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Õìåëüíèöüêèé íàöiîíàëüíèé óíiâåðñèòåò

ÑÊIÍ×ÅÍÍI ÃIÁÐÈÄÍI IÍÒÅÃÐÀËÜÍI ÏÅÐÅÒÂÎÐÅÍÍß ÃÀÍÊÅËß 2-ÃÎ
ÐÎÄÓ-ÔÓÐ'�-ÁÅÑÑÅËß-...-ÔÓÐ'�-ÁÅÑÑÅËß IÇ ÑÏÅÊÒÐÀËÜÍÈÌ

ÏÀÐÀÌÅÒÐÎÌ
Â ðîáîòi çàïðîâàäæåíî ñêií÷åííi ãiáðèäíi iíòåãðàëüíi ïåðåòâîðåííÿ, ïîðîäæåíi íà ñå-

ãìåíòi [R), R] ç 2n òî÷êàìè ñïðÿæåííÿ ãiáðèäíèì äèôåðåíöiàëüíèì îïåðàòîðîì Áåññåëÿ-
Ôóð'¹-Áåññåëÿ - . . . -Ôóð'¹-Áåññåëÿ â ïðèïóùåííi, ùî ñïåêòðàëüíèé ïàðàìåòð òàêîæ áåðå
ó÷àñòü â êðàéîâèõ óìîâàõ òà óìîâàõ ñïðÿæåííÿ.

In this work the �nite hybrid integral transformations generated on a segment are included
[R0, R] with 2n point of hybrid di�erential operator Bessel-Fourier-Bessel-. . . -Fourier-Bessel in
supposition, that spectral takes parameters the participation in regional terms and in the conditions
of interface.

Ñêií÷åííi iíòåãðàëüíi ïåðåòâîðåííÿ, ïî-
ðîäæåíi íà ñåãìåíòi (0, l) ç n òî÷êàìè ñïðÿ-
æåííÿ äèôåðåíöiàëüíèì îïåðàòîðîì Ôóð'¹
d2/dr2, íàâåäåíî â ðîáîòi [1]. Ñêií÷åííi iíòå-
ãðàëüíi ïåðåòâîðåííÿ, ïîðîäæåíi íà ñåãìåí-
òàõ (0, R) òà (R0, R) ç n òî÷êàìè ñïðÿæåííÿ
äèôåðåíöiàëüíèì îïåðàòîðîì Áåññåëÿ

Bνj ,αj
=

d2

dr2
+

2αj + 1

r

d

dr
− ν2

j − α2
j

r2
,
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2
, j = 1, n + 1,

íàâåäåíî â ðîáîòi [2]. Ñêií÷åííi iíòåãðàëüíi
ïåðåòâîðåííÿ, ïîðîäæåíi íà ñåãìåíòi [R0, R]
ç 2n òî÷êàìè ñïðÿæåííÿ ÷åðãóâàííÿì îïå-
ðàòîðiâ Bνj ,αj

òà d2/dr2, ïî÷èíàþ÷è ç äè-
ôåðåíöiàëüíîãî îïåðàòîðà Áåññåëÿ Bν1,α1 é
çàâåðøóþ÷è äèôåðåíöiàëüíèì îïåðàòîðîì
Áåññåëÿ Bνn+1,αn+1 àíîíñîâàíî â ðîáîòi [3].
Òàêi iíòåãðàëüíi ïåðåòâîðåííÿ óñïiøíî áó-
ëè çàñòîñîâàíi äëÿ çíàõîäæåííÿ iíòåãðàëü-
íîãî çîáðàæåííÿ ðîçâ'ÿçêó âiäïîâiäíèõ çà-
äà÷ ñòàòèêè, êâàçiñòàòèêè òà äèíàìiêè ïðè
óìîâi, ùî êðàéîâi ìåæi é ìåæi ñïðÿæåí-
íÿ ¹ æîðñòêèìè ïî âiäíîøåííþ äî âiäáèòòÿ
õâèëü. Â ïðîòèëåæíîìó âèïàäêó â êðàéîâèõ
îïåðàòîðàõ é îïåðàòîðàõ ñïðÿæåííÿ ç'ÿâëÿ-
þòüñÿ îïåðàòîð ∂/∂t â çàäà÷àõ êâàçiñòàòèêè
òà îïåðàòîð ∂2/∂t2 â çàäà÷àõ äèíàìiêè. Äëÿ
ðîçâ'ÿçàííÿ òàêèõ çàäà÷, ÿê ïðàâèëî, çàñòî-

ñîâóâàâñÿ ìåòîä iíòåãðàëüíîãî ïåðåòâîðåí-
íÿ Ëàïëàñà. Öå ïðèâîäèëî äî êðàéîâî¨ çàäà-
÷i íà êóñêîâî-îäíîðiäíîìó ñåãìåíòi äëÿ ñå-
ïàðàòíî¨ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëü-
íèõ ðiâíÿíü 2-ãî ïîðÿäêó ç âiäïîâiäíèìè
êðàéîâèìè óìîâàìè òà óìîâàìè ñïðÿæåííÿ,
çàëåæíèìè âiä êîìïëåêñíîãî ïàðàìåòðó ïå-
ðåòâîðåííÿ Ëàïëàñà. Ìà¹ìî äâi íåëåãêi çà-
äà÷i: ðîçâ'ÿçàííÿ êðàéîâî¨ çàäà÷i â çîáðàæå-
ííÿõ çà Ëàïëàñîì é çíàõîäæåííÿ îðèãiíà-
ëó îäåðæàíîãî ðîçâ'ÿçêó. Âèÿâëÿ¹òüñÿ, ùî
ìîæíà îòðèìàòè ñêií÷åííi iíòåãðàëüíi ïåðå-
òâîðåííÿ iç ñïåêòðàëüíèì ïàðàìåòðîì, ÿêi
ñïðàöüîâóþòü äëÿ çàäà÷ ç ì'ÿêèìè ìåæàìè
çà òàêîþ æ ëîãi÷íîþ ñõåìîþ, ÿê iíòåãðàëüíi
ïåðåòâîðåííÿ áåç ñïåêòðàëüíîãî ïàðàìåòðà
â çàäà÷àõ ç æîðñòêèìè ìåæàìè. Ïîáóäîâi
îäíîãî êëàñó òàêèõ ãiáðèäíèõ ñêií÷åííèõ ií-
òåãðàëüíèõ ïåðåòâîðåíü ïðèñâÿ÷ó¹òüñÿ äàíà
ðîáîòà.

Ðîçãëÿíåìî çàäà÷ó ïîáóäîâè îáìåæåíîãî
íà ìíîæèíi

I2n = {r : r ∈
2n+1⋃

k=1

(Rk−1, Rk); R0 > 0,

R2n+1 ≡ R < ∞}
íåíóëüîâîãî ðîçâ'ÿçêó ñåïàðàòíî¨ ñèñòåìè
çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü Áåññå-
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ij;mn �
âèçíà÷íèêè 2-ãî ïîðÿäêó, ïåðøèé ñòîâïåöü
ÿêèõ ¹ i1 ñòîâïåöü ìàòðèöi Aij,k, à äðóãèé
ñòîâïåöü ¹ j1 ñòîâïåöü ìàòðèöi Amn,k:
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Ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ äëÿ
ðiâíÿííÿ (d2/dr2 + q2)v = 0 óòâîðþþòü ôóí-
êöi¨ cos qr òà sin qr [4], à ôóíäàìåíòàëüíó ñè-
ñòåìó ðîçâ'ÿçêiâ äëÿ ðiâíÿííÿ (Bν,α +q2)v =
0 óòâîðþþòü ôóíêöi¨ Jν,α(qr) = (qr)−αJν(qr)
òà Nν,α(qr) = (qr)−αNν(qr), Jν(x) òà Nν(x) �
ôóíêöi¨ Áåññåëÿ âiäïîâiäíî ïåðøîãî òà äðó-
ãîãî ðîäó ïîðÿäêó ν [5].

Âèçíà÷èìî âåëè÷èíè òà ôóíêöi¨:
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ij (qsRk) = α̃k

ijqs cos qsRk + β̃k
ij sin qsRk,

ϕj
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km(qsRj) cos qsx−
−vj1

km(qsRj) sin qsx;

uk1
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(
α̃k

ij

ν − α

Rk
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uk2
ν,α;ij(qsRk) =

(
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ij

ν − α

Rk

+ β̃k
ij

)
Nν,α(qsRk)−

−α̃k
ijq

2
sRkNν+1,α+1(qsRk),

Ψj
ν,α;km(qsRj, qsx) = uj1

ν,α;km(qsRj)Nν,α(qsx)−
−uj2

ν,α;km(qsRj)Jν,α(qsx).

Îáìåæåíèé íà ìíîæèíi I2n ðîçâ'ÿçîê
êðàéîâî¨ çàäà÷i (1) � (3) øóêà¹ìî çà ïðàâè-
ëàìè [4]

u2k+1 = A2k+1Jνk+1,αk+1
(q2k+1r)+

+B2k+1Nνk+1,αk+1
(q2k+1r), k = 0, n, (4)

u2k = A2k cos q2kr + B2k sin q2kr, k = 1, n.
(5)

Êðàéîâi óìîâè (2) òà óìîâè ñïðÿæåííÿ
(3) äëÿ âèçíà÷åííÿ âåëè÷èí Ai òà Bi (i =
1, 2n + 1) äàþòü àëãåáðà¨÷íó ñèñòåìó ç (4n+
2)-îõ ðiâíÿíü:

u01
ν1,α1;11(q1R0)A1 + u02

ν1,α1;11(q1R0)B1 = 0,

u2k−1,1
νk,αk;j1(q2k−1R2k−1)A2k−1+

+u2k−1,2
νk,αk;j1(q2k−1R2k−1)B2k−1−

−v2k−1,1
j2 (q2kR2k−1)A2k−v2k−1,2

j2 (q2kR2k−1)B2k =

= 0; j = 1, 2; k = 1, n, (6)

v2k,1
j1 (q2kR2k)A2k + v2k,2

j1 (q2kR2k)B2k−
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−u2k,1
νk+1,αk+1;j2

(q2k+1R2k)A2k+1−
−u2k,2

νk+1,αk+1;j2
(q2k+1R2k)B2k+1 =

= 0; j = 1, 2; k = 1, n,

u2n+1,1
νn+1,αn+1;22(q2n+1R2n+1)A2n+1+

+u2n+1,2
νn+1,αn+1;22(q2n+1R2n+1)B2n+1 = 0.

Ïîçíà÷èìî ÷åðåç ∆(ν,α)(λ) âèçíà÷íèê àë-
ãåáðà¨÷íî¨ ñèñòåìè (6). Äëÿ òîãî, ùîá àëãå-
áðà¨÷íà ñèñòåìà (6) ìàëà íóëüîâèé ðîçâ'ÿ-
çîê, íåîáõiäíî é äîñèòü, ùîá

∆(ν,α)(λ) = 0, (7)

(ν, α) = (ν1α1; ν2α2; . . . ; νn+1αn+1).

Ïiäñòàâèìî êîðiíü λ = λn â ñèñòåìó (6)
é âiäêèíåìî îñòàíí¹ ðiâíÿííÿ â ñèëó ëi-
íiéíî¨ çàëåæíîñòi. Ìîæíà ïîêëàñòè A1 =
−u02

ν1,α1;11(q1nR0)A0, B1 = u01
ν1,α1;11(q1nR0)A0,

äå qjn = (λ2
n + γ2)1/2a−1

j . Òîäi ïåðøà êîìïî-
íåíòà âëàñíî¨ ôóíêöi¨ áóäå âèçíà÷åíà ç òî-
÷íiñòþ äî ñòàëî¨:

V(ν,α);1(r, λn) = A0[u
01
ν1,α1;11(q1nR0)Nν1,α1(q1nr)−

−u02
ν1,α1;11(q1nR0)Jν1,α1(q1nr)].

Ðåøòà ðiâíÿíü, ðîçïàâøèñü íà ãðóïè,
äàþòü ìîæëèâiñòü îòðèìàòè ðåêóðåíòíi
ñïiââiäíîøåííÿ äëÿ âèçíà÷åííÿ âåëè-
÷èí Aj òà Bj. Â ðåçóëüòàòi ïiäñòàíîâêè
îòðèìàíèõ çíà÷åíü Aj òà Bj â ôîðìó-
ëè (4), (5) ìà¹ìî ñòðóêòóðó åëåìåíòiâ
V(ν,α);j(r, λn) âåêòîð-ôóíêöi¨ V(ν,α)(r, λn) =
{V(ν,α);1(r, λn); V(ν,α);2(r, λn); . . . ; V(ν,α);2n(r, λn);
V(ν,α);2n+1(r, λn)}:

V(ν,α);1(r, λn) =

(
2

π

)n 2n∏
s=1

c21,s

2n+1∏
s=2

qsn×

×
n∏

s=1

(q2s+1,nR2s)
−(2αs+1+1)Ψ0

ν1,α1;11(q1nR0, q1nr),

V(ν,α);2k(r, λn) =

(
2

π

)n−k+1 2n∏

s=2k

c21,s

2n+1∏

s=2k+1

qsn×

×
n∏

s=k

(q2s+1,nR2s)
−(2αs+1+1)[B(1,4k−2);(1,4k−2)×

×ϕ2k−1
22 (q2k,nR2k−1, q2k,nr)−

−B(1,4k−3);(4k−1);(1,4k−2)×
×ϕ2k−1

12 (q2k,nR2k−1, q2k,nr)], k = 1, n; (8)

V(ν,α);2k+1(r, λn) =

(
2

π

)n−k 2n∏

s=2k+1

c21,s

2n+1∏

s=2k+2

qsn×

×
n∏

s=k+1

(q2s+1,nR2s)
−(2αs+1+1)[B(1,4k−1);(4k+1);(1,4k)×

×Ψ2k
νk+1,αk+1;12(q2k+1,nR2k, q2k+1,nr)−

−B(1,4k);(1,4k)×
×Ψ2k

νk+1,αk+1;22(q2k+1,nR2k, q2k+1,nr)].

Ó ôîðìóëàõ (8) áåðóòü ó÷àñòü âèçíà÷íè-
êè B(1,j);(1,j) òà B(1,j−1);(j+1);(1,j) êâàäðàòíî¨
ìàòðèöi ðîçìiðó (4n + 2) × (4n + 2) àëãå-
áðà¨÷íî¨ ñèñòåìè (6), òîáòî ìàòðèöi A4n+2

4n+2,
åëåìåíòè ÿêî¨ ¹ êîåôiöi¹íòàìè íåâiäîìèõ
Aj òà Bj â ñèñòåìi (6). Ïðè öüîìó iíäåêñ
(1, j); (1, j) âêàçó¹, ùî â óòâîðåííi äàíîãî âè-
çíà÷íèêà áåðóòü ó÷àñòü ðÿäêè ç íîìåðàìè
âiä 1 äî j òà ñòîâïöi ç íîìåðàìè âiä 1 äî j,
à iíäåêñ (1, j − 1); (j + 1); (1, j) âêàçó¹, ùî j-
èé ðÿäîê çàìiíÿ¹òüñÿ (j + 1)-èì, à ñòîâïöi
áåðóòüñÿ ç íîìåðàìè âiä 1 äî j.

Çà äîïîìîãîþ îäèíè÷íî¨ ôóíêöi¨ Ãåâiñàé-
äà θ(r) ïîáóäó¹ìî âàãîâó ôóíêöiþ

σ(r) =
n∑

k=0

r2αk+1+1σ2k+1θ(R2k+1−r)θ(r−R2k)+

+
n∑

k=1

σ2kθ(R2k − r)θ(r −R2k−1) (9)

òà ñïåêòðàëüíó ôóíêöiþ

V(ν,α)(r, βn) =
2n+1∑
j=1

V(ν,α;j)(r, λn)θ(Rj − r)×

×θ(r −Rj−1). (10)

Çãiäíî ç ðîáîòîþ [6] ìà¹ìî òâåðäæåííÿ.
Òåîðåìà 1 (ïðî äèñêðåòíèé ñïåêòð).

Êîðåíi λn òðàíñöåíäåíòíîãî ðiâíÿííÿ (7)
ñêëàäàþòü äèñêðåòíèé ñïåêòð: äiéñíi, ði-
çíi (çà âèíÿòêîì, ìîæëèâî, íóëÿ), ñèìå-
òðè÷íi âiäíîñíî òî÷êè λ = 0, íà äîäàòíié
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ïiââiñi λ > 0 óòâîðþþòü ìîíîòîííî çðî-
ñòàþ÷ó ïîñëiäîâíiñòü ç ¹äèíîþ òî÷êîþ çãó-
ùåííÿ λ = ∞.

Òåîðåìà 2 (ïðî äèñêðåòíó ôóí-
êöiþ). Ñèñòåìà âëàñíèõ âåêòîð-ôóíêöié
{V(ν,α)(r, λn)}∞n=1 îðòîãîíàëüíà ç âàãîâîþ
ôóíêöi¹þ σ(r), ïîâíà òà çàìêíóòà íà ìíî-
æèíi I2n.

Òåîðåìà 3 (òèïó òåîðåìè Ñò¹-
êëîâà). ßêùî âåêòîð-ôóíêöiÿ f(r) =
{f1(r); f2(r); . . . ; f2n(r); f2n+1(r)} íåïåðåðâíà
ðàçîì ç ïîõiäíèìè äî 3-ãî ïîðÿäêó âêëþ-
÷íî, à ôóíêöi¨ fj(r) çàäîâîëüíÿþòü êðàéîâi
óìîâè (2) òà óìîâè ñïðÿæåííÿ (3), òî ðÿä
Ôóð'¹

f(r) =
∞∑

n=1

R∫

R0

f(ρ)V(ν,α)(ρ, λn)σ(ρ)dρ×

× V(ν,α)(r, λn)

‖V(ν,α)(r, λn)‖2
1

(11)

çà ñèñòåìîþ âëàñíèõ âåêòîð-ôóíêöié
{V(ν,α)(r, λn)}∞n=1 çáiãà¹òüñÿ íà ìíîæèíi I2n

àáñîëþòíî é ðiâíîìiðíî.
Ó ðiâíîñòi (11) ‖V(ν,α)(r, λn)‖1 � óçàãàëü-

íåíà íîðìà âëàñíî¨ ôóíêöi¨ [6], à
R∫

R0

f(r)V(ν,α)(r, λn)σ(r)dr =

=
n∑

k=0

R2k+1∫

R2k

f2k+1(r)V(ν,α);2k+1(r, λn)r2αk+1+1×

×σ2k+1dr +
n∑

k=1

R2k∫

R2k−1

f2k(r)V(ν,α);2k(r, λn)σ2kdr.

(12)
Ðÿä Ôóð'¹ (11) âèçíà÷à¹ ïðÿìå H2n òà

îáåðíåíå H−1
2n ñêií÷åííå ãiáðèäíå iíòåãðàëü-

íå ïåðåòâîðåííÿ, ïîðîäæåíå íà ìíîæèíi I2n

ãiáðèäíèì äèôåðåíöiàëüíèì îïåðàòîðîì

L(ν,α) =
n∑

k=0

θ(r −R2k)θ(R2k+1 − r)a2
2k+1×

×Bνk+1,αk+1
+

+
n∑

k=1

θ(r −R2k−1)θ(R2k − r)a2
2kd

2/dr2 : (13)

H2n[f(r)] =

=

R2n+1∫

R0

f(r)V(ν,α)(r, λn)σ(r)dr ≡ f̃n, (14)

H−1
2n [f̃n] =

∞∑
n=1

f̃nV(ν,α)(r, λn)×

×(‖V(ν,α)(r, λn)‖2
1)
−1 ≡ f(r). (15)

Â îñíîâi ïîáóäîâè àëãåáðè ãiáðèäíîãî
äèôåðåíöiàëüíîãî îïåðàòîðà L(ν,α) ëåæèòü
îñíîâíà òîòîæíiñòü.

Òåîðåìà 4 (ïðî îñíîâíó òîòîæíiñòü).
ßêùî âåêòîð-ôóíêöiÿ

g(r) = {Bν1,α1 [f1(r)]; f
′′
2 (r); Bν2,α2 [f3(r)]; f

′′
4 (r);

. . . ; f ′′2n(r); Bνn+1,αn+1 [f2n+1(r)]}
íåïåðåðâíà íà ìíîæèíi I2n, à ôóíêöi¨ fj(r)
çàäîâîëüíÿþòü êðàéîâi óìîâè (2) òà óìîâè
ñïðÿæåííÿ (3), òî ñïðàâäæó¹òüñÿ îñíîâ-
íà òîòîæíiñòü iíòåãðàëüíîãî ïåðåòâîðå-
ííÿ ãiáðèäíîãî äèôåðåíöiàëüíîãî îïåðàòîðà
L(ν,α):

H2n[L(ν,α)[f(r)]] = −λ2
nf̃n −

n∑

k=0

γ2
2k+1×

×
R2k+1∫

R2k

f2k+1(r)V(ν,α);2k+1(r, λn)r2αk+1+1σ2k+1dr−

−
n∑

k=1

γ2
2k

R2k∫

R2k−1

f2k(r)V(ν,α);2k(r, λn)σ2kdr−

−(α̃0
11)

−1V(ν,α);1(R0, λn)a2
1σ1R

2α1+1
0 [(α̃0

11d/dr+

+β̃0
11)f1(r)]

∣∣∣
r=R0

+ (α̃2n+1
22 )−1×

×V(ν,α);2n+1(R2n+1, λn)a2
2n+1σ2n+1R

2αn+1+1
2n+1 ×

×[(α̃2n+1
22 d/dr + β̃2n+1

22 )f2n+1(r)]
∣∣∣
r=R2n+1

. (16)
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Äîâåäåííÿ. Çà îçíà÷åííÿì çãiäíî ôîð-
ìóë (13), (14) ìà¹ìî:

H2n[L(ν,α)[f(r)]] =
n∑

k=1

R2k∫

R2k−1

a2
2k

d2fk

dr2
×

×V(ν,α);2k(r, λn)σ2kdr +
n∑

k=0

R2k+1∫

R2k

a2
2k+1×

×Bνk+1,αk+1
[f2k+1(r)]V(ν,α);2k+1(r, λn)σ2k+1×

×r2αk+1+1dr. (17)

Ïðîiíòåãðó¹ìî â (17) ïiä çíàêîì iíòåãðà-
ëiâ ÷àñòèíàìè äâà ðàçè:

H2n[L(ν,α)[f(r)]] =
n∑

k=1

{
a2

2kσ2k

(
df2k

dr
×

×V(ν,α);2k(r, λn)−f2k(r)
dV(ν,α);2k(r, λn)

dr

)∣∣∣∣∣

R2k

R2k−1

+

+

R2k∫

R2k−1

f2k(r)

[
a2

2k

d2

dr2
V(ν,α);2k(r, λn)

]
σ2kdr

}
+

+
n∑

k=0

{
a2

2k+1σ2k+1

[
r2αk+1+1

(
df2k+1(r)

dr
×

×V(ν,α);2k+1(r, λn)− f2k+1(r)×

×dV(ν,α);2k+1(r, λn)

dr

)∣∣∣∣∣

R2k+1

R2k

]
+

R2k+1∫

R2k

f2k+1(r)×

×
(

a2
2k+1Bνk+1,αk+1

[V(ν,α);2k+1(r, λn)]

)
×

×σ2k+1r
2αk+1+1dr

}
. (18)

Iç òîòîæíîñòåé
(

d2

dr2
+

λ2
n + γ2

2k

a2
2k

)
V(ν,α);2k(r, λn) ≡ 0,

(
Bνk+1,αk+1

+
λ2

n + γ2
2k+1

a2
2k+1

)
V(ν,α);2k+1(r, λn) ≡ 0

îäåðæó¹ìî ñïiââiäíîøåííÿ:

a2
2k

d2

dr2
V(ν,α);2k(r, λn) =

−(λ2
n + γ2

2k)V(ν,α);2k(r, λn),

a2
2k+1Bνk+1,αk+1

[V(ν,α);2k+1(r, λn)] =

= −(λ2
n + γ2

2k+1)V(ν,α);2k+1(r, λn). (19)

ßêùî α̃0
11 6= 0, òî â òî÷öi r = R0 ìà¹ìî:

(
df1

dr
V(ν,α);1(r, λn)−f1(r)

dV(ν,α);1(r, λn)

dr

)∣∣∣∣∣
r=R0

=

=

(
α̃0

11

df1

dr
+β̃0

11f1

)∣∣∣∣∣
r=R0

·(α0
11)

−1V(ν,α);1(R0, λn)−

−(α̃0
11)

−1f1(R0)

[(
α̃0

11

d

dr
+ β̃0

11

)
×

×V(ν,α);1(r, λn)

]∣∣∣∣∣
r=R0

= [0 · V(ν,α);1(R0, λn)−

−0 · f1(R0)](α̃
0
11)

−1 = 0.

ßêùî α̃2n+1
22 6= 0, òî â òî÷öi r = R2n+1

ìà¹ìî:
(

df2n+1

dr
V(ν,α);2n+1(r, λn)− f2n+1(r)×

× d

dr
V(ν,α);2n+1(r, λn)

)∣∣∣∣∣
r=R2n+1

=

=

(
α̃2n+1

22

df2n+1

dr
+ β̃2n+1

22 f2n+1(r)

)∣∣∣∣∣
r=R2n+1

×

×(α2n+1
22 )−1V(ν,α);2n+1(R2n+1, λn)−

−(α̃2n+1
22 )−1f2n+1(R2n+1)

[(
α̃2n+1

22

d

dr
+β̃2n+1

22

)
×

×V(ν,α);2n+1(r, λn)

]∣∣∣∣∣
r=R2n+1

=

= [0 · V(ν,α);2n+1(R2n+1, λn)−
−0 · f2n+1(R2n+1)](α̃

2n+1
22 ) = 0.
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Ïîçàiíòåãðàëüíi äîäàíêè, ùî çàëèøèëèñÿ
â ðiâíîñòi (18) ïåðåïèøåìî â òàêîìó âèãëÿäi:

n∑

k=1

[
a2

2kσ2k

(
df2k

dr
V(ν,α);2k(R2k, λn)− f2k(R2k)×

×dV(ν,α);2k(R2k, λn)

dr

)
− a2

2k+1σ2k+1R
2αk+1+1
2k ×

×
(

df2k+1

dr
V(ν,α);2k+1(R2k, λn)− f2k+1(R2k)×

×dV(ν,α);2k+1(R2k, λn)

dr

)]
+

+
n∑

k=1

[
a2

2k−1σ2k−1R
2αk−1+1
2k−1

(
df2k−1(r)

dr
×

×V(ν,α);2k−1(r, λn)− f2k−1(r)×

×dV(ν,α);2k−1(r, λn)

dr

)∣∣∣∣∣
r=R2k−1

− a2
2kσ2k×

×
(

df2k

dr
V(ν,α);2k(r, λn)− f2k(r)×

×dV(ν,α);2k(r, λn)

dr

)∣∣∣∣∣
r=R2k−1

]
≡ R1 +R2.

Ñêîðèñòàâøèñü áàçîâîþ òîòîæíiñòþ
(

dfj

dr
V(ν,α);j(r, λn)−fj(r)

dV(ν,α);j(r, λn)

dr

)∣∣∣∣∣
r=Rj

=

=
c21,j

c11,j

(
dfj+1

dr
V(ν,α);j+1(r, λn)−

−fj+1(r)
dV(ν,α);j+1(r, λn)

dr

)∣∣∣∣∣
r=Rj

òà âèçíà÷åííÿì σj, îòðèìó¹ìî:

R1 =
2n∏

s=2k

c11,s

c21,s

n−1∏

s=k

(
R2s

R2s+1

)2αs+1+1

R
2αn+1+1
2n ×

×
(

c21,2k

c11,2k

− c21,2k

c11,2k

)
= 0,

R2 =
2n∏

s=2k−1

c11,s

c21,s

n−1∏
s=1

(
R2s

R2s+1

)2αs+1+1

R
2αn+1+1
2n ×

×
(

c21,2k−1

c11,2k−1

− c21,2k−1

c11,2k−1

)
= 0.

Ðiâíiñòü (18) íàáóâà¹ âèãëÿäó:

H2n[L(ν,α)[f(r)]] =
n∑

k=1

R2k∫

R2k−1

f2k(r)×

×
[
a2

2k

d2

dr2
V(ν,α);2k(r, λn)

]
σ2kdr+

+
n∑

k=0

R2k+1∫

R2k

f2k+1(r)×

×
[
a2

2k+1Bνk+1,αk+1
(V(ν,α);2k+1(r, λn))

]
×

×σ2k+1r
2αk+1+1dr.

ßêùî ñêîðèñòàòèñÿ òîòîæíîñòÿìè (19) é
ðîç'¹äíàòè iíòåãðàëè, òî ïðèõîäèìî äî òîòî-
æíîñòi (16).

ßê ïðèêëàä ðîçãëÿíåìî çàäà÷ó êâàçiñòà-
òèêè.

Çàäà÷à ïðî äèôóçiþ òåïëà. Çíàéòè ií-
òåãðàëüíå çîáðàæåííÿ îáìåæåíîãî íà ìíî-
æèíi Dn = {(t, r) : t ∈ (0,∞), r ∈ I2n}
ðîçâ'ÿçêó ñåïàðàòíî¨ ñèñòåìè ðiâíÿíü òåïëî-
ïðîâiäíîñòi ïàðàáîëi÷íîãî òèïó
∂u2k+1

∂t
− a2

2k+1Bνk+1,αk+1
[u2k+1] = f2k+1(t, r),

r ∈ (R2k−1, R2k), k = 1, n, (20)

∂u2k

∂t
− a2

2k

∂2u2k

∂r2
= f2k(t, r),

r ∈ (R2k, R2k+1), k = 0, n

çà íóëüîâèìè ïî÷àòêîâèìè óìîâàìè, êðàéî-
âèìè óìîâàìè

[(
α0

11 + δ0
11

∂

∂t

)
∂

∂r
+ β0

11+

+γ0
11

∂

∂t

]
u1(t, r)

∣∣∣∣∣
r=R0

= g0(t), (21)
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[(
α2n+1

22 + δ2n+1
22

∂

∂t

)
∂

∂r
+ β2n+1

22 +

+γ2n+1
22

∂

∂t

]
u2n+1(t, r)

∣∣∣∣∣
r=R2n+1

= g2n+1(t)

òà óìîâàìè ñïðÿæåííÿ
{[(

αk
j1 + δk

j1

∂

∂t

)
∂

∂r
+ βk

j1+

+γk
j1

∂

∂t

]
uk(t, r)−

[(
αk

j1 + δk
j2

∂

∂t

)
∂

∂r
+ βk

j2+

+γk
j2

∂

∂t

]
uk+1(t, r)

}∣∣∣∣∣
r=Rk

= 0; j = 1, 2; k = 1, 2n.

Çàñòîñó¹ìî äî äàíî¨ çàäà÷i iíòåãðàëüíèé
îïåðàòîð H2n çà âiäîìîþ ëîãi÷íîþ ñõåìîþ
[3]. Â ñèëó òîòîæíîñòi (16) ïðè γ2

j = 0 îäåð-
æó¹ìî çàäà÷ó Êîøi [4]:

dũn

dt
+ λ2

nũn = f̃n(t) + (α̃2n+1
22 )−1R

2αn+1+1
2n+1 ×

×V(ν,α);2n+1(R2n+1, λn)g2n+1(t)− a2
1σ1R

2α1+1
0 ×

×(α̃0
11)

−1V(ν,α);1(R0, λn)g0(t) ≡ F̃n(t),

ũn(t)|t=0 = 0. (23)

Ðîçâ'ÿçêîì çàäà÷i Êîøi (23) ¹ ôóíêöiÿ

ũn(t) =

t∫

0

e−λ2
n(t−τ)F̃n(τ)dτ. (24)

Â ðåçóëüòàòi çàñòîñóâàííÿ äî ôóíêöi¨
ũn(t) îïåðàòîðà H−1

2n çãiäíî ïðàâèëà (15) ìà-
¹ìî ¹äèíèé ðîçâ'ÿçîê äàíî¨ çàäà÷i (20) �
(22):

uj(t, r) =
∞∑

n=1

ũn(t)V(ν,α);j(r, λn)×

×(‖V(ν,α);j(r, λn)‖2
1)
−1, j = 1, 2n + 1. (25)

Ó ðåçóëüòàòi åëåìåíòàðíèõ ïåðåòâîðåíü
îäåðæó¹ìî øóêàíå iíòåãðàëüíå çîáðàæåííÿ
ðîçâ'ÿçêó äàíî¨ ïàðàáîëi÷íî¨ çàäà÷i:

uj(t, r) =
n∑

k=0

t∫

0

R2k+1∫

R2k

H(ν,α);j,2k+1(t− τ, r, ρ)×

×f2k+1(τ, ρ)ρ2αk+1+1σ2k+1dρdτ+

+
n∑

k=1

t∫

0

R2k∫

R2k−1

H(ν,α);j,2k(t− τ, r, ρ)×

×f2k(τ, ρ)σ2kdρdτ +

t∫

0

[W(ν,α);1j(t−τ, r)g0(τ)+

+W(ν,α);2n+1,j(t−τ, r)g2n+1(τ)]dτ, j = 1, 2n + 1.
(26)

Ó ôîðìóëi (26) áåðóòü ó÷àñòü ïîðîäæåíi
íåîäíîðiäíiñòþ ñèñòåìè (26) ôóíêöi¨ âïëèâó

H(ν,α);jm(t, r, ρ) =
∞∑

n=1

e−λ2
nt×

×V(ν,α);j(r, λn)V(ν,α);m(ρ, λn)

‖V(ν,α)(r, λn)‖2
1

(27)

òà ôóíêöi¨ Ãðiíà

W(ν,α);1j(t, r) = −
∞∑

n=1

e−λ2
nt×

×V(ν,α);j(r, λn)V(ν,α);1(R0, λn)

α̃0
11‖V(ν,α)(r, λn)‖2

1

a2
1σ1R

2α1+1
0 ,

(28)

W(ν,α);2n+1,j(t, r) =
∞∑

n=1

e−λ2
nt×

×V(ν,α);j(r, λn)V(ν,α);2n+1(R2n+1, λn)

α̃2n+1
22 ‖V(ν,α)(r, λn)‖2

1

R
2αn+1+1
2n+1 ,

(29)
ïîðîäæåíi òåïëîâèì ðåæèìîì íà êðàÿõ r =
R0 òà r = R2n+1 îáëàñòi Dn.

Çàóâàæåííÿ 1. ßêùî ïî÷àòêîâi óìîâè
íåîäíîðiäíi, òîáòî

uj(t, r)|t=0 = ωj(r),

òî çàìiíà ôóíêöié

uj(t, r) = vj(t, r) + ωj(r)

ïðèâîäèòü äëÿ ôóíêöié vj(t, r) äî íóëüîâèõ
ïî÷àòêîâèõ óìîâ.

Çàóâàæåííÿ 2. Áåç çàëó÷åííÿ íîâèõ
iäåé îòðèìó¹ìî ðîçâ'ÿçîê çàäà÷i ó âèïàäêó,
êîëè óìîâè ñïðÿæåííÿ íåîäíîðiäíi.
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