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Â êëàñi ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ, ùî äiþòü ó ïðîñòîðàõ àíàëiòè÷íèõ ôóíêöié,
îïèñàíî âñi ðîçâ'ÿçêè îäíîãî êëàñó îïåðàòîðíèõ ðiâíÿíü, ÿêi ìiñòÿòü ñòåïiíü îïåðàòîðà óçà-
ãàëüíåíîãî iíòåãðóâàííÿ.

In a class of linear continuous operators which act in spaces of analytical functions, solutions
of one class of the operational equations which contain a degree of an operator of the generalized
integration are described all.

Ðiçíi çîáðàæåííÿ ëiíiéíèõ íåïåðåðâíèõ
îïåðàòîðiâ, ÿêi äiþòü ó ïðîñòîðàõ àíàëiòè-
÷íèõ ôóíêöié i çàäîâîëüíÿþòü ïåâíi ñïiâ-
âiäíîøåííÿ, ùî ïîâ'ÿçàíi ç îïåðàòîðàìè äè-
ôåðåíöiþâàííÿ òà iíòåãðóâàííÿ, âèâ÷àëèñÿ
â ïðàöÿõ Æ. Äåëüñàðòà i Æ.-Ë. Ëiîíñà [1],
Þ.Ô. Êîðîáåéíèêà [2], Ì.I. Íàãíèáiäè [3],
I.Õ. Äiìîâñüêîãî [4] òà áàãàòüîõ iíøèõ ìàòå-
ìàòèêiâ.

Ó öié ñòàòòi â êëàñi ëiíiéíèõ íåïåðåðâíèõ
îïåðàòîðiâ, ùî äiþòü ó ïðîñòîðàõ ôóíêöié,
àíàëiòè÷íèõ ó êðóãîâèõ îáëàñòÿõ, îïèñóþ-
òüñÿ ðîçâ'ÿçêè îïåðàòîðíîãî ðiâíÿííÿ âèäó

TJ p
α = AT, (1)

äå Jα � îïåðàòîð óçàãàëüíåíîãî iíòåãðóâà-
ííÿ, p � äåÿêå íàòóðàëüíå ÷èñëî, A � ôi-
êñîâàíèé, à T � øóêàíèé ëiíiéíi íåïåðåðâ-
íi îïåðàòîðè. ×åðåç AR, 0 < R ≤ ∞, ïî-
çíà÷àòèìåìî ïðîñòið óñiõ ôóíêöié, àíàëiòè-
÷íèõ ó êðóçi |z| < R, ùî íàäiëåíèé òîïî-
ëîãi¹þ êîìïàêòíî¨ çáiæíîñòi [5]. Òîïîëîãiÿ
íà ïðîñòîði AR çàäà¹òüñÿ ñèñòåìîþ íîðì
{|| · ||r : 0 < r < R}, äå ||f ||r = max

|z|=r
|f(z)|

äëÿ f ∈ AR.
Äëÿ ïîñëiäîâíîñòi âiäìiííèõ âiä íóëÿ

êîìïëåêñíèõ ÷èñåë (αn)∞n=0 îïåðàòîð óçà-
ãàëüíåíîãî iíòåãðóâàííÿ Jα âèçíà÷à¹òüñÿ íà
åëåìåíòàõ ñòåïåíåâîãî áàçèñó (zn)∞n=0 ñïiâ-
âiäíîøåííÿìè:

Jαzn =
αn+1

αn

zn+1, (2)

n = 0, 1, . . .. Äëÿ òîãî, ùîá îïåðàòîð óçà-
ãàëüíåíîãî iíòåãðóâàííÿ Jα ïðîäîâæóâàâñÿ
äî ëiíiéíîãî íåïåðåðâíîãî îïåðàòîðà, ùî äi¹
â AR, íåîáõiäíî i äîñòàòíüî, ùîá

lim
n→∞

n

√∣∣∣∣
αn+1

αn

∣∣∣∣ ≤ 1, ÿêùî R < ∞,

àáî

lim
n→∞

n

√∣∣∣∣
αn+1

αn

∣∣∣∣ < ∞, ÿêùî R = ∞.

Îïèøåìî ñïî÷àòêó ðîçâ'ÿçêè îïåðàòîð-
íîãî ðiâíÿííÿ (1) ïðè p = 1, òîáòî çíàéäåìî
çàãàëüíèé âèãëÿä ëiíiéíèõ íåïåðåðâíèõ îïå-
ðàòîðiâ T : AR1 → AR2 , 0 < R1, R2 ≤ ∞, äëÿ
ÿêèõ

TJα = AT, (3)

äå Jα � îïåðàòîð óçàãàëüíåíîãî iíòåãðóâàí-
íÿ, ÿêèé ëiíiéíî i íåïåðåðâíî äi¹ â AR1 , A �
äîâiëüíèé ôiêñîâàíèé ëiíiéíèé íåïåðåðâíèé
îïåðàòîð, ùî äi¹ â ïðîñòîði AR2 .

Íåõàé ëiíiéíèé íåïåðåðâíèé îïåðàòîð T :
AR1 → AR2 ¹ ðîçâ'ÿçêîì îïåðàòîðíîãî ðiâíÿ-
ííÿ (3) i ϕn(z) = Tzn, n = 0, 1, . . .. Ïîäiÿâøè
ðiâíiñòþ (3) íà zn, îäåðæèìî, ùî

αn+1

αn

ϕn+1(z) = (Aϕn)(z), , n = 0, 1, . . . .

Ç öèõ ðiâíîñòåé âèïëèâà¹, ùî ïðè n =
0, 1, . . .

ϕn(z) =
α0

αn

ϕ0(z), (4),
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äå ϕ0(z) � äåÿêà àíàëiòè÷íà â êðóçi |z| < R2

ôóíêöiÿ. Îñêiëüêè T : AR1 → AR2 , òî, âèêî-
ðèñòîâóþ÷è êàíîíi÷íå çîáðàæåííÿ ëiíiéíèõ
íåïåðåðâíèõ îïåðàòîðiâ [3], ç (4) âèïëèâà¹,
ùî âèêîíó¹òüñÿ óìîâà

∀r2 < R2 lim
n→∞

n

√
1

|αn| ||A
nϕ0||r2 < R1 (5)

i äëÿ äîâiëüíî¨ ôóíêöi¨ f(z) ∈ AR1 ¹ ïðà-
âèëüíîþ ðiâíiñòü

(Tf)(z) =
∞∑

n=0

f (n)(0)

n!

α0

αn

(Anϕ0)(z). (6)

Òàêèì ÷èíîì, ìè äîâåëè íåîáõiäíiñòü óìîâ
íàñòóïíî¨ òåîðåìè.

Òåîðåìà 1. Íåõàé Jα � ëiíiéíèé íåïå-
ðåðâíèé îïåðàòîð óçàãàëüíåíîãî iíòåãðóâà-
ííÿ, ùî äi¹ â ïðîñòîði AR1, i A � äîâiëüíèé
ôiêñîâàíèé ëiíiéíèé íåïåðåðâíèé îïåðàòîð,
ùî äi¹ â AR2. Äëÿ òîãî, ùîá ëiíiéíèé íå-
ïåðåðâíèé îïåðàòîð T : AR1 → AR2 áóâ
ðîçâ'ÿçêîì îïåðàòîðíîãî ðiâíÿííÿ (3) íåîá-
õiäíî i äîñòàòíüî, ùîá T çîáðàæàâñÿ ó âè-
ãëÿäi (6), äå ϕ0(z) � äåÿêà ôóíêöiÿ ç ïðîñòî-
ðó AR2, ùî çàäîâîëüíÿ¹ óìîâó (5).

Äîñòàòíiñòü óìîâ òåîðåìè 1 âñòàíîâëþ-
¹òüñÿ áåçïîñåðåäíüîþ ïåðåâiðêîþ.

Ðîçãëÿíåìî äåÿêi ïðèêëàäè çàñòîñóâàííÿ
òåîðåìè 1.

1. Íåõàé ∆ òà Uz âiäïîâiäíî îïåðàòîðè
Ïîìì'¹ òà ìíîæåííÿ íà íåçàëåæíó çìiííó.
Äëÿ òîãî, ùîá ëiíiéíèé íåïåðåðâíèé îïåðà-
òîð T : AR1 → AR2 áóâ ðîçâ'ÿçêîì ðiâíÿííÿ
TUz = ∆T íåîáõiäíî i äîñòàòíüî, ùîá âií
ïîäàâàâñÿ ó âèãëÿäi

(Tf)(z) =
∞∑

n=0

f (n)(0)

n!
(∆nϕ0)(z),

ïðè÷îìó ϕ0(z) � äîâiëüíà ôóíêöiÿ ç ïðî-
ñòîðó AR2 ó âèïàäêó R1R2 > 1. ßêùî æ
R1R2 ≤ 1, òî ϕ0(z) íàëåæèòü ïðîñòîðó A 1

R1

.
Iíøèì ìåòîäîì öå îïåðàòîðíå ðiâíÿííÿ òà
éîãî óçàãàëüíåííÿ äîñëiäæåíi â [6].

2. Íåõàé J � îïåðàòîð âîëüòåðiâñüêîãî ií-
òåãðóâàííÿ. Çàãàëüíèé ðîçâ'ÿçîê îïåðàòîð-
íîãî ðiâíÿííÿ TJ = ∆T â êëàñi ëiíiéíèõ

íåïåðåðâíèõ îïåðàòîðiâ T : AR1 → AR2 äà¹-
òüñÿ ôîðìóëîþ

(Tf)(z) =
∞∑

n=0

f (n)(0)(∆nϕ0)(z),

äå ϕ0(z) � äîâiëüíà ôóíêöiÿ ç êëàñó [1, R1)
[7].

3. Îïåðàòîðíå ðiâíÿííÿ TJ = UzT â
êëàñi ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ T :
AR1 → AR2 ìà¹ ëèøå íóëüîâèé ðîçâ'ÿçîê.

4. Çàãàëüíèé ðîçâ'ÿçîê îïåðàòîðíîãî ðiâ-
íÿííÿ TUz = J T â êëàñi ëiíiéíèõ íåïåðåðâ-
íèõ îïåðàòîðiâ T : AR1 → AR2 äà¹òüñÿ ôîð-
ìóëîþ

(Tf)(z) =
∞∑

n=0

f (n)(0)

n!
(Jnϕ0)(z),

äå ϕ0(z) � äîâiëüíà ôóíêöiÿ ç ïðîñòîðó AR2 .
Ïåðåëiê ïîäiáíèõ ïðèêëàäiâ ìîæíà ïðî-

äîâæèòè. Çîêðåìà, ÿêùî A = Jα, òî ç òåî-
ðåìè 1 îäåðæó¹ìî îïèñ êîìóòàíòà îïåðàòîðà
óçàãàëüíåíîãî iíòåãðóâàííÿ.

Îïèøåìî äàëi ðîçâ'ÿçêè îïåðàòîðíîãî
ðiâíÿííÿ (1) â êëàñi ëiíiéíèõ íåïåðåðâíèõ
îïåðàòîðiâ T : AR1 → AR2 , äå Jα � îïåðà-
òîð óçàãàëüíåíîãî iíòåãðóâàííÿ, ÿêèé ëiíié-
íî i íåïåðåðâíî äi¹ â AR1 , p � ôiêñîâàíå íà-
òóðàëüíå ÷èñëî, à A � äîâiëüíèé ôiêñîâà-
íèé ëiíiéíèé íåïåðåðâíèé îïåðàòîð, ùî äi¹
â AR2 .

Íåõàé ëiíiéíèé íåïåðåðâíèé îïåðàòîð T :
AR1 → AR2 ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1). Ïî-
çíà÷èâøè Tzn = ϕn(z), n = 0, 1, . . ., i ïîäiÿâ-
øè ðiâíiñòþ (1) íà zn, îäåðæèìî:

ϕn+p(z) =
αn

αn+p

(Aϕn)(z). (7)

Âèêîðèñòîâóþ÷è (7), âñòàíîâëþ¹ìî, ùî ¹
ïðàâèëüíèìè ðiâíîñòi:

ϕnp+q(z) =
αq

αnp+q

(Anϕq)(z), (8)

äå q = 0, p− 1, n = 0, 1, . . .. Îñêiëüêè T ¹
ëiíiéíèì íåïåðåðâíèì îïåðàòîðîì, òî äëÿ
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äîâiëüíî¨ ôóíêöi¨ f(z) =
p−1∑
q=0

∞∑
n=0

fnp+qz
np+q ç

ïðîñòîðó AR1 :

(Tf)(z) =

p−1∑
q=0

∞∑
n=0

fnp+q
αq

αnp+q

(Anϕq)(z), (9)

äå ϕq(z), q = 0, p− 1 � äåÿêi ôóíêöi¨ ç ïðî-
ñòîðó AR2 .

Âèêîðèñòîâóþ÷è óìîâó íåïåðåðâíîñòi
îïåðàòîðà T [3], îäåðæèìî, ùî

∀q = 0, p− 1 ∀r2 < R2

lim
n→∞

np+q

√
1

|αnp+q| ||A
n(ϕq)||r2 < R1. (10)

Îòæå, ìè äîâåëè íåîáõiäíiñòü óìîâ íà-
ñòóïíî¨ òåîðåìè.

Òåîðåìà 2. Íåõàé Jα � ëiíiéíèé íåïå-
ðåðâíèé îïåðàòîð óçàãàëüíåíîãî iíòåãðóâà-
ííÿ, ùî äi¹ â ïðîñòîði AR1, A � äîâiëü-
íèé ôiêñîâàíèé ëiíiéíèé íåïåðåðâíèé îïå-
ðàòîð, ùî äi¹ â AR2, à p � äîâiëüíå ôiêñîâà-
íå íàòóðàëüíå ÷èñëî. Äëÿ òîãî, ùîá ëiíié-
íèé íåïåðåðâíèé îïåðàòîð T : AR1 → AR2

áóâ ðîçâ'ÿçêîì îïåðàòîðíîãî ðiâíÿííÿ (1)
íåîáõiäíî i äîñòàòíüî, ùîá T çîáðàæàâñÿ
ó âèãëÿäi (9), äå ϕq(z), q = 0, p− 1 � äåÿêi
ôóíêöi¨ ç ïðîñòîðó AR2, ùî çàäîâîëüíÿþòü
óìîâó (10).

Äîâåäåííÿ. Äîñòàòíiñòü. Ïðè âèêî-
íàííi óìîâè (10) ôîðìóëîþ (9) âèçíà÷à-
¹òüñÿ ëiíiéíèé íåïåðåðâíèé îïåðàòîð T :
AR1 → AR2 . Äëÿ äîâiëüíî¨ ôóíêöi¨ f(z) =
p−1∑
q=0

∞∑
n=0

fnp+qz
np+q ç ïðîñòîðó AR1 ìà¹ìî:

T (J p
αf(z)) =

= T

(
p−1∑
q=0

∞∑
n=0

fnp+q

α(n+1)p+q

αnp+q

z(n+1)p+q

)
=

=

p−1∑
q=0

∞∑
n=0

fnp+q

α(n+1)p+q

αnp+q

αq

α(n+1)p+q

An+1(ϕq(z)) =

= A

(
p−1∑
q=0

∞∑
n=0

fnp+q
αq

αnp+q

An(ϕq(z))

)
=

= A(Tf(z)).

Òîìó T ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1).
Ðîçãëÿäàþ÷è êîíêðåòíi îïåðàòîðè A òà

Jα, îäåðæó¹ìî çîáðàæåííÿ ðîçâ'ÿçêiâ âiäïî-
âiäíèõ ðiâíÿíü âèäó (1) àíàëîãi÷íî äî òîãî,
ÿê öå çðîáëåíî ïðè iëþñòðàöi¨ çàñòîñóâàíü
òåîðåìè 1.
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