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Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà

ÀÑÈÌÏÒÎÒÈ×ÍÅ ÍÀÁËÈÆÅÍÍß ÐÎÇÂ'ßÇÊÓ ÌIØÀÍÎ� ÊÐÀÉÎÂÎ�
ÇÀÄÀ×I Â ÃÓÑÒÎÌÓ ÄÂÎÐIÂÍÅÂÎÌÓ Ç'�ÄÍÀÍÍI ÒÈÏÓ 3:2:1

Ðîçãëÿäà¹òüñÿ ìiøàíà êðàéîâà çàäà÷à äëÿ ðiâíÿííÿ Ïóàññîíà ó äâîðiâíåâîìó ç'¹äíàí-
íi Ωε, ÿêå ¹ îá'¹äíàííÿì äåÿêî¨ îáëàñòi Ω0 òà âåëèêî¨ êiëüêîñòi N òîíêèõ öèëiíäðiâ. Òîíêi
öèëiíäðè ðîçäiëåíî íà äâà ðiâíi â çàëåæíîñòi âiä ¨õ äîâæèíè i êðàéîâèõ óìîâ, ùî çàäàþ-
òüñÿ íà ¨õ ái÷íèõ ñòîðîíàõ. Öèëiíäðè ç êîæíîãî ðiâíÿ ε-ïåðiîäè÷íî ÷åðãóþòüñÿ. Íà ái÷íèõ
ïîâåðõíÿõ öèëiíäðiâ ç ïåðøîãî ðiâíÿ çàäàíî íåîäíîðiäíi êðàéîâi óìîâè Íåéìàíà, à íà ái÷íèõ
ïîâåðõíÿõ öèëiíäðiâ ç äðóãîãî ðiâíÿ � îäíîðiäíi êðàéîâi óìîâè Äiðiõëå. Âèêîðèñòîâóþ÷è ìå-
òîä óçãîäæåííÿ àñèìïòîòè÷íèõ ðîçâèíåíü òà ñïåöiàëüíi ðîçâ'ÿçêè òèïó ïðèìåæåâîãî øàðó â
çîíi ç'¹äíàííÿ, ïîáóäîâàíî àñèìïòîòè÷íå íàáëèæåííÿ äëÿ ðîçâ'ÿçêó äàíî¨ çàäà÷i òà äîâåäåíî
âiäïîâiäíi àñèìïòîòè÷íi îöiíêè ó ïðîñòîði Ñîáîë¹âà H1(Ωε) ïðè ε → 0 (N → +∞)..

We consider a mixed boundary-value problem for the Poisson equation in a two-level junction
Ωε, which is the union of a domain Ω0 and a large number 3N of thin cylinders. The thin cylinders
are divided into two levels depending on their length and the boundary conditions given on their
lateral surfaces. In addition, the thin cylinders from each level are ε-periodically alternated. The
nonuniform Neumann conditions and the uniform Dirichlet conditions are given respectively on the
lateral surfaces of the thin cylinders from the �rst level and the second level. Using the method of
matched asymptotic expansions and special junction-layer solutions, we construct the asymptotic
approximation for the solution and prove the corresponding estimates in the Sobolev space H1(Ωε)
as ε → 0 (N → +∞).

Ïîñòàíîâêà çàäà÷i. Iñíó¹ äâà ïiäõîäè
äëÿ äîñëiäæåííÿ êðàéîâèõ çàäà÷ â çáóðå-
íèõ îáëàñòÿõ (äèâ., íàïðèêëàä [1] � [8]). Ïåð-
øèé ïîëÿãà¹ â äîâåäåííi òåîðåìè çáiæíîñòi,
à äðóãèé � â ïîáóäîâi àñèìïòîòè÷íîãî íà-
áëèæåííÿ ðîçâ'ÿçêó çàäà÷i i äîâåäåííi âiä-
ïîâiäíèõ àñèìïòîòè÷íèõ îöiíîê. Äëÿ äðóãî-
ãî ïiäõîäó ïîòðiáíi ñèëüíiøi ïðèïóùåííÿ íà
ïðàâó ÷àñòèíó, îäíàê öåé ïiäõiä ÷àñòiøå âè-
êîðèñòîâóþòü äëÿ ïðèêëàäíèõ çàäà÷.

Â äàíié ðîáîòi ïðîäîâæó¹òüñÿ àñèìïòî-
òè÷íå äîñëiäæåííÿ êðàéîâèõ çàäà÷ â ãóñòèõ
áàãàòîðiâíåâèõ ç'¹äíàííÿõ, ðîçïî÷àòå â [9] �
[13]. Äåòàëüíèé îãëÿä ðîáiò ïî öié òåìàòèöi
íàâåäåíèé â [13].

Íåõàé B � ñêií÷åííå îá'¹äíàííÿ ãëàäêèõ
îáëàñòåé, ÿêi íå äîòèêàþòüñÿ i íå ïåðåòèíà-
þòüñÿ, i ñòðîãî ëåæàòü â îäèíè÷íîìó êâà-
äðàòi

¤ = {ξ = (ξ1, ξ2) : 0 < ξ1 < 1, 0 < ξ2 < 1}.

Ðîçiá'¹ìî B íà äâà êëàñè: B(1) =
K1⋃
k=1

B
(1)
k òà

B(2) =
K2⋃
k=1

B
(2)
k (äèâ. Ðèñ.1).

Ðèñ. 1.

Äëÿ ïðîñòîòè âèêëàäó ïðèïóñòèìî, ùî
B(1) = Br1(

1
2
, 1

2
) = {ξ : (ξ1 − 1

2
)2 + (ξ2 − 1

2
)2 <

r2
1}, à B(2) � öå îá'¹äíàííÿ ÷îòèðüîõ êðó-
ãiâ B

(2)
1 = Br2(

1
4
, 1

4
),B

(2)
2 = Br2(

1
4
, 3

4
),B

(2)
3 =
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Br2(
3
4
, 1

4
),B

(2)
4 = Br2(

3
4
, 3

4
). Òóò r2 < r1 òàêi,

ùî êðóãè B(1) òà B(2) íå äîòèêàþòüñÿ i íå
ïåðåòèíàþòüñÿ.

Ìîäåëüíå ãóñòå äâîðiâíåâå ç'¹äíàííÿ Ωε

ñêëàäà¹òüñÿ ç òiëà ç'¹äíàííÿ Ω0 = {x ∈ R3 :
x′ = (x1, x2) ∈ I0, 0 < x3 < γ(x′) }, äå γ ∈
C1(I0), I0 = (0, a) × (0, a), minx′∈I0

γ(x′) =
γ0 > 0, òà âåëèêî¨ êiëüêîñòi òîíêèõ öèëií-
äðiâ

G(1)
ε =

N−1⋃
i,j=0

(x : (ε−1x1 − i, ε−1x2 − j) ∈ B(1),

x3 ∈ (−d1, 0]),

G(2)
ε =

N−1⋃
i,j=0

(
4⋃

k=1

{x : (ε−1x1 − i, ε−1x2 − j) ∈

B
(2)
k , x3 ∈ (−d2, 0]}

)
.

Òóò N � âåëèêå íàòóðàëüíå ÷èñëî, òî-
ìó ε = a/N � ìàëèé äèñêðåòíèé ïàðàìåòð,
ÿêèé õàðàêòåðèçó¹ âiäñòàíü ìiæ ñóñiäíiìè
öèëiíäðàìè i ¨õ òîâùèíó; 0 < d2 ≤ d1.

Òàêèì ÷èíîì, Ωε = Ω0

⋃
G

(1)
ε

⋃
G

(2)
ε . Òîí-

êi öèëiíäðè ðîçäiëåíi íà äâà êëàñè G
(1)
ε i

G
(2)
ε , i öi öèëiíäðè ε-ïåðiîäè÷íî ÷åðãóþòüñÿ

âçäîâæ íàïðÿìêiâ Ox1 i Ox2. Âîíè ïðè¹ä-
íóþòüñÿ äî Ωε ïî ε-ãîìîòåòè÷íèõ îáðàçàõ
ε(i+j+B(1)), i, j = 0, 1, . . . , N−1, i ε(i+j+

B
(2)
k ), i, j = 0, 1, . . . , N − 1, k = 1, . . . , 4,

ìíîæèí B(1) òà B(2) âiäïîâiäíî. Êîìiðêà ïå-
ðiîäè÷íîñòi çîáðàæåíà íà Ðèñ. 2.

Ðèñ. 2.

Â Ωε ðîçãëÿäà¹òüñÿ íàñòóïíà çàäà÷à
−∆uε(x) = fε(x), x ∈ Ωε,

∂νuε(x) = εgε(x), x ∈ S
(1)
ε ,

uε(x) = 0, x ∈ S
(2)
ε ,

∂νuε(x) = 0, x ∈ ∂Ωε\(S(1)
ε ∪ S

(2)
ε ),
(1)

äå ∂ν = ∂/∂ν - çîâíiøíÿ íîðìàëüíà ïîõiäíà,
S

(i)
ε � îá'¹äíàííÿ ái÷íèõ ïîâåðõîíü òîíêèõ

öèëiíäðiâ G
(i)
ε , (i = 1, 2). Òàêèì ÷èíîì, íà

ái÷íèõ ïîâåðõíÿõ öèëiíäðiâ ç äðóãîãî ðiâíÿ
çàäàíi îäíîðiäíi óìîâè Äiðiõëå, à íà ái÷íèõ
ïîâåðõíÿõ öèëiíäðiâ ç ïåðøîãî ðiâíÿ � íå-
îäíîðiäíi óìîâè Íåéìàíà. Íà iíøèõ ÷àñòè-
íàõ ìåæi äâîðiâíåâîãî ç'¹äíàííÿ Ωε çàäàíi
îäíîðiäíi óìîâè Íåéìàíà.

Áåç âòðàòè çàãàëüíîñòi ââàæà¹ìî, ùî fε ∈
L2(Ω1), äå Ω1 = Ω0 ∪ D1. Àíàëîãi÷íî Ω2 =
Ω0 ∪D2. Òóò D1 = I0× (−d1, 0) òà D2 = I0×
(−d2, 0) � ïàðàëåëåïiïåäè, ÿêi çàïîâíþþòüñÿ
òîíêèìè öèëiíäðàìè âiäïîâiäíî ç ïåðøîãî
òà äðóãîãî ðiâíÿ â ãðàíè÷íîìó ïåðåõîäi ïðè
ε → 0.

Âiäíîñíî ôóíêöi¨ gε çðîáèìî íàñòóïíi
ïðèïóùåííÿ: ôóíêöiÿ gε òà ¨¨ óçàãàëüíåíi
ïîõiäíi ïî x1 òà x2 íàëåæàòü L2(D1), êðiì
òîãî,

∃C0 > 0 ∀ ε > 0 ‖∂xi
gε(x)‖L2(D1) ≤ C0,

i = 1, 2.
Îçíà÷åííÿ 1. Ôóíêöiÿ uε ∈ Hε = {u ∈

H1(Ωε) : u
∣∣
S

(2)
ε

= 0} íàçèâà¹òüñÿ óçàãàëüíå-
íèì ðîçâ'ÿçêîì çàäà÷i (1), ÿêùî âîíà çàäî-
âîëüíÿ¹ iíòåãðàëüíó òîòîæíiñòü

∫

Ωε

∇uε · ∇ϕ dx =

∫

Ωε

fεϕ dx + ε

∫

S
(1)
ε

gεϕ dσx

∀ϕ ∈ Hε. (2)
Ç îñíîâíèõ ïîëîæåíü òåîði¨ êðàéîâèõ çà-

äà÷ âèïëèâà¹, ùî äëÿ êîæíîãî ôiêñîâàíîãî
çíà÷åííÿ ε > 0 iñíó¹ ¹äèíèé óçàãàëüíåíèé
ðîçâ'ÿçîê çàäà÷i (1).

Ìåòà íàøîãî äîñëiäæåííÿ � ïîáóäóâàòè
àñèìïòîòè÷íå íàáëèæåííÿ äëÿ ðîçâ'ÿçêó çà-
äà÷i (1) êîëè ε → 0, òîáòî, êîëè ÷èñëî òîí-
êèõ öèëiíäðiâ ç êîæíîãî ðiâíÿ íåñêií÷åííî
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çðîñòà¹, à ¨õ òîâùèíà ïðÿìó¹ äî íóëÿ, i äî-
âåñòè âiäïîâiäíi àñèìïòîòè÷íi îöiíêè.

Çîâíiøí¹ àñèìïòîòè÷íå íàáëèæåí-
íÿ. Â äàííîìó ïóíêòi ïðèïóñòèìî, ùî ïðà-
âi ÷àñòèíè â (1) íå çàëåæàòü âiä ε, òîáòî,
fε = f0, gε = g0 òà f0, g0 � ãëàäêi ôóíêöi¨.

Øóêà¹ìî ãîëîâíi ÷ëåíè ðîçâ'ÿçêó uε, â
îáëàñòi Ω0, ó ôîðìi

u(x, ε) ≈ v+
0 (x) +

∞∑

k=1

εkv+
k (x, ε), (3)

à â êîæíîìó ç öèëiíäðiâ G
(1)
j (ε), G

(2)
j (n, ε),

(j = (j1, j2), j1, j2 = 0, . . . , N − 1, n =
1, . . . , 4) âiäïîâiäíî ó ôîðìi

u(x, ε) ≈ v
(i,−)
0 (x) +

∞∑

k=1

εkv
(i,−)
k (x, ξj

1, ξ
j
2),

ξj
i = ε−1xi − ji, i = 1, 2. (4)

Â (4), i íàäàëi íå âiäîáðàæåíà çàëåæíiñòü âiä
n = 1, . . . , 4, êîëè i = 2, îñêiëüêè àñèìïòî-
òè÷íi íàáëèæåííÿ öèõ öèëiíäðiâ îäíàêîâi,
íàäàëi ââàæà¹ìî, ùî n = 1.

Ïiäñòàâèâøè ðÿä (3) â çàäà÷ó (1) i â êðà-
éîâi óìîâè íà Γ0 = ∂Ω0 \ I0, òà çáèðàþ÷è
êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ ε, îòðè-
ìà¹ìî íàñòóïíi ñïiââiäíîøåííÿ äëÿ ôóíêöi¨
v+

0 :

−∆v+
0 (x) = f0(x), x ∈ Ω0,

∂νv
+
0 (x) = 0, x ∈ Γ0.

Òåïåð çíàéäåìî ãðàíè÷íi ñïiââiäíîøåí-
íÿ â ïðÿìîêóòíèêàõ Di, i = 1, 2. Ðîçêëà-
äåìî ôîðìàëüíî â ðÿäè Òåéëîðà ôóíêöi¨
v

(i,−)
k ïî çìiííèì x1 òà x2 â îêîëi òî÷îê

x1 = ε(j1 + b
(i)
1 ), x2 = ε(j2 + b

(i)
2 ) i ïåðå-

éäåìî äî "øâèäêî¨" çìiííî¨ ξ′ = x′/ε, äå
b
(1)
1 = b

(1)
2 = 1/2, b

(2)
1 = b

(2)
2 = 1/4. Òîäi (4)

ìàòèìå âèãëÿä

u(x, ε) ≈ v
(i,−)
0 (ε(j1 + b

(i)
1 ), ε(j2 + b

(i)
2 ), x3)+

+
∞∑

k=1

εkV i,j
k (b

(i)
1 , b

(i)
2 , ξ′, x3), x ∈ G

(i)
j (ε),

(5)

äå

V i,j
k (b

(i)
1 , b

(i)
2 , ξ′, x3) = v

(i,−)
k (ε(j1 + b

(i)
1 ),

ε(j2 + b
(i)
2 ), x3, ξ

j
1, ξ

j
2)+

+
k∑

m=1

2∑

l=1

(ξl − jl − b
(i)
l )m

m!

∂mv
(i,−)
k−m

∂xm
l

×

× (
ε(j1 + b

(i)
1 ), ε(j2 + b

(i)
2 ), x3, ξ

j
1, ξ

j
2

)
. (6)

Ïiäñòàâëÿþ÷è ðÿä (5) â çàäà÷ó (1) íà
ñòåðæíÿõ G

(1)
j (ε) ç ïåðøîãî ðiâíÿ i â óìî-

âè Íåéìàíà, òà çáèðàþ÷è êîåôiöi¹íòè ïðè
îäíàêîâèõ ñòåïåíÿõ ε, ìè îòðèìà¹ìî êðàéî-
âó çàäà÷ó äëÿ çìiííî¨ ξ′.

Çàäà÷à äëÿ ôóíêöi¨ V 1,j
1 ìà¹ íàñòóïíèé

âèãëÿä

∇ξ′V
1,j
1 (1/2, 1/2, ξ′, x3) = 0, ξ′ ∈ B(1),

∂νξ′V
1,j
1 (1/2, 1/2, ξ′, x3) = 0, ξ′ ∈ ∂B(1),

(7)
äå çìiííà x3 âèñòóïà¹ ÿê ïàðàìåòð â öié çà-
äà÷i. Ç (7) âèïëèâà¹, ùî ôóíêöiÿ V 1,j

1 íå
çàëåæèòü âiä ξ′. Ìè îáìåæèìîñÿ ëèøå ãî-
ëîâíèìè ÷ëåíàìè àñèìïòîòèêè i ïîêëàäåìî
V 1,j

1 ≡ 0. Òîäi, ó âiäïîâiäíîñòi äî (6), áóäåìî
ìàòè

v
(1,−)
1 (ε(j1 + 1/2), ε(j2 + 1/2), x3, ξ

j
1, ξ

j
2) =

= (−ξ1 + j1 + 1/2)∂x1v
(1,−)
0 (ε(j1 + 1/2),

ε(j2 + 1/2), x3) + (−ξ2 + j2 + 1/2)×
× ∂x2v

(1,−)
0 (ε(j1 + 1/2), ε(j2 + 1/2), x3).

Çàäà÷à äëÿ ôóíêöi¨ V 1,j
2 ìà¹ íàñòóïíèé

âèãëÿä

−∇ξ′V
1,j
2 (1/2, 1/2, ξ′, x3) =

= ∂2
x2
3
v

(1,−)
0 (ε(j1 + 1/2), ε(j2 + 1/2), x3)+

+f0(ε(j1 +1/2), ε(j2 +1/2), x3), ξ′ ∈ B(1),

∂νξ′V
1,j
2 (1/2, 1/2, ξ′, x3) =

= g0(ε(j1 + 1/2), ε(j2 + 1/2), x3), ξ
′ ∈ ∂B(1).

(8)

Çàïèñóþ÷è íåîáõiäíó i äîñòàòíþ óìîâó iñíó-
âàííÿ ðîçâ'ÿçêó çàäà÷i (8) îòðèìà¹ìî òàêå
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çâè÷àéíå äèôåðåíöiàëüíå ðiâíÿííÿ

−|B(1)| ∂2
x3

v
(1,−)
0 (ε(j1+1/2), ε(j2+1/2), x3) =

= |B(1)| f0(ε(j1 + 1/2), ε(j2 + 1/2), x3) +

+ lg0(ε(j1 + 1/2), ε(j2 + 1/2), x3), (9)

äå |B(1)| � ïëîùà, à l � äîâæèíà êîëà, äëÿ
êðóãà B(1).

ßêùî ïiäñòàâèòè (5) â óìîâè Íåéìàíà íà
íèæíié ÷àñòèíi öèëiíäðiâ G

(1)
j (ε), îòðèìà¹-

ìî

∂x3v
(1,−)
0 (ε(j1 + 1/2), ε(j2 + 1/2),−d1) = 0.

(10)
Îñêiëüêè ñåãìåíòè {x : (ε−1x1 −

j1, ε
−1x2 − j2) ∈ B(1), x3 ∈ [−d1, 0]}, j1, j2 =

0, 1, . . . , N−1, çàïîâíþþòü ïàðàëåëåïiïåä D1

â ãðàíè÷íîìó ïåðåõîäi, êîëè ε → 0 (N →
+∞), ìè ìîæåìî ïðîäîâæèòè äèôåðåíöi-
àëüíå ðiâíÿííÿ (9) íà âåñü ïàðàëåëåïiïåä
D1, à ñïiââiäíîøåííÿ (10) íà Id1 = {x : x′ ∈
I0, x3 = −d1}.

Ïiäñòàâèìî òåïåð ðÿä (5) â çàäà÷ó (1) íà
öèëiíäðàõ G

(2)
j (ε) ç äðóãîãî ðiâíÿ. Ó âiäïî-

âiäíîñòi äî óìîâ Äiðiõëå, ìà¹ìî v
(2,−)
0 ≡ 0.

Çàäà÷à äëÿ ôóíêöi¨ V 2,j
1 (1/4, 1/4, ξ′, x3)

âèçíà÷à¹òüñÿ íàñòóïíèì ÷èíîì

∇ξ′V
2,j
1 (1/4, 1/4, ξ′, x3) = 0, ξ′ ∈ B

(2)
1 ,

V 2,j
1 (1/4, 1/4, ξ′, x3) = 0, ξ′ ∈ ∂B

(2)
1 ,

çâiäêè V 2,j
1 ≡ 0. Òîäi, çãiäíî ç (6), ìà¹ìî

v
(2,−)
1 (ε(j1 + 1/4), ε(j2 + 1/4), x3, ξ

j
1, ξ

j
2) = 0.

Çàäà÷à äëÿ V 2,j
2 ìà¹ íàñòóïíèé âèãëÿä

−∇ξ′V
2,j
2 (1/4, 1/4, ξ′, x3) =

= f0(ε(j1 + 1/4), ε(j2 + 1/4), x3), ξ′ ∈ B
(2)
1 ,

V 2,j
2 (1/4, 1/4, ξ′, x3) = 0, ξ′ ∈ ∂B

(2)
1 .

Ó âiäïîâiäíîñòi äî (6), ìà¹ìî v
(2,−)
2 (ε(j1 +

1/4), ε(j2 + 1/4), x3, ξ
j
1, ξ

j
2) = V

(2,j)
2 (ε(j1 +

1/4), ε(j2 + 1/4), x3).
Îòæå, àñèìïòîòè÷íi íàáëèæåííÿ íà öè-

ëiíäðàõ ç äðóãîãî ðiâíÿ ïî÷èíàþòüñÿ ç äî-
äàíêó, ÿêèé ìà¹ ïîðÿäîê O(ε2):

ε2v
(2,−)
2 (ε(j1 + b

(2)
1 ), ε(j2 + b

(2)
2 ), x3)+

+
∞∑

k=3

εkV 2,j
k (b

(2)
1 , b

(2)
2 , x3), x ∈ G

(2)
j (n, ε),

(11)
äå (b

(2)
1 , b

(2)
2 ) � öåíòðè êðóãiâ B

(2)
n , n = 1, . . . 4.

Çðîçóìiëî, ùî ïåðøi ÷ëåíè àñèìïòîòè-
÷íîãî íàáëèæåííÿ ïîâèííi ñïiâïàäàòè â çî-
íi ç'¹äíàííÿ I0. Òîìó ç îäíîãî áîêó, íà
ïiäñòàâi (11) òà (3), v+

0 (ε(j1 + b
(2)
1 ), ε(j2 +

b
(2)
2 ), 0) = 0, j1, j2 = 0, 1, . . . , N − 1, k =

1, . . . 4. Ç iíøîãî áîêó, v+
0 (ε(j1 + 1/2), ε(j2 +

1/2), 0) = v
(1,−)
0 (ε(j1 + 1/2), ε(j2 + 1/2), 0),

j1, j2 = 0, 1, . . . , N − 1. Öå ìîæëèâî, êîëè

v+
0 (x′, 0) = v

(1,−)
0 (x′, 0) = 0, x′ ∈ I0.

Òàêèì ÷èíîì, îòðèìó¹ìî, ùî ïåðøi ÷ëå-
íè àñèìïòîòè÷íîãî íàáëèæåííÿ (3) i (4) íà
G

(1)
ε ïîâèííi áóòè ðîçâ'ÿçêàìè íàñòóïíèõ çà-

äà÷



−∆v+

0 (x) = f0(x), x ∈ Ω0,
∂νv

+
0 (x) = 0, x ∈ Γ0,

v+
0 (x′, 0) = 0, x′ ∈ I0,

(12)





−|B(1)| ∂2
x3

v
(1,−)
0 (x) =

= |B(1)| f0(x) + lg0(x), x ∈ D1,

v
(1,−)
0 (x′, 0) = 0, x′ ∈ I0,

∂x2v
(1,−)
0 (x′,−d1) = 0, x′ ∈ I0.

(13)

Î÷åâèäíî, ùî iñíó¹ ¹äèíèé óçàãàëüíåíèé
ðîçâ'ÿçîê çàäà÷i (12) ÿêèé íàëåæèòü ïðîñòî-
ðó Ñîáîë¹âà H1(Ω0, I0) = {u ∈ H1(Ω0) : u =
0 íà I0}. Ëåãêî ïîðàõóâàòè, ùî

v
(1,−)
0 (x) = − x3

x3∫

−d1

(
f0(x

′, t) + l|B(1)|−1×

× g0(x
′, t)

)
dt −

0∫

x3

t
(
f0(x

′, t)+

+ l|B(1)|−1g0(x
′, t)

)
dt. (14)

Îòæå, àñèìïòîòè÷íå íàáëèæåííÿ íà öè-
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ëiíäðàõ G
(1)
j (ε) ìà¹ âèãëÿä

v
(1,−)
0 (ε(j1 + 1/2), ε(j2 + 1/2), x3)+

+ ε(−ξ1 + j1 + 1/2)∂x1v
(1,−)
0 (ε(j1 + 1/2),

ε(j2 +1/2), x3)+ ε(−ξ2 + j2 +1/2)∂x2v
(1,−)
0 (ε×

× (j1 + 1/2), ε(j2 + 1/2), x3)+

+
∞∑

k=2

εkV 1,j
k (1/2, 1/2, ξ′, x3).

ßêùî ðîçãëÿíóòè ôóíêöiþ

R(x) =





v+
0 (x), x ∈ Ω0,

v
(1,−)
0 (x) + Λ(x), x ∈ G

(1)
ε ,

0, x ∈ G
(2)
ε ,

(15)

äå Λ(x) = εY1(x1/ε)∂x1v
(1,−)
0 (x) +

εY2(x2/ε)∂x2v
(1,−)
0 (x), ÿê ïåðøå íàáëèæå-

ííÿ äëÿ ðîçâ'ÿçêó çàäà÷i (1), òî âîíà
çàëèøà¹ íåâ'ÿçêó

∫

I0∩G
(1)
ε

(
∂x3v

+
0 (x′, 0)− |B(1)|×

×∂x3v
(1,−)
0 (x′, 0)

)
ϕ(x′, 0) dx′, ϕ ∈ Hε (16)

ó âiäïîâiäíié iíòåãðàëüíié òîòîæíîñòi. Â
(15) Yi(ti) = −ti + 1

2
+ [ti], äå [ti] öiëà ÷à-

ñòèíà ti, i = 1, 2. Ùîá ïîçáóòèñÿ öi¹¨ íåâ'ÿç-
êè, ìè ïîâèííi ïîáóäóâàòè ñïåöiàëüíå âíó-
òðiøí¹ àñèìïòîòè÷íå íàáëèæåííÿ ïîáëèçó
çîíè ïðè¹äíàííÿ I0.

Âíóòðiøí¹ àñèìïòîòè÷íå íàáëèæå-
ííÿ. Áiëÿ çîíè ïðè¹äíàííÿ I0 ðîçãëÿíåìî
"øâèäêi" çìiííi ξ = (ξ1, ξ2, ξ3), äå ξ1 =
x1/ε, ξ2 = x2/ε, ξ3 = x3/ε. Ïåðåéøîâøè äî
ãðàíèöi êîëè ε → 0, ìè áà÷èìî, ùî ñòåðæíi
G

(1)
0 (ε), G

(2)
0 (n, ε), n = 1, . . . , 4. ïåðåõîäÿòü â

òàêi íàïiâ îáìåæåíi öèëiíäðè

Π−
1 = B(1) × (−∞, 0),

Π−
2,n = B(2)

n × (−∞, 0), n = 1, . . . , 4.

Îáëàñòü Ω0 ïåðåõîäèòü â ïåðøó ÷âåðòü {ξ :
ξ1 > 0, ξ2 > 0, ξ3 > 0}. Âçÿâøè äî óâàãè
ïåðiîäè÷íiñòü òîíêèõ öèëiíäðiâ, ìè áóäåìî
ââàæàòè, ùî îáëàñòü Π = Π+ ∪ Π−

1 ∪ Π−
2 , äå

Π−
2 = ∪4

n=1Π
−
2,n, Π+ = (0, 1)2 × (0, +∞), öå

áàçîâà îáëàñòü â ÿêié ïîòðiáíî ðîçãëÿäàòè
çàäà÷ó ïðèìåæåâîãî øàðó.

Î÷åâèäíî, ùî ðîçâ'ÿçîê öi¹¨ çàäà÷i ïîâè-
íåí áóòè 1-ïåðiîäè÷íèì ïî ξ1 òà ξ2

∂p
ξα

Z(ξ)|ξα=0 = ∂p
ξα

Z(ξ)|ξα=1,

ξ ∈ ∂Π+, ξ3 > 0, p = 0, 1, α = 1, 2. (17)

Øóêà¹ìî ïåðøi ÷ëåíè âíóòðiøíüîãî íà-
áëèæåííÿ ó âèãëÿäi

uε(x) = ε
(
Z1

(x

ε

)
∂x3v

+
0 (x′, 0) +

+ Ξ1

(x

ε

)(|B(1)|−1∂x3v
+
0 (x′, 0)−

− ∂x3v
(1,−)
0 (x′, 0)

))
+O(ε2), (18)

äå ôóíêöi¨ Z1(ξ), Ξ1(ξ), ξ ∈ Π � 1-ïåðiîäè÷íi
ïî ξ1 òà ξ2. Îñòàííié äîäàíîê â (18) íåéòðà-
ëiçó¹ çàëèøîê (16).

Ïiäñòàâëÿþ÷è (18) â çàäà÷ó (1) i ó âiä-
ïîâiäíi êðàéîâi óìîâè, âçÿâøè äî óâàãè, ùî
îïåðàòîð Ëàïëàñà ìà¹ âèãëÿä ε−3∆ξ ïî çìií-
íèõ ξ, òà çáèðàþ÷è êîåôiöi¹íòè ïðè îäíàêî-
âèõ ñòåïåíÿõ ε, îòðèìà¹ìî, ùî ôóíêöiÿ Z1

ìà¹ áóòè íå òðèâiàëüíèì ðîçâ'ÿçêîì íàñòóï-
íî¨ çàäà÷i

−∆Z1(ξ) = 0,
∂p

ξ1
Z1(ξ)|ξ1=0 = ∂p

ξα
Z1(ξ)|ξα=1,

∂ξ3Z1(ξ
′, 0) = 0,

[Z1]|ξ3=0
= [∂ξ3Z1]|ξ3=0

= 0,

Z1(ξ) = 0,
∂νξ′Z1(ξ) = 0,

ξ ∈ Π,
ξ ∈ ∂Π+, ξ3 > 0, p = 0, 1, α = 1, 2,

ξ′ ∈ (0, 1)2 \ Î ,

ξ′ ∈ Î ,
ξ ∈ S−2 ,
ξ ∈ S−1 ,

(19)

äå Î =
4⋃

n=1

B
(2)
n ∪B(1); S−2 =

4⋃
n=1

(∂Π−
2,n \B

(2)
n );

S−1 = ∂Π−
1 \B(1); äóæêè [·] ïîçíà÷àþòü ñòðè-

áîê âêàçàíî¨ âåëè÷èíè.
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Ôóíêöiÿ Ξ1 ìà¹ áóòè ðîçâ'ÿçêîì íàñòó-
ïíî¨ çàäà÷i

−∆Ξ1(ξ) = 0,
∂p

ξα
Ξ1(ξ)|ξα=0 = ∂p

ξα
Ξ1(ξ)|ξα=1,

∂ξ3Ξ1(ξ
′, 0) = 0,

[Ξ1]|ξ3=0
= 0,

[∂ξ3Ξ1]|ξ3=0
= 0,

[∂ξ3Ξ1]|ξ3=0
= 1,

Ξ1(ξ) = 0,
∂νξ′Ξ1(ξ) = 0,

ξ ∈ Π; ,
ξ ∈ ∂Π+, ξ3 > 0, p = 0, 1, α = 1, 2;

ξ′ ∈ (0, 1)2 \ Î;

ξ′ ∈ Î;

ξ′ ∈
4⋃

n=1

B
(2)
n ;

ξ′ ∈ B(1);
ξ ∈ S−2 ;
ξ ∈ S−1 .

(20)

Àíàëîãi÷íî, ÿê â [13, 15, 16], äîâîäèìî íà-
ñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 1. Iñíó¹ ¹äèíèé óçàãàëüíå-
íèé ðîçâ'ÿçîê Z1 çàäà÷i (19), ÿêèé ìà¹ òàêó
àñèìïòîòèêó:

Z1(ξ) =





ξ3 + α+ +O(exp(−δ1ξ3)),

|B(1)|−1ξ3 + α− +O(exp(δ1ξ3)),

O(exp(δ1ξ3)),




ξ3 → +∞, ξ ∈ Π+,

ξ3 → −∞, ξ ∈ Π−
1 ,

ξ3 → −∞, ξ ∈ Π−
2 ,

(21)

äå α± � äåÿêi ôiêñîâàíi êîíñòàíòè; δ1 - äå-
ÿêå äîäàòíå ÷èñëî. Êðiì òîãî, ôóíêöiÿ Z1

ïàðíà ïî ξ3 âiäíîñíî 1/2.
Äëÿ òîãî, ùîá çíàéòè íåâiäîìi êîíñòàíòè

α±i â (21), íåîáõiäíî ïiäñòàâèòè ôóíêöiþ Zi

â äðóãó ôîðìóëó Ãðiíà â îáëàñòi Π+ ∩ {ξ :
0 < ξ3 < R}, Π−

1 ∩ {ξ : −R < ξ3 < 0},
Π−

2,n ∩ {ξ : −R < ξ3 < 0}, n = 1, . . . , 4, i ïå-
ðåéòè äî ãðàíèöi êîëè R →∞. Â ðåçóëüòàòi
îòðèìó¹ìî

α+ =

∫

[0,1]2\(∪4
n=1B

(2)
n )

Z1(ξ
′, 0) dξ′,

α− =
1

|B(1)|
∫

B(1)

Z1(ξ
′, 0) dξ′. (22)

Ìiðêóþ÷è òàê ñàìî ÿê â [13], îòðèìà¹ìî
òâåðäæåííÿ.

Òâåðäæåííÿ 2. Iñíó¹ ¹äèíèé óçàãàëüíå-
íèé ðîçâ'ÿçîê Ξ1 çàäà÷i (20), ÿêèé ìà¹ òàêó
àñèìïòîòèêó:

Ξ1(ξ) =





β+ +O(exp(−δ2ξ3)),

β− +O(exp(δ2ξ3)),

O(exp(δ2ξ3)),





ξ3 → +∞, ξ ∈ Π+,

ξ3 → −∞, ξ ∈ Π−
1 ,

ξ3 → −∞, ξ ∈ Π−
2 ,

(23)

äå β± äåÿêi ôiêñîâàíi êîíñòàíòè; δ2 � äå-
ÿêå äîäàòíå ÷èñëî. Êðiì òîãî, ôóíêöiÿ Ξ1

ïàðíà ïî ξ3 âiäíîñíî 1/2.
Òàê ñàìî, ÿê ìè îòðèìàëè (22), îòðèìó¹-

ìî
β+ =

∫

[0,1]2\(∪4
n=1B

(2)
n )

Ξ1(ξ
′, 0) dξ′,

β− =
1

|B(1)|
∫

B(1)

Ξ1(ξ
′, 0) dξ′.

Ïîáóäîâà àñèìïòîòè÷íîãî íàáëèæå-
ííÿ. Âèêîðèñòîâóþ÷è ôóíêöi¨ v+

0 , v
(1,−)
0 , Z1,

Ξ1 âèçíà÷åíi â ïîïåðåäíüîìó ïóíêòi i çðiçà-
þ÷ó ôóíêöiþ χ1 ∈ C∞(R), òàêó, ùî

χ1(x3) =

{
1, |x3| ≤ λ1/2,

0, |x3| ≥ λ1,

äå λ1 = 2−1 min{γ0, d1, d2}, ïîáóäó¹ìî àïðî-
êñèìàöiéíó ôóíêöiþ Rε ∈ Hε :

R+
ε (x) := Rε(x) = v+

0 (x)+εχ1(x3)N
+(ξ, x′)|ξ=x

ε
,

x ∈ Ω0, (24)

R(1,−)
ε (x) := Rε(x) = v

(1,−)
0 (x)+

+ ε
(
Y1(ξ1)∂x1v

(1,−)
0 (x) + Y2(ξ2)∂x2v

(1,−)
0 (x)+

+ χ1(x3)N
(1,−)(ξ, x′)

)|ξ=x
ε
, x ∈ G(1)

ε , (25)
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R(2,−)
ε (x) := Rε(x) = ε χ1(x3) N (2,−)(ξ, x′)|ξ=x

ε
,

x ∈ G(2)
ε , (26)

äå Yi âèçíà÷åíà â (15); ôóíêöi¨
N+(ξ, x′), N (1,−)(ξ, x′), N (2,−)(ξ, x′) � 1-
ïåðiîäè÷íi ïî ξ1, ξ2 i

N+(ξ, x′) = (Z1(ξ)− ξ3)∂x3v
+
0 (x′, 0)+

+Ξ1(ξ)
(
∂x3v

(1,−)
0 (x′, 0)−|B(1)|−1∂x3v

+
0 (x′, 0)

)
,

ξ3 > 0,

N (1,−)(ξ, x′) = (Z1(ξ)−|B(1)|−1ξ3)∂x3v
+
0 (x′, 0)+

+Ξ1(ξ)
(
∂x3v

(1,−)
0 (x′, 0)−|B(1)|−1∂x3v

+
0 (x′, 0)

)
,

ξ3 < 0, ξ ∈ Π−
1 ,

N (2,−)(ξ, x′) = Z1(ξ)∂x3v
+
0 (x′, 0)+

+Ξ1(ξ)
(
∂x3v

(1,−)
0 (x′, 0)−|B(1)|−1∂x3v

+
0 (x′, 0)

)
,

ξ3 < 0, ξ ∈ Π−
2 .

Ëåãêî ïîðàõóâàòè, ùî R+
ε (x′, 0) =

R
(2,−)
ε (x′, 0), x′ ∈ I0 ∩ G

(2)
ε , à òàêîæ

R+
ε (x′, 0) = R

(1,−)
ε (x′, 0), x′ ∈ I0 ∩ G

(1)
ε .

Îòæå, Rε ∈ Hε. Êðiì òîãî, [∂x2Rε]|x3=0
= 0,

x′ ∈ I0 ∩G
(2)
ε , òà

[∂x3Rε]|x3=0
= −εY1(ξ1)∂

2
x3x1

v
(1,−)
0 (x′, 0)−

εY2(ξ2)∂
2
x3x2

v
(1,−)
0 (x′, 0), x′ ∈ I0 ∩G(1)

ε . (27)

Òåîðåìà 1. Íåõàé f0 ∈ C2
0(Ω1), g0 ∈

C2
0(D1). Òîäi äëÿ äîâiëüíîãî δ0 ∈ (0, 1) iñíó-

þòü äîäàòíi êîíñòàíòè C1, ε0 òàêi, ùî
äëÿ âñiõ ε ∈ (0, ε0) ðiçíèöÿ ìiæ ðîçâ'ÿç-
êîì uε çàäà÷i (1) i àïðîêñèìàöiéíîþ ôóíêöi-
¹þ Rε, âèçíà÷åíîþ â (24)-(26), çàäîâîëüíÿ¹
íàñòóïíó îöiíêó

‖uε −Rε‖H1(Ωε) ≤ C1

(
ε1−δ0 + ε+

+‖fε−f0‖L2(Ω0∪G
(1)
ε )

+‖g0−gε‖L2(G
(1)
ε )

)
. (28)

Äîâåäåííÿ. 1. Íåâ'ÿçêè â îáëàñòi
Ω0. Âçÿâøè äî óâàãè âëàñòèâîñòi ôóíêöié
Z1, Ξ1, v+

0 òà f0, g0, ïåðåêîíó¹ìîñÿ, ùî R+
ε

çàäîâîëüíÿ¹ óñi êðàéîâi óìîâè çàäà÷i (1) íà
∂Ω0∩∂Ωε. Ïiäñòàâëÿþ÷è R+

ε â ðiâíÿííÿ çà-
äà÷i (1), ìà¹ìî

−∆xR
+
ε (x)− fε(x) =

= −χ′1(x3) (∂ξ3N
+(ξ, x′))|ξ=x/ε−

− χ1(x3) (∂2
x1ξ1

N+(ξ, x′))|ξ=x/ε−
−χ1(x3) (∂2

x2ξ2
N+(ξ, x′))|ξ=x/ε− ε∂x3(χ

′
1(x3)×

N+(x/ε, x′))−εχ1(x3) ∂x1(∂x1N
+(ξ, x′)|ξ=x/ε)−

− εχ1(x3) ∂x2(∂x2N
+(ξ, x′)|ξ=x/ε)− (fε(x)−
− f0(x)), x ∈ Ω0. (29)

Àðãóìåíòè ôóíêöié ÿêi âõîäÿòü â îá÷è-
ñëåííÿ, çàïèñóþòüñÿ òiëüêè òîäi, êîëè ¨õ
âiäñóòíiñòü ìîæå âèêëèêàòè íåïîðîçóìiííÿ.
Ïîìíîæèìî ðiâíiñòü (29) íà òåñòîâó ôóí-
êöiþ ψ ∈ Hε i ïðîiíòåãðó¹ìî ÷àñòèíàìè â
Ω0

∫

I0∩Ωε

∂x3R
+
ε (x′, 0) ψ dx′+

∫

Ω0

∇xR
+
ε ·∇xψdx−

−
∫

Ω0

fεψdx = Q+
1 (ε, ψ) + · · ·+ Q+

7 (ε, ψ),

(30)
äå

Q+
1 (ε, ψ) =

= −
∫

Ω0

χ′1(x3) (∂ξ3N
+(ξ, x′))|ξ=x/εψ dx,

Q+
2 (ε, ψ) =

= −
∫

Ω0

χ1(x3) (∂2
x1ξ1

N+(ξ, x′))|ξ=x/εψ dx,

Q+
3 (ε, ψ) =

= −
∫

Ω0

χ1(x3) (∂2
x2ξ2

N+(ξ, x′))|ξ=x/εψ dx,

Q+
4 (ε, ψ) = ε

∫

Ω0

χ′1(x3) N+(x/ε, x′) ∂x3ψdx,

Q+
5 (ε, ψ) =
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= ε

∫

Ω0

χ1(x3)
(
∂x1N

+(ξ, x′)
)|ξ=x/ε ∂x1ψ dx,

Q+
6 (ε, ψ) =

= ε

∫

Ω0

χ1(x3)
(
∂x2N

+(ξ, x′)
)|ξ=x/ε ∂x2ψ dx,

Q+
7 (ε, ψ) = −

∫

Ω0

(fε(x)− f0(x)) ψ dx.

2. Íåâ'ÿçêè â òîíêèõ ñòåðæíÿõ ç
ïåðøîãî ðiâíÿ. Ëåãêî ïîðàõóâàòè
∂x3R

(1,−)
ε (x′,−d1) = 0, òà

∂νR
1,−
ε =εν1

(
Y1(ξ1)∂

2
x1x1

v
(1,−)
0 (x)+

+ Y2(ξ2)∂
2
x1x2

v
(1,−)
0 (x)+

+ χ1(x3)(∂x1N
(1,−)(ξ, x′))|ξ=x

ε
+ εν2×

× (
Y1(ξ1)∂

2
x2x1

v
(1,−)
0 (x) + Y2(ξ2)∂

2
x2x2

v
(1,−)
0 (x)+

+ χ1(x3)(∂x2N
(1,−)(ξ, x′))|ξ=x

ε

)
, x ∈ S(1)

ε .

(31)

Ïiäñòàâëÿþ÷è R
(1,−)
ε â äèôåðåíöiàëüíå

ðiâíÿííÿ çàäà÷i (1), îòðèìó¹ìî

−∆xR
(1,−)
ε (x)− fε(x) =

= −χ′1(x3) (∂ξ3N
(1,−)(ξ, x′))|ξ=x/ε − χ1(x3)×

× (∂2
x1ξ1

N (1,−)(ξ, x′))|ξ=x/ε − χ1(x3)×
× (∂2

x2ξ2
N (1,−)(ξ, x′))|ξ=x/ε − ε∂x3(χ

′
1(x3)×

×N (1,−)(x/ε, x′))−
−εχ1(x3) ∂x1

(
∂x1N

(1,−)(ξ, x′)|ξ=x/ε

)−εχ1(x3)×
×∂x2

(
∂x2N

(1,−)(ξ, x′)|ξ=x/ε

)−(fε(x)−f0(x))−
−ε div

(
Y1

(x1

ε

)∇x

(
∂x1v

(1,−)
0

))
+ε div

(
Y2

(x2

ε

)×

×∇x

(
∂x2v

(1,−)
0

))
+l|B(1)|−1g0(x), x ∈ G(1)

ε .

(32)

Àíàëîãi÷íî ÿê â [17], äëÿ 1-ïåðiîäè÷íîãî
ïðîäîâæåíÿ ïî ξ1 òà ξ2 ðîçâ'ÿçêó Y íàñòó-
ïíî¨ çàäà÷i

∆ξY (ξ) = l|B(1)|−1, ξ ∈ B(1),

∂ν(ξ)Y (ξ) = 1, ξ ∈ ∂B(1),∫
B(1)

Y dξ = 0,

âèâîäèìî íàñòóïíó iíòåãðàëüíó òîòîæíiñòü

ε

∫

S
(1)
ε

v dσx =

0∫

−d1

∫

N−1⋃
i,j=0

ε(i+j+B(1))

( l

|B(1)| v +

+ε∇x′
ε
Y

(x′

ε

) · ∇x′v
)

dx′dx3,∀ v ∈ H1
(
G(1)

ε

)
.

(33)
Âçÿâøè äî óâàãè (27) òà çíà÷åííÿ ∂νR

−
ε

(äèâ. (31)), ìè ïîìíîæèìî (32) íà òåñòîâó
ôóíêöiþ ψ ∈ Hε i ïðîiíòåãðó¹ìî ÷àñòèíàìè
â G

(1)
ε . Îòðèìà¹ìî

−
∫

I0∩G
(1)
ε

∂x3R
+
ε (x′, 0) ψ(x′, 0) dx′+

+

∫

G
(1)
ε

∇xR
(1,−)
ε · ∇xψ dx−

−
∫

G
(1)
ε

fεψdx− ε

∫

S
(1)
ε

gε ψ dσx =

Q1,−
1 (ε, ψ) + . . . + Q1,−

10 (ε, ψ), (34)

äå
Q1,−

1 (ε, ψ) =

= −
∫

G
(1)
ε

χ′1(x3)
(
∂ξ3N

(1,−)(ξ, x′)
)|ξ=x/ε ψ dx,

Q1,−
2 (ε, ψ) =

= −
∫

G
(1)
ε

χ1(x3)
(
∂2

x1ξ1
N (1,−)(ξ, x′)

)|ξ=x/ε ψ dx,

Q1,−
3 (ε, ψ) =

= −
∫

G
(1)
ε

χ1(x3)
(
∂2

x2ξ2
N (1,−)(ξ, x′)

)|ξ=x/ε ψ dx,

Q1,−
4 (ε, ψ) = ε

∫

G
(1)
ε

χ′1(x3) N (1,−)(x/ε, x′) ∂x3ψ dx,

Q1,−
5 (ε, ψ) =

= ε

∫

G
(1)
ε

χ1(x3)
(
∂x1N

(1,−)(ξ, x′)
)|ξ=x/ε ∂x1ψ dx,
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Q1,−
6 (ε, ψ) =

= ε

∫

G
(1)
ε

χ1(x3)
(
∂x2N

(1,−)(ξ, x′)
)|ξ=x/ε ∂x2ψ dx,

Q1,−
7 (ε, ψ) = −

∫

G
(1)
ε

(
fε(x)− f0(x)

)
ψ dx,

Q1,−
8 (ε, ψ) =

= ε

∫

G
(1)
ε

Y1

(x1

ε

)∇x

(
∂x1v

(1,−)
0

) · ∇xψ dx,

Q1,−
9 (ε, ψ) = ε

∫

G
(1)
ε

Y2

(x2

ε

)∇x

(
∂x2v

(1,−)
0

) ·∇xψ dx,

Q1,−
10 (ε, ψ) = ε

∫

S
(1)
ε

(
g0(x)− gε(x)

)
ψ(x) dσx−

−εl|B(1)|−1

∫

G
(1)
ε

∇ξ′Y
(x′

ε

) · ∇x′(g0 ψ) dx.

3. Íåâ'ÿçêè â ñòåðæíÿõ ç äðóãîãî
ðiâíÿ. Ëåãêî ïîðàõóâàòè, ùî
∂x3R

(2,−)
ε (x′,−d2) = 0 i R

(2,−)
ε (x) = 0 íà S

(2)
ε .

Ïiäñòàâëÿþ÷è R
(2,−)
ε â äèôåðåíöiàëüíå ðiâ-

íÿííÿ çàäà÷i (1), îòðèìà¹ìî

−∆xR
(2,−)
ε (x)− fε(x) = −χ′1(x3)×

× (∂ξ3N
(2,−)(ξ, x′))|ξ=x/ε − χ1(x3)×

× (∂2
x1ξ1

N (2,−)(ξ, x′))|ξ=x/ε − χ1(x3)×
× (∂2

x2ξ2
N (2,−)(ξ, x′))|ξ=x/ε − ε∂x3(χ

′
1(x3)×

×N (2,−)(x/ε, x′))− εχ1(x3)×
× ∂x1

(
∂x1N

(2,−)(ξ, x′)|ξ=x/ε

)− εχ1(x3)×
×∂x2

(
∂x2N

(2,−)(ξ, x′)|ξ=x/ε

)−fε(x), x ∈ G(2)
ε .

(35)

Ïîìíîæèìî (35) íà òåñòîâó ôóíêöiþ ψ ∈
Hε i ïðîiíòåãðó¹ìî ÷àñòèíàìè â G

(2)
ε , îòðè-

ìà¹ìî

−
∫

I0∩G
(2)
ε

∂x3R
+
ε (x′, 0) ψ(x′, 0) dx′+

+

∫

G
(2)
ε

∇xR
(2,−)
ε · ∇xψ dx−

∫

G
(2)
ε

fεψdx =

= Q2,−
1 (ε, ψ) + . . . + Q2,−

7 (ε, ψ), (36)

äå
Q2,−

1 (ε, ψ) =

= −
∫

G
(2)
ε

χ′1(x3)
(
∂ξ3N

(2,−)(ξ, x′)
)|ξ=x/ε ψ dx,

Q2,−
2 (ε, ψ) =

= −
∫

G
(2)
ε

χ1(x3)
(
∂2

x1ξ1
N (2,−)(ξ, x′)

)|ξ=x/ε ψ dx,

Q2,−
3 (ε, ψ) =

= −
∫

G
(2)
ε

χ1(x3)
(
∂2

x2ξ2
N (2,−)(ξ, x′)

)|ξ=x/ε ψ dx,

Q2,−
4 (ε, ψ) = ε

∫

G
(2)
ε

χ′1(x3) N (2,−)(x/ε, x1) ∂x3ψ dx,

Q2,−
5 (ε, ψ) =

= ε

∫

G
(2)
ε

χ1(x3)
(
∂x1N

(2,−)(ξ, x′)
)|ξ=x/ε ∂x1ψ dx,

Q2,−
6 (ε, ψ) =

= ε

∫

G
(2)
ε

χ1(x3)
(
∂x2N

(2,−)(ξ, x′)
)|ξ=x/ε ∂x2ψ dx,

Q2,−
7 (ε, ψ) = −

∫

G
(2)
ε

fε(x) ψ dx.

4. Àñèìïòîòè÷íi îöiíêè. Äîäàþ÷è
(30), (34) i (36) áà÷èìî, ùî ôóíêöiÿ Rε ïîáó-
äîâàíà â (24)-(26) çàäîâîëüíÿ¹ iíòåãðàëüíó
òîòîæíiñòü∫

Ωε

∇xRε · ∇xψ dx =

∫

Ωε

fεψdx + ε

∫

S
(1)
ε

gε ψ dσx+
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+Fε(ψ) ∀ψ ∈ Hε, (37)
äå Fε(ψ) = Q±

1 (ε, ψ) + . . . + Q±
7 (ε, ψ) +

Q1,−
8 (ε, ψ)+Q1,−

9 (ε, ψ)+Q1,−
10 (ε, ψ); Q±

j (ε, ψ) =

Q+
j (ε, ψ)+Q1,−

j (ε, ψ)+Q2,−
j (ε, ψ), j = 1, . . . , 7.

Âiäíiìàþ÷è iíòåãðàëüíó òîòîæíiñòü (2)
âiä (37), ìà¹ìî

∫

Ωε

∇x

(
Rε − uε

) · ∇xψ dx = Fε(ψ),

∀ψ ∈ Hε, (38)

Òåïåð ïîòðiáíî îöiíèòè ôóíêöiþ Fε(ψ).
Çàóâàæèìî, ùî çâè÷àéíà íîðìà ‖u‖H1(Ωε)

i íîðìà ‖∇u‖L2(Ωε) ðiâíîìiðíî åêâiâàëåíòíi
âiäíîñíî ε.

Iíòåãðàëè â Q±
1 (ε, ψ) òà Q±

4 (ε, ψ) ôàêòè-
÷íî áåðóòüñÿ ïî îáëàñòÿõ, ÿêi íàëåæàòü ìíî-
æèíi

supp
(
χ′1(x3)

) ∩ Ωε =

{x : λ1/2 < |x3| < λ1 } ∩ Ωε.

Â öèõ îáëàñòÿõ, ó âiäïîâiäíîñòi äî òâåðäæå-
ííÿ 1 òà òâåðäæåííÿ 2, ôóíêöi¨

(
∂ξ3N

+(ξ, x′)
)|ξ=x/ε,

(
∂ξ3N

(1,−)(ξ, x′)
)|ξ=x/ε,

(
∂ξ3N

(2,−)(ξ, x′)
)|ξ=x/ε

åêñïîíåíöiàëüíî ñïàäàþòü, à ôóíêöi¨ N+,
N (1,−), N (2,−) ðiâíîìiðíî îáìåæåíi âiäíîñíî
ε. Îòæå,

|Q±
1 (ε, ψ) + Q±

4 (ε, ψ)| ≤ ε c1‖ψ‖H1(Ωε).

Òóò i äàëi, óñi êîíñòàíòè â àñèìïòîòè÷íèõ
íåðiâíîñòÿõ íå çàëåæàòü âiä ε.

Äëÿ òîãî, ùîá îöiíèòè Q±
2 (ε, ψ) òà

Q±
3 (ε, ψ) âèêîðèñòà¹ìî íàñòóïíå òâåðäæåí-

íÿ.
Òâåðäæåííÿ 3. ([15, 16]) Ïðèïóñòèìî,

ùî ôóíêöiÿ N - 1-ïåðiîäè÷íà ïî ξ1 òà ξ2,i
íàëåæèòü ïðîñòîðó L2(Π) òà åêñïîíåíöi-
àëüíî ñïàäà¹ íà íåñêií÷åííîñòi, êîëè ξ3 →
∞, òîáòî, iñíóþòü ïîçèòèâíi êîíñòàíòè
c2, R, σ òàêi, ùî äëÿ âñiõ |ξ3| ≥ R

∣∣N (ξ)
∣∣ ≤ c2 exp(−σ|ξ3|).

Òîäi äëÿ äîâiëüíèõ δ > 0 iñíóþòü ïîçè-
òèâíi êîíñòàíòè c3, ε0 òàêi, ùî äëÿ âñiõ
ε ∈ (0, ε0) ìà¹ ìiñöå íàñòóïíà íåðiâíiñòü

∣∣∣
∫

Ωε

N (x

ε

)
ψ(x) dx

∣∣∣ ≤ c3ε
1−δ‖ψ‖H1(Ωε),

∀ ψ ∈ Hε.

Îñêiëüêè âñi ôóíêöi¨ âiä ξ ÿêi âõî-
äÿòü ∂2

x1ξ1
N+(ξ, x′), ∂2

x1ξ1
N (1,−)(ξ, x′),

∂2
x1ξ1

N (2,−)(ξ, x′), ∂2
x2ξ2

N+(ξ, x′),
∂2

x2ξ2
N (1,−)(ξ, x′), ∂2

x2ξ2
N (2,−)(ξ, x′) åêñïî-

íåíöiàëüíî ñïàäàþòü, êîëè |ξ3| → +∞, òî
íà îñíîâi òâåðäæåííÿ 2 ìà¹ìî

|Q±
2 (ε, ψ) + Q±

3 (ε, ψ)| ≤ ε1−δ0 c4(δ0)‖ψ‖H1(Ωε),

äå δ0 � äîâiëüíå ôiêñîâàíå äîäàòíå ÷èñëî.
Iíòåãðàëè â Q±

5 (ε, ψ) òà Q±
6 (ε, ψ) ôàêòè-

÷íî áåðóòüñÿ ïî îáëàñòÿõ, ÿêi íàëåæàòü ìíî-
æèíi {x : |x3| < λ1} ∩Ωε i ìîæóòü áóòè îöi-
íåíi íàñòóïíèì ÷èíîì (äëÿ ïðèêëàäó ðîç-
ãëÿíåìî iíòåãðàë Q+

5 ):

ε−1|Q+
5 (ε, ψ)| =

∣∣∣
∫

Ω0

χ1(x3)∂x1ψ
(
(Z1(ξ)−ξ3)×

×∂2
x1x3

v+
0 (x′, 0) + Ξ1(ξ)

(
∂2

x1x3
v

(1,−)
0 (x′, 0)−

−|B(1)|−1∂2
x1x3

v+
0 (x′, 0)

))|ξ=x/ε dx
∣∣∣ ≤

≤
∫

Ω0

χ1 |∂x1ψ|
(|Z1(ξ)− ξ3 − α+|+ |Ξ1(ξ)−

−β+|)
ξ=x/ε

(|∂2
x1x3

v
(1,−)
0 (x′, 0)|+ |B(1)|−1|×

×∂2
x1x3

v+
0 (x′, 0)|) dx+

∫

Ω0

χ1 |∂x1ψ|
(|α+|+|β+|)×

×(|∂2
x1x3

v
(1,−)
0 (x′, 0)|+ |B(1)|−1×

×|∂2
x1x3

v+
0 (x′, 0)|) dx ≤ c5‖∂x1ψ‖L2(Ω0)×

×
(√√√√

∫

Ω0

χ1 |Z1(ξ)− ξ3 − α+|2ξ=x/ε dx+×

×
√√√√

∫

Ω0

χ1 |Ξ1(ξ)− β+|2ξ=x/ε dx + 1

)
≤

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2007. Âèïóñê 336 � 337. Ìàòåìàòèêà. 49



≤ c6‖∂x1ψ‖L2(Ω0)

(
√

ε‖Z1(ξ)− ξ3−α+‖L2(Π+)+

+
√

ε‖Ξ1(ξ)− β+‖L2(Π+) + 1

)
,

äå |Ω0| ìiðà îáëàñòi Ω0.
Çãiäíî (21) òà (23), âåëè÷èíè ‖Z1(ξ)−ξ3−

α+‖L2(Π+) òà ‖Ξ1(ξ)− β+‖L2(Π+) îáìåæåíi. Â
ðåçóëüòàòi îòðèìó¹ìî, ùî
|Q±

5 (ε, ψ) + Q±
6 (ε, ψ)| ≤ ε c7‖ψ‖H1(Ωε). (39)

Çàóâàæåííÿ 1. Êîíñòàíòà c7 â (39) çà-
ëåæèòü âiä âåëè÷èí

sup
x′∈I0

∣∣∣ ∂2v+
0

∂x1∂x3

(
x′, 0

)∣∣∣, sup
x′∈I0

∣∣∣ ∂2v+
0

∂x2∂x3

(
x′, 0

)∣∣∣,

sup
x′∈I0

∣∣∣∂
2v

(1,−)
0

∂x1∂x3

(
x′, 0

)∣∣∣, sup
x′∈I0

∣∣∣∂
2v

(1,−)
0

∂x2∂x3

(
x′, 0

)∣∣∣.
(40)

Îñêiëüêè f0 ∈ C2
0(Ω1), ôóíêöiÿ v+

0 òà ¨¨ ïî-
õiäíi íå ìàþòü æîäíèõ îñîáëèâîñòåé â òî-
÷êàõ (0, 0) òà (a, 0). Òàêèì ÷èíîì, ó âiä-
ïîâiäíîñòi äî êëàñè÷íèõ ðåçóëüòàòiâ ùîäî
ãëàäêîñòi ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i, ïåðøà
òà äðóãà âåëè÷èíà â (40) îáìåæåíà. Îáìå-
æåíiñòü òðåòüî¨ òà ÷åòâåðòî¨ âåëè÷èíè
âèïëèâà¹ ç (14) òà óìîâè g0 ∈ C2

0(D1).
Çà äîïîìîãîþ íåðiâíîñòi Êîøi-

Áóíÿêîâñüêîãî îöiíèìî Q±
7 (ε, ψ) :

|Q±
7 (ε, ψ)| =

∣∣∣∣∣
∫

Ω0∪G
(1)
ε

(fε(x)− f0(x)) ψ dx +

+

∫

G
(2)
ε

fε(x) ψ dx

∣∣∣∣∣ ≤ ‖fε − f0‖L2(Ω0∪G
(1)
ε )
×

×‖ψ‖
L2(Ω0∪G

(1)
ε )

+ ‖fε‖L2(G
(2)
ε )

ε ‖∇x′ψ‖L2(G
(2)
ε )

≤
≤ (‖fε − f0‖L2(Ω0∪G

(1)
ε )

+ εc8

)‖ψ‖H1(Ωε).

Îñêiëüêè ôóíêöi¨ ∂x1v
(1,−)
0 , ∂x2v

(1,−)
0 ∈

H1(D1),

|Q1,−
8 (ε, ψ) + Q1,−

9 (ε, ψ)| ≤ ε c9 ‖ψ‖H1(Ωε).

Òåïåð çàëèøà¹òüñÿ îöiíèòè Q1,−
10 . Î÷åâè-

äíî, ùî îñòàííié äîäàíîê â Q1,−
10 íå ïåðåâè-

ùó¹ c10ε‖ψ‖H1(Ωε). Âèêîðèñòîâóþ÷è ðiâíiñòü

(33), ïðèïóùåííÿ âiäíîñíî ôóíêöi¨ gε, òà
ôàêò, ùî g0 ∈ C2

0(D1), ìà¹ìî
∣∣∣∣∣∣∣
ε

∫

S
(1)
ε

(
g0(x)− gε(x)

)
ψ(x) dσx

∣∣∣∣∣∣∣
≤

≤ c11




∫

G
(1)
ε

∣∣g0 − gε

∣∣ |ψ| dx+

+ε

∫

G
(1)
ε

|∇x′
(
(g0 − gε) ψ

)| dx


 ≤

≤ c12

(
‖g0 − gε‖L2(G

(1)
ε )

+ ε
)
‖ψ‖H1(Ωε).

Îòæå,
|Q1,−

10 (ε, ψ)| ≤

≤ c13

(
‖g0 − gε‖L2(G

(1)
ε )

+ ε

)
‖ψ‖H1(Ωε).

Ó âiäïîâiäíîñòi äî îòðèìàíèõ íåðiâíî-
ñòåé, ðîáèìî âèñíîâîê, ùî äëÿ ïðàâî¨ ÷àñòè-
íè â (38) ìà¹ ìiñöå íåðiâíiñòü

|Fε(ψ)| ≤ c14

(
ε1−δ0+ε+‖fε−f0‖L2(Ω0∪G

(1)
ε )

+

+ ‖g0 − gε‖L2(G
(1)
ε )

)
‖ψ‖H1(Ωε) ∀ψ ∈ Hε, (41)

äå δ0 � äîäàòíå ôiêñîâàíå ÷èñëî. Ç (38) òà
(41) áåçïîñåðåäíüî âèïëèâà¹ íåðiâíiñòü (28).

Òåîðåìó äîâåäåíî.
Íàñëiäîê 1. Ç (28) âèïëèâà¹, ùî

‖uε − v+
0 ‖L2(Ω0) + ‖uε − v

(1,−)
0 ‖

L2(G
(1)
ε )

+

+ ‖uε‖L2(G
(2)
ε )

≤ C9

(
ε1−δ0 + ε+

+ ‖fε − f0‖L2(Ω0∪G
(1)
ε )

+ ‖g0 − gε‖L2(G
(1)
ε )

)
.

Íàñëiäîê 2. Ïðèïóñòèìî

fε(x) = f0(x) + εf1(x, ε), x ∈ Ωε,
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äå ‖f1(·, ε)‖L2(Ωε) = O(1) ïðè ε → 0;

gε(x) = g0(x) + εg1(x, ε), x ∈ G(1)
ε ,

äå ‖g1(·, ε)‖L2(G
(1)
ε )

= O(1) ïðè ε → 0.
Òîäi äëÿ äîâiëüíîãî δ0 > 0 iñíóþòü ïîçè-

òèâíi êîíñòàíòè C10, ε0 òàêi, ùî äëÿ âñiõ
ε ∈ (0, ε0)

‖uε −Rε‖H1(Ωε) ≤ C10 ε1−δ0 ,

‖uε − v+
0 ‖L2(Ω0) + ‖uε − v

(1,−)
0 ‖

L2(G
(1)
ε )

+

+‖uε‖L2(G
(2)
ε )

≤ C10 ε1−δ0 .

Âèñíîâêè. Âàæëèâîþ ïðîáëåìîþ áóäü-
ÿêîãî àïðîêñèìàöiéíîãî ìåòîäó ¹ éîãî òî-
÷íiñòü. Äîâåäåííÿ ïîõèáêè îöiíêè ìiæ ïîáó-
äîâàíèì íàáëèæåííÿì i òî÷íèì ðîçâ'ÿçêîì
� öå ãîëîâíèé ïðèíöèï, ÿêèé çàñòîñîâó¹òüñÿ
äëÿ àíàëiçó åôåêòèâíîñòi òàêèõ ìåòîäiâ. Â
öié ðîáîòi ïîáóäîâàíî àñèìïòîòè÷íå íàáëè-
æåííÿ äëÿ ðîçâ'ÿçêó çàäà÷i (1) i äîâåäåíî
òàêó îöiíêó.

Ç îòðèìàíèõ ðåçóëüòàòiâ âèïëèâà¹, ùî
äëÿ ïðèêëàäíèõ ïðîáëåì â ãóñòèõ äâîðiâíå-
âèõ ç'¹äíàííÿõ ìîæíà âèêîðèñòîâóâàòè âiä-
ïîâiäíi ãðàíè÷íi çàäà÷i, ÿêi ¹ íàáàãàòî ïðî-
ñòiøèìè.
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