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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Þðiÿ Ôåäüêîâè÷à

ÏÅÐÅÒÂÎÐÅÍÍß ÁÅÑÑÅËß ÎÄÍÎÃÎ ÊËÀÑÓ ÓÇÀÃÀËÜÍÅÍÈÕ
ÔÓÍÊÖIÉ ÒÈÏÓ ÐÎÇÏÎÄIËIÂ

Äîñëiäæóþòüñÿ âëàñòèâîñòi ïåðåòâîðåííÿ Áåññåëÿ çãîðòîê, çãîðòóâà÷iâ òà ìóëüòèïëiêà-
òîðiâ îäíîãî êëàñó óçàãàëüíåíèõ ôóíêöié òèïó ðîçïîäiëiâ.

There are investigated the properties of the Bessel transform of curtalments, curtalmenters
and multiplicators of one class of generalized functions of distribution type.

Ìåòîä iíòåãðàëüíèõ ïåðåòâîðåíü (Ôóð'¹,
Ôóð'¹-Áåññåëÿ, Ëåæàíäðà, Ëàïëàñà, Ãàíêå-
ëÿ, Âåáåðà òà ií.) ¹ îäíèì iç åôåêòèâíèõ ìå-
òîäiâ ïîáóäîâè ðîçâ'ÿçêiâ çàäà÷ ìàòåìàòè-
÷íî¨ ôiçèêè â ðiçíèõ ôîðìàõ, çðó÷íèõ äëÿ
àíàëiòè÷íîãî äîñëiäæåííÿ. Öåé ìåòîä âèêî-
ðèñòîâó¹òüñÿ ïðè äîñëiäæåííi åâîëþöiéíèõ
ðiâíÿíü âèãëÿäó

∂u

∂t
+ Au = 0, (t, x) ∈ (0, T ]× Rn, (1)

äå A = F−1[aF ]. Îïåðàòîð A íàçèâà¹-
òüñÿ ïñåâäîäèôåðåíöiàëüíèì îïåðàòîðîì, a
� ôóíêöiÿ (ñèìâîë), ÿêà çàäîâîëüíÿ¹ ïåâíi
óìîâè, F , F−1 � ïðÿìå òà îáåðíåíå ïåðå-
òâîðåííÿ. Öi ïåðåòâîðåííÿ âèçíà÷åíi ó âiä-
ïîâiäíèõ òîïîëîãi÷íèõ ïðîñòîðàõ, ñòðóêòó-
ðà ÿêèõ, ó ñâîþ ÷åðãó, çàëåæèòü âiä âëà-
ñòèâîñòåé, ÿêèìè âîëîäi¹ ôóíêöiÿ a. ßêùî
äëÿ ðiâíÿííÿ (1) äîñëiäæóâàòè çàäà÷ó Êî-
øi ç ïî÷àòêîâèìè óìîâàìè, ÿêi ¹ ëiíiéíèìè
íåïåðåðâíèìè ôóíêöiîíàëàìè íàä ïåâíèìè
ïðîñòîðàìè, òî âèíèêà¹ íåîáõiäíiñòü âèâ÷å-
ííÿ âëàñòèâîñòåé ïåðåòâîðåííÿ Ôóð'¹ óçà-
ãàëüíåíèõ ôóíêöié (ðîçïîäiëiâ, óëüòðàðîç-
ïîäiëiâ òà ií.) Òóò äîñëiäæóþòüñÿ âëàñòèâî-
ñòi ïåðåòâîðåííÿ Áåññåëÿ, ÿêå äi¹ ó ïðîñòî-
ðàõ óçàãàëüíåíèõ ôóíêöié òèïó ðîçïîäiëiâ.
Öi ïðîñòîðè ¹ òîïîëîãi÷íî ñïðÿæåíèìè äî
ïðîñòîðiâ îñíîâíèõ ôóíêöié, ùî âèíèêàþòü
ïðè äîñëiäæåííi ðiâíÿíü âèãëÿäó (1) ç îïå-
ðàòîðîì A = F−1

B [aFB], äå FB � ïåðåòâîðå-
ííÿ Áåññåëÿ. Çàçíà÷èìî, ùî âëàñòèâîñòi ïå-
ðåòâîðåííÿ Áåññåëÿ ïðîñòîðiâ óçàãàëüíåíèõ
ôóíêöié òèïó S ′, W ′, C ′ âèâ÷àëèñÿ ó ïðàöÿõ

[1 � 3].
1. Ïðîñòîðè îñíîâíèõ ôóíêöié Φ òà

◦
Φ. Íåõàé γ � ôiêñîâàíå ÷èñëî ç ìíîæèíè
(1, +∞) \ {2, 3, 4, . . . }, ν > 0 � ôiêñîâàíå ÷è-
ñëî òàêå, ùî 2ν + 1 = p0 ∈ N, γ0: 1 + [γ] + p0,
M(x) := 1 + |x|, x ∈ R. Åëåìåíòàìè ïðîñòî-
ðó Φ, çà îçíà÷åííÿì, ¹ íåñêií÷åííî äèôåðåí-
öiéîâíi íà R ôóíêöi¨ ϕ, ÿêi çàäîâîëüíÿþòü
íåðiâíîñòi

|Dk
xϕ(x)| ≤ ck

(1 + |x|)γ0+k
, x ∈ R, k ∈ Z+.

Ó Φ ââîäèòüñÿ ñòðóêòóðà çëi÷åííî íîðìî-
âàíîãî ïðîñòîðó çà äîïîìîãîþ íîðì:

‖ϕ‖p := sup
x∈R

{
p∑

k=0

M(x)γ0+k|Dk
xϕ(x)|

}
,

ϕ ∈ Φ, p ∈ Z+.

Î÷åâèäíî, ùî

‖ϕ0‖ ≤ ‖ϕ1‖ ≤ ‖ϕ2‖ ≤ · · · ≤ ‖ϕ‖p, ϕ ∈ Φ,
(2)

òîáòî öi íîðìè ¹ ïîïàðíî çðiâíÿíèìè.
Çáiæíiñòü â Φ âèçíà÷à¹òüñÿ òàê: ïîñëiäîâ-

íiñòü ôóíêöié {ϕν , ν ≥ 1} ⊂ Φ çáiãà¹òüñÿ â
Φ äî ôóíêöi¨ ϕ ∈ Φ ïðè ν →∞, ÿêùî

∀p ∈ Z+ : ‖ϕν − ϕ‖p → 0, ν →∞.

Çàçíà÷èìî, ùî D(R) ⊂ S(R) ⊂ Φ, ïðè-
÷îìó öi âêëàäåííÿ ¹ íåïåðåðâíèìè i ùiëü-
íèìè. Ïîçíà÷èìî ÷åðåç Φp ïîïîâíåííÿ Φ çà
p-îþ íîðìîþ. Φp � áàíàõiâ ïðîñòið, ïðè öüî-
ìó ïðàâèëüíèìè ¹ âêëàäåííÿ Φ0 ⊃ Φ1 ⊃
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· · · ⊃ Φp ⊃ . . . . Êîæíå âêëàäåííÿ Φp+1 ⊂ Φp,
p ∈ Z+, íåïåðåðâíå (âíàñëiäîê (2)) i ùiëüíå
(áî ùiëüíèìè ¹ âêëàäåííÿ D(R) ó êîæíèé
ïðîñòið Φp, p ∈ Z+). Â [4] äîâåäåíî, ùî
Φ � ïîâíèé äîñêîíàëèé çëi÷åííî íîðìîâà-
íèé ïðîñòið, ïðè÷îìó âêëàäåííÿ Φp+1 ⊂ Φp,
p ∈ Z+, ¹ êîìïàêòíèì.

Çàçíà÷èìî, ùî çáiæíiñòü ó ïðîñòîði Φ ìî-
æíà îõàðàêòåðèçóâàòè ùå é òàê [4] : {ϕν , ν ≥
1} ⊂ Φ çáiãà¹òüñÿ çà òîïîëîãi¹þ ïðîñòîðó Φ
äî ϕ ∈ Φ òîäi i òiëüêè òîäi, êîëè âîíà:

1) îáìåæåíà â Φ, òîáòî

∀p ∈ Z+ ∃c = c(p) > 0 ∀ν ≥ 1 : ‖ϕν‖p ≤ c;

2) ïðàâèëüíî çáiãà¹òüñÿ â Φ, à ñàìå, äëÿ
äîâiëüíîãî α ∈ Z+ ïîñëiäîâíiñòü {Dα

x (ϕν −
ϕ), ν ≥ 1} çáiãà¹òüñÿ äî íóëÿ ðiâíîìiðíî íà
êîæíié îáìåæåíié çàìêíåíié ìíîæèíi K ⊂
R.

Ñèìâîëîì
◦
Φ ïîçíà÷àòèìåìî ñóêóïíiñòü

óñiõ ïàðíèõ ôóíêöié ç ïðîñòîðó Φ. Îñêiëü-
êè

◦
Φ óòâîðþ¹ ïiäïðîñòið Φ, òî â

◦
Φ ïðè-

ðîäíèì ñïîñîáîì ââîäèòüñÿ òîïîëîãiÿ. Öåé
ïðîñòið ç âiäïîâiäíîþ òîïîëîãi¹þ íàçèâàòè-
ìåìî îñíîâíèì ïðîñòîðîì, à éîãî åëåìåíòè
� îñíîâíèìè ôóíêöiÿìè.

Íà ôóíêöiÿõ ç ïðîñòîðó
◦
Φ âèçíà÷åíå ïå-

ðåòâîðåííÿ Áåññåëÿ FB (äèâ. [5]):

FB[ϕ](ξ) =

∞∫

0

ϕ(x)jν(xξ)x2ν+1dx, ϕ ∈ ◦
Φ,

äå jν � íîðìîâàíà ôóíêöiÿ Áåññåëÿ. Âëàñòè-
âîñòi ïåðåòâîðåííÿ FB äîñëiäæåíi â [5].

Íåõàé T ξ
x � îïåðàòîð óçàãàëüíåíîãî çñóâó

àðãóìåíòó, ÿêèé âiäïîâiäà¹ îïåðàòîðó Áåñ-
ñåëÿ Bν :=

d2

dx2
+

2ν + 1

x

d

dx
[6]:

T ξ
xϕ(x) = bν

π∫

0

ϕ(
√

x2 + ξ2 − 2xξ cos ω)×

× sin2ν ωdω, ϕ ∈ ◦
Φ,

äå bν = Γ(ν + 1)/(Γ(1/2)Γ(ν + 1/2)).

Ãîâîðèòèìåìî, ùî îïåðàòîð T ξ
x âèçíà÷å-

íèé ó ïðîñòîði
◦
Φ, ÿêùî T ξ

xϕ ∈ ◦
Φ äëÿ êîæíî-

ãî ϕ ∈ ◦
Φ.

Ëåìà 1. Îïåðàòîð óçàãàëüíåíîãî çñóâó
àðãóìåíòó T ξ

x âèçíà÷åíèé i íåïåðåðâíèé ó
ïðîñòîði

◦
Φ.

Äîâåäåííÿ. Ñèìâîëîì
◦
Ψ ïîçíà÷èìî

Ôóð'¹-îáðàç ïðîñòîðó
◦
Φ. Äëÿ äîâåäåííÿ

òâåðäæåííÿ ñêîðèñòà¹ìîñÿ ñïiââiäíîøåí-
íÿì FB[

◦
Φ] =

◦
Ψ [5], à òàêîæ âiäîìîþ âëàñòè-

âiñòþ îïåðàòîðà T ξ
x [6]: ÿêùî f � íåïåðåðâíà

ôóíêöiÿ, äëÿ ÿêî¨
∞∫
0

|f(x)|x2ν+1dx < ∞, à g

� íåïåðåðâíà îáìåæåíà äëÿ âñiõ x ≥ 0 ôóí-
êöiÿ, òî
∞∫

0

T ξ
xf(x)g(x)x2ν+1dx =

∞∫

0

f(x)T ξ
xg(x)x2ν+1dx.

Îòæå, äëÿ äîâiëüíî¨ îñíîâíî¨ ôóíêöi¨ ϕ ∈ ◦
Φ

ìà¹ìî:

FB[T ξ
xϕ](σ) =

∞∫

0

T ξ
xϕ(x)jν(σx)x2ν+1dx =

=

∞∫

0

ϕ(x)T ξ
xjν(σx)x2ν+1dx.

Êðiì òîãî, âiäîìî [6], ùî

T ξ
xjν(σx) = jν(σξ) · jν(σx).

Îòæå,

FB[T ξ
xϕ](σ) = jν(σξ)

∞∫

0

ϕ(x)jν(σx)x2ν+1dx =

= jν(σξ) · FB[ϕ](σ) ≡ Ψξ(σ).

Ïðè ôiêñîâàíîìó ξ ôóíêöiÿ jν(σξ), ÿê ôóí-
êöiÿ σ, ¹ ìóëüòèïëiêàòîðîì ó ïðîñòîði

◦
Ψ [5].

Îñêiëüêè FB[ϕ] ∈ ◦
Ψ, òî Ψξ ∈

◦
Ψ ïðè êîæíîìó

ξ. Ñêîðèñòàâøèñü îáåðíåíèì ïåðåòâîðåííÿì
Áåññåëÿ çíàéäåìî, ùî T ξ

xϕ = F−1
B [Ψξ] ∈

◦
Φ,
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òîáòî âêàçàíèé îïåðàòîð âèçíà÷åíèé ó ïðî-
ñòîði

◦
Φ.

Íåïåðåðâíiñòü îïåðàòîðà T ξ
x âèïëèâà¹ ç

âëàñòèâîñòi íåïåðåðâíîñòi îïåðàöi¨ ïðÿìîãî
i îáåðíåíîãî ïåðåòâîðåííÿ Áåññåëÿ. Ñïðàâäi,
ÿêùî {ϕ, ϕk, k ≥ 1} ⊂ ◦

Φ, ïðè÷îìó ϕk → ϕ

ïðè k →∞ ó ïðîñòîði
◦
Φ, òî

FB[T ξ
xϕk] = jν(σξ)FB[ϕk](σ) −→

k→∞

−→
k→∞

jν(σξ)FB[ϕ](σ) = FB[T ξ
xϕ]

ó ïðîñòîði
◦
Ψ. Çàñòîñóâàâøè ïåðåòâîðåííÿ

F−1
B çíàéäåìî, ùî T ξ

xϕk → T ξ
xϕ ïðè k → ∞

ó ïðîñòîði
◦
Φ.

Ëåìà äîâåäåíà.
Ëåìà 2. Îïåðàöiÿ óçàãàëüíåíîãî çñóâó

àðãóìåíòó ϕ → T ξ
xϕ äèôåðåíöiéîâíà ó ïðî-

ñòîði
◦
Φ.

Äîâåäåííÿ. Íåõàé, çà îçíà÷åííÿì,

Φ∆ξ(x) =
1

∆ξ
[T ξ+∆ξ

x ϕ(x)− T ξ
xϕ(x)],

ϕ ∈ ◦
Φ, {ξ, ∆ξ, x} ⊂ R, ∆ξ 6= 0.

Äëÿ äîâåäåííÿ òâåðäæåííÿ äîñèòü âñòàíî-
âèòè, ùî ãðàíè÷íå ñïiââiäíîøåííÿ

Φ∆ξ → ∂

∂ξ
T ξ

xϕ, ∆ξ → 0,

ñïðàâäæó¹òüñÿ ó ïðîñòîði
◦
Φ. Óðàõóâàâ-

øè âëàñòèâiñòü íåïåðåðâíîñòi ïåðåòâîðåííÿ
Áåññåëÿ (ïðÿìîãî i îáåðíåíîãî) äîñèòü äîâå-
ñòè, ùî

FB[Φ∆ξ]
◦
Ψ−→

∆ξ→0
FB

[
∂

∂ξ
T ξ

xϕ

]
.

Iíøèìè ñëîâàìè, öå îçíà÷à¹ (äèâ. [5]), ùî:
1) ñiì'ÿ ôóíêöié {FB[Φ∆ξ], |∆ξ| ≤ ε0, ε0 >

0 � äåÿêå ôiêñîâàíå ÷èñëî} îáìåæåíà â ïðî-
ñòîði

◦
Ψ, òîáòî

∀p ∈ Z+ ∃cp > 0 ∀∆ξ 6= 0 : |∆ξ| ≤ ε0 :

‖FB[Φ∆ξ]‖p =

= sup
σ∈(0,∞)

{ 2p∑

k=0

σ2k|D2k
σ FB[Φ∆ξ](σ)|

}
≤ cp;

2) äëÿ äîâiëüíîãî m ∈ Z+ ñiì'ÿ ôóíêöié
{γm,∆ξ(σ) := Dm

σ (FB[Φ∆ξ](σ)−

−FB[
∂

∂ξ
T ξ

xϕ]), |∆ξ| ≤ ε0}
çáiãà¹òüñÿ äî íóëÿ ïðè ∆ξ → 0 ðiâíîìiðíî
ïî σ íà êîæíîìó êîìïàêòi K ⊂ (0,∞).

Äîâåäåíî, ùî óìîâà 1) âèêîíó¹òüñÿ. Óðà-
õóâàâøè, ùî

FB[T ξ
xϕ] = jν(σξ)FB[ϕ](σ),

îäåðæèìî ñïiââiäíîøåííÿ:

FB[Φ∆ξ](σ) =
1

∆ξ
(FB[T ξ+∆ξ

x ϕ](σ)−FB[T ξ
xϕ](σ)) =

=
1

∆ξ
(jν(σ(ξ + ∆ξ))− jν(σξ))FB[ϕ](σ) =

=
∂

∂ξ
jν(σ(ξ + θ∆ξ))FB[ϕ](σ).

Iç iíòåãðàëüíîãî çîáðàæåííÿ Ïóàññîíà íîð-
ìîâàíî¨ ôóíêöi¨ Áåññåëÿ âèïëèâà¹, ùî

∣∣∣Dl
σ

(
∂

∂ξ
jν(σ(ξ + θ∆ξ))

)∣∣∣ ≤ c̃l|σ|,

0 < θ < 1, 0 ≤ l ≤ 2k,

äå c̃l = c̃l(ξ) (ξ � ôiêñîâàíå) i c̃l íå çàëåæèòü
âiä ∆ξ.

Íåõàé |σ| ≥ 1. Òîäi, óðàõóâàâøè ïîïåðå-
äíþ íåðiâíiñòü, çíàéäåìî, ùî

σ2k|D2k
σ FB[Φ∆ξ](σ)| = σ2k

∣∣∣
2k∑

l=0

C l
2k×

×Dl
σ

(
∂

∂ξ
jν(σ(ξ + θ∆ξ))

)
·D2k−l

σ FB[ϕ](σ)
∣∣∣ ≤

≤
2k∑

l=0

C l
2kc̃l|σ|2k+l · |D2k−l

σ FB[ϕ](σ)|.

Â [5] äîâåäåíî, ùî äëÿ σ: |σ| ≥ 1 ñïðàâäæó-
¹òüñÿ íåðiâíiñòü

|D2k−l
σ FB[ϕ](σ)| ≤ c2k−l

|σ|2k+n+2
, 0 ≤ l ≤ 2k, |σ| ≥ 1.
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Òîäi

σ2k|D2k
σ FB[Φ∆ξ](σ)| ≤ bk, |σ| ≥ 1,

äå ñòàëà bk > 0 çàëåæèòü âiä ξ (ξ � ôiêñîâà-
íå) i íå çàëåæèòü âiä ∆ξ.

ßêùî |σ| < 1, òî ôóíêöiÿ σ2k−lD2k−l
σ ×

×FB[ϕ](σ) îáìåæåíà íà R \ {0} [5], òîáòî

|σ2k−lD2k−l
σ FB[ϕ](σ)| ≤ ≈

c2k−l, σ 6= 0

(ó òî÷öi σ = 0 ìà¹ìî óñóâíèé ðîçðèâ àáî
ðîçðèâ 1-ãî ðîäó). Òîäi äëÿ σ < 1, σ 6= 0

|σ2k+1D2k−l
σ FB[ϕ](σ)| =

= |σl+1σ2k−lD2k−l
σ FB[ϕ](σ)| ≤ ≈

c2k−l.

Çâiäñè âæå âèïëèâà¹, ùî

sup
σ>0

{σ2k|D2k
σ FB[Φ∆ξ](σ)|} ≤ b̃k, k ∈ Z+,

äå ñòàëà b̃k > 0 íå çàëåæèòü âiä ∆ξ. Îòæå,

sup
σ>0

{
p∑

k=0

σ2k|D2k
σ FB[Φ∆ξ](σ)|} ≤ cp, cp =

p∑

k=0

b̃k,

òîáòî

∀p ∈ Z+ ∃cp > 0 ∀∆ξ 6= 0 : |∆ξ| ≤ ε0 :

‖FB[Φ∆ξ]‖p ≤ cp.

Òàêèì ÷èíîì, óìîâà 1) âèêîíó¹òüñÿ.
Äàëi ñêîðèñòà¹ìîñÿ òàêèìè âiäîìèìè

ôîðìóëàìè [7]:

∂

∂ξ
jν(σξ) = cξσ2jν+1(σξ),

∂

∂σ
jν(σξ) = cσξ2jν+1(σξ), (3)

äå ñòàëà c çàëåæèòü ëèøå âiä ν. Òîäi

FB

[ ∂

∂ξ
T ξ

xϕ
]
(σ) =

∂

∂ξ
jν(σξ)FB[ϕ](σ) =

= cξσ2jν+1(σξ)FB[ϕ](σ),

FB[Φ∆ξ](σ) =
∂

∂ξ
jν(σ(ξ + θ∆ξ))FB[ϕ](σ) =

= cξσ2jν+1(σ(ξ + θ∆ξ))FB[ϕ](σ).

Çíîâó ñêîðèñòàâøèñü ôîðìóëàìè (3) çíà-
éäåìî, ùî

γm,∆ξ(σ) = cξDm
σ [σ2(jν+1(σ(ξ + ∆ξ))−

−jν+1(σξ))FB[ϕ](σ)] = cc1ξ
2θ∆ξDm

σ [σ4×
×jν+2(σ(ξ + θ1∆ξ))FB[ϕ](σ)], m ∈ Z+,

äå ñòàëà c1 > 0 çàëåæèòü ëèøå âiä ν, 0 <
θ1 < 1. Iç âëàñòèâîñòåé íîðìîâàíî¨ ôóíêöi¨
Áåññåëÿ jν+2 (äèâ. iíòåãðàëüíå çîáðàæåííÿ
Ïóàññîíà) òà ôóíêöi¨ FB[ϕ] âèïëèâà¹, ùî
ïðè êîæíîìó ôiêñîâàíîìó m ∈ Z+ ôóíêöiÿ

Dm
σ jν+2(σ(ξ + θ1∆ξ))FB[ϕ](σ)]

¹ îáìåæåíîþ äåÿêîþ ñòàëîþ c > 0, ÿêà íå
çàëåæèòü âiä ∆ξ, ÿêùî σ ∈ K ⊂ (0,∞) (K �
êîìïàêòíà ìíîæèíà). Îòæå, γm,∆ξ → 0 ïðè
∆ξ → 0 ðiâíîìiðíî íà êîæíîìó êîìïàêòi
K ⊂ (0,∞). Òàêèì ÷èíîì, óìîâà 2) òàêîæ
âèêîíó¹òüñÿ.

Ëåìà äîâåäåíà.
Ñëiäóþ÷è [7], çãîðòêó äâîõ ôóíêöié ç

ïðîñòîðó
◦
Φ âèçíà÷èìî ôîðìóëîþ

(ϕ∗ψ)(x) =

∞∫

0

T ξ
xϕ(x)ψ(ξ)ξ2ν+1dξ, {ϕ, ψ} ⊂ ◦

Φ;

ïðè öüîìó iç âëàñòèâîñòåé îïåðàòîðà T ξ
x âè-

ïëèâà¹, ùî

|(ϕ ∗ ψ)(x)| ≤
∞∫

0

|T ξ
xϕ(x)| |ψ(ξ)|ξ2ν+1dξ ≤

≤
∞∫

0

T ξ
x |ϕ(x)| · |ψ(ξ)|ξ2ν+1 ≤ αν · |ϕ(x)|, (4)

äå αν =

∞∫

0

|ψ(ξ)|ξ2ν+1dξ. Íà ïiäñòàâi (4)

òâåðäèìî, ùî íà ôóíêöiÿõ âèãëÿäó ϕ ∗ ψ,
{ϕ, ψ} ⊂ ◦

Φ, âèçíà÷åíå ïåðåòâîðåííÿ Áåññå-
ëÿ

FB[ϕ ∗ ψ](σ) =

∞∫

0

(ϕ ∗ ψ)(x)jν(σx)x2ν+1dx,
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ïðè öüîìó ïðàâèëüíîþ ¹ ôîðìóëà

FB[ϕ ∗ ψ] = FB[ϕ] · FB[ψ], ∀{ϕ, ψ} ⊂ ◦
Φ

(çàçíà÷èìî, ùî ÿêùî {f, g} ⊂ ◦
Ψ, òî f ·g ∈ ◦

Ψ
[5]). Ñïðàâäi,

FB[ϕ ∗ ψ](σ) =

∞∫

0

( ∞∫

0

T ξ
xϕ(x)ψ(ξ)ξ2ν+1dξ

)
×

×jν(σx)x2ν+1dx =

∞∫

0

( ∞∫

0

T ξ
xϕ(x)jν(σx)×

×x2ν+1dx
)
ψ(ξ)ξ2ν+1dξ =

∞∫

0

( ∞∫

0

ϕ(x)T ξ
xjν(xσ)×

×x2ν+1dx
)
ψ(ξ)ξ2ν+1dξ =

∞∫

0

( ∞∫

0

ϕ(x)jν(σξ)×

×jν(σx)x2ν+1dx
)
ψ(ξ)ξ2ν+1dξ =

=

∞∫

0

ϕ(x)jν(σx)x2ν+1dx·
∞∫

0

ψ(ξ)jν(σξ)ξ2ν+1dξ =

= FB[ϕ](σ) · FB[ψ](σ);

ïðè öüîìó FB[ϕ] · FB[ψ] ∈ ◦
Ψ. Çàñòîñóâàâ-

øè îáåðíåíå ïåðåòâîðåííÿ Áåññåëÿ çíàéäå-
ìî, ùî

ϕ ∗ ψ = F−1
B [FB[ϕ] · FB[ψ]] ∈ ◦

Φ.

Îòæå,
◦
Φ ¹ òîïîëîãi÷íîþ àëãåáðîþ âiäíîñíî

îïåðàöi¨ çãîðòêè îñíîâíèõ ôóíêöié.
2. Ïðîñòið óçàãàëüíåíèõ ôóíêöié

(
◦
Φ)′. Ñèìâîëîì (

◦
Φ)′ ïîçíà÷àòèìåìî ïðîñòið

óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íàä
âiäïîâiäíèì ïðîñòîðîì îñíîâíèõ ôóíêöié çi
ñëàáêîþ çáiæíiñòþ, à éîãî åëåìåíòè íàçèâà-
òèìåìî óçàãàëüíåíèìè ôóíêöiÿìè. Ðåãóëÿð-
íèìè óçàãàëüíåíèìè ôóíêöiÿìè àáî ðåãó-
ëÿðíèìè ôóíêöiîíàëàìè íàçèâàòèìåìî ëi-
íiéíi íåïåðåðâíi ôóíêöiîíàëè, äiÿ ÿêèõ íà
îñíîâíi ôóíêöi¨ ϕ ∈ ◦

Φ âèçíà÷à¹òüñÿ ôîðìó-
ëîþ

< f, ϕ >=

∞∫

0

f(x)ϕ(x)x2ν+1dx.

Êîæíà ëîêàëüíî iíòåãðîâíà ïàðíà íà Rôóí-
êöiÿ f , ÿêà çàäîâîëüíÿ¹ óìîâó

∃c > 0 ∃s ∈ (0, [γ]) ∀x ∈ R :

|f(x)| ≤ c(1 + |x|)s, (5)

ïîðîäæó¹ ðåãóëÿðíó óçàãàëüíåíó ôóíêöiþ
Ff ∈ (

◦
Φ)′:

< Ff , ϕ >=

∞∫

0

f(x)ϕ(x)x2ν+1dx, ∀ϕ ∈ ◦
Φ,

òîáòî ïðîñòið
◦
Φ âêëàäà¹òüñÿ â (

◦
Φ)′. Ç ëåìè

äþ Áóà Ðàéìîíà âèïëèâà¹, ùî êîæíà ðåãó-
ëÿðíà óçàãàëüíåíà ôóíêöiÿ ç (

◦
Φ)′ âèçíà÷à¹-

òüñÿ îäíi¹þ (ç òî÷íiñòþ äî çíà÷åíü íà ìíî-
æèíi ìiðè íóëü) ëîêàëüíî iíòåãðîâíîþ ïàð-
íîþ íà R ôóíêöi¹þ, ÿêà çàäîâîëüíÿ¹ óìîâó
(5). Ç âëàñòèâîñòåé iíòåãðàëà Ëåáåãà âèïëè-
âà¹, ùî âêëàäåííÿ

◦
Φ 3 f → Ff ∈ (

◦
Φ)′ ¹

íåïåðåðâíèì.
Îñêiëüêè â îñíîâíîìó ïðîñòîði

◦
Φ ââåäåíà

òîïîëîãiÿ ïðîåêòèâíî¨ ãðàíèöi ïðîñòîðiâ
◦
Φp

(
◦
Φp ñêëàäà¹òüñÿ ç ïàðíèõ ôóíêöié ïðîñòîðó

Φp), ïðè÷îìó âêëàäåííÿ
◦
Φp+1 ⊂

◦
Φp, p ∈ Z+,

íåïåðåðâíi, ùiëüíi òà êîìïàêòíi, òî

(
◦
Φ)′ = ( lim

p→∞
pr

◦
Φp)

′ = lim
p→∞

ind (
◦
Φp)

′.

Îòæå, ÿêùî f ∈ (
◦
Φ)′, òî f ∈ (

◦
Φp)

′ ïðè äåÿêî-
ìó p ∈ Z+. Íàéìåíøå ç òàêèõ p íàçèâà¹òüñÿ
ïîðÿäêîì f , òîáòî êîæíà óçàãàëüíåíà ôóí-
êöiÿ f ∈ (

◦
Φ)′ ìà¹ ñêií÷åííèé ïîðÿäîê. Ií-

øèìè ñëîâàìè, f äîïóñêà¹ ïðîäîâæåííÿ ÿê
ëiíiéíèé íåïåðåðâíèé ôóíêöiîíàë ç äåÿêî-
ãî (íàéìåíøîãî) ñïðÿæåíîãî ïðîñòîðó (

◦
Φp)

′;
ïðè öüîìó

| < f, ϕ > | ≤ c‖ϕ‖p, ϕ ∈ ◦
Φ,

äå c = ‖f‖p � íîðìà ôóíêöiîíàëó f ó ïðîñòî-
ði (

◦
Φp)

′. Çàóâàæèìî òàêîæ, ùî êîæíå âêëà-
äåííÿ (

◦
Φp)

′ ⊂ (
◦
Φp+1)

′, p ∈ Z+, ¹ íåïåðåðâíèì
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i êîìïàêòíèì. Çâiäñè òà çi ñëàáêî¨ ïîâíîòè
ïðîñòîðiâ (

◦
Φp)

′, p ∈ Z+, äiñòà¹ìî, ùî ïðîñòið
(
◦
Φ)′ � ïîâíèé.
Îñêiëüêè â ïðîñòîði

◦
Φ âèçíà÷åíà îïåðà-

öiÿ óçàãàëüíåíîãî çñóâó àðãóìåíòó, òî çãîð-
òêó óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (

◦
Φ)′ ç îñíîâ-

íîþ ôóíêöi¹þ çàäàìî ôîðìóëîþ

(f ∗ ϕ)(x) =< fξ, T
ξ
xϕ(x) >=< fξ, T

x
ξ ϕ(ξ) >

(òóò fξ ïîçíà÷à¹ äiþ ôóíêöiîíàëó f íà
îñíîâíó ôóíêöiþ T ξ

xϕ(x) ÿê ôóíêöiþ àðãó-
ìåíòó ξ), ïðè öüîìó f ∗ ϕ ¹ íåñêií÷åííî äè-
ôåðåíöiéîâíîþ íà R ôóíêöi¹þ.

Íåõàé f ∈ (
◦
Φ)′. ßêùî f∗ϕ ∈ ◦

Φ, ∀ϕ ∈ ◦
Φ i iç

ñïiââiäíîøåííÿ ϕν → 0 ïðè ν →∞ çà òîïî-
ëîãi¹þ ïðîñòîðó

◦
Φ âèïëèâà¹, ùî f ∗ ϕν → 0

ïðè ν → ∞ çà òîïîëîãi¹þ ïðîñòîðó
◦
Φ, òî

ôóíêöiîíàë f íàçèâà¹òüñÿ çãîðòóâà÷åì ó
ïðîñòîði

◦
Φ. Îñêiëüêè

◦
Φ � äîñêîíàëèé ïðî-

ñòið iç äèôåðåíöiéîâíîþ îïåðàöi¹þ óçàãàëü-
íåíîãî çñóâó àðãóìåíòó, òî iç ðåçóëüòàòiâ,
îäåðæàíèõ ó [8] âèïëèâà¹, ùî êîæíèé ôiíi-
òíèé ôóíêöiîíàë ¹ çãîðòóâà÷åì ó ïðîñòîði
◦
Φ.

Îñêiëüêè F−1
B [ϕ] ∈ ◦

Φ, ÿêùî ϕ ∈ ◦
Ψ, òî

ïåðåòâîðåííÿ Áåññåëÿ óçàãàëüíåíî¨ ôóíêöi¨
f ∈ (

◦
Φ)′ âèçíà÷èìî çà äîïîìîãîþ ñïiââiäíî-

øåííÿ

< FB[f ], ϕ >=< f, F−1
B [ϕ] >, ∀ϕ ∈ ◦

Ψ. (6)

Iç (6), âëàñòèâîñòi ëiíiéíîñòi i íåïåðåðâíî-
ñòi ôóíêöiîíàëó f òà ïåðåòâîðåííÿ Áåññåëÿ
(ïðÿìîãî i îáåðíåíîãî) âèïëèâà¹ ëiíiéíiñòü
i íåïåðåðâíiñòü ôóíêöiîíàëó FB[f ] íàä ïðî-
ñòîðîì

◦
Ψ.

Òåîðåìà 4.2. ßêùî óçàãàëüíåíà ôóíêöiÿ
f ∈ (

◦
Φ)′ � çãîðòóâà÷ ó ïðîñòîði

◦
Φ, òî äëÿ

äîâiëüíî¨ ôóíêöi¨ ϕ ∈ ◦
Φ ïðàâèëüíîþ ¹ ôîð-

ìóëà
FB[f ∗ ϕ] = FB[f ] · FB[ϕ].

Äîâåäåííÿ. Çãiäíî ç óìîâîþ òåîðåìè
f ∗ ϕ ∈ ◦

Φ. Òîäi, ñêîðèñòàâøèñü îçíà÷åííÿì

ïåðåòâîðåííÿ Áåññåëÿ (ïðÿìîãî i îáåðíåíî-
ãî), à òàêîæ îçíà÷åííÿì çãîðòêè óçàãàëüíå-
íî¨ ôóíêöi¨ ç îñíîâíîþ, çàïèøåìî ñïiââiäíî-
øåííÿ:

∀ψ ∈ ◦
Ψ : < FB[f∗ϕ], ψ >=< f∗ϕ, F−1

B [ψ] >=

=

∞∫

0

(f ∗ ϕ)(x)F−1
B [ψ](x)x2ν+1dx =

=

∞∫

0

< fξ, T
ξ
xϕ(x) > F−1

B [ψ](x)x2ν+1dx =

=

〈
fξ,

∞∫

0

ϕ(x)F−1
B [ψ](x)x2ν+1dx

〉
(7)

(çàçíà÷èìî, ùî îñòàííÿ ðiâíiñòü çàïèñàíà,
ïîêè-ùî, ôîðìàëüíî). Íåõàé

I(ξ) :=

∞∫

0

T ξ
xϕ(x)F−1

B [ψ](x)x2ν+1dx.

Òîäi

I(ξ) = cν

∞∫

0

T ξ
xϕ(x)

( ∞∫

0

ψ(σ)jν(σx)σ2ν+1dσ
)
×

×x2ν+1dx = cν

∞∫

0

( ∞∫

0

T ξ
xϕ(x)jν(σx)x2ν+1dx

)
×

×ψ(σ)σ2ν+1dσ = cν

∞∫

0

( ∞∫

0

ϕ(x)T ξ
xjν(σx)×

×x2ν+1dx
)
ψ(σ)σ2ν+1dσ = cν

∞∫

0

( ∞∫

0

ϕ(x)×

×jν(σξ)jν(σx)x2ν+1dx
)
ψ(σ)σ2ν+1dσ =

= cν

∞∫

0

ψ(σ)jν(σξ)σ2ν+1
( ∞∫

0

ϕ(x)jν(σx)×

×x2ν+1dx
)
dσ = cν

∞∫

0

ψ(σ)FB[ϕ](σ)jν(σξ)×
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×σ2ν+1dσ = F−1
B [FB[ϕ] · ψ](ξ),

cν = (22νΓ2(ν + 1))−1

(òóò ìè ñêîðèñòàëèñÿ òåîðåìîþ Ôóáiíi, âðà-
õóâàâøè, ùî çáiæíèì ¹ iíòåãðàë

∞∫

0

( ∞∫

0

|ψ(σ)ϕ(x)jν(σx)jν(σξ)|×

×σ2ν+1x2ν+1dσ
)
dx).

Îòæå,

< FB[f ∗ ϕ], ψ >=< f, F−1
B [FB[ϕ] · ψ] >=

=< FB[f ], FB[ϕ] · ψ >=

=< FB[f ] · FB[ϕ], ψ >, ∀ψ ∈ ◦
Ψ.

Çâiäñè äiñòà¹ìî ðiâíiñòü

FB[f ∗ ϕ] = FB[f ] · FB[ϕ].

Çàëèøà¹òüñÿ îáãðóíòóâàòè êîðåêòíiñòü
ñïiââiäíîøåíü (7). Ââåäåìî ïîçíà÷åííÿ:

Ir(ξ) := cν

r∫

0

ψ(σ)FB[ϕ](σ)×

×jν(σξ)σ2ν+1dσ, r > 0.

Äëÿ äîâåäåííÿ (7) äîñèòü ïîêàçàòè, ùî
Ir(ξ) → I(ξ) ïðè r → +∞ ó ïðîñòîði

◦
Φ, òîá-

òî, ùî γr(ξ) := I(ξ)− Ir(ξ) → 0, r → +∞, çà
òîïîëîãi¹þ ïðîñòîðó

◦
Φ. Öå îçíà÷à¹, ùî: 1)

ñiì'ÿ ôóíêöié {γr, r > 0} îáìåæåíà â
◦
Φ:

∀p ∈ Z+ ∃cp > 0 ∀r > 0 : ‖γr‖p ≤ cp;

2) äëÿ äîâiëüíîãî m ∈ Z+ ñiì'ÿ ôóíêöié
{Dm

ξ γr, r > 0} çáiãà¹òüñÿ äî íóëÿ ïðè r →
+∞ ðiâíîìiðíî íà êîæíîìó êîìïàêòi K ⊂
R.

Äîâåäåìî 1). Äëÿ äîâiëüíîãî m ∈ Z+ ìà-
¹ìî, ùî

Dm
ξ γr(ξ) = cν

+∞∫

r

ψ(σ)FB[ϕ](σ)×

×Dm
ξ jν(σξ)σ2ν+1dσ, (8)

Dm
ξ I(ξ) = cν

∞∫

0

ψ(σ)FB[ϕ](σ)×

×Dm
ξ jν(σξ)σ2ν+1dσ, (9)

Dm
ξ Ir(ξ) = cν

r∫

0

ψ(σ)FB[ϕ](σ)×

×Dm
ξ jν(σξ)σ2ν+1dσ. (10)

Äèôåðåíöiþâàííÿ òóò ïî ξ ïiä çíàêîì iíòå-
ãðàëà ìîæëèâå, îñêiëüêè âñi âêàçàíi iíòåãðà-
ëè ðiâíîìiðíî çáiæíi ïî ïàðàìåòðó ξ. Ïðè
öüîìó iç ðiâíîìiðíî¨ çáiæíîñòi ïî ïàðàìå-
òðó ξ iíòåãðàëà (9) âèïëèâà¹ ðiâíîìiðíà çái-
æíiñòü iíòåãðàëiâ (8), (10). Äëÿ äîâåäåííÿ
ðiâíîìiðíî¨ çáiæíîñòi iíòåãðàëà (9) äîñèòü,
î÷åâèäíî, âñòàíîâèòè ðiâíîìiðíó çáiæíiñòü
(ïî ξ) iíòåãðàëà

+∞∫

1

|ψ(σ)FB[ϕ](σ)Dm
ξ jν(σξ)|σ2ν+1dσ. (11)

Iç iíòåãðàëüíîãî çîáðàæåííÿ Ïóàññîíà íîð-
ìîâàíî¨ ôóíêöi¨ Áåññåëÿ âèïëèâà¹ íåðiâ-
íiñòü

|Dm
ξ jν(σξ)| ≤ 2Aνσ

m, σ ≥ 0,∀ξ ∈ R.

Êðiì òîãî, äëÿ σ ≥ 1 ìà¹ìî, ùî[5]

|FB[ϕ](σ)| ≤ cs

σs+2ν+1
,

äå s ≥ m, s ∈ N. Óðàõóâàâøè öi íåðiâíî-
ñòi, à òàêîæ òå, ùî ψ ∈ L1(R), ÿêùî ψ ∈ ◦

Ψ
îäåðæèìî, ùî iíòåãðàë (11) ¹ ðiâíîìiðíî çái-
æíèì ïî ïàðàìåòðó ξ.

Çàçíà÷èìî, ùî

Dm
ξ γr(ξ) = Dm

ξ I(ξ)−Dm
ξ Ir(ξ), m ∈ Z+.

Òîäi

|Dm
ξ γr(ξ)| ≤ |Dm

ξ I(ξ)|+ |Dm
ξ Ir(ξ)|.

Ðîçãëÿíåìî ôóíêöi¨

Dm
ξ Ir,+(ξ) = max

ξ∈R
(Dm

ξ Ir(ξ), 0),

Dm
ξ Ir,−(ξ) = −min

ξ∈R
(Dm

ξ Ir(ξ), 0),
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ÿêi ¹ íåâiä'¹ìíèìè i âðàõó¹ìî òå, ùî
|Dm

ξ Ir(ξ)| = Dm
ξ Ir,+(ξ) + Dm

ξ Ir,−(ξ) ≤
≤ 2|Dm

ξ I(ξ)|.
Îòæå,

|Dm
ξ γr(ξ)| ≤ 3|Dm

ξ I(ξ)| =
= 3|Dm

ξ (F−1
B [FB[ϕ] · ψ](ξ))|, ∀r > 0.

Îñêiëüêè Dm
ξ (F−1

B [FB[ϕ] · ψ]) ∈ ◦
Φ, ÿêùî ϕ ∈

◦
Φ, ψ ∈ ◦

Ψ, òî
M(ξ)γ0+m|Dm

ξ γr(ξ)| ≤ 3M(ξ)γ0+m×
×|Dm

ξ (F−1
B [FB[ϕ] · ψ](ξ))| ≤ cm, ∀ξ ∈ R,

äå ñòàëà cm > 0 íå çàëåæèòü âiä r. Çâiäñè
âæå âèïëèâà¹, ùî ñiì'ÿ ôóíêöié {γr, r > 0}
îáìåæåíà â

◦
Φ:

sup
ξ∈R

{ p∑
m=0

M(ξ)γ0+m|Dm
ξ γr(ξ)|

}
≤

p∑
m=0

cm ≡ cp,

òîáòî óìîâà 1) âèêîíó¹òüñÿ.
Âëàñòèâiñòü 2) âèïëèâà¹ ç ðiâíîìiðíî¨ çái-

æíîñòi iíòåãðàëà (9) ïî ξ (ðiâíîìiðíî¨ íà êî-
æíîìó êîìïàêòi K ⊂ R), âñòàíîâëåíî¨ ðàíi-
øå, áî òîäi

+∞∫

r

ψ(σ)FB[ϕ](σ)Dm
ξ jν(σξ)σ2ν+1 → 0

ïðè r → +∞ ðiâíîìiðíî ïî ξ ∈ K ⊂ R ÿê
çàëèøîê çáiæíîãî iíòåãðàëà. Òåîðåìà äîâå-
äåíà.

Ç äîâåäåíî¨ òåîðåìè âèïëèâà¹ òàêîæ, ùî
ÿêùî ôóíêöiîíàë f ∈ (

◦
Φ)′ ¹ çãîðòóâà÷åì ó

ïðîñòîði
◦
Φ, òî FB[f ] � ìóëüòèïëiêàòîð ó ïðî-

ñòîði
◦
Ψ.

Òåîðåìà 2. ßêùî óçàãàëüíåíà ôóíêöié
f ∈ ◦

Φ � ìóëüòèïëiêàòîð ó ïðîñòîði
◦
Φ, òî

¨¨ ïåðåòâîðåííÿ Áåñåëÿ � çãîðòóâà÷ ó ïðî-
ñòîði

◦
Ψ.

Äîâåäåííÿ. Çãiäíî ç îçíà÷åííÿì çãîð-
òêè óçàãàëüíåíî¨ ôóíêöi¨ ç îñíîâíîþ ìà¹ìî,
ùî

FB[f ] ∗ ϕ =< FB[f ], T ξ
xϕ(x) >=

=< f, F−1
B [T ξ

xϕ(x)] >, ∀ϕ ∈ ◦
Ψ.

Îñêiëüêè

F−1
B [T ξ

xϕ(x)] = jν(σξ)F−1
B [ϕ](σ),

òî

FB[f ] ∗ ϕ =< f, jν(σξ)F−1
B [ϕ](σ) >=

=

∞∫

0

f(σ)jν(σξ)F−1
B [ϕ](σ)σ2ν+1dσ =

= FB[fF−1
B [ϕ]].

çâiäñè âèïëèâà¹, ùî FB[fF−1
B [ϕ]] ∈ ◦

Ψ, áî
fF−1

B [ϕ] ∈ ◦
Φ (òóò âðàõîâàíî òå, ùî F−1

B [ϕ] ∈
◦
Φ, ÿêùî ϕ ∈ ◦

Ψ, à f � ìóëüòèïëiêàòîð ó ïðî-
ñòîði

◦
Φ).

Òåîðåìà äîâåäåíà.
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