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ÏÀÐÀÔÓÍÊÖI� I ÊÎÌÁIÍÀÒÎÐÍI ÒÎÒÎÆÍÎÑÒI
Ðîçãëÿäàþòüñÿ çàñòîñóâàííÿ ïàðàôóíêöié òðèêóòíèõ ìàòðèöü äî ãåíåðóâàííÿ òà êëàñè-

ôiêàöi¨ êîìáiíàòîðíèõ òîòîæíîñòåé.

The applications of the parafunctions of the triangle matrix to generation and classi�cation
of combinatorial identities are considered.

1. Êîìáiíàòîðíi òîòîæíîñòi ç'ÿâëÿþòüñÿ
â áàãàòüîõ ãàëóçÿõ ìàòåìàòèêè, òîìó ¨ì ïðè-
ñâÿ÷åíî ÷èìàëî ïðàöü âèäàòíèõ ìàòåìàòè-
êiâ ìèíóëîãî òà ñó÷àñíîñòi. Çíà÷íó ÷àñòèíó
êîìáiíàòîðíèõ òîòîæíîñòåé ïðîàíàëiçîâàíî
â ìîíîãðàôi¨ Ðiîðäàíà [1]. Â íié àâòîð iç ñó-
ìîì ñïîâiùà¹ "Ñòàðà ìðiÿ íàâåñòè ïîðÿäîê
â öüîìó õàîñi (êîìáiíàòîðíèõ òîòîæíîñòåé),
çäà¹òüñÿ, ïðèðå÷åíà íà íåâäà÷ó."Ïiñëÿ ïî-
ÿâè öi¹¨ ìîíîãðàôi¨ ç'ÿâèëîñÿ ÷èìàëî íîâèõ
êîìáiíàòîðíèõ òîòîæíîñòåé, ïðîòå ìåòîäè
¨õ óíiôiêàöi¨ i íàäàëi âiäñóòíi.

Â öié ñòàòòi ïðîiëþñòðîâàíî çàñòîñóâà-
ííÿ àïàðàòó ïàðàôóíêöié òðèêóòíèõ ìà-
òðèöü (äèâ. [2], [3]) äî ãåíåðóâàííÿ íîâèõ
êîìáiíàòîðíèõ òîòîæíîñòåé. Ìåòîä äîçâî-
ëÿ¹ çäiéñíèòè äåÿêi ïiäõîäè äî ñèñòåìàòè-
çàöi¨ êîìáiíàòîðíèõ òîòîæíîñòåé.

Ãîëîâíèì iíñòðóìåíòîì, ïðè öüîìó, âèÿâ-
ëÿ¹òüñÿ íàñòóïíà
Òåîpåìà 1. Íåõàé

ddet (aij)16j6i6n = D(n),

pper (aij)16j6i6n = P (n),

òîäi ñïðàâåäëèâi ðåêóðåíòíi ñïiââiäíîøåí-
íÿ

D(n) =
n∑

s=1

(−1)n+sD(s− 1)
n∏

k=s

ank, (1)

P (n) =
n∑

s=1

P (s− 1)
n∏

k=s

ank, (2)

òóò ddet (aij)16j6i6n i pper (aij)16j6i6n �
âiäïîâiäíî ïàðàäåòåðìiíàíò òà ïàðàïåðìà-
íåíò òðèêóòíî¨ ìàòðèöi [2], ïðè÷îìó ìè

ââàæà¹ìî, ùî
D(0) = P (0) = 1.

Äîâåäåííÿ öi¹¨ òåîðåìè îäðàçó âèïëè-
âà¹ iç ðîçêëàäó ïàðàäåòåðìiíàíòà òà ïàðà-
ïåðìàíåíòà òðèêóòíî¨ ìàòðèöi (aij)16j6i6n

çà åëåìåíòàìè îñòàííüîãî ðÿäêà.
Òàêèì ÷èíîì, êîæíié, çàäàíié àíàëiòè-

÷íî, òðèêóòíié ìàòðèöi n�ãî ïîðÿäêó, çíà-
÷åííÿ ïàðàäåòåðìiíàíòà òà ïàðàïåðìàíåí-
òà ÿêèõ âiäîìi, âiäïîâiäà¹ ïàðà êîìáiíàòîð-
íèõ òîòîæíîñòåé (1), (2). Ïðè öüîìó îêðå-
ìèì êëàñàì òðèêóòíèõ ìàòðèöü âiäïîâiäà-
þòü ïåâíi êëàñè êîìáiíàòîðíèõ òîòîæíîñòåé
i ç'ÿâëÿ¹òüñÿ ìîæëèâiñòü, ïðèíàéìíi ÷àñòêî-
âî ¨õ ñèñòåìàòèçóâàòè.

2. Íàâåäåìî òåîðåìó, ÿêà äà¹ çðó÷íèé i
åôåêòèâíèé àëãîðèòì îá÷èñëåííÿ ïàðàôóí-
êöié òðèêóòíèõ ìàòðèöü. Ç ¨¨ äîïîìîãîþ ïî-
ðÿäîê ïàðàôóíêöi¨ òðèêóòíî¨ ìàòðèöi ïîíè-
æó¹òüñÿ íà îäèíèöþ. Iäåÿ äîâåäåííÿ öi¹¨ òå-
îðåìè äåùî íàãàäó¹ ìåòîä Ãàóñà äëÿ îá÷è-
ñëåííÿ äåòåðìiíàíòiâ êâàäðàòíèõ ìàòðèöü.
Òåîpåìà 2. Äëÿ äîâiëüíî¨ òðèêóòíî¨

ìàòðèöi ñïðàâåäëèâi ðiâíîñòi:
a11

a21 a22
... . . .

. . .
an1 an2 · · · ann n

=

= −
(a21 − a11) · a22

(a31 − a11) · a32 a33
... . . .

. . .
(an1 − a11) · an2 an3 · · · ann n−1

,

(3)
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


a11

a21 a22
... . . .

. . .
an1 an2 · · · ann




n

=




(a21 + a11) · a22

(a31 + a11) · a32 a33
... . . .

. . .
(an1 + a11) · an2 an3 · · · ann




n−1

. (4)

Ðîçãëÿíåìî òåîðåìó 2 áiëüø äåòàëüíî.
Çãiäíî ç ðiâíîñòÿìè (3), (4) ïàðàôóíêöi¨
òðèêóòíî¨ ìàòðèöi n−ãî ïîðÿäêó çàìiíþ¹-
òüñÿ ïàðôóíêöi¹þ òðèêóòíî¨ ìàòðèöi (n −
1)−ãî ïîðÿäêó, åëåìåíòè ÿêî¨ çíàõîäÿòüñÿ â
äâà åòàïè:

1. Çíàõîäèìî çíà÷åííÿ âèðàçó: (ai1−a11) ·
ai2, i = 2, 3, . . . , n. � ó âèïàäêó îá÷èñëåííÿ
ïàðàäåòåðìiíàíòà i âèðàçó (ai1+a11)·ai2, i =
2, 3, . . . , n � ó âèïàäêó îá÷èñëåííÿ çíà÷åííÿ
ïàðàïåðìàíåíòà.

Âèíîñèìî íàéáiëüøèé ñïiëüíèé äiëüíèê
(ÿêùî òàêèé iñíó¹) çà çíàê ïàðàäåòåðìiíàí-
òà.

Çàìiíþ¹ìî â îòðèìàíîìó âèðàçi i íà i+1.
Îòðèìàíèé âèðàç äîðiâíþ¹ çíà÷åííþ åëå-
ìåíòiâ a

(1)
i1 , i = 1, 2, . . . , n − 1 ïåðøîãî ñòîâ-

ï÷èêà ìàòðèöi (n− 1)−ãî ïîðÿäêó.
2. Çíàõîäèìî ðåøòó åëåìåíòiâ íîâî¨ ìà-

òðèöi. Ç öi¹þ ìåòîþ çàìiíþ¹ìî åëåìåíòè
aij, i, j = 3, 4, . . . , n íà åëåìåíòè a

(1)
ij =

ai+1,j+1, i, j = 2, 3, . . . , n− 1.

Ïpèêëàä 1. Çíàéäåìî çíà÷åííÿ ïàðàäå-
òåðìiíàíòà

ddet

(
ai + bj + c

i− j + 1

)
,

êîðèñòóþ÷èñü ðiâíiñòþ (3).
Ïåðøà iòåðàöiÿ.
1. Çíàõîäèìî çíà÷åííÿ âèðàçó

(ai1−a11) ·ai2 =

(
ai + b + c

i
− (a + b + c)

)
×

×ai + 2b + c

i− 1
= −(b + c) · ai + 2b + c

i
,

òóò i = 2, 3, . . . , n.

Âèíîñèìî ñïiëüíèé ìíîæíèê −(b + c), çà
çíàê ïàðàäåòåðìiíàíòà.

Åëåìåíòè ïåðøîãî ñòîâï÷èêà íîâî¨ ìà-
òðèöi (n− 1)−ãî ïîðÿäêó äîðiâíþþòü

a
(1)
i1 =

ai + a + 2b + c

i + 1
, i = 1, 2, ..., n− 1.

2.

a
(1)
ij = ai+1,j+1 =

a(i + 1) + b(j + 1) + c

(i + 1)− (j + 1) + 1
=

=
ai + bj + a + b + c

i− j + 1
,

äå i, j = 2, 3, . . . , n− 1.
Äðóãà iòåðàöiÿ.
1. Çíàõîäèìî çíà÷åííÿ âèðàçó:

(a
(1)
i1 − a

(1)
11 ) · a(1)

i2 =

(
ai + a + 2b + c

i + 1
−

−2a + 2b + c

2

)
· ai + a + 3b + c

i− 1
=

−2b + c

2
· ai + a + 3b + c

i + 1
, i = 2, 3, . . . , n− 1.

Âèíîñèìî ñïiëüíèé ìíîæíèê −2b+c
2

.
Åëåìåíòè ïåðøîãî ñòîâï÷èêà ìàòðèöi

(n− 2)−ãî ïîðÿäêó äîðiâíþþòü

a
(2)
i1 =

ai + 2a + 3b + c

i + 2
, i = 1, 2, ..., n− 1.

2.

a
(2)
ij =

ai + bj + 2a + 2b + c

i− j + 1
, i = 2, 3, . . . , n−2.

Ïðîäîâæóþ÷è ïðîöåñ îá÷èñëåíü, ïðèéäå-
ìî äî âèñíîâêó, ùî ïàðàäåòåðìiíàíò çàäàíî¨
òðèêóòíî¨ ìàòðèöi äîðiâíþ¹

ddet

(
ai + bj + c

i− j + 1

)
=

na + nb + c

n!

n−1∏
i=1

(ib + c).

(5)
Ïîçíà÷èìî ïàðàäåòåðìiíàíò (5) ÷åðåç

D(n) i ðîçêëàäåìî éîãî çà åëåìåíòàìè
îñòàííüîãî ðÿäêà

D(n) =
n∑

s=1

(−1)n+sD(s− 1)
n∏

k=s

na + kb + c

n− (k − 1)
,
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òóò ìè ââàæà¹ìî, ùî D(0) = 1 i
∏q

i=p(·) = 1
ïðè g < p. Òîìó îñòàííÿ òîòîæíiñòü, ç âðà-
õóâàííÿì öèõ çàóâàæåíü, ìàòèìå âèãëÿä

D(n) = (−1)n−1

n∏

k=1

na + kb + c

n− k + 1
+

n∑
s=2

(−1)n−s×

×D(s− 1)
n∏

k=s

na + kb + c

n− k + 1
.

Ïîçàÿê

D(s− 1) =
(s− 1)a + (s− 1)b + c

(s− 1)!

s−2∏
i=1

(ib + c),

òî, çãiäíî ç ðiâíiñòþ (1), ìè îòðèìà¹ìî íà-
ñòóïíó êîìáiíàòîðíó òîòîæíiñòü

na + nb + c

n!

n−1∏
i=1

(ib + c) = (−1)n−1× (6)

×
n∏

k=1

na + kb + c

n− k + 1
+

+
n∑

s=1

(−1)n+s (s− 1)a + (s− 1)b + c

(s− 1)!

s−2∏
i=1

(ib+c)×

×
n∏

k=s

na + kb + c

n− k + 1
.

Ïðè a = 1, b = −1, c = m, i a = −1, b =
1, c = m, ðiâíiñòü (5) ìàòèìå âèãëÿä

ddet

(
1

i− j + 1
· mi−j+1

mi−j

)

1≤j≤i≤n

=

= ddet

(
i− j + m

i− j + 1

)

1≤j≤i≤n

=
mn

n!
, (7)

ddet

(
1

i− j + 1
· mi−j+1

mi−j

)

1≤j≤i≤n

=

= ddet

(−i + j + m

i− j + 1

)

1≤j≤i≤n

=
mn

n!
. (8)

à òîòîæíiñòü (6) � âiäïîâiäíî âèãëÿä

mn

n!
=

n∑
s=1

(−1)n+s ms−1

(s− 1)!
· mn−s+1

(n− s + 1)!
, (9)

mn

n!
=

n∑
s=1

(−1)n+s ms−1

(s− 1)!
· mn−s+1

(n− s + 1)!
. (10)

Ïðè a = 0, b = 1, c = 0 ðiâíîñòi (5), (6)
îòðèìàþòü âiäïîâiäíî âèãëÿä

ddet

(
j

i− j + 1

)

16j6i6n

= 1, (11)

n∑
s=1

(−1)n+s sn−s+1

(n− s + 1)!
= 1. (12)

Ïðè a = 0, b = 0, c = 1, ìàòèìåìî

ddet

(
1

i− j + 1

)

16j6i6n

=
1

n!
, (13)

n∑
s=1

(−1)n+s 1

(s− 1)!(n− s + 1)!
=

1

n!
. (14)

Ïðè a = −1, b = 1, c = 1
2
, äiñòàíåìî âiäïî-

âiäíi ðiâíîñòi

ddet

(
2j − 2i + 1

2i− 2j + 2

)

16j6i6n

=
(2n− 1)!!

2n!2n−1
,

(15)
n∑

s=1

(2s− 3)!!(2(n− s)− 1)!!

(s− 1)!(n− s + 1)!
=

(2n− 1)!!

n!
.

(16)
Â îñòàííiõ äâîõ ðiâíîñòÿõ ìè ââàæà¹ìî, ùî
(−1)!! = 1.

Òàêèì ÷èíîì ïàðàäåòåðìiíàíòè (7), (8),
(11), (13), (15), ãåíåðóþòü âiäïîâiäíî êîìái-
íàòîðíi òîòîæíîñòi (9), (10), (12), (14), (16),
ïðè÷îìó öi êîìáiíàòîðíi òîòîæíîñòi íàëå-
æàòü äî îäíîãî êëàñó.

3. Ïðîiëþñòðó¹ìî ùå îäèí ñïîñiá ãåíåðó-
âàííÿ êîìáiíàòîðíèõ òîòîæíîñòåé, ÿêèé áà-
çó¹òüñÿ íà íàñòóïíié òåîðåìi.
Òåîpåìà 3. ßêùî X(z) = (A(z))p , òóò

A(z) = 1 +
∞∑
i=1

aiz
i,

à p � äåÿêå äiéñíå ÷èñëî, òî

xn = (−1)n

〈
(i− j + 1) · p− (j − 1)

(i− j) · p− j
× (17)
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×ai−j+1

ai−j

〉

16j6i6n

=

=

[
(−1)δij

(i− j + 1) · p− (j − 1)

(i− j) · p− j
×

×ai−j+1

ai−j

]

16j6i6n

Äîâåäåííÿ. Ðiâíiñòü ïàðàäåòåðìiíàíòà i
ïàðàïåðìàíåíòà â ðiâíîñòÿõ (17), ÿê i â ïîïå-
ðåäíüîìó ïðèêëàäi, äîâîäèòüñÿ âèíåñåííÿì
iç êîæíîãî ñòîâï÷èêà ïàðàäåòåðìiíàíòà çà
éîãî ìåæi ñïiëüíîãî ìíîæíèêà, ùî äîðiâ-
íþ¹ (−1) i çàñòîñóâàííÿì òåîðåìè ïðî çâ'ÿ-
çîê ïàðàïåðìàíåíòà i ïàðàäåòåðìiíàíòà [2].
Ðîçêëàäåìî ïàðàïåðìàíåíò iç ðiâíîñòi (17)
çà åëåìåíòàìè îñòàííüîãî ðÿäêà. Ïðè öüîìó
îòðèìà¹ìî âiäîìó ðåêóðåíòíó ðiâíiñòü äëÿ
çíàõîäæåííÿ êîåôiöi¹íòiâ ðÿäó, ùî ¹ ñòåïå-
íåì ôîðìàëüíîãî ñòåïåíåâîãî ðÿäó ç íåíó-
ëüîâèì âiëüíèì ÷ëåíîì (äèâ. [5, ñòîð. 580]):

xn =
n∑

i=1

i · (p + 1)− n

n
· aixn−i, x0 = 1,

n = 1, 2, . . . .

Òâåðäæåííÿ 1. Ñïðàâåäëèâà òîòî-
æíiñòü

(1 + a1z + a2z
2 + · · · )n = 1+

+
∞∑
i=1

( ∑

λ1+2λ2+...+iλi=i

nλ1+...+λi

λ1! · . . . · λi!
·aλ1

1 ·. . .·aλi
i

)
×

(18)
×zi,

òóò n � íàòóðàëüíå ÷èñëî.
Äîâåäåííÿ. Äëÿ êðàùî¨ î÷íîñòi äîâåäå-

ííÿ, ðîçãëÿíåìî n ïîñëiäîâíîñòåé êîåôiöi-
¹íòiâ ôîðìàëüíîãî ñòåïåíåâîãî ðÿäó A(z) :

a10 a11 a12 a13 . . . a1i . . .
a20 a21 a22 a23 . . . a2i . . .
a30 a31 a32 a33 . . . a3i . . .
. . . . . . . . . . . . . . . . . . . . .

an−1,0 an−1,1 an−1,2 an−1,3 . . . an−1,i . . .
an0 an1 an2 an3 . . . ani . . .

(19)

â ÿêèõ ïåðøèé iíäåêñ óìîâíèé i ïîçíà÷ó¹ íî-
ìåð îäíîãî iç n iäåíòè÷íèõ ðÿäiâ A(z), à äðó-
ãèé iíäåêñ ïîçíà÷ó¹ ñòåïiíü z, êîåôiöi¹íòîì
ÿêîãî âií ¹.

Ùîá çíàéòè êîåôiöi¹íò xi ñòåïåíÿ zi, íå-
îáõiäíî çíàéòè ñóìó âñiõ äîáóòêiâ

a1j1a2j2 · . . . · anjn (20)
êîåôiöi¹íòiâ òàáëèöi (19), äëÿ ÿêèõ ñóìà
åëåìåíòiâ ìóëüòèìíîæèíè

{j1, j2, . . . , jn} (21)
äîðiâíþ¹ i, òîáòî âèêîíó¹òüñÿ ðiâíiñòü

j1 + j2 + . . . + jn = i. (22)
ßêùî ìóëüòèìíîæèíó (21) çàïèñàòè â êàíî-
íi÷íîìó âèãëÿäi

{0λ0 , 1λ1 , 2λ2 , . . . , iλi}, (23)
òî åëåìåíòè ¨¨ ïåðâèííî¨ ñïåöèôiêàöi¨ çàäî-
âîëüíÿþòü ðiâíÿííÿ

λ1 + 2λ2 + . . . + iλi = i. (24)
Çàôiêñó¹ìî ìóëüòèìíîæèíó (23) i çíàéäå-
ìî ÷èñëî âñiõ ìóëüòèìíîæèí (21) ç êàíîíi-
÷íèì âèãëÿäîì (23). Îñêiëüêè ÷èñëî íåíó-
ëüîâèõ åëåìåíòiâ ìóëüòèìíîæèíè (21) äî-
ðiâíþ¹ λ1 + λ2 + . . . + λi, òî iñíó¹
(

n

λ1 + λ2 + . . . + λi

)
=

nλ1+λ2+...+λi

(λ1 + λ2 + . . . + λi)!

òàêèõ ìóëüòèìíîæèí. ßêùî â îñòàííiõ âðà-
õîâóâàòè ùå é ïîðÿäîê åëåìåíòiâ, òî âñüîãî
äîáóòêiâ âèäó (20) ç óìîâîþ (22) ¹

nλ1+λ2+...+λi

(λ1 + λ2 + . . . + λi)!
· (λ1 + λ2 + . . . + λi)!

λ1! · . . . · λi!
=

=
nλ1+λ2+...+λi

λ1! · . . . · λi!
.

Îòæå, iñíó¹
nλ1+λ2+...+λi

λ1! · . . . · λi!

äîáóòêiâ aλ1
1 aλ2

2 · . . . · aλi
i i êîåôiöi¹íò xi, ç

âðàõóâàííÿì óìîâè (24), äîðiâíþ¹
∑

λ1+2λ2+...+iλi=i

nλ1+λ2+...+λi

λ1! · . . . · λi!
· aλ1

1 aλ2
2 · . . . · aλi

i .
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Òâåðäæåííÿ 2. Ñïðàâåäëèâi êîìáiíà-
òîðíi òîòîæíîñòi:

(−1)k

〈
(i− j + 1) · n− (j − 1)

(i− j) · n− j
×

×ai−j+1

ai−j

〉

16j6i6k

= (25)

=

[
(−1)δij

(i− j + 1) · n− (j − 1)

(i− j) · n− j
×

×ai−j+1

ai−j

]

16j6i6k

=

=
∑

λ1+2λ2+...+kλk=k

nλ1+...+λk

λ1! · . . . · λk!
· aλ1

1 · . . . · aλk
k ,

òóò n � íàòóðàëüíå ÷èñëî.
Äîâåäåííÿ áåçïîñåðåäíüî âèïëèâà¹ iç

òîòîæíîñòåé (17), (18).
Ïðèìiòêà 1. Öiêàâèì ¹, âëàñòèâèé ìåòî-

äó ãåíåðàòðèñ, ôàêò, ùî òîòîæíiñòü (25) çà-
ëèøà¹òüñÿ ñïðàâåäëèâîþ i ïðè n = −m, n =
1
m

, n = − 1
m

. Ïðè öüîìó ìàòèìåìî âiäïîâiäíi
êîìáiíàòîðíi òîòîæíîñòi:

(−1)k

〈
(i− j + 1) ·m + (j − 1)

(i− j) ·m + j
×

×ai−j+1

ai−j

〉

16j6i6k

=

=

[
(−1)δij

(i− j + 1) ·m + (j − 1)

(i− j) ·m + j
×

×ai−j+1

ai−j

]

16j6i6k

=

∑

λ1+2λ2+...+kλk=k

(−1)s mλ1+...+λk

λ1! · . . . · λk!
·aλ1

1 · . . . ·aλk
k ,

(−1)k

〈
−(i− j + 1) + (j − 1) ·m

−(i− j) + j ·m ×

×ai−j+1

ai−j

〉

16j6i6k

=

=

[
(−1)δij

−(i− j + 1) + (j − 1) ·m
−(i− j) + j ·m ×

×ai−j+1

ai−j

]

16j6i6k

=
∑

λ1+2λ2+...+kλk=k

(−1)s×

×(m− 1)(2m− 1) · . . . · ((s− 1)m− 1)

msλ1! · . . . · λk!
×

×aλ1
1 · . . . · aλk

k ,

(−1)k

〈
(i− j + 1) + (j − 1) ·m

(i− j) + j ·m ×

×ai−j+1

ai−j

〉

16j6i6k

=

[
(−1)δij×

×(i− j + 1) + (j − 1) ·m
(i− j) + j ·m · ai−j+1

ai−j

]

16j6i6k

=

=
∑

λ1+2λ2+...+kλk=k

(−1)s×

×(m + 1)(2m + 1) · . . . · ((s− 1)m + 1)

msλ1! · . . . · λk!
×

×aλ1
1 · . . . · aλk

k ,

â ÿêèõ s = λ1 + λ2 + . . . + λk.

Òâåðäæåííÿ 3. Ñïðàâåäëèâà òîòî-
æíiñòü

(1 + z + z2 + . . .)n = 1 +
n1

1!
z +

n2

2!
z2 + . . . +

ni

i!
zi + . . . , (26)

òóò n � íàòóðàëüíå ÷èñëî.

Äîâåäåííÿ. Ïðè n = 1 öÿ ðiâíiñòü î÷å-
âèäíà. Íåõàé âîíà ñïðàâåäëèâà ïðè n = k.
Äîâåäåìî âèêîíëèâiñòü iíäóêöiéíîãî êðîêó.

(1 + z + z2 + . . .) ·
(

1 +
k1

1!
z +

k2

2!
z2 + . . .

)
=

1 +
∞∑
i=1

(
1 +

k1

1!
+

k2

2!
+ . . . +

ki

i!

)
· zi.
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Àëå òîòîæíiñòü
i∑

j=0

kj

j!
=

(k + 1)i

i!
,

ÿê âiäîìî, ñïðàâåäëèâà.
Òâåðäæåííÿ 4. Ñïðàâåäëèâi íàñòóïíi

òîòîæíîñòi[
(−1)δij

(i− j + 1) · n− (j − 1)

(i− j) · n− j

]

16j6i6k

=

=
∑

λ1+2λ2+...+kλk=k

nλ1+...+λk

λ1! · . . . · λk!
=

nk

k!
. (27)

Äîâåäåííÿ. Öå òâåðäæåííÿ îäðàçó âè-
ïëèâà¹ iç òîòîæíîñòi (25) ïðè a1 = . . . =
ak = 1 i òîòîæíîñòi (26).

Ïðèìiòêà 2. Àíàëîãi÷íî äî ïðèìiòêè 1,
ñïðàâåäëèâi òîòîæíîñòi

[
(−1)δij

(i− j + 1) · n + (j − 1)

(i− j) · n + j

]

16j6i6k

=

∑

λ1+2λ2+...+kλk=k

(−1)s nλ1+...+λk

λ1! · . . . · λk!
= (−1)k nk

k!
,

[
(−1)δij

−(i− j + 1) + (j − 1) · n
−(i− j) + j · n

]

16j6i6k

=

=
∑

λ1+2λ2+...+kλk=k

(−1)s×

×(n− 1)(2n− 1) · . . . · ((s− 1)n− 1)

nsλ1! · . . . · λk!
=

= (−1)k (n + 1)(2n + 1) · . . . · ((k − 1)n + 1)

nkk!
,

[
(−1)δij

(i− j + 1) + (j − 1) · n
(i− j) + j · n

]

16j6i6k

=

=
∑

λ1+2λ2+...+kλk=k

(−1)s×

×(n + 1)(2n + 1) · . . . · ((s− 1)n + 1)

nsλ1! · . . . · λk!
=

= (−1)k (n− 1)(2n− 1) · . . . · ((k − 1)n− 1)

nkk!
,

â ÿêèõ s = λ1 + λ2 + . . . + λk.
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