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ÊËÀÑÓ ÏÑÅÂÄÎÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ

Äîñëiäæó¹òüñÿ âëàñòèâiñòü ëîêàëiçàöi¨ ðîçâ'ÿçêiâ åâîëþöiéíèõ ðiâíÿíü ç îïåðàòîðàìè äðî-
áîâîãî äèôåðåíöiþâàííÿ íåñêií÷åííîãî ïîðÿäêó.

The localization property of the solutions of evolutionary equations with operators of fractional
di�erentiation of in�nite order is investigated.

Äëÿ ðÿäiâ Ôóð'¹ ñóìîâíèõ íà [0, 2π] ôóí-
êöié äîáðå âiäîìèé ïðèíöèï ëîêàëiçàöi¨ Ði-
ìàíà [1]: çáiæíiñòü àáî ðîçáiæíiñòü ðÿäó
Ôóð'¹ â òî÷öi çàëåæèòü ëèøå âiä ïîâåäiíêè
ôóíêöi¨ â îêîëi öi¹¨ òî÷êè (õî÷à ñàìèé ðÿä
Ôóð'¹ âèçíà÷à¹òüñÿ çà äàíîþ ôóíêöi¹þ ãëî-
áàëüíî). Iíøèìè ñëîâàìè, ÿêùî {f1, f2} ⊂
L1([0, 2π]) çáiãàþòüñÿ íà iíòåðâàëi (a, b) ⊂
[0, 2π], òî íà êîæíîìó âiäðiçêó [a+ε, b−ε] ⊂
(a, b) ðiçíèöÿ ¨õíiõ ðÿäiâ Ôóð'¹ ðiâíîìiðíî
çáiãà¹òüñÿ äî íóëÿ. Äëÿ óçàãàëüíåíèõ ôóí-
êöié öåé ïðèíöèï, âçàãàëi êàæó÷è, íå âèêî-
íó¹òüñÿ. Íàïðèêëàä, δ-ôóíêöiÿ Äiðàêà çái-
ãà¹òüñÿ ç íóëåì íà äîâiëüíîìó ïðîìiæêó,
ÿêèé íå ìiñòèòü òî÷êó 0, àëå ¨¨ ðÿä Ôóð'¹
+∞∑

k=−∞
eikt íå çáiãà¹òüñÿ ðiâíîìiðíî äî íóëÿ íà

äîâiëüíîìó òàêîìó ïðîìiæêó. ßêùî ïåðåéòè
äî ôóíêöié áàãàòüîõ çìiííèõ, òî ïðèíöèï
ëîêàëiçàöi¨ âæå íå ìà¹ ìiñöÿ i äëÿ ñóìîâ-
íèõ ôóíêöié. Äëÿ éîãî âèêîíàííÿ ïîòðiáíî
íàêëàñòè íà ôóíêöiþ äîäàòêîâi óìîâè ãëàä-
êîñòi [2]. Îäíàê, ó áàãàòüîõ çàäà÷àõ ìàòå-
ìàòè÷íî¨ ôiçèêè, äå êîðèñòóþòüñÿ çîáðàæå-
ííÿì ôóíêöi¨ ó âèãëÿäi ðÿäiâ Ôóð'¹, ïðè-
ðîäíiøèì ¹ âèêîíàííÿ öüîãî ïðèíöèïó íå
äëÿ ñàìèõ ðÿäiâ Ôóð'¹, à äëÿ ðÿäiâ Ôóð'¹,
ïðîñóìîâàíèõ äåÿêèì ìåòîäîì. Òàê, íàïðè-
êëàä, ïðèíöèï ëîêàëiçàöi¨ äëÿ ðÿäó Ôóð'¹
ôóíêöi¨ f , ïðîñóìîâàíîãî ìåòîäîì Àáåëÿ-
Ïóàññîíà, åêâiâàëåíòíèé ïðèíöèïó ëîêàëi-
çàöi¨ äëÿ ðîçâ'ÿçêó çàäà÷i Äiðiõëå äëÿ ðiâ-
íÿííÿ Ëàïëàñà â îäèíè÷íîìó êðóçi ç ãðà-

íè÷íîþ ôóíêöi¹þ f , çàäàíîþ íà êîëi: ÿêùî
f íà äåÿêié âiäêðèòié äiëÿíöi êîëà çáiãà¹-
òüñÿ ç íåïåðåðâíîþ ôóíêöi¹þ, òî ïðè íà-
áëèæåííi äî ìåæi êðóãà ðîçâ'ÿçîê çàäà÷i Äi-
ðiõëå çáiãà¹òüñÿ äî f ðiâíîìiðíî íà êîæíî-
ìó êîìïàêòi öi¹¨ äiëÿíêè. Ó ïðàöi [3] äîâå-
äåíî, ùî äëÿ ïåðåòâîðåííÿ Àáåëÿ-Ïóàññîíà
ðÿäó Ôóð'¹ ïðèíöèï ëîêàëiçàöi¨ ñïðàâäæó¹-
òüñÿ â äîñèòü øèðîêîìó êëàñi óçàãàëüíåíèõ
ôóíêöié. Àíàëîã ïðèíöèïó ëîêàëiçàöi¨ Ði-
ìàíà äëÿ ôîðìàëüíèõ ðÿäiâ Ôóð'¹-Åðìiòà,
Ôóð'¹-Ëàãåððà, ïðîñóìîâàíèõ ìåòîäoì òèïó
Ãàóññà-Âåé¹ðøòðàññà, âñòàíîâëåíî â [4,5].

Ïðèðîäíî ïîñòàâèòè òàêó çàäà÷ó: íåõàé â
îáëàñòi Q ç ìåæåþ ∂Q ðîçãëÿäà¹òüñÿ ðiâíÿ-
ííÿ Lu = 0 òà êðàéîâà çàäà÷à Bu|∂Q = f ,
äå L i B � äèôåðåíöiàëüíi îïåðàòîðè, ùî äi-
þòü â îáëàñòi Q òà íà ìåæi ∂Q âiäïîâiäíî,
à f � óçàãàëüíåíà ôóíêöiÿ, çàäàíà íà ∂Q.
ßêùî âiäîìî, ùî f íà äåÿêié äiëÿíöi ìåæi
çáiãà¹òüñÿ ç ãëàäêîþ ôóíêöi¹þ, òî ÷è áóäå
ðîçâ'ÿçîê âêàçàíî¨ çàäà÷i çáiãàòèñü äî f ðiâ-
íîìiðíî ïðè íàáëèæåííi äî öi¹¨ äiëÿíêè ìå-
æi? Òóò öå ïèòàííÿ âèâ÷à¹òüñÿ äëÿ çàäà÷i
Êîøi ó âèïàäêó,êîëè L � ïñåâäîäèôåðåíöi-
àëüíèé îïåðàòîð â êëàñi ïî÷àòêîâèõ äàíèõ,
ÿêi ¹ óçàãàëüíåíèìè ôóíêöiÿìè òèïó óëü-
òðàðîçïîäiëiâ.

1.Ïðîñòîðè îñíîâíèõ òà óçàãàëüíå-
íèõ ïåðiîäè÷íèõ ôóíêöié. ×åðåç T ïî-
çíà÷èìî ìíîæèíó âñiõ òðèãîíîìåòðè÷íèõ
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ïîëiíîìiâ

P (x) =
s∑

k=−s

ck,pe
ikx, x ∈ R, s ∈ Z+, i =

√−1,

íàä ïîëåì êîìïëåêñíèõ ÷èñåë. Çðîçóìiëî,
ùî âiäíîñíî çâè÷àéíèõ îïåðàöié äîäàâàííÿ
ïîëiíîìiâ òà ìíîæåííÿ ¨õ íà ÷èñëà T ¹ ëi-
íiéíèì ïðîñòîðîì.

Íåõàé Tm, m ∈ Z+, � ñóêóïíiñòü óñiõ
ïîëiíîìiâ ç T , ñòåïiíü ÿêèõ íå ïåðåâèùó¹
m. Òîäi T =

⋃
m

Tm. Çáiæíiñòü ó ïðîñòîði
T âèçíà÷à¹òüñÿ òàê: ïîñëiäîâíiñòü {Pn, n ∈
N} ⊂ T çáiãà¹òüñÿ â T äî ïîëiíîìà P (çà-
ïèñó¹òüñÿ: Pn

T−→P, n → ∞), ÿêùî, ïî÷è-
íàþ÷è ç äåÿêîãî íîìåðà, âñi Pn íàëåæàòü
äî îäíîãî é òîãî æ ïðîñòîðó Tm (ç äåÿêèì
m) i ck,pn → ck,p, n → ∞, äëÿ êîæíîãî
k : 0 ≤ |k| ≤ m. Òàê âèçíà÷åíà çáiæíiñòü
� öå çáiæíiñòü â T ÿê iíäóêòèâíî¨ ãðàíèöi
ïðîñòîðiâ Tm : T = lim

m→∞
indTm.

Ó T ïðèðîäíèì ÷èíîì ââîäÿòüñÿ îïåðà-
öi¨ äèôåðåíöiþâàííÿ, ìíîæåííÿ ïîëiíîìiâ
òà çãîðòêè

(P∗Q)(x) =
1

2π

2π∫

0

P (t)Q(x−t)dt, {P, Q} ⊂ T,

ÿêi ¹ íåïåðåðâíèìè â T .
Ñèìâîëîì T ′ ïîçía÷èìî ïðîñòið âñiõ ëi-

íiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà T çi
ñëàáêîþ çáiæíiñòþ. Åëåìåíòè T ′ íàçâåìî
2π-ïåðiîäè÷íèìè óçàãàëüíåíèìè ôóíêöiÿ-
ìè. Îïåðàöiÿ äèôåðåíöiþâàííÿ â T ′ âèçíà-
÷à¹òüñÿ çà äîïîìîãîþ ôîðìóëè

〈f (k), P 〉 = (−1)k〈f, P (k)〉, P ∈ T, k ∈ N
(ñèìâîëîì 〈f, ·〉 ïîçíà÷à¹òüñÿ äiÿ ôóíêöiî-
íàëó f íà îñíîâíèé åëåìåíò). Âîíà ¹ íåïå-
ðåðâíîþ â T ′, îñêiëüêè íåïåðåðâíîþ ¹ òàêà
æ îïåðàöiÿ â ïðîñòîði T . Îòæå, êîæíèé åëå-
ìåíò ç T ′ ¹ íåñêií÷åííî äèôåðåíöiéîâíèì. Â
T ′ âèçíà÷åíà òàêîæ îïåðàöiÿ çãîðòêè:

〈f ∗ g, P 〉 = 〈f(x), 〈g(y), P (x + y)〉〉,
{f, g} ⊂ T ′, ∀P ∈ T.

Ðÿäîì Ôóð'¹ óçàãàëüíåíî¨ 2π-ïåðiîäè÷íî¨
ôóíêöi¨ f ∈ T ′ íàçèâà¹òüñÿ ðÿä
+∞∑

k=−∞
ck(f)eikx, äå ck(f) = 〈f, e−ikx〉, k ∈ Z,

� êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ f . Äëÿ äîâiëü-
íî¨ óçàãàëüíåíî¨ 2π-ïåðiîäè÷íî¨ ôóíêöi¨ f ¨¨
ðÿä Ôóð'¹ çáiãà¹òüñÿ äî f ó ïðîñòîði T ′. Íàâ-
ïàêè, ïîñëiäîâíiñòü ÷àñòèííèõ ñóì äîâiëü-
íîãî òðèãîíîìåòðè÷íîãî ðÿäó

+∞∑
k=−∞

ck(f)eikx

çáiãà¹òüñÿ â T ′ äî äåÿêîãî åëåìåíòà f ∈ T ′

i öåé ðÿä ¹ ðÿäîì Ôóð'¹ äëÿ f [1]. Çâiäñè
âèïëèâà¹ òàêîæ, ùî T ëåæèòü ùiëüíî â T ′.
Îòæå, áóäü-ÿêó óçàãàëüíåíó 2π-ïåðiîäè÷íó
ôóíêöiþ f ∈ T ′ ìîæíà îòîòîæíþâàòè ç ¨¨
ðÿäîì Ôóð'¹, òîáòî T ′ ìîæíà òðàêòóâàòè ÿê
ïðîñòið ôîðìàëüíèõ òðèãîíîìåòðè÷íèõ ðÿ-
äiâ âèãëÿäó

+∞∑
k=−∞

cke
ikx (áåç æîäíèõ îáìå-

æåíü íà ÷èñëîâó ïîñëiäîâíiñòü {ck, k ∈ Z}).
Ðîçãëÿíåìî ïîñëiäîâíiñòü {mk, k ∈

Z+}, m0 = 1, äîäàòíèõ ÷èñåë, ÿêà âîëîäi¹
âëàñòèâîñòÿìè:

1)∀α > 0 ∃cα > 0 ∀k ∈ Z+ : mk ≤ cα · αk

(òîáòî {mk, k ∈ Z+} çðîñòà¹ øâèäøå çà åêñ-
ïîíåíòó);

2)∃M > 0 ∃h > 0 ∀k ∈ Z+ : mk+1 ≤
Mhkmk (ñòàáiëüíiñòü âiäíîñíî äèôåðåíöiþ-
âàííÿ);

3)∃A > 0 ∃L > 0 ∀{k, l} ⊂ Z+ : mk · ml ≤
ALk+lmk+l (ñòàáiëüíiñòü âiäíîñíî îïåðàöi¨
ìíîæåííÿ);

4)∃ B > 0 ∃s > 0 ∀k ∈ Z+ : mk ≤
Bsk min

0≤l≤k
mk−lml (ñòàáiëüíiñòü âiäíîñíî çãîð-

òêè).
Ïðèêëàäàìè òàêèõ ïîñëiäîâíî-

ñòåé ¹ ïîñëiäîâíîñòi Æåâðå âèãëÿäó:
mk = (k!)β, mk = kkβ, β > 0.

Ââåäåìî òåïåð äåÿêi êëàñè íåñêií÷åí-
íî äèôåðåíöiéîâíèõ ïåðiîäè÷íèõ ôóíêöié.
Ñèìâîëîì H〈mk〉 ïîçíà÷èìî ñóêóïíiñòü âñiõ
2π-ïåðiîäè÷íèõ i íåñêií÷åííî äèôåðåíöiéîâ-
íèõ íà R ôóíêöié ϕ, ÿêi âîëîäiþòü âëàñòè-
âiñòþ: iñíóþòü ñòàëi c, B > 0 òàêi, ùî

|ϕ(k)(x)| ≤ cBkmk, k ∈ Z+, x ∈ R.

Åëåìåíòè ïðîñòîðó H〈mk〉 íàçèâàþòüñÿ
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óëüòðàäèôåðåíöiéîâíèìè ôóíêöiÿìè êëàñó
{mk}. Âíàñëiäîê âëàñòèâîñòåé 2)-4) ïîñëi-
äîâíîñòi {mk, k ∈ Z+} öåé ïðîñòið iíâàði-
àíòíèé âiäíîñíî îïåðàöié äèôåðåíöiþâàííÿ,
ìíîæåííÿ òà çãîðòêè, ÿêi ¹ íåïåðåðâíèìè â
H〈mk〉. ßêùî ïîñëiäîâíiñòü {mk, k ∈ Z+}
çáiãà¹òüñÿ ç îäíi¹þ iç ïîñëiäîâíîñòåé Æåâ-
ðå, òî H〈mk〉 = G{β}, äå G{β} � ïðîñòið óëü-
òðàäèôåðåíöiéîâíèõ ôóíêöié êëàñó Æåâðå
ïîðÿäêó β > 0 [6].

Ñèìâîëîì H ′〈mk〉 ïîçíà÷àòèìåìî ïðî-
ñòið âñiõ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ
íà H〈mk〉 çi ñëàáêîþ çáiæíiñòþ. Ó ïðàöi [6]
äà¹òüñÿ õàðàêòåðèñòèêà ïðîñòîðiâ H〈mk〉 òà
H ′〈mk〉 ç òî÷êè çîðó ïîâåäiíêè êîåôiöi¹íòiâ
Ôóð'¹ ¨õíiõ åëåìåíòiâ. Ïîêëàäåìî

ρ(λ) = sup
k∈Z+

|λ|k
mk

, |λ| ≥ 1.

Íåõàé

H{α} :=

{
f ∈ T ′|

+∞∑

k=−∞
|ck(f)|2ρ2

( |k|
α

)
< ∞,

ck(f) = 〈f, e−ikx〉} , α > 0.

H{α} � ãiëüáåðòiâ ïðîñòið çi ñêàëÿðíèì äîáó-
òêîì

(f, g)H{α} =
+∞∑

k=−∞
ck(f)ck(g)ρ2

( |k|
α

)
,

{f, g} ⊂ H{α}.

ßêùî α1 > α2, òî H{α1} ⊃ H{α2} i öå âêëà-
äåííÿ ¹ íåïåðåðâíèì âíàñëiäîê ìîíîòîííî-
ñòi ôóíêöi¨ ρ. Ïîêëàäåìî H{mk} =

⋃
α>0

H{α}.
Ïðèðîäíî â H{mk} ââåñòè òîïîëîãiþ iíäó-
êòèâíî¨ ãðàíèöi: H{mk} = lim

α→∞
indH{α}. Ó

ïðàöi [6] äîâåäåíî, ùî ïðîñòîðè H〈mk〉 òà
H{mk} çáiãàþòüñÿ íå òiëüêè ÿê ìíîæèíè,
àëå i òîïîëîãi÷íî. Çâiäñè âèïëèâà¹, ùî ïðî-
ñòîðè H〈mk〉 i H ′〈mk〉 ìîæíà îõàðàêòåðèçó-
âàòè òàê [6]:

(f ∈ H〈mk〉) ⇔ (∃µ > 0 ∃c > 0 ∀k ∈ Z :

|ck(f)| ≤ cρ−1(µ|k|));

(f ∈ H ′〈mk〉) ⇔ (∃µ > 0 ∃c = c(µ) > 0

∀k ∈ Z : |ck(f)| ≤ cρ(µ|k|)).
ßêùî mk = kkβ, β > 0, òî ρ(λ) ∼ exp(|λ|1/β),
òîáòî â öüîìó âèïàäêó äëÿ f ∈ T ′ ïðàâèëü-
íèìè ¹ ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi:

(f ∈ G{β}) ⇔ (∃µ > 0 ∃c > 0 ∀k ∈ Z :

|ck(f)| ≤ c exp(−µ|k|1/β));

(f ∈ G′
{β}) ⇔ (∃µ > 0 ∃c = c(µ) > 0 ∀k ∈ Z :

|ck(f)| ≤ c exp(−µ|k|1/β)).

2. Ïñåâäîäèôåðåíöiàëüíi îïåðàòîðè
Íåõàé G : R → [0,∞) � äåÿêà íåïåðåðâíà
ïàðíà ôóíêöiÿ. Çà ôóíêöi¹þ G ó ïðîñòîði
T ′ ïîáóäó¹ìî îïåðàòîð

Â : T ′ 3 f →
∑

k∈Z
G(k)ck(f)eikx ∈ T ′,

ck(f) = 〈f, e−ikx〉.
Ëåãêî áà÷èòè, ùî îïåðàòîð Â ¹ ëiíiéíèì i
íåïåðåðâíèì â T ′.

Ðîçãëÿíåìî íåñêií÷åííî äèôåðåíöiéîâíó
íà [0,∞) ôóíêöiþ ϕ(x) =

∞∑
j=0

bjx
j òàêó, ùî

ϕ(x) ≥ d0x, d0 > 0, x ∈ [0,∞) i ïîáóäó¹ìî ó
ïðîñòîði T ′ çà îïåðàòîðîì Â îïåðàòîð ϕ(Â):

ϕ(Â)f =
∞∑

j=0

bjÂ
jf, ∀f =

∑

k∈Z
ck(f)eikx ∈ T ′.

Îñêiëüêè

Âjf =
∑

k∈Z
Gj(k)ck(f)eikx,

òî

ϕ(Â)f =
∑

k∈Z
ck(f)ϕ(G(k))eikx =

∑

k∈Z
ϕ(λk)ck(f)eikx, λk = G(k).

Íåõàé Aϕ � çâóæåííÿ îïåðàòîðà ϕ(Â) íà
L2([0, 2π]). ßê äîâåäåíî â [7], Aϕ � íåâiä'-
¹ìíèé ñàìîñïðÿæåíèé îïåðàòîð â L2([0, 2π])
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çi ùiëüíîþ îáëàñòþ âèçíà÷åííÿ D(Aϕ), ïðè-
÷îìó T ⊂ D(Aϕ). ßêùî

∑
k∈Z

ϕ(λk)e
ikx ∈

H ′〈mk〉, òî îïåðàòîð Aϕ íåïåðåðâíèé ó ïðî-
ñòîði H〈mk〉 [7]. Îïåðàòîð Aϕ íàäàëi íàçèâà-
òèìåìî ïñåâäîäèôåðåíöiàëüíèì îïåðàòîðîì
ó ïðîñòîði L2([0, 2π]).

Ðîçãëÿíåìî äèôåðåíöiàëüíî-îïåðàòîðíå
ðiâíÿííÿ

u′(t) + Aϕu(t) = 0, t ∈ (0, T ], (1)

äå Aϕ � îïåðàòîð, ïîáóäîâàíèé çà ôóíêöi¹þ
ϕ, ÿêèé äi¹ ó ïðîñòîði H〈mk〉. Ïiä ðîçâ'ÿç-
êîì ðiâíÿííÿ (1) ðîçóìiòèìåìî ôóíêöiþ u ∈
C1((0, T ], H〈mk〉), ÿêà çàäîâîëüíÿ¹ ðiâíÿí-
íÿ (1).

Çàäà÷à Êîøi äëÿ ðiâíÿííÿ (1) ïîëÿ-
ãà¹ ó âiäøóêàííi ðîçâ'ÿçêó öüîãî ðiâíÿííÿ,
ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó u(0, ·) =
lim

t→+0
u(t, ·) = f , äå ãðàíèöÿ áåðåòüñÿ ó ïðî-

ñòîði T ′.
Ó ïðàöi [7] äîâåäåíî, ùî çàäà÷à Êîøi äëÿ

ðiâíÿííÿ (1) êîðåêòíî ðîçâ'ÿçàíà ó ïðîñòîði
ïî÷àòêîâèõ äàíèõ H ′〈mk〉. �¨ ðîçâ'ÿçîê çî-
áðàæà¹òüñÿ ôîðìóëîþ

u(t, x) = (f ∗ Γ)(t, x), t ∈ (0, T ], x ∈ R,

äå

Γ(t, x) =
∑

k∈Z
e−tϕ(λk)+ikx, λk = G(k),

t ∈ (0, T ], x ∈ R,

f(x) =
∑

k∈Z
ck(f)eikx,

ck(f) = 〈f, e−ikx〉, x ∈ R,

ïðè öüîìó u(t, ·) → f ïðè t → +0 ó ïðîñòîði
H ′〈mk〉.

3. Âëàñòèâiñòü ëîêàëiçàöi¨. Òóò âñòà-
íîâëþ¹òüñÿ âëàñòèâiñòü ëîêàëiçàöi¨ ðîçâ'ÿç-
êó çàäà÷i Êîøi äëÿ ðiâíÿííÿ (1) ó ïðèïó-
ùåííi, ùî G(ξ) = |ξ|γ, ξ ∈ R, γ ∈ (1, +∞) \
{2, 3, 4, ...}, à íåñêií÷åííî äèôåðåíöiéîâíà
ôóíêöiÿ ϕ òà ¨¨ ïîõiäíi çàäîâîëüíÿþòü óìî-
âó

∃b > 0 ∀ε > 0 ∃cε > 0 ∀m ∈ Z+ :

|ϕ(m)(ξ)| ≤ cεb
mmmeεξ, ξ ∈ [0,∞).

Ââàæà¹ìî òàêîæ, ùî ÿêùî ε ∈ (0,M ], M <
+∞, òî çíàéäåòüñÿ ñòàëà c0 = c0(M) > 0
òàêà, ùî cε ≤ c0, ∀ε ∈ (0,M ].

Çàçíà÷èìî, ùî ôóíêöiÿ G(ξ) = |ξ|γ íå-
ñêií÷åííî äèôåðåíöiéîâíà ïðè ξ 6= 0, äëÿ ¨¨
ïîõiäíèõ ïðàâèëüíèìè ¹ íåðiâíîñòi:

∀m ∈ N ∃cm > 0 ∀ξ ∈ R \ {0} :

|G(m)(ξ)| ≤ cm|ξ|γ−m,

ïðè÷îìó
∃c̃ > 0 ∃Ã > 0 ∀m ∈ N : cm ≤ c̃Ãmmm.

Ó öüîìó âèïàäêó Aϕ òðàêòó¹òüñÿ ÿê îïå-
ðàòîð äðîáîâîãî äèôåðåíöiþâàííÿ íåñêií-
÷åííîãî ïîðÿäêó ó ïðîñòîði H〈mk〉.

Ëåìà 1. Äëÿ ïîõiäíèõ ôóíêöi¨
exp{−tϕ(|ξ|γ)}, ξ 6= 0, ïðàâèëüíèìè ¹
îöiíêè
|Ds

ξ exp{−tϕ(|ξ|γ)}| ≤ βts exp{−d0t|ξ|γ}·|ξ|ω−s,

s ∈ N, ξ 6= 0, äå t ∈ (0, T ] � ôiêñîâàíèé ïà-
ðàìåòð, β = β(s) > 0, d0 > 0 � ñòàëà, íåçà-
ëåæíà âiä t òà s,

ω =

{
sγ, ÿêùî |ξ| ≥ 1,
γ, ÿêùî |ξ| < 1.

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òâåðäæåííÿ
ñêîðèñòà¹ìîñü ôîðìóëîþ Ôàà äå Áðóíî äè-
ôåðåíöiþâàííÿ ñêëàäåíî¨ ôóíêöi¨

Ds
ξF (g(ξ)) =

s∑
m=1

dm

dgm
F (g)×

×
∑

m1+m2+...+ml=m,

m1+2m2+...+lml=s

s!

m1!...ml!

(
1

1!

d

dξ
g(ξ)

)m1

×

×
(

1

2!

d2

dξ2
g(ξ)

)m2

...

(
1

l!

dl

dξl
g(ξ)

)ml

,

äå ïîêëàäåìî F = eg, g = −tϕ(G), G(ξ) =
|ξ|γ, ξ 6= 0, (çíàê ñóìè ïîøèðþ¹òüñÿ íà âñi
ðîçâ'ÿçêè â öiëèõ íåâiä'¹ìíèõ ÷èñëàõ ðiâíÿ-
ííÿ s = m1+2m2+...+lml, m = m1+...+ml).
Òîäi

Ds
ξe
−tϕ(G(ξ)) = e−tϕ(G(ξ))

s∑
m=1
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∑
m1+m2+...+ml=m,

m1+2m2+...+lml=s

s!

m1!...ml!
·(−t)m1+2m2+...+lml ·Λ,

ξ 6= 0, ñèìâîëîì Λ òóò ïîçíà÷åíî âèðàç

Λ :=

(
d

dξ
ϕ(G(ξ))

)m1

×

×
(

1

2!

d2

dξ2
ϕ(G(ξ))

)m2

...

(
1

l!

dl

dξl
ϕ(G(ξ))

)ml

.

Äëÿ çíàõîäæåííÿ ïîõiäíèõ ôóíêöi¨
ϕ(G), ξ 6= 0, ùå ðàç çàñòîñó¹ìî ôîðìó-
ëó Ôàà äå Áðóíî, ñêîðèñòàâøèñü ïðè öüîìó
îöiíêàìè ïîõiäíèõ ôóíêöi¨ ϕ, ïîêëàâøè
ε = t/2.

Îòæå, ïðè ξ 6= 0 :

|Ds
ξϕ(G(ξ))| =

∣∣∣∣∣
s∑

m=1

dm

dGm
ϕ(G)

∑
m1+m2+...+ml=m,

m1+2m2+...+lml=s

s!

m1!...ml!

(
d

dξ
G(ξ)

)m1

×

×
(

1

2!

d2

dξ2
G(ξ)

)m2

...

(
1

l!

dl

dξl
G(ξ)

)ml
∣∣∣∣ ≤

≤ c0e
tϕ(G(ξ))

2 ·
s∑

m=1

bmmm×

×
∑

m1+m2+...+ml=m,

m1+2m2+...+lml=s

s!

m1!...ml!
cm1
1 ×

×
(c2

2!

)m2

...
(cl

l!

)ml ×

×(|ξ|γ−1)m1(|ξ|γ−2)m2 ...(|ξ|γ−l)ml ,

c0 = c0(T/2) > 0.
Çàçíà÷èìî, ùî

cj

j!
≤ c̃Ãjjj

jje−j
√

2πj
≤ c̃(Ãe)j, 1 ≤ j ≤ l.

Òîäi
cm1
1

(c2

2!

)m2

...
(cl

l!

)ml ≤

≤ e−m1 c̃m1+...+ml(Ãe)m1+...+ml ≤ (c̃Ãe)m,

(|ξ|γ−1)m1(|ξ|γ−2)m2 ...(|ξ|γ−l)ml =

= |ξ|(m1+...+ml)γ−(m1+2m2+...+lml) = |ξ|mγ−s.

Îòæå, ïðè ξ 6= 0 :

|Ds
ξϕ(G(ξ))| ≤ s!βs ·

s∑
m=1

|ξ|mγ−s, (2)

äå βs = c0b̃
sssB̃s, b̃ = max{1, b}, B̃ =

max{1, c̃Ãe}. Âðàõóâàâøè íåðiâíîñòi (2) çíà-
éäåìî, ùî

Λ ≤ βm1
1 ...βml

l

(|ξ|γ−1
)m1 ×

×
(

2∑
m=1

|ξ|γm−2

)m2

...

(
l∑

m=1

|ξ|γm−l

)ml

≤

≤ βs
s |ξ|(γ−1)m1

(|ξ|γ−2 + |ξ|2γ−2
)m2 ·

· (|ξ|γ−3 + |ξ|2γ−3 + |ξ|3γ−3
)m3 ...

· (|ξ|γ−l + |ξ|2γ−l + ... + |ξ|lγ−l
)ml = βs

s×

×|ξ|
γm1 (|ξ|γ + |ξ|2γ)

m2 ...
(|ξ|γ + |ξ|2γ + ... + |ξ|lγ)ml

|ξ|m1+2m2+...+lml

Äàëi çäiéñíèìî îöiíêó Λ çà óìîâè |ξ| < 1 òà
|ξ| ≥ 1.

a) Íåõàé |ξ| < 1, ξ 6= 0. Òîäi

Λ ≤ βs
s2

m2 · 3m3 · ... · lml · |ξ|−s·
·|ξ|m1γ · |ξ|m2γ · ... · |ξ|mlγ ≤

≤ βs
s l

m1+...+ml · |ξ|γ(m1+...+ml)−s ≤ β̃1|ξ|γm−s,

β̃1 = β̃1(s) > 0.

á) ßêùî |ξ| ≥ 1, òî

Λ ≤ βs
s · |ξ|γm1 · |ξ|2γm2 · ... · |ξ|lγml · |ξ|−s·

·2m2 · 3m3 · ... · lml ≤
≤ b̃2|ξ|s(γ−1), β̃2 = β̃2(s) > 0. (3)

Íà ïiäñòàâi îäåðæàíèõ îöiíîê òà óìîâ, ÿêi
çàäîâîëüíÿþòü ôóíêöi¨ ϕ òà G òâåðäèìî, ùî
ÿêùî ξ 6= 0 i |ξ| < 1, òî

∣∣Ds
ξe
−tϕ(G(ξ))

∣∣ ≤ β∗(s)tse−tϕ(G(ξ))/2×

×
s∑

m=1

|ξ|γm−s ≤ β∗(s)tse−d0t|ξ|γ/2s · |ξ|γ−s ≤

β∗1(s)t
se−d̃0t|ξ|γ · |ξ|γ−s, β∗1(s) = sβ∗(s).
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ßêùî |ξ| ≥ 1, òî ç óðàõóâàííÿì (3)
∣∣Ds

ξe
−tϕ(G(ξ))

∣∣ ≤ β∗2(s)t
se−d̃0t|ξ|γ · |ξ|s(γ−1),

β∗2(s) > 0. Îá'¹äíóþ÷è öi íåðiâíîñòi â îäíó,
ïðèéäåìî äî îöiíîê:
∣∣Ds

ξe
−tϕ(G(ξ))

∣∣ ≤ β(s)tse−d̃0t|ξ|γ |ξ|ω−s, ξ 6= 0,

s ∈ Z+, äå

ω =

{
sγ, |ξ| ≥ 1,
γ, |ξ| < 1, ξ 6= 0.

Ëåìà äîâåäåíà.
Ââåäåìî ïîçíà÷åííÿ

G(t, x) = (2π)−1

∫

x∈R

e−tϕ(G(ξ))−ixξdξ ≡

≡ F−1
[
e−tϕ(G(ξ))

]
, G(ξ) = |ξ|γ.

Ëåìà 2. Äëÿ ôóíêöi¨ G ïðàâèëüíîþ ¹
îöiíêà

|G(t, x)| ≤ ct[γ]/γ(t1/γ + |x|)−(1+[γ]),

x ∈ R, t ∈ (0, 1].
Äîâåäåííÿ. ßêùî x 6= 0, òî iíòåãðóþ÷è

÷àñòèíàìè s = 1+ [γ] ðàçiâ, ïîäàìî G(t, x) ó
âèãëÿäi:

G(t, x) = (2π)−1 lim
ε→+0

∫

|ξ|≥ε

e−tϕ(G(ξ))e−ixξdξ =

= (2π)−1 c̃

xs
lim

ε→+0

[ ∫

|ξ|≥ε

Ds
ξe
−tϕ(G(ξ))e−ixξdξ+

+Φ(ε, x)

]
≡ lim

ε→+0
I(x, ε).

Ñèìâîëîì Φ(ε, x) ïîçíà÷à¹òüñÿ ïîçàiíòå-
ãðàëüíèé âèðàç, ÿêèé ñêëàäà¹òüñÿ iç äî-
äàíêiâ âèãëÿäó Dl

ξe
−tϕ(G(ξ))e−ixξ, 0 ≤ l ≤

s − 1, iç çíà÷åííÿìè â òî÷êàõ ξ = ε, ξ =
−ε. Iç îöiíîê, ÿêi çàäîâîëüíÿ¹ ôóíêöiÿ
exp{−tϕ(G(ξ))} òà ¨¨ ïîõiäíi âèïëèâà¹, ùî
äëÿ |ξ| < 1, ξ 6= 0 ñïðàâäæó¹òüñÿ íåðiâ-
íiñòü

∣∣∣D[γ]
ξ exp{−tϕ(G(ξ))}

∣∣∣ ≤ c|ξ|γ−[γ], [γ] =

s − 1, c = const. Çâiäñè äiñòà¹ìî, ùî
lim

ε→+0
Φ(ε, x) = 0 (ó êîæíié òî÷öi x ∈ R).

Íà íåñêií÷åííîñòi âêàçàíi ïîçàiíòåãðàëü-
íi äîäàíêè ïåðåòâîðþþòüñÿ â íóëü çà ðà-
õóíîê ñïàäàííÿ íà íåñêií÷åííîñòi ôóíêöi¨
exp{−tϕ(G(ξ))} òà ¨¨ ïîõiäíèõ (äèâ. ëåìó 1).

Âðàõóâàâøè îöiíêè ïîõiäíèõ ôóíêöi¨
exp{−tϕ(G(ξ))}, îäåðæàíi â ëåìi 1 çíàéäå-
ìî, ùî

|I(x, ε)| ≤ β̃

|x|s t
s ·

∫

|ξ|≥ε

e−td0|ξ|γ · |ξ|ω−sdξ ≤

≤ 2β

|x|s t
s ·

∞∫

0

e−td0ξγ ·ξω−sdξ, s = 1+[γ], x 6= 0.

Iíòåãðàë ó îñòàííié íåðiâíîñòi ìà¹ iíòå-
ãðîâíó îñîáëèâiñòü ó òî÷öi ξ = 0. Ñïðàâäi,
îñêiëüêè ω = γ, ÿêùî |ξ| < 1, ξ 6= 0 (äèâ.
ëåìó 1), òî ïðè âêàçàíîìó âèáîði s ìà¹ìî,
ùî s− ω = 1 + [γ]− γ, òîáòî 0 < s− ω < 1.

Ââåäåìî ïîçíà÷åííÿ:

I(t) := ts ·
∞∫

0

e−td0ξγ · ξω−sdξ, s = 1 + [γ],

i ïîäàìî I(t) ó âèãëÿäi ñóìè äâîõ iíòåãðàëiâ:

I(t) = ts ·
1∫

0

e−td0ξγ · ξω−sdξ+

+ts ·
∞∫

1

e−td0ξγ · ξω−sdξ ≡

≡ I1(t) + I2(t), s = 1 + [γ].

Iíòåãðàë I1 ¹ çáiæíèì; äëÿ t ∈ (0, 1] ìà¹ìî
îöiíêó:

I1(t) ≤ t1+[γ]

1∫

0

dξ

ξ1+[γ]−γ
≤ c0t

1+[γ] ≤ c0t
(1+[γ])/γ.

Îöiíèìî I2(t), âèäiëèâøè ïðè öüîìó çà-
ëåæíiñòü âiä ïàðàìåòðà t, âðàõóâàâøè, ùî
|ξ| ≥ 1, ω = sγ, s = 1 + [γ]. Îòæå,

I2(t) ≤ t1+[γ]

∞∫

0

e−d0tξγ · ξω−1−[γ]dξ
(td0)1/γξ=y

=
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= α0t
1+[γ]−(ω−[γ])/γ

∞∫

0

e−y·yω−1−[γ]dy = α̃0t
(1+[γ])/γ.

Òîäi äëÿ I(x, ε) ïðàâèëüíîþ ¹ íåðiâíiñòü:

|I(x, ε)| ≤ β1

(t−1/γ|x|)1+[γ]
, ε > 0, (4)

x 6= 0, t ∈ (0, 1]. Çäiéñíèâøè â (4) ãðàíè÷íèé
ïåðåõiä ïðè ε → +0 çíàõîäèìî, ùî äëÿ x 6= 0

|G(t, x)| ≤ β1

(t−1/γ|x|)1+[γ]
.

Êðiì òîãî, iç óìîâ, ÿêi çàäîâîëüíÿþòü ôóí-
êöi¨ ϕ òà G âèïëèâà¹, ùî

|G(t, x)| ≤ (2π)−1

∫

R

∣∣e−tϕ(G(ξ))
∣∣ dξ ≤

≤ (2π)−1

∫

R

e−td0|ξ|γdξ ≤ α1t
−1/γ, ∀x ∈ R.

Çâiäñè âæå âèïëèâà¹, ùî

|G(t, x)| ≤ β2t
−1/γ

(1 + t−1/γ|x|)1+[γ]
=

=
β2t

[γ]/γ

(t1/γ + |x|)1+[γ]
, ∀x ∈ R.

Ëåìà äîâåäåíà.
Âëàñòèâiñòü ëîêàëiçàöi¨ ðîçâ'ÿçêó çàäà÷i

Êîøi äëÿ ðiâíÿííÿ (1) ïîëÿãà¹ â òîìó, ùî
ÿêùî ïî÷àòêîâà óìîâà � óçàãàëüíåíà ôóí-
êöiÿ f � íà äåÿêîìó iíòåðâàëi (a, b) ⊂ [0, 2π]
çáiãà¹òüñÿ ç íåïåðåðâíîþ ôóíêöi¹þ g, òî
u(t, ·) → g ïðè t → +0 ðiâíîìiðíî íà äî-
âiëüíîìó âiäðiçêó [a1, b1] ⊂ (a, b). Ïåðåäóñiì
äîâåäåìî, ùî âêàçàíîþ âëàñòèâiñòþ âîëî-
äi¹ ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ðiâíÿííÿ (1)
ó âèïàäêó, êîëè f � ãiïåðôóíêöiÿ (òîáòî
f ∈ H ′〈kk〉 ≡ G′

{1}).
Òåîðåìà 1. ßêùî 2π-ïåðiîäè÷íà ãiïåð-

ôóíêöiÿ f ðiâíà íóëþ íà iíòåðâàëi (a, b) ⊂
[0, 2π], òî ðîçâ'ÿçîê çàäà÷i Êîøi u(t, x) äëÿ
ðiâíÿííÿ (1) ç ïî÷àòêîâîþ óìîâîþ f çáiãà-
¹òüñÿ äî íóëÿ ïðè t → +0 ðiâíîìiðíî íà
äîâiëüíîìó âiäðiçêó [a1, b1] ⊂ (a, b).

Äîâåäåííÿ. Îñêiëüêè ôóíêöiîíàë f �
ëiíiéíèé, òî ïðàâèëüíèì ¹ ñïiââiäíîøåííÿ

u(t, x) = (f ∗ Γ)(t, x) =

= t[γ]/γ〈fξ, t−[γ]/γΓ(t, x− ξ)〉.
Äëÿ äîâåäåííÿ òåîðåìè äîñèòü âñòàíîâèòè,
ùî ñiì'ÿ ôóíêöié Ψt,x(ξ) = t−[γ]/γΓ(t, x − ξ)
çàäîâîëüíÿ¹ íåðiâíîñòi

∣∣Dm
ξ Ψt,x(ξ)

∣∣ ≤ cBmmm, m ∈ Z+,

ç äåÿêèìè ñòàëèìè c, B > 0, íå çàëåæíèìè
âiä t, x, ξ, äëÿ t ∈ (0, T ∗], T ∗ = min{1, T},
x ∈ [a1, b1], ξ ∈ [0, 2π] \ (a, b).

Íåõàé G(t, x) � îáåðíåíå ïåðåòâîðåí-
íÿ Ôóð'¹ ôóíêöi¨ exp{−tϕ(|ξ|γ)}. Òîäi,
çà ôîðìóëîþ ñóìóâàííÿ Ïóàññîíà ðÿäiâ
Ôóð'¹ (äèâ. [8, c.281]), ìà¹ìî íàñòóïíå
ñïiââiäíîøåííÿ:

Γ(t, x− ξ) =
∑

k∈Z
G(t, x− ξ + 2πk). (5)

Öåé ðÿä ïðè t > 0 i x ∈ [a1, b1] ¹ àíàëiòè-
÷íîþ ôóíêöi¹þ ïî çìiííié ξ ∈ [0, 2π] \ (a, b),
îñêiëüêè Γ(t, ·) ∈ G{1/γ} = H〈kk/γ〉 ïðè êî-
æíîìó t > 0, ÿêùî G(ξ) = |ξ|γ (äèâ. [7]).
Çà óìîâîþ 1/γ < 1, òîìó åëåìåíòàìè òàêî-
ãî ïðîñòîðó ¹ ôóíêöi¨, àíàëiòè÷íi íà [0, 2π]
(òîáòî ôóíêöi¨, ÿêi äîïóñêàþòü àíàëiòè÷íå
ïðîäîâæåííÿ â êîìïëåêñíó ïëîùèíó C).

Âiçüìåìî îáìåæåíó îáëàñòü Q â C, ÿêà
ìiñòèòü ìíîæèíó [0, 2π]\(a, b) ç ãëàäêîþ ìå-
æåþ ∂Q, ùî íå ïåðåòèíà¹ âiäðiçîê [a1, b1] ⊂
(a, b). Òîäi, âíàñëiäîê iíòåãðàëüíî¨ ôîðìóëè
Êîøi

Dm
ξ Γ(t, x− ξ) =

m!

2πi

∫

∂Q

Γ(t, x− z)

(z − ξ)m+1
dz,

ξ ∈ [0, 2π] \ (a, b).

Çâiäñè äiñòà¹ìî, ùî
∣∣Dm

ξ Γ(t, x− ξ)
∣∣ ≤ m!

2π

l

Am+1
·max

z∈∂Q
|Γ(t, x− z)|,

äå l � äîâæèíà êîíòóðà ∂Q, A = inf |z −
ξ|, z ∈ ∂Q, ξ ∈ [0, 2π] \ (a, b). Äëÿ òîãî, ùîá
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çäiéñíèòè îöiíêó max
z∈∂Q

|Γ(t, x− z)|, ñêîðèñòà-
¹ìîñü ôîðìóëîþ (5).

Iç ðåçóëüòàòiâ, îäåðæàíèõ â ëåìi 2, âèïëè-
âà¹ îöiíêà

|G(t, x)| ≤ βt[γ]/γ|x|−(1+[γ]), (6)

t ∈ (0, T ∗], |x| ≥ a > 0.

Îñêiëüêè x ∈ [a1, b1], ξ ∈ [0, 2π] \
(a, b), òî ìà¹ìî |x − ξ| ≥ a0 > 0, äå
a0 = min {|a− a1, b− b1|}. Òîäi, çãiäíî ç
îöiíêîþ (6),

t−[γ]/γ|Γ(t, x−ξ)| ≤ β·
∑

k∈Z
|x−ξ+2kπ|(−1+[γ]) ≤

≤ β ·
∑

k∈Z
(a2

0 + b0|k|2)−(1+[γ])/2 = M < ∞,

äå b0 > 0, ñòàëà M íå çàëåæèòü âiä t, x, ξ.
Âçÿâøè äî óâàãè íåïåðåðâíiñòü Γ(t, x − z)
çà ñóêóïíiñòþ çìiííèõ t ∈ (0, T ∗], x ∈
[a1, b1], z ∈ Q, ïiäáåðåìî îáëàñòü iíòåãðóâà-
ííÿ òàê, ùîá

t−[γ]/γ|Γ(t, x− z)| ≤ cBmmm,

äå ñòàëi c, B > 0 íå çàëåæàòü âiä çìiííèõ
t, x, ξ.

Òåîðåìà äîâåäåíà.
Òåîðåìà 2. Íåõàé H〈mk〉 � íåêâàçiàíà-

ëiòè÷íèé êëàñ ôóíêöié, f ∈ H ′〈mk〉 i f íà
iíòåðâàëi (a, b) ⊂ [0, 2π] çáiãà¹òüñÿ ç íå-
ïåðåðâíîþ 2π-ïåðiîäè÷íîþ ôóíêöi¹þ g. Òîäi
ðîçâ'ÿçîê çàäà÷i Êîøi u(t, x) äëÿ ðiâíÿííÿ
(1) ç ïî÷àòêîâîþ óìîâîþ f çáiãà¹òüñÿ äî
g(x) ïðè t → +0 ðiâíîìiðíî íà äîâiëüíîìó
âiäðiçêó [a1, b1] ⊂ (a, b).

Äîâåäåííÿ. Íåõàé [a1, b1] ⊂ [a2, b2] ⊂
(a, b). Ïîáóäó¹ìî ôóíêöiþ ϕ ∈ H〈mk〉 ç
íîñi¹ì â (a, b) òàêó, ùî ϕ = 1 äëÿ x ∈
[a2, b2] (òàêà ôóíêöiÿ iñíó¹, áî íåêâàçiàíà-
ëiòè÷íèé êëàñ H〈mk〉 ìiñòèòü ôiíiòíi ôóí-
êöi¨). Îñêiëüêè f − g = 0 íà (a, b), òî ϕ(f −
g) = 0 íà (a, b), (1 − ϕ)f = 0 íà [a2, b2] i çà
äîâåäåíèì ó òåîðåìi 1

〈ϕ(f − g), Γ(t, x− ξ)〉 → 0, t → +0,

〈(1− ϕ)f, Γ(t, x− ξ)〉 → 0, t → +0,

ðiâíîìiðíî ïî x íà [a1, b1]. Àëå
u(t, x) = 〈ϕ(f − g), Γ(t, x− ξ)〉+

+〈(1− ϕ)f, Γ(t, x− ξ)〉+ 〈ϕg, Γ(t, x− ξ)〉
i
〈ϕg, Γ(t, x− ξ)〉 =

∑

k∈Z
ck(ϕg)−tϕ(G(k))+ikx →

→
∑

k∈Z
ck(ϕg)eikx = (ϕg)(x), G(k) = |k|γ,

ðiâíîìiðíî ïî x ∈ [a1, b1]. Òîìó, îñêiëüêè
ϕg = g íà [a1, b1] äiñòà¹ìî, ùî u(t, x) → g(x)
ïðè t → +0 ðiâíîìiðíî ïî x ∈ [a1, b1].

Òâåðäæåííÿ äîâåäåíî.
Çàóâàæåííÿ. Àíàëîãi÷íi ðåçóëüòàòè ¹

ïðàâèëüíèìè i ó âèïàäêó äåêiëüêîõ íåçàëå-
æíèõ çìiííèõ.
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