n

ak1
n1
· ... · aks

ns
· ×

×
∫

[0,1]

yk1
n1
· ... · yks

ns
dµ =

=
∑

1≤s≤2p

∑

k1+...+ks=2p, ki≥2

γ(k1, ..., ks)×

×
∑

1≤n1<n2<...<ns≤n

ak1
n1
· ... · aks

ns
· ×

×
∫

[0,1]

yk1
n1
· ... · yks

ns
dµ ≤

≤
∑

1≤s≤2p

∑

k1+...+ks=2p, ki≥2

γ(k1, ..., ks)×

×
∑

1≤n1<n2<...<ns≤n

ak1
n1
·...·aks

ns
·|

∫

[0,1]

yk1
n1
· ... · yks

ns
dµ|.

Îñêiëüêè âèïàäêîâi âåëè÷èíè yk1
n1

, ..., yks
ns

íåçàëåæíi, òî

|
∫

[0,1]

yk1
n1
· ... · yks

ns
dµ| =

= |
∫

[0,1]

yk1
n1

dµ| · ... · |
∫

[0,1]

yks
ns

dµ| ≤

≤ ||yn1||k1
k1
· ... · ||yns||ks

ks
≤ ||yn1||k1

2p · ... · ||yns||ks
2p ≤

≤ βk1+...+ks
2p = β2p

2p .

Îöiíèâøè ñóìó çãiäíî ç ëåìîþ 2.1, îòðè-
ìà¹ìî ∫

[0,1]

|
m∑

n=1

an · yn|2p dµ ≤

≤ β2p
2p

∑
1≤s≤2p

∑

k1+...+ks=2p, ki≥2

γ(k1, ..., ks)×

×
∑

1≤n1<n2<...<ns≤n

ak1
n1
· ... · aks

ns
≤

≤ β2p
2p p2p (a2

1 + ... + a2
m)

p
= β2p

2p p2p (
m∑

n=1

a2
n )p.

Îòæå,

(

∫

[0,1]

|
m∑

n=1

anyn|
2p

dµ)
1
2p ≤ β2p p (

m∑
n=1

a2
n )

1
2

.

Òåïåð çàñòîñóâàâøè ùîéíî îäåðæàíó
îöiíêó äî ñêàëÿðiâ a1, ..., am ∈ R i íåçàëå-
æíèõ âèïàäêîâèõ âåëè÷èí z1 = sign a1y1,
. . . , zm = sign amym, îäåðæèìî

||
m∑

n=1

anyn||2p = ||
∞∑

n=1

|an| zn||2p ≤ β2p p (
m∑

n=1

a2
n )

1
2

.
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