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Ðîáîòà ïðèñâÿ÷åíà êëàñèôiêàöi¨ ãðóï, ïîðîäæåíèõ àâòîìàòàìè iç òðüîìà ñòàíàìè íàä
àëôàâiòîì iç äâîõ ëiòåð. Ïîêàçàíî, ùî öåé êëàñ ãðóï ìiñòèòü íå áiëüøå 124 íåiçîìîðôíèõ ãðóï,
íå ìiñòèòü íåñêií÷åííèõ ïåðiîäè÷íèõ ãðóï, ìiñòèòü ¹äèíó âiëüíó íåàáåëåâó ãðóïó. Îïèñàíî
âñi ñêií÷åííi i âñi àáåëåâi ãðóïè â öüîìó êëàñi. Íàâåäåíî ïî÷àòêîâi ñïiââiäíîøåííÿ, ðîçìiðè
ôàêòîðiâ, ïî÷àòêîâi çíà÷åííÿ ôóíêöi¨ ðîñòó, ãiñòîãðàìó ùiëüíîñòi ñïåêòðà ãðàôà Øðàé¹ðà
íà 9-òîìó ðiâíi äåðåâà ó 11 âèáðàíèõ ãðóï. Â äåÿêèõ âèïàäêàõ çîáðàæåíî ãðàíè÷íèé ïðîñòið.

The article is devoted to the study of groups generated by automata with three states over
an alphabet with two letters. It is shown that this class of groups contains no more than 124
pairwise non-isomorphic groups, does not contain in�nite periodic groups, and contains a unique
free non-abelian group. All �nite and abelian groups in this class are described. Information about
short relations, the size of factors, the initial values of the growth function, and the histogram of
the spectral density of the Schreier graph of 9th level for 11 chosen groups is presented. In some
cases we give a picture of the limit space.

Âñòóï
Ãðóïè, ïîðîäæåíi ñêií÷åííèìè àâòîìà-

òàìè, áóëè âèçíà÷åíi íà ïî÷àòêó 1960-òèõ
â Êè¹âi â ìàòåìàòè÷íié øêîëi Â.Ì. Ãëó-
øêîâà [16, 27], i äîñëiäæóâàëèñÿ ó øêîëi
Ë.À. Êàëóæíiíà � Â.I. Ñóùàíñüêîãî [28, 29,
32], à â 1970-òèõ âîíè ïðèâåðíóëè óâàãó ïi-
ñëÿ òîãî, ÿê ñåðåä íèõ áóëè çíàéäåíi ïðîñòi
ïðèêëàäè Áåðíñàéäîâèõ ãðóï [34]. Ïðîòå ií-
òåíñèâíå âèâ÷åííÿ ãðóï àâòîìàòiâ ïî÷àëîñÿ
ïiñëÿ ¨õ ãåîìåòðè÷íîãî çîáðàæåííÿ ÿê ãðóï
àâòîìîðôiçìiâ êîðåíåâèõ äåðåâ òà ðîçâèòêó
iäåé ñàìîïîäiáíîñòi i ñòèñêóþ÷îñòi, ùî ïðè-
çâåëî, çîêðåìà, äî ïîáóäîâè ãðóï ïðîìiæíî-
ãî ðîñòó. Ðîçâèòîê öèõ iäåé äîçâîëèâ çíàéòè
çàñòîñóâàííÿ ãðóï àâòîìàòiâ ó ðiçíèõ ðîçäi-
ëàõ ìàòåìàòèêè: çîêðåìà â àíàëiçi [20, 13],
ãåîìåòði¨ [5], òåîði¨ éìîâiðíîñòåé [13], äèíà-
ìiöi [4, 26] òîùî.

Íà ïî÷àòêó 80-òèõ, âèêîðèñòîâóþ÷è ãðó-
ïè àâòîìàòiâ, Ð.I. Ãðèãîð÷óêîì áóëè ðîçâ'ÿ-
çàíi äâi âàæëèâi ïðîáëåìè � ïðîáëåìà Ìië-

0Âñi àâòîðè áóëè ÷àñòêîâî ïiäòðèìàíi ïðèíàéìíi îäíèì ç
NSF ãðàíòiâ DMS-0456185 i DMS-0600975

íîðà ïðî ïðîìiæíèé ðiñò òà ïðîáëåìà Äåÿ
ïðî àìåíàáåëüíiñòü. Ïiçíiøå áóëè ïîáóäîâà-
íi iíøi öiêàâi ïðèêëàäè, ÿêi âíåñëè âàæëè-
âèé âêëàä ó òåîðiþ iíâàðiàíòíèõ ñåðåäíiõ
íà ãðóïàõ, çàïî÷àòêîâàíó ôîí Íîéìàíîì, òà
òåîðiþ ôóíêöié çðîñòàííÿ.

Îäíèì ç íàéáiëüø öiêàâèõ íîâiòíiõ äîñÿ-
ãíåíü òåîði¨ ãðóï àâòîìàòiâ ¹ ðåçóëüòàòè ïðî
ñïåêòðàëüíó òåîðiþ öèõ ãðóï òà ãðàôiâ, àñî-
öiéîâàíèõ ç íèìè [4, 26]. Íàïðèêëàä, âèêî-
ðèñòîâóþ÷è ãðóïè àâòîìàòiâ áóëî ïîáóäîâà-
íî ïåðøi ïðèêëàäè ãðàôiâ Øðàé¹ðà ãðóï,
ó ÿêèõ ñïåêòð êîìáiíàòîðíîãî Ëàïëàñiàíà ¹
êàíòîðîâîþ ìíîæèíîþ [4]. Êðiì òîãî, ðåàëi-
çàöiÿ ãðóïè áëèìàþ÷èõ ëàìïî÷îê Z o C2 ÿê
àâòîìàòíî¨ ãðóïè äîçâîëèëà äîâåñòè, ùî öÿ
ãðóïà ìà¹ ¾ñóòî òî÷êîâèé ñïåêòð¿ (âiäïîâiä-
íî äî ñèñòåìè òâiðíèõ ïîâ'ÿçàíî¨ çi ñòàíàìè
àâòîìàòó) i òîìó ìà¹ äèñêðåòíó ñïåêòðàëü-
íó ìiðó, ÿêà áóëà ïîâíiñòþ îïèñàíà [26].
Öå, â ñâîþ ÷åðãó, ïðèâåëî äî êîíñòðóêöi¨
7-âèìiðíîãî çàìêíåíîãî ìíîãîâèäó ç íå öi-
ëèì òðåòiì ÷èñëîì L2-Áåòòi [15], ÿêèé ñòàâ
ïåðøèì êîíòðïðèêëàäîì äî Ñèëüíî¨ ãiïîòå-
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çè Àò'¨.
Ôóíäàìåíòàëüíèì âiäêðèòòÿì ñòàâ âçà¹-

ìîçâ'ÿçîê ìiæ àâòîìàòíèìè ãðóïàìè òà ãî-
ëîìîðôíîþ äèíàìiêîþ [5, 31], ÿêèé áóâ âè-
êîðèñòàíèé, çîêðåìà, äëÿ ðîçâ'ÿçàííÿ ïðî-
áëåìè Õàááàðäà â [9]. Ç êîæíîþ ïîñò-
êðèòè÷íî ñêií÷åííîþ ðàöiîíàëüíîþ ôóíêöi-
¹þ f : Ĉ→ Ĉ ìîæíà àñîöiþâàòè ñêií÷åííèé
àâòîìàò. Ãðóïà, ïîðîäæåíà öèì àâòîìàòîì,
íàçèâà¹òüñÿ ãðóïîþ iòåðîâàíèõ ìîíîäðîìié
ôóíêöi¨ f i ïîçíà÷à¹òüñÿ IMG(f). Öi ãðóïè
òà ¨õ ïðîñêií÷åííi çàìèêàííÿ òàêîæ ïîâ'ÿ-
çàíi ç òåîði¹þ Ãàëóà. Ãåîìåòðiÿ i òîïîëîãiÿ
ãðàôiâ Øðàé¹ðà IMG(f) òiñíî ïîâ'ÿçàíi iç
ãåîìåòði¹þ ìíîæèíè Æóëià ôóíêöi¨ f .

Îäíi¹þ ç âàæëèâèõ ðîçðîáîê â òåîði¨
ãðóï àâòîìàòiâ ¹ ââåäåííÿ ãðóï ç ãiëëÿ-
ñòîþ áóäîâîþ, ùî ïîâ'ÿçó¹ ãðóïè àâòîìà-
òiâ iç ãðóïàìè ñêií÷åííî¨ øèðèíè i ñëàáêî-
íåñêií÷åííèìè (just-in�nite) ãðóïàìè, òîáòî
íåñêií÷åííèìè ãðóïàìè, ùî íå ìàþòü íåòðè-
âiàëüíèõ íîðìàëüíèõ ïiäãðóï íåñêií÷åííî-
ãî iíäåêñó [21, 6]. Çîêðåìà, îäíà ç ïðîáëåì
�. Çåëüìàíîâà áóëà ðîçâ'ÿçàíà âèêîðèñòîâó-
þ÷è ïðîñêií÷åííå çàìèêàííÿ ãðóïè Ãðèãîð-
÷óêà.

� ñïîäiâàííÿ, ùî ñïåêòðàëüíi âëàñòèâîñòi
ãðóï, ïîðîäæåíèõ ñêií÷åííèìè àâòîìàòàìè,
ìîæóòü áóòè âèêîðèñòàíi ïðè äîñëiäæåííi
ãiïîòåçè Êàïëàíñüêîãî ïðî iäåìïîòåíòè
(à, îòæå, ãiïîòåçè Áàóìà-Êîííà i ãiïîòåçè
Íîâiêîâà), ïðîáëåìè óíiòàðiçàöi¨ Äiêñì'¹, i
äëÿ ïîáóäîâè íîâèõ ñiìåéñòâ åêñïàíäåðiâ i,
ìîæëèâî, íàâiòü ãðàôiâ Ðàìàíóäæàíà.

Äâi âàæëèâi õàðàêòåðèñòèêè àâòîìàòó�
öå ïîòóæíiñòü m ìíîæèíè éîãî ñòàíiâ òà ïî-
òóæíiñòü n àëôàâiòó. Âiäïîâiäíó ïàðó (m,n)
áóäåìî íàçèâàòè òèïîì àâòîìàòó i òèïîì
ãðóïè, ÿêó âií ïîðîäæó¹.

Â ðîáîòi [17] áóëî ïîêàçàíî, ùî iñíó¹ òiëü-
êè 6 íåiçîìîðôíèõ ãðóï òèïó (2, 2): òðèâi-
àëüíà ãðóïà, C2, C2 × C2, Z, D∞ òà ãðóïà
áëèìàþ÷èõ ëàìïî÷îê Z o C2. Ïðîáëåìà êëà-
ñèôiêàöi¨ ãðóï òèïó (3, 2) ¹ çíà÷íî âàæ÷îþ.

Äàíà ðîáîòà ïðåäñòàâëÿ¹ ïðîãðåñ, çðî-
áëåíèé äîñëiäíèöüêîþ ãðóïîþ Texas A&M
óíiâåðñèòåòó çà îñòàííi äåêiëüêà ðîêiâ ó

êëàñèôiêàöi¨ ãðóï òèïó (3, 2) ïiä êåðiâíè-
öòâîì Ãðèãîð÷óêà Ð.I. Îñíîâíi çàâäàííÿ
äàííîãî äîñëiäæåííÿ ïîëÿãàþòü â íàñòóïíî-
ìó:
1. Ïîøóê íîâèõ öiêàâèõ ãðóï, òà âèêîðè-

ñòàííÿ ¨õ äëÿ ðîçâ'ÿçàííÿ âiäîìèõ ïðî-
áëåì.

2. Ðåàëiçàöi¨ óæå âiäîìèõ ãðóï ÿê ãðóï,
ïîðîäæåíèìè ñêií÷åííèìè àâòîìàòàìè.
Âèêîðèñòàííÿ öèõ ðåàëiçàöié äëÿ ïî-
ãëèáëåíîãî àíàëiçó öèõ ãðóï. Iíòåðïðå-
òàöiÿ âæå âiäîìèõ ðåçóëüòàòiâ êðiçü
ïðèçìó ñàìîïîäiáíèõ ãðóï.

3. Ïîøóê çàãàëüíèõ çàêîíîìiðíîñòåé, ÿêi
áè äàëè ìîæëèâiñòü âèñëîâèòè ãiïîòåçè
ïðî ñòðóêòóðó àâòîìàòíî ïîðîäæåíèõ
ãðóï. Ôîðìóëþâàííÿ ïðîáëåì, ãiïîòåç,
òà ðîçâèòîê ìåòîäiâ äëÿ ¨õ ðîçâ'ÿçàííÿ.

4. Âèêîðèñòàííÿ âèâ÷åíèõ ãðóï òà îá'¹-
êòiâ ç íèìè ïîâ'ÿçàíèõ (ãðàôiâ Øðàé¹-
ðà, ãðàíè÷íèõ ïðîñòîðiâ, C∗-àëãåáð, òî-
ùî) äëÿ ðîçâ'ÿçàííÿ ïðîáëåì iç iíøèõ
ãàëóçåé ìàòåìàòèêè.

5. Çíàõîäæåííÿ íîâèõ êîíñòðóêöié åêñ-
ïàíäåðiâ òà iíøèõ çàñòîñóâàíü â iíôîð-
ìàòèöi i äèñêðåòíié ìàòåìàòèöi.

Çàãàëüíà êiëüêiñòü îáîðîòíèõ àâòîìàòiâ
òèïó (3, 2) äîðiâíþ¹ 23 ·36 = 5832. Àëå, êiëü-
êiñòü íå içîìîðôíèõ ãðóï, ïîðîäæåíèõ öèìè
àâòîìàòàìè, ¹ çíà÷íî ìåíøîþ.
Òåîðåìà 1. Iñíó¹ íå áiëüøå 124 ïîïàðíî

íå içîìîðôíèõ ãðóï òèïó (3, 2).
Îñíîâíi ðåçóëüòàòè îòðèìàíi äëÿ âñüîãî

êëàñó öèõ ãðóï ¹ íàñòóïíèìè.
Òåîðåìà 2. Â êëàñi (3, 2) ãðóï ¹ ëèøå 6

ñêií÷åííèõ ãðóï: {1}, C2, C2 × C2, D4, C2 ×
C2 × C2 i D4 × C2.
Òåîðåìà 3. Â êëàñi (3, 2) ãðóï ¹ ëèøå 6

àáåëåâèõ ãðóï: {1}, C2, C2×C2, C2×C2×C2,
Z i Z2.
Òåîðåìà 4. �äèíà âiëüíà íå àáåëåâà ãðó-

ïà â êëàñi (3, 2) ãðóï� öå âiëüíà ãðóïà
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ðàíãó 3 ïîðîäæåíà àâòîìàòîì Àëüîøèíà-
Âîðîáöÿ [2240].
Òåîðåìà 5. Êëàñ (3, 2) ãðóï íå ìiñòèòü

íåñêií÷åííèõ ïåðiîäè÷íèõ ãðóï.
Ó ïàðàãðàôàõ 2,3 ìè ïîäà¹ìî çàãàëüíó ií-

ôîðìàöiþ ïðî ãðóïè àâòîìàòiâ, ñàìîïîäiáíi
ãðóïè, ¨õ äiþ íà êîðåíåâèõ äåðåâàõ i àñîöiéî-
âàíi êîìáiíàòîðíi îá'¹êòè òàêi, ÿê äiàãðàìè
Ìóðà, ãðàôè Øðàé¹ðà, ãðàíè÷íi ïðîñòîðè.
Â ÷åòâåðòîìó ïàðàãðàôi ôîðìóëþþòüñÿ äå-
ÿêi ïðîáëåìè, ïîâ'ÿçàíi ç êëàñîì (3, 2) ãðóï.
Íàðåøòi ï'ÿòèé ðîçäië ìiñòèòü âèáiðêó öi-
êàâèõ ïðèêëàäiâ ãðóï ç öüîãî êëàñó i äåÿêó
iíôîðìàöiþ ïðî íèõ.

Âèçíà÷åííÿ ãðóï àâòîìàòiâ
Çàôiêñó¹ìî d ≥ 2, ïîêëàäåìî X =

{1, 2, . . . , d} i áóäåìî ðîçãëÿäàòè X ÿê àëôà-
âiò. Ìíîæèíó âñiõ ñêií÷åííèõ ñëiâ X∗ íàä
X ìîæíà ðîçãëÿäàòè ÿê ìíîæèíó âåðøèí
ðåãóëÿðíîãî êîðåíåâîãî äåðåâà T , ó ÿêîìó
êîðåíåì ¹ ïîðîæí¹ ñëîâî ∅ i êîæíå ñëîâî
v ∈ X∗ ç'¹äíàíå ðåáðîì çi ñëîâîì vx äëÿ
êîæíîãî x ∈ X. Íåõàé Aut(T )� ãðóïà àâ-
òîìîðôiçìiâ êîðåíåâîãî äåðåâà T . Ãðàíèöþ
äåðåâà T , ÿêà ïîçíà÷à¹òüñÿ ∂T , ìîæíà îòî-
òîæíþâàòè ç ìíîæèíîþ Xω íåñêií÷åííèõ
ñëiâ íàä X. Ãðóïà içîìåòðié Isom(∂T ) (ç ïðè-
ðîäíîþ óëüòðàìåòðèêîþ, â ÿêié íåñêií÷åí-
íi ñëîâà áëèçüêi, ÿêùî âîíè ìàþòü äîñòà-
òíüî âåëèêèé ñïiëüíèé ïî÷àòîê) êàíîíi÷íî
içîìîðôíà Aut(T ).

Êîæåí àâòîìîðôiçì f ∈ Aut(T ) ìîæå áó-
òè çàïèñàíèé ó âèãëÿäi

f = αf (f0, . . . , fd−1), (1)
äå fx, x ∈ X �öå àâòîìîðôiçìè äåðåâà i
αf �ïiäñòàíîâêà X. Àâòîìîðôiçìè fx (òà-
êîæ ïîçíà÷àþòüñÿ f |x), x ∈ X, íàçèâàþòüñÿ
çðiçàìè (ïåðøîãî ðiâíÿ) àâòîìîðôiçìó f i
êîæåí ç íèõ äi¹ íà ïiääåðåâi Tx, ÿêå çâè-
ñà¹ íèæ÷å âåðøèíè x ∈ X i ìíîæèíîþ âåð-
øèí ÿêîãî ¹ ñëîâà X∗, ÿêi ïî÷èíàþòüñÿ íà x
(êîæíå òàêå ïiääåðåâî êàíîíi÷íî içîìîðôíî
âñüîìó äåðåâó). Òîäi äiÿ àâòîìîðôiçìó f çà-
äà¹òüñÿ òàêèì ÷èíîì: (f0, . . . , fd−1) äi¹ íà d
ïiääåðåâàõ, ÿêi âèñÿòü íèæ÷å êîðåíÿ, à ïî-
òiì ïiäñòàíîâêà αf ïåðåñòàâëÿ¹ öi d ïiääåðåâ

i íàçèâà¹òüñÿ êîðåíåâîþ ïiäñòàíîâêà. À äiþ
f ìîæíà çàäàòè íàñòóïíèì ÷èíîì

f(xw) = αf (x)fx(w), (2)

x ∈ X, w ∈ X∗. Ìîæíà òàêîæ ðîçãëÿäàòè
çðiçè áóäü-ÿêîãî ðiâíÿ n äåðåâà T . Äëÿ ñëî-
âà v = x1x2 . . . xn ∈ Xn çðiçîì fv (àáî f |v)
íàçèâà¹òüñÿ àâòîìîðôiçì f |x1|x2 . . . |xn .
Îçíà÷åííÿ 1. Ãðóïà G àâòîìîðôiçìiâ

äåðåâà T íàçèâà¹òüñÿ ñàìîïîäiáíîþ, ÿêùî
çðiçè gx íàëåæàòü G äëÿ âñiõ ëiòåð x ∈ X
i g ∈ G.

Âñÿ ãðóïà àâòîìîðôiçìiâ Aut(T ) ¹ î÷å-
âèäíî ñàìîïîäiáíîþ. Ñàìîïîäiáíà ãðóïà G
çàíóðþ¹òüñÿ ó ïiäñòàíîâêîâèé âiíöåâèé äî-
áóòîê Sym(X) oX G = Sym n GX íàñòóïíèì
÷èíîì:

g 7→ αg(g0, g1, . . . , gd−1). (3)

Ðîçãëÿíåìî ñêií÷åííó ñèñòåìó ðåêóðñèâ-
íèõ ñïiââiäíîøåíü (âiíöåâèõ ðåêóðñié)





f (1) = α1

(
f

(1)
0 , f

(1)
1 , . . . , f

(1)
d−1

)
,

. . .

f (k) = αk

(
f

(k)
0 , f

(k)
1 , . . . , f

(k)
d−1

)
,

(4)

äå êîæåí ñèìâîë f
(i)
j , i = 1, . . . , k, j =

0, . . . , d − 1, ðiâíèé îäíîìó iç ñèìâîëiâ
f (1), . . . , f (k) i α1, . . . , αk ∈ Sym(X). Ñè-
ñòåìà (4) ìà¹ ¹äèíèé ðîçâ'ÿçîê â ãðóïi
Aut(T ). Ãðóïà, ïîðîäæåíà àâòîìîðôiçìàìè
f (1), . . . , f (k), ìîæå áóòè îïèñàíà â òåðìiíàõ
ñêií÷åííèõ îáîðîòíèõ àâòîìàòiâ.
Îçíà÷åííÿ 2. Ñêií÷åííèì îáîðîòíèì

àâòîìàòîì A íàçèâà¹òüñÿ ÷åòâiðêà A =
(X,Q, π, λ), äå X � ñêií÷åííèé àëôàâiò, Q�
ñêií÷åííà ìíîæèíà ñòàíiâ, π : Q×X → Q�
ôóíêöiÿ ïåðåõîäiâ, λ : Q × X → X �ôóí-
êöiÿ âèõîäiâ, ïðè÷îìó, äëÿ êîæíîãî ñòàíó
q ∈ Q îáìåæåííÿ λq : X → X, âèçíà÷åíå
çà ïðàâèëîì λq(x) = λ(q, x), ¹ ïiäñòàíîâêîþ,
òîáòî λq ∈ Sym(X).

Iíiöiàëüíèì àâòîìàòîì Aq íàçèâà¹òüñÿ
àâòîìàò A ç ôiêñîâàíèì ñòàíîì q ∈ Q. Iíiöi-
àëüíèé àâòîìàò äi¹ íà ìíîæèíi X∗, à îòæå i
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íà äåðåâà T , íàñòóïíèì ÷èíîì. Àâòîìàò ïî-
÷èíà¹ çi ñòàíó q, ÷èòà¹ ïåðøó ââåäåíó ëiòåðó
x1, âèâîäèòü ëiòåðó λ(q, x1) i ïåðåõîäèòü ó
íîâèé ñòàí q1 = π(q, x1). Çàëèøîê ââåäåíîãî
ñëîâà îáðîáëÿ¹òüñÿ ç íîâîãî ñòàíó q1 òàêèì
ñàìèì ÷èíîì, òîáòî îáðîáëÿ¹òüñÿ iíiöiàëü-
íèì àâòîìàòîì Aq1 . Äiþ ñòàíiâ àâòîìàòó íà
äåðåâi T ìîæíà îïèñàòè ïðîäîâæèâøè ôóí-
êöiþ λ íà X∗ ×Q ðåêóðåíòíî

λ(q, xw) = λ(q, x)λ(π(q, x), w), (5)
äå x ∈ X, q ∈ Q i w ∈ X∗ �äîâiëüíi åëåìåí-
òè. Òîäi äiÿ iíiöiàëüíîãî àâòîìàòó Aq âèçíà-
÷à¹òüñÿ Aq(u) = λ(q, u) äëÿ ñëîâà u ∈ X∗.
Ðiâíiñòü (5) ïîêàçó¹, ùî êîæåí iíiöiàëüíèé
àâòîìàò Aq âèçíà÷à¹ àâòîìîðôiçì äåðåâà
X∗, ÿêèé òàêîæ ïîçíà÷à¹òüñÿ q i âèçíà÷à-
¹òüñÿ ñïiââiäíîøåííÿì

q(xw) = αq(x)qx(w), (6)
äå çðiç qx �öå ñòàí π(q, x), à êîðåíåâà ïiä-
ñòàíîâêà αq �öå ïiäñòàíîâêà λ(q, ·).
Îçíà÷åííÿ 3. Ãðóïîþ G(A) àâòîìàòó

A = (Q,X, λ, π) íàçèâà¹òüñÿ ãðóïà àâòîìîð-
ôiçìiâ äåðåâà T ïîðîäæåíà âñiìà éîãî ñòà-
íàìè. Ìíîæèíà ñòàíiâ Q íàçèâà¹òüñÿ ñòàí-
äàðòíîþ ìíîæèíîþ òâiðíèõ ãðóïè G(A).

Ãðóïè àâòîìàòiâ ¹ ñàìîïîäiáíèìè.
Àâòîìàò A ìîæíà çàäàâàòè ïîìi÷åíèì

îði¹íòîâàíèì ãðàôîì, ÿêèé íàçèâà¹òüñÿ äi-
àãðàìîþ Ìóðà, â ÿêîìó âåðøèíàìè ¹ ñòàíè
àâòîìàòó, êîæåí ñòàí q ïîìi÷åíèé ñâî¹þ êî-
ðåíåâîþ ïiäñòàíîâêîþ αq i äëÿ êîæíî¨ ïàðè
(q, x) ∈ Q × X iñíó¹ ðåáðî çi ñòàíó q ó ñòàí
qx = π(q, x), ïîìi÷åíå ëiòåðîþ x.

Àâòîìàòíà ãðóïà G = G(A) íàçèâà¹òüñÿ
ñòèñêóþ÷îþ, ÿêùî iñíóþòü êîíñòàíòè ρ, C,
i N , ç 0 ≤ ρ < 1, òàêi, ùî |g|v| ≤ ρ|g| + C,
äëÿ âñiõ âåðøèí v äîâæèíè íå ìåíøå N i
g ∈ G. Äëÿ äîñòàòíüî äîâãèõ åëåìåíòiâ g
öå îçíà÷à¹, ùî äîâæèíà éîãî çðiçiâ íà âåð-
øèíè ðiâíÿ ãëèáøîãî çà N áóäå êîðîòøîþ,
íiæ äîâæèíà g. Öå äà¹ çìîãó äàòè åêâiâà-
ëåíòíå îçíà÷åííÿ ñòèñêóþ÷î¨ ãðóïè: ãðóïà
G íàçèâà¹òüñÿ ñòèñêóþ÷îþ, ÿêùî iñíó¹ ñêií-
÷åííà ìíîæèíà N ⊂ G òàêà, ùî äëÿ êîæíî-
ãî g ∈ G iñíó¹ N > 0 äëÿ ÿêîãî g|v ∈ N

äëÿ âñiõ âåðøèí v ∈ X∗ äîâæèíè íå ìåíøå
N . Ìiíiìàëüíà ìíîæèíà N ç òàêîþ âëàñòè-
âiñòþ íàçèâà¹òüñÿ íóêëåóñîì ãðóïè G.

Ãðóïè àâòîìàòiâ ïîâ'ÿçàíi iç êîíôîðì-
íîþ äèíàìiêîþ ÷åðåç ïîíÿòòÿ ãðóï iòåðîâà-
íèõ ìîíîäðîìié (IMG). Íåõàé M�ëiíiéíî-
çâ'ÿçíèé òà ëîêàëüíî ëiíiéíî-çâ'ÿçíèé òîïî-
ëîãi÷íèé ïðîñòið, à M1 � âiäêðèòà ëiíiéíî-
çâ'ÿçíà ïiäìíîæèíà M. Íåõàé f : M1 →
M� d-êðàòíå íàêðèòòÿ. Ïîçíà÷èìî n-òó
iòåðàöiþ ôóíêöi¨ f ÷åðåç fn. Âèáåðåìî äå-
ÿêó òî÷êó t ∈ M. Íåõàé Tt �öå äèç'þíêòíå
îá'¹äíàííÿ ìíîæèí f−n(t), n ≥ 0 (öi ìíîæè-
íè ìîæóòü áóòè íå äèç'þêòíèìè ñàìi ïî ñî-
ái). Ìíîæèíà ïðîîáðàçiâ Tt ìà¹ ñòðóêòóðó
d-àðíîãî êîðåíåâîãî äåðåâà, êîðåíåì ÿêîãî
¹ t i êîæíà âåðøèíà z ∈ f−n(t) ç'¹äíàíà
ðåáðîì iç âåðøèíîþ f(z) ∈ f−n+1(t). Ôóí-
äàìåíòàëüíà ãðóïà π1(M, t) äi¹ àâòîìîðôi-
çìàìè íà äåðåâi Tt. Ãðóïîþ iòåðîâàíèõ ìî-
íîäðîìié IMG(f) íàêðèòòÿ f íàçèâà¹òüñÿ
ôàêòîð ôóíäàìåíòàëüíî¨ ãðóïè π1(M, t) ïî
ÿäðó äi¨ íà äåðåâi Tt.

Iíøèé âàæëèâèé êëàñ � öå êëàñ àâòîìà-
òíèõ ãðóï ãiëëÿñòîãî òèïó. Ãiëëÿñòi ãðóïè
âèíèêàþòü ÿê îäèí ç òðüîõ ìîæëèâèõ òè-
ïiâ ñëàáêî-íåñêií÷åííèõ ãðóï [21]. Çîêðåìà,
ãðóïà Ãðèãîð÷óêà, ãðóïè, ïîâ'ÿçàíi ç ãðîþ
¾Õàíîéñüêà Âåæà¿ [24], IMG(z2 + i) [25] ¹
ïðèêëàäàìè ãiëëÿñòèõ ãðóï, â òîé æå ÷àñ
ãðóïà B = IMG(z2 − 1) íå ¹ ãiëëÿñòîþ, àëå
¹ ñëàáêî ãiëëÿñòîþ [21, 6].

Â áiëüøîñòi âèïàäêiâ ôiãóðóþòü ðåêóðåí-
òíi ñàìîïîäiáíi ãðóïè. Ñàìîïîäiáíà ãðóïà G
íàçèâà¹òüñÿ ðåêóðåíòíîþ, ÿêùî äëÿ êîæíî¨
âåðøèíè u ãîìîìîðôiçì ϕu : StG(u) → G,
âèçíà÷åíèé çà ïðàâèëîì ϕ(g) = g|u, ¹ ñþð'-
¹êòèâíèì (StG(u)�öå ñòàáiëiçàòîð âåðøèíè
u ó ãðóïi G). Ðåêóðåíòíiñòü i òðàíçèòèâíiñòü
äi¨ ãðóïè íà ïåðøîìó ðiâíi äåðåâà çàáåçïå÷ó-
þòü òðàíçèòèâíiñòü äi¨ ãðóïè íà âñiõ ðiâíÿõ
äåðåâà.

Ãðàíè÷íi ïðîñòîðè òà ãðàôèØðàé¹-
ðà

Çàôiêñó¹ìî ñàìîïîäiáíó ñòèñêóþ÷ó ãðó-
ïó G, ÿêà äi¹ àâòîìîðôiçìàìè íà äåðåâi X∗.
Íåõàé X−ω �ïðîñòið âñiõ íåñêií÷åííèõ âëi-
âî ïîñëiäîâíîñòåé íàä àëôàâiòîì X.
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Îçíà÷åííÿ 4. Äâi ïîñëiäîâíîñòi
. . . x3x2x1, . . . y3y2y1 ∈ X−ω íàçèâàþòüñÿ
àñèìïòîòè÷íî åêâiâàëåíòíèìè âiäïîâiä-
íî äî äi¨ ãðóïè G, ÿêùî iñíó¹ ñêií÷åííà
ìíîæèíà K ⊂ G i ïîñëiäîâíiñòü {gk}∞k=1

åëåìåíòiâ K òàêi, ùî

gk(xkxk−1 . . . x2x1) = ykyk−1 . . . y2y1

äëÿ âñiõ k ≥ 1.
Àñèìïòîòè÷íà åêâiâàëåíòíiñòü ¹ âiäíîøå-

ííÿì åêâiâàëåíòíîñòi [31].
Îçíà÷åííÿ 5. Ôàêòîð ïðîñòið JG òî-

ïîëîãi÷íîãî ïðîñòîðó X−ω (ç òîïîëîãi¹þ
ïðÿìîãî äîáóòêó äèñêðåòíèõ ïðîñòîðiâ) çà
âiäíîøåííÿì àñèìïòîòè÷íî¨ åêâiâàëåíòíî-
ñòi íàçèâà¹òüñÿ ãðàíè÷íèì ïðîñòîðîì ñàìî-
ïîäiáíî¨ ãðóïè G.

Ãðàíè÷íèé ïðîñòið JG ¹ ìåòðèçîâíèì
i ñêií÷åííî-âèìiðíèì. ßêùî ãðóïà G ¹
ñêií÷åííî-ïîðîäæåíîþ i äi¹ òðàíçèòèâíî íà
ðiâíÿõ äåðåâà, òî ãðàíè÷íèé ïðîñòið JG ¹
çâ'ÿçíèì.

Íåõàé G� ãðóïà, ïîðîäæåíà ñêií÷åííîþ
ìíîæèíîþ S, ÿêà äi¹ íà ìíîæèíi Y . Ãðà-
ôîì Øðàé¹ðà äi¨ (G, Y ) íàçèâà¹òüñÿ ãðàô
Γ(G,S, Y ) ç ìíîæèíîþ âåðøèí Y i ìíîæè-
íîþ ðåáåð S × Y , â ÿêîìó ðåáðî (s, y) ïî-
÷èíà¹òüñÿ ó âåðøèíi y i çàêií÷ó¹òüñÿ â s(y).
Äëÿ òî÷êè y ∈ Y ãðàôîìØðàé¹ðà Γ(G,S, y)
äi¨ ãðóïè G íà G-îðáiòi òî÷êè y íàçèâà¹òüñÿ
îðáiòàëüíèì ãðàôîì Øðàé¹ðà.

Íåõàé ãðóïà G < Aut(T ) ïîðîäæåíà ìíî-
æèíîþ S. Ðiâíi äåðåâà Xn, n ≥ 0, ¹ ií-
âàðiàíòíèìè ïiä äi¹þ ãðóïè G i ìè ìîæå-
ìî ðîçãëÿäàòè ãðàôè Øðàé¹ðà Γn(G,S) =
Γ(G,S, Xn). Íåõàé ω = x1x2x3 . . . ∈
Xω, òîäi ïîñëiäîâíiñòü ãðàôiâ Øðàé¹ðà
(Γn(G,S), x1x2 . . . xn) ç âiäìi÷åíîþ âåðøè-
íîþ çáiãà¹òüñÿ ó ëîêàëüíié òîïîëîãi¨ äî îð-
áiòàëüíîãî ãðàôà Øðàé¹ðà (Γ(G,S, ω), ω) ç
âiäìi÷åíîþ âåðøèíîþ.

Ãðàôè Øðàé¹ðà Γn(G,S) ñàìîïîäiáíî¨
ñòèñêóþ÷î¨ ãðóïè G â äåÿêîìó ñåíñi çáiãà-
þòüñÿ äî ãðàíè÷íîãî ïðîñòîðó JG [31]. Êðiì
òîãî, äëÿ áàãàòüîõ ïðèêëàäiâ ñàìîïîäiáíèõ
ñòèñêóþ÷èõ ãðóï iñíó¹ ïîñëiäîâíiñòü ÷èñåë

λn òàêèõ, ùî ïîñëiäîâíiñòü ìåòðè÷íèõ ïðî-
ñòîðiâ (Γn, d(·, ·)/λn), äå d�öå êîìáiíàòîð-
íà ìåòðèêà íà ãðàôi, çáiãà¹òüñÿ â ìåòðèöi
Ãðîìîâà-Õàóñäîðôà äî ãðàíè÷íîãî ïðîñòî-
ðó ãðóïè.

Òåîðåìà 6 ([31]). Ãðóïà iòåðîâàíèõ
ìîíîäðîìié ñóá-ãiïåðáîëi÷íî¨ ðàöiîíàëüíî¨
ôóíêöi¨ ¹ ñòèñêóþ÷îþ òà ¨¨ ãðàíè÷íèé ïðî-
ñòið ãîìåîìîðôíèé ìíîæèíi Æóëià öi¹¨
ôóíêöi¨.

Çîêðåìà, ãðàôè Øðàé¹ðà Γn ãðóïè
iòåðîâàíèõ ìîíîäðîìié ñóá-ãiïåðáîëi÷íî¨
ðàöiîíàëüíî¨ ôóíêöi¨ ìîæóòü áóòè íàìàëüî-
âàíi íà ñôåði Ðiìàíà òàê, ùî âîíè áóäóòü
çáiãàòèñÿ â ìåòðèöi Õàóñäîðôà äî ìíîæèíè
Æóëià öi¹¨ ôóíêöi¨.

Íåõàé G� ñàìîïîäiáíà ãðóïà, ïîðîäæåíà
ñêií÷åííîþ ìíîæèíîþ S. Ðîçãëÿíåìî ìàð-
êiâñüêèé îïåðàòîð

M =
1

2|S|
∑
s∈S

(πs + πs−1),

ÿêèé âiäïîâiäà¹ óíiòàðíîìó çîáðàæåííþ π
ãðóïè G â L2(X

ω, ν), ÿêå âèçíà÷à¹òüñÿ çà
ïðàâèëîì πg(f)(x) = f(g−1x). Ñïåêòð îïå-
ðàòîðà M àïðîêñèìó¹òüñÿ ñïåêòðàìè ãðàôiâ
Øðàé¹ðà Γn(G,S), à ñàìå

sp(M) =
⋃
n≥0

sp(Γn(G,S)).

Ïðîáëåìè

Ïðîáëåìà 1. ×è ¹ ãðóïà 929 (¹äèíà ïîëiíî-
ìiàëüíà (3, 2) ãðóïà, àâòîìàò ÿêî¨ íå ¹ îáìå-
æåíèì [33]) àìåíàáåëüíîþ?

Ïðîáëåìà 2. ×è ¹ ñåðåä (3, 2) ãðóï ãðóïè
ïðîìiæíîãî ðîñòó?

Ïðîáëåìà 3. Îïèñàòè ïîðÿäêè çðîñòàííÿ
ãðàôiâ Øðàé¹ðà (3, 2) ãðóï.

Ïðîáëåìà 4. à) ×è iñíó¹ (3, 2) ãðóïà òà-
êà, ùî ãðàôè Øðàé¹ðà àìåíàáåëüíi, à
ãðóïà íi?
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á) ×è ç àìåíàáåëüíîñòi îðáiòàëüíèõ ãðà-
ôiâ Øðàé¹ðà âèïëèâà¹ àìåíàáåëüíiñòü
ãðóïè, ïîðîäæåíî¨ ñêií÷åííèì àâòîìà-
òîì?

Âèáðàíi ãðóïè iç êëàñó
Â öüîìó ïàðàãðàôi ìè íàâåäåìî iíôîðìà-

öiþ ïðî äåÿêi âèáðàíi ãðóïè. Âèáðàíi àâòî-
ìàòè ïðîíóìåðîâàíi âiäïîâiäíî äî òîãî, ÿêà
íóìåðàöiÿ áóëà âèáðàíà äëÿ âñiõ 5832 àâòî-
ìàòiâ òèïó (3, 2). Âèêîðèñòàíî íàñòóïíi ïî-
çíà÷åííÿ:
• ÑÃ� öå ñïèñîê äåÿêèõ ñïiââiäíîøåíü â
ãðóïi. Âêëþ÷åíi óñi íåçàëåæíi ñïiââiä-
íîøåííÿ äîâæèíè ≤ 20 (â äåÿêèõ âè-
ïàäêàõ íàâåäåíî ñïiââiäíîøåííÿ áiëü-
øî¨ äîâæèíè).

• ÐÔ�öi ÷èñëà ïðåäñòàâëÿþòü ðîçìið
ôàêòîðiâ G/ StG(n), äëÿ n ≥ 0, äå
StG(n)�öå ïiäãðóïà òèõ åëåìåíòiâ ç G,
ÿêi ñòàáiëiçóþòü âñi âåðøèíè n-òîãî ðiâ-
íÿ äåðåâà.

• ÐÃ� öi ÷èñëà ïðåäñòàâëÿþòü çíà÷åííÿ
ôóíêöi¨ ðîñòó γG(n), äëÿ n ≥ 0, i ñòàí-
äàðòíî¨ ñèñòåìè òâiðíèõ a, b, c.

Ïiñëÿ êîæíîãî àâòîìàòó íàâåäåíî ãi-
ñòîãðàìó ñïåêòðàëüíî¨ ùiëüíîñòi ãðàôà
Øðàé¹ðà Γ9(G, {a, b, c}). Â äåÿêèõ âèïàäêàõ
çîáðàæåíî ãðàíè÷íèé ïðîñòið ãðóïè.

Àâòîìàò íîìåð 2396

a = σ(b, a)
b = σ(c, b)
c = (c, a)

Ãðóïà: À. Áîëòåíêîâ
Ñòèñêóþ÷iñòü: íi
Ðåêóðåíòíiñòü: òàê

ÑÃ: acb−1ca−2cb−1cac−1bc−2bc−1,
acb−1ca−2cb−1a2c−1b−1a2c−1bc−1a−1bca−2bc−1,
acb−1a2c−1b−1a−1cb−1cbca−2bc−2bc−1,
bcb−1ca−1b−1cb−1a2c−1ac−1ba−2bc−1

ÐÔ: 21, 21, 23, 26, 212, 224, 246, 290, 2176

ÐÃ: 1, 7, 37, 187, 937, 4687

−1.0−0.8−0.6−0.4−0.20.0 0.2 0.4 0.6 0.8 1.0
0.0
0.6
1.2
1.8
2.4
3.0
3.6
4.2
4.8
5.4
6.0

Àâòîìàò íîìåð 739

a = σ(a, a)
b = (b, a)
c = (a, a)

Ãðóïà: C2 n
(
C2 o Z

)
Ñòèñêóþ÷iñòü: òàê
Ðåêóðåíòíiñòü: íi

ÑÃ: a2, b2, c2, acac, acbabcabab, acbabacbab,
abacbcacbcab, acbacbabcabc, acbcbabcabcbab,
acbcbabacbcbab, acbacbcacbcabc,
abcbacbcacbcbcab, acbcbacbabcbcabc,
acbcbcbabcabcbcbab, acbcbcbabacbcbcbab,
abcbacbcbabcbcabcb, acbcbacbcacbcbcabc

ÐÔ: 20,21,23,26,28,210,212,214,216

ÐÃ: 1, 4, 9, 17, 30, 47, 68, 93, 122, 155, 192
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−1.1−0.9−0.7−0.5−0.3−0.10.1 0.3 0.5 0.7 0.9 1.1
0.0
1.6
3.2
4.8
6.4
8.0
9.6

11.2
12.8
14.4
16.0

Aâòîìàò íîìåð 775

a = σ(a, a)
b = (c, b)
c = (a, a)

Ãðóïà: C2 n IMG
((

z−1
z+1

)2
)

Ñòèñêóþ÷iñòü: òàê
Ðåêóðåíòíiñòü: òàê

ÑÃ: a2, b2, c2, acac, acbcbabcbcabcbabcb,
acbcbabcbacbcbabcb, abcbacbcbcacbcbcabcb,
acbcbacbcbabcbcabcbc, acbcbacbcbcacbcbcabcbc

ÐÔ: 20,21,22,24,26,29,215,226,248

ÐÃ: 1, 4, 9, 17, 30, 51, 85, 140, 229, 367, 579

−1.1−0.9−0.7−0.5−0.3−0.10.1 0.3 0.5 0.7 0.9 1.1
0.00
4.40
8.80

13.20
17.60
22.00
26.40
30.80
35.20
39.60
44.00

Ãðàíè÷íèé ïðîñòið

Àâòîìàò íîìåð 846

a = σ(c, c)
b = (a, b)
c = (b, a)

Ãðóïà: C2 ∗ C2 ∗ C2

Ñòèñêóþ÷iñòü: íi
Ðåêóðåíòíiñòü: íi

ÑÃ: a2, b2, c2

ÐÔ: 20,21,23,25,27,210,213,216,219

ÐÃ: 1, 4, 10, 22, 46, 94, 190, 382, 766, 1534

−1.1−0.9−0.7−0.5−0.3−0.10.1 0.3 0.5 0.7 0.9 1.1
0.0
2.7
5.4
8.1

10.8
13.5
16.2
18.9
21.6
24.3
27.0
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Àâòîìàò íîìåð 852

a = σ(c, b)
b = (b, b)
c = (b, a)

Ãðóïà: Basilica B =
IMG(z2 − 1)
Ñòèñêóþ÷iñòü: òàê
Ðåêóðåíòíiñòü: òàê

ÑÃ: b, a−1c−1ac−1a−1cac,
a−1c−2ac−1a−1c2ac, a−1c−1ac−2a−1cac2,
a−2c−1a−2ca2c−1a2c, a−1c−3ac−1a−1c3ac,
a−1c−2ac−2a−1c2ac2, a−1c−1ac−3a−1cac3

ÐÔ: 20,21,23,26,212,223,245,288,2174

ÐÃ: 1, 5, 17, 53, 153, 421, 1125, 2945, 7545

−1.1−0.9−0.7−0.5−0.3−0.10.1 0.3 0.5 0.7 0.9 1.1
0.00
4.30
8.60

12.90
17.20
21.50
25.80
30.10
34.40
38.70
43.00

Ãðàíè÷íèé ïðîñòið

Àâòîìàò íîìåð 870

a = σ(c, b)
b = (a, c)
c = (b, a)

Ãðóïà: Áàóìñëàãà-
Ñîëiòåðà BS(1, 3)
Ñòèñêóþ÷iñòü: íi
Ðåêóðåíòíiñòü: òàê

ÑÃ: a−1ca−1b, (b−1a)b(b−1a)−3

ÐÔ: 20,21,23,24,26,28,210,212,214

ÐÃ: 1, 7, 33, 127, 433, 1415

−1.1−0.9−0.7−0.5−0.3−0.10.1 0.3 0.5 0.7 0.9 1.1
0.0
3.2
6.4
9.6

12.8
16.0
19.2
22.4
25.6
28.8
32.0

Àâòîìàò íîìåð 878

a = σ(b, b)
b = (b, c)
c = (b, a)

Ãðóïà: C2nIMG(1− 1
z2 )

Ñòèñêóþ÷iñòü: òàê
Ðåêóðåíòíiñòü: òàê
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ÑÃ: a2, b2, c2, abcabcacbacb, abcbcabcacbcbacb

ÐÔ: 20,21,23,27,213,224,246,289,2175

ÐÃ: 1, 4, 10, 22, 46, 94, 184, 352, 664, 1244,
2296, 4198, 7612

−1.1−0.9−0.7−0.5−0.3−0.10.1 0.3 0.5 0.7 0.9 1.1
0.0
2.4
4.8
7.2
9.6

12.0
14.4
16.8
19.2
21.6
24.0

Ãðàíè÷íèé ïðîñòið

Àâòîìàò íîìåð 929

a = σ(b, a)
b = (b, b)
c = (c, a)

Ãðóïà:
Ñòèñêóþ÷iñòü: íi
Ðåêóðåíòíiñòü: òàê

ÑÃ: b, a−3cac−1ac−1ac

ÐÔ: 20,21,23,26,212,223,245,288,2174

ÐÃ: 1, 5, 17, 53, 161, 475, 1387

−1.1−0.9−0.7−0.5−0.3−0.10.1 0.3 0.5 0.7 0.9 1.1
0.0
1.9
3.8
5.7
7.6
9.5

11.4
13.3
15.2
17.1
19.0

Àâòîìàò íîìåð 968

a = σ(b, b)
b = (c, c)
c = (c, a)

Ãðóïà: ìiñòèòü Z5 ÿê
ïiäãðóïó iíäåêñó 16
Ñòèñêóþ÷iñòü: òàê
Ðåêóðåíòíiñòü: íi

ÑÃ: a2, b2, c2, abcabcacbacb, acbcbabacbcbab,
acacbcbacacbcb, abcbcabcacbcbacb,
acabacbabacabacbab, acbabacacacbacacab,
acacacacbacacacacb, acbcbabcbacbcbabcb,
acbcacbcbacbcacbcb

ÐÔ: 20,21,23,26,29,213,217,221,225

ÐÃ: 1, 4, 10, 22, 46, 94, 184, 338, 600, 1022,
1682
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−1.1−0.9−0.7−0.5−0.3−0.10.1 0.3 0.5 0.7 0.9 1.1
0
1
2
3
4
5
6
7
8
9

10

Àâòîìàò íîìåð 2240

a = σ(b, c)
b = σ(c, b)
c = (a, a)

Ãðóïà: F3 � âiëüíà ðàíãó
3 (Àëüîøèí-Âîðîáåöü)
Ñòèñêóþ÷iñòü: íi
Ðåêóðåíòíiñòü: íi

ÑÃ:

ÐÔ: 20,21,22,24,27,210,214,221,234

ÐÃ: 1, 7, 37, 187, 937, 4687

−1.1−0.9−0.7−0.5−0.3−0.10.1 0.3 0.5 0.7 0.9 1.1
0.00
4.40
8.80

13.20
17.60
22.00
26.40
30.80
35.20
39.60
44.00

Àâòîìàò íîìåð 2853

a = σ(c, c)
b = σ(b, a)
c = (c, c)

Ãðóïà: IMG
((

z−1
z+1

)2
)

Ñòèñêóþ÷iñòü: òàê
Ðåêóðåíòíiñòü: òàê

ÑÃ: c, a2, ab−1ab−2ab−1abab2ab

ÐÔ: 20,21,22,23,25,28,214,225,247

ÐÃ: 1, 4, 10, 22, 46, 94, 190, 375, 731, 1422,
2752, 5246, 9908

−1.1−0.9−0.7−0.5−0.3−0.10.1 0.3 0.5 0.7 0.9 1.1
0.0
0.8
1.6
2.4
3.2
4.0
4.8
5.6
6.4
7.2
8.0

Ãðàíè÷íèé ïðîñòið
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