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Âñòàíîâëåíî îöiíêè çíèçó äëÿ õàðàêòåðèñòè÷íèõ âèçíà÷íèêiâ çàäà÷ ç äâîìà êðàòíèìè

âóçëàìè äëÿ ëiíiéíèõ ôàêòîðèçîâàíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè çi ñòàëèìè êîåôiöi-
¹íòàìè.

The estimates from below for characteristic determinants of the two-point problems for linear
factorized partial di�erential equations with constant coe�cients are established.

1. Âñòóï
Íåõàé QT

p = (0, T )×Ωp, äå Ωp � p-âèìiðíèé
òîð (R/2πZ)p, T > 0, x = (x1, . . . , xp) ∈ Ωp,
Dx = (−i∂x1 , . . . ,−i∂xp), k = (k1, . . . , kp) ∈
Zp, |k| = |k1|+ . . . + |kp|, (k, x) = k1x1 + . . . +

kpxp; Πn = {~λ ≡ (λ1, . . . , λn) : λ1 < . . . < λn},
mesRnA � ìiðà Ëåáåãà â Rn âèìiðíî¨ ìíî-
æèíè A ⊂ Rn; W β

α , α, β ∈ R, � ïðîñòið,
îòðèìàíèé â ðåçóëüòàòi ïîïîâíåííÿ ïðîñòî-
ðó ñêií÷åííèõ òðèãîíîìåòðè÷íèõ ïîëiíîìiâ
ϕ(x) =

∑
ϕke

(ik,x) çà íîðìîþ

‖ϕ(x); W β
α ‖ =

√∑

|k|≥0

|ϕk|2w2
k(α, β),

wk(α, β) = (1 + |k|)α exp(β|k|).
Â îáëàñòi QT

p ðîçãëÿíåìî òàêó çàäà÷ó:

L (∂t, Dx) u ≡
n∏

j=1

(∂t − λjA(Dx)) u = 0, (1)

{
Vj[u] ≡ ∂j−1

t u |t=0 = ϕj, j = 1, r,

Vr+j[u] ≡ ∂j−1
t u |t=T = ϕr+j, j = 1, l,

(2)

äå u ≡ u(t, x), (λ1, . . . , λn) ∈ Πn, ϕj ≡ ϕj(x),
j = 1, . . . , n, 1 ≤ r < n, l = n − r, A(Dx) �
òàêèé äèôåðåíöiàëüíèé âèðàç, ùî

∃N ∈ N ∃ a1, a2 > 0 ∀ k ∈ Zp

a1|k|N ≤ |A(k)| ≤ a2(1 + |k|)N .
(3)

Ïðè äîñëiäæåííi ðîçâ'ÿçíîñòi çàäà÷i (1),
(2) ó ïðîñòîðàõ 2π-ïåðiîäè÷íèõ çà çìiííèìè
x1, . . . , xp ôóíêöié âèíèêàþòü âèçíà÷íèêè:

∆(k)≡∆(k,~λ) = det
∥∥Vj

[
eλqA(k)t

] ∥∥n

j,q=1
, (4)

äå k ∈ Zp, ~λ ∈ Πn. ßêùî ∆(k,~λ) 6= 0 äëÿ
âñiõ k ∈ Zp, òî çàäà÷à (1), (2) ìà¹ ¹äèíèé
ôîðìàëüíèé ðîçâ'ÿçîê u = u(t, x), ÿêèé çî-
áðàæó¹òüñÿ ðÿäîì

u =
∑

|k|≥0

e(ik,x)

n∑
j,q=1

∆jq(k,~λ)

∆(k,~λ)
eλqA(k)tϕjk, (5)

äå ϕjk, k ∈ Zp, � êîåôiöi¹íòè Ôóð'¹ ôóíê-
öié ϕj(x), j = 1, . . . , n, à ∆jq(k,~λ) � àë-
ãåáðè÷íå äîïîâíåííÿ åëåìåíòà Vj

[
eλqA(k)t

]
,

j, q = 1, . . . , n, ó âèçíà÷íèêó ∆(k,~λ). ßêùî,
êðiì òîãî, iñíó¹ ñòàëà γ ∈ R òàêà, ùî äëÿ
âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈
Zp âèêîíó¹òüñÿ íåðiâíiñòü

|∆(k,~λ)|≥
{
|k|−γ eδ1(~λ)TRe A(k), k ∈ K1,

|k|−γ eδ2(~λ)TRe A(k), k ∈ K2,
(6)

äå
δ1(~λ) = λr+1 + . . .+λn, δ2(~λ) = λ1 + . . .+λn−r,

K1 = {k ∈ Zp : ReA(k) ≥ 0}, K2 = Zp\K1,

òî íà îñíîâi îöiíîê äëÿ ôóíêöié eλqA(k)t, q =

1, . . . , n, òà àëãåáðè÷íèõ äîïîâíåíü ∆jq(k,~λ),
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j, q = 1, . . . , n, ìîæíà âñòàíîâèòè çáiæíiñòü
ðÿäó (5) ó øêàëi ïðîñòîðiâ Cn([0, T ]; W β

α ),
α, β ∈ R, ÿêùî ϕj ∈ W β0

α0
, j = 1, . . . , n, äëÿ

äåÿêèõ α0, β0 ∈ R. Òîìó âàæëèâèì ¹ äîñëiä-
æåííÿ ïèòàííÿ ïðî ìîæëèâiñòü âèêîíàííÿ
íåðiâíîñòi (6). Öå i ¹ ìåòîþ äàíî¨ ðîáîòè.
�¨ îñíîâíèìè ðåçóëüòàòàìè ¹ íàñòóïíi òâåðä-
æåííÿ.

Òåîðåìà 1. ßêùî äëÿ âèðàçó A(Dx) âè-
êîíó¹òüñÿ óìîâà (3), òî äëÿ ìàéæå âñiõ
(ñòîñîâíî ìiðè Ëåáåãà â Rn) ~λ ∈ Πn íåðiâ-
íiñòü (6) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií-
÷åííî¨ êiëüêîñòi) k ∈ Zp ïðè γ > γ0,

γ0 = p(n− r)(n + r − 1)/2−NC2
r .

Âiäçíà÷èìî, ùî â òåîðåìi 1 ôîðìóëþâàí-
íÿ ½äëÿ ìàéæå âñiõ ~λ ∈ Πn�, âçàãàëi êà-
æó÷è, íå ìîæíà çàìiíèòè íà ôîðìóëþâàí-
íÿ ½äëÿ âñiõ ~λ ∈ Πn�, ïðî ùî ñâiä÷èòü ïðè-
êëàä 1 ç ðîçäiëó 6 öi¹¨ ðîáîòè. Òàêå óòî÷-
íåííÿ òåîðåìè 1 ìîæíà çäiéñíèòè â îêðåìèõ
âèïàäêàõ, ÿêùî àìïëiòóäè A(k) ∈ R, k ∈ Zp,
äèôåðåíöiàëüíîãî âèðàçó A(Dx) ¹ äiéñíèìè.

Òåîðåìà 2. Íåõàé âèêîíó¹òüñÿ óìîâà
(3). ßêùî A(k) ∈ R, A(k) > 0 äëÿ âñiõ k ∈
Zp, òî äëÿ âñiõ âåêòîðiâ ~λ ∈ Πn íåðiâíiñòü
(6) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨
êiëüêîñòi) k ∈ Zp ïðè γ > −N(C2

r + C2
l ).

Çàóâàæèìî, ùî òåîðåìè 1, 2 ¹ òî÷íèìè
ñòîñîâíî åêñïîíåíöiéíîãî ìíîæíèêà ó íåðiâ-
íîñòi (6) â ñåíñi íàñòóïíîãî òâåðäæåííÿ.

Òåîðåìà 3. Äëÿ äîâiëüíîãî T > 0 òà äî-
âiëüíî¨ äîäàòíî¨ ôóíêöi¨ ψ : Zp → R+ òà-
êî¨, ùî

lim
|k|→∞

ψ(k)/ln |k| = ∞, (7)

íåðiâíiñòü

|∆(k)|≥
{
|k|−γeψ(k)+δ1(~λ)TReA(k), k∈K1,

|k|−γeψ(k)+δ2(~λ)TReA(k), k∈K2,
(8)

íå ìîæå âèêîíóâàòèñÿ äëÿ íåñêií÷åííî¨
êiëüêîñòi âåêòîðiâ k ∈ Zp ïðè æîäíèõ ~λ ∈
Πn òà γ ∈ R.

Äiîôàíòîâi âëàñòèâîñòi õàðàêòåðèñòè-
÷íèõ âèçíà÷íèêiâ êðàéîâèõ çàäà÷ (2) äëÿ

ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè äîñëiäæó-
âàëèñü ó ðîáîòàõ [2, 3, 6, 8, 9]. Òàê, ó ïðàöi [6]
çàïðîïîíîâàíî ìåòîäèêó äîâåäåííÿ ìåòðè-
÷íèõ îöiíîê çíèçó äëÿ âèçíà÷íèêiâ çàäà÷ ç
óìîâàìè (2) äëÿ âèïàäêó ãiïåðáîëi÷íèõ ðiâ-
íÿíü, ÿêi ìiñòÿòü ïîõiäíi çà çìiííîþ t òiëü-
êè ïàðíîãî ïîðÿäêó. Çà äîïîìîãîþ öi¹¨ ìå-
òîäèêè ó [6] âñòàíîâëåíî ðåçóëüòàò ïðî âèêî-
íàííÿ ñòåïåíåâèõ îöiíîê çíèçó äëÿ âèçíà÷-
íèêiâ òàêèõ çàäà÷ äëÿ ìàéæå âñiõ (ñòîñîâíî
ìiðè Ëåáåãà) âåêòîðiâ, êîìïîíåíòàìè ÿêèõ
¹ êîåôiöi¹íòè ðiâíÿííÿ òà çíà÷åííÿ ïðàâîãî
âóçëà iíòåðïîëÿöi¨ T . Iç öèòîâàíîãî ðåçóëü-
òàòó âèïëèâà¹ ðîçâ'ÿçíiñòü çàäà÷ ç óìîâà-
ìè (2) äëÿ ãiïåðáîëi÷íèõ ðiâíÿíü ó ñîáîë¹â-
ñüêié øêàëi ïðîñòîðiâ äëÿ ìàéæå âñiõ (ñòî-
ñîâíî ìiðè Ëåáåãà) âåêòîðiâ, êîìïîíåíòàìè
ÿêèõ ¹ êîåôiöi¹íòè ðiâíÿííÿ òà ÷èñëî T . Ií-
øèìè ñëîâàìè, äëÿ ½ïåðåâàæíî¨� áiëüøîñòi
ãiïåðáîëi÷íèõ ðiâíÿíü çàäà÷à ç óìîâàìè (2)
ðîçâ'ÿçíà ó ñîáîë¹âñüêié øêàëi ó ½ïåðåâà-
æíié� áiëüøîñòi îáëàñòåé QT

p .
Ó ïðàöÿõ [2, 3] çàïðîïîíîâàíó ó [6] ìåòî-

äèêó óçàãàëüíåíî íà âèïàäîê êðàéîâèõ çà-
äà÷ (2) äëÿ áåçòèïíèõ ðiâíÿíü iç ÷àñòèííèìè
ïîõiäíèìè, ÿêi ìiñòÿòü ïîõiäíi çà çìiííîþ t
ÿê ïàðíîãî, òàê i íåïàðíîãî ïîðÿäêiâ. Iç äî-
âåäåíèõ ó [2, 3] ìåòðè÷íèõ îöiíîê çíèçó äëÿ
âèçíà÷íèêiâ çàäà÷ ç óìîâàìè (2) äëÿ áåçòè-
ïíèõ ðiâíÿíü âèïëèâà¹ ðîçâ'ÿçíiñòü öèõ çà-
äà÷ ó ïðîñòîðàõ ïåðiîäè÷íèõ ôóíêöié åêñ-
ïîíåíöiéíîãî òèïó äëÿ ìàéæå âñiõ (ñòîñîâíî
ìiðè Ëåáåãà) âåêòîðiâ, ñêëàäåíèõ ç êîåôiöi-
¹íòiâ ðiâíÿííÿ òà ÷èñëà T .

Ó ðîáîòàõ [8, 9] çàïðîïîíîâàíî íîâèé, ïî-
ðiâíÿíî ç [2, 3, 6], ìåòîä äîâåäåííÿ ìåòðè÷-
íèõ òåîðåì ïðî îöiíêè çíèçó äëÿ âèçíà÷íè-
êiâ çàäà÷ ç óìîâàìè (2) äëÿ áåçòèïíèõ ðiâ-
íÿíü iç ÷àñòèííèìè ïîõiäíèìè. Íà îñíîâi
öüîãî ìåòîäó ó [8, 9] âñòàíîâëåíî ðîçâ'ÿ-
çíiñòü êðàéîâèõ çàäà÷ (2) äëÿ ìàéæå âñiõ ÷è-
ñåë T > 0 äëÿ äîâiëüíîãî áåçòèïíîãî ðiâíÿ-
ííÿ ó ïðîñòîðàõ ïåðiîäè÷íèõ ôóíêöié åêñ-
ïîíåíöiéíîãî òèïó. Iíàêøå êàæó÷è, äëÿ êî-
æíîãî áåçòèïíîãî ðiâíÿííÿ çàäà÷à ç óìîâà-
ìè (2) ðîçâ'ÿçíà ó øêàëi ïðîñòîðiâ åêñïîíåí-
öiéíîãî òèïó ó ½ïåðåâàæíié� áiëüøîñòi îáëà-
ñòåé QT

p .
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Äàíà ðîáîòà ðîçâèâà¹ i äîïîâíþ¹ äîñëiä-
æåííÿ, ïðîâåäåíi ó [2, 3, 6, 8, 9]. �¨ îñíîâ-
íîþ îñîáëèâiñòþ ¹ ðåçóëüòàò ïðî òå, ùî
äëÿ ôàêòîðèçîâàíîãî ðiâíÿííÿ (1) âäà¹òüñÿ
âñòàíîâèòè ìåòðè÷íi îöiíêè âèãëÿäó (6) äëÿ
áóäü-ÿêîãî T > 0 i äëÿ ìàéæå âñiõ âåê-
òîðiâ ~λ. Âðàõîâóþ÷è, ùî ç îöiíêè (6) âè-
ïëèâà¹ ðîçâ'ÿçíiñòü çàäà÷i (1), (2) ó øêà-
ëi ïðîñòîðiâ Cn([0, T ]; W β

α ) (ôàêò, âiäçíà÷å-
íèé íàìè âèùå), ç öüîãî ðåçóëüòàòó äiñòà¹ìî
òâåðäæåííÿ ïðî ðîçâ'ÿçíiñòü â êîæíié îáëà-
ñòi QT

p çàäà÷i ç óìîâàìè (2) äëÿ ½ïåðåâàæíî¨�
áiëüøîñòi ôàêòîðèçîâàíèõ ðiâíÿíü âèãëÿäó
(1). Íàâåäåíå òâåðäæåííÿ ïîñèëþ¹ (ó ïëàíi
ðîçâ'ÿçíîñòi) ðåçóëüòàòè ðîáiò [2, 3, 6]. Êðiì
òîãî, òâåðäæåííÿ òåîðåìè 1 äàíî¨ ðîáîòè ¹
ñèëüíiøèì (i ñòîñîâíî òî÷íîñòi îöiíêè, i ñòî-
ñîâíî êiëüêîñòi ïàðàìåòðiâ, çàäiÿíèõ ó ìå-
òðè÷íèõ îöiíêàõ) âiä ìåòðè÷íèõ òâåðäæåíü
ðîáiò [2, 3, 6].

Çàóâàæèìî, ùî äëÿ äîâåäåííÿ ñôîðìó-
ëüîâàíî¨ òåîðåìè 1 âèêîðèñòàíî ìåòîäèêó,
âiäìiííó âiä îïèñàíî¨ ó [2, 3, 6, 8, 9]. Íà-
ðåøòi âiäçíà÷èìî, ùî îòðèìàíi ó äàíié ðî-
áîòi ðåçóëüòàòè äëÿ âèïàäêó äiéñíîçíà÷íîãî
âåêòîðà ~λ ìîæíà ïåðåíåñòè íà âèïàäîê, êî-
ëè ~λ ∈ Cn.

2. Îöiíêè ëåáåãîâèõ ìið ½âèíÿòêîâèõ�
ìíîæèí êâàçiìíîãî÷ëåíiâ

Äëÿ çàäàíî¨ íà âiäðiçêó [a, b] ôóíêöi¨ f(t)
ñèìâîëîì E(f, ε, [a, b]), ε > 0, áóäåìî ïî-
çíà÷àòè ìíîæèíó {t ∈ [a, b] : |f(t)| < ε}.
Ìíîæèíó E(f, ε, [a, b]) íàçèâàòèìåìî ½ε-âè-
íÿòêîâîþ� äëÿ ôóíêöi¨ f(t) íà âiäðiçêó [a, b].
Äëÿ äîâåäåííÿ òåîðåìè 1 íàì çíàäîáëÿòüñÿ
äîïîìiæíi òâåðäæåííÿ ïðî îöiíêè çâåðõó
äëÿ ëåáåãîâèõ ìið ½ε-âèíÿòêîâèõ� ìíîæèí
E(f, ε, [a, b]) ãëàäêèõ ôóíêöié f(t).

Ëåìà 1. [1, 7] Íåõàé f : [a, b] → R �
òàêà äiéñíîçíà÷íà ôóíêöiÿ, ùî f ∈ Cn[a, b]
i äëÿ âñiõ t ∈ [a, b] âèêîíó¹òüñÿ íåðiâíiñòü
|f (n)(t)| > δ, δ > 0. Òîäi äëÿ äîâiëüíîãî ε > 0

mesRE(f, ε, [a, b]) ≤ 2n(n!ε/δ)1/n.

Íåõàé R(λ) � ïîëiíîì ñòåïåíÿ n âèãëÿäó

R(λ) ≡ λn +
n∑

j=1

ajλ
n−j, a1, . . . , an ∈ C. (9)

Äëÿ R(λ) ïîêëàäåìî: AR = 1 + max
1≤j≤n

|aj|1/j.
Íèæ÷å ðîçãëÿäàòèìåìî êâàçiìíîãî÷ëåíè

âèãëÿäó

Q(t) =
m∑

j=1

eµjtpj(t), µj 6= µq, j 6= q, (10)

äå µ1, . . . , µm ∈ C, à p1(t), . . . , pn(t) � ìíîãî-
÷ëåíè ñòåïåíiâ n1 − 1, . . . , nm − 1 âiäïîâiäíî
(n1, . . . , nm ∈ N). Äëÿ êâàçiìíîãî÷ëåíà Q(t)
ïîçíà÷èìî: MQ = 1 + max

1≤j≤m
|µj|.

Ëåìà 2. Íåõàé R(λ), Q(t) � ìíîãî÷ëåí i
êâàçiìíîãî÷ëåí, âèçíà÷åíi ðiâíîñòÿìè (9),
(10) âiäïîâiäíî. ßêùî äëÿ âñiõ t ∈ [a, b] âè-
êîíó¹òüñÿ óìîâà

|R(d/dt)Q(t)| ≥ δ > 0,

òî äëÿ âñiõ ε ∈
(
0, δ

(2n+2)An
R

]
ñïðàâäæó¹-

òüñÿ îöiíêà

mes RE(Q, ε, [a, b]) ≤ C1 MQ (ε/δ)1/n ,

äå C1 = C1(n, n0, b− a), n0 ≡ n1 + . . . + nm.
Äîâåäåííÿ. Ç óìîâè ëåìè âèïëèâà¹, ùî

â êîæíié òî÷öi t ∈ [a, b] âèêîíó¹òüñÿ íåðiâ-
íiñòü

max
0≤j≤n

{
An−j

R |ReQ(j)(t)|, An−j
R |ImQ(j)(t)|} ≥

≥ δ/(2n + 2). (11)
ßê i â äîâåäåííi òåîðåìè 2.5.6 ó [10], ìîæ-
íà âñòàíîâèòè, ùî iñíó¹ ðîçáèòòÿ âiäðiçêà
[a, b] íà âiäðiçêè Jq, q = 1, . . . , K, êiëüêiñòü
K âiäðiçêiâ ÿêîãî íå ïåðåâèùó¹ C2MQ, C2 =
C2(n, n0, b − a), ùî âîëîäi¹ òàêîþ âëàñòèâi-
ñòþ: íà êîæíîìó âiäðiçêó Jq öüîãî ðîçáèòòÿ
äåÿêà ôóíêöiÿ ñåðåä (2n + 2) ôóíêöié

An−j
R |ReQ(j)(t)|, j = 0, 1, . . . , n,

An−j
R |ImQ(j)(t)|, j = 0, 1, . . . , n,

¹ ìàêñèìàëüíîþ. Òîäi ç (11) âèïëèâà¹, ùî
äëÿ äîâiëüíîãî q (1 ≤ q ≤ K) iñíó¹ j(q) (0 ≤
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j(q) ≤ n) òàêå, ùî â êîæíié òî÷öi t ∈ Jq

âèêîíó¹òüñÿ íåðiâíiñòü

A
n−j(q)
R |ReQ(j(q))(t)| ≥ δ/(2n + 2) (12)

àáî íåðiâíiñòü

A
n−j(q)
R |ImQ(j(q))(t)| ≥ δ/(2n + 2). (13)

Ç íåðiâíîñòåé (12), (13) âèïëèâà¹, ùî ïðè
ε ∈

(
0, δ

(2n+2)An
R

]
âiäðiçîê Jq íå ìiñòèòü òî÷îê

ìíîæèíè E(Q, ε, [a, b]), ÿêùî j(q) = 0. ßêùî
æ j(q) 6= 0, òî ç îöiíîê

(ε/(δAn−j
R ))1/j ≤ (ε/δ)1/n, j = 1, . . . , n,

(ÿêi âèïëèâàþòü ç òîãî, ùî ε/δ ∈ (0, 1)) òà ç
íåðiâíîñòåé (12), (13) íà ïiäñòàâi ëåìè 1 äi-
ñòà¹ìî, ùî ïðè ε ∈

(
0, δ

(2n+2)An
R

]
âèêîíó¹òüñÿ

õî÷à á îäíà ç íàñòóïíèõ îöiíîê

mes RE(ReQ, ε, Jq) ≤ C3

(
ε

δA
n−j(q)
R

) 1
j(q)

≤

≤ C3 (ε/δ)1/n , C3 = C3(n),

mes RE(ImQ, ε, Jq) ≤ C4

(
ε

δA
n−j(q)
R

) 1
j(q)

≤

≤ C4 (ε/δ)1/n , C4 = C4(n).

Ç îòðèìàíèõ îöiíîê íà ïiäñòàâi î÷åâèäíèõ
âêëþ÷åíü

E(Q, ε, Jq) ⊂ E(ReQ, ε, Jq),

E(Q, ε, Jq) ⊂ E(ImQ, ε, Jq),

äiñòà¹ìî, ùî ïðè ε ∈
(
0, δ

(2n+2)An
R

]

mes RE(Q, ε, [a, b]) =
K∑

q=1

mes RE(Q, ε, Jq) ≤

≤ C5 MQ (ε/δ)1/n, C5 = C5(n, n0, b− a).

Ëåìó äîâåäåíî.
Ëåìà 3. Íåõàé Q(t) � êâàçiìíîãî÷ëåí

âèãëÿäó (10), à R(λ) � ìíîãî÷ëåí ñòåïåíÿ
n. ßêùî âèêîíó¹òüñÿ óìîâà

∀ t ∈ [a, b] |R(d/dt)Q(t)| ≥ δeµt > 0, µ ∈ R,

òî äëÿ âñiõ ε ∈
(
0, δ

(2n+2)AR(µ)n

]
ñïðàâäæó¹-

òüñÿ îöiíêà

mes R{t ∈ [a, b] : |Q(t)| ≤ εeµt} ≤

≤ C6 (MQ + |µ|) (ε/δ)
1
n , C6 = C6(n, n0, b− a),

äå AR(µ) ≡ 1 + max
0≤j≤n−1

∣∣∣R(j)(µ)
j!

∣∣∣
1

(n−j) .
Äîâåäåííÿ. Î÷åâèäíî, äëÿ âñiõ t ∈ [a, b]

âèêîíó¹òüñÿ íåðiâíiñòü |S(d/dt)G(t)| ≥ δ, äå
S(λ) ≡ R(λ+µ), à G(t) = Q(t)e−µt. Îñêiëüêè
S(λ) = λn + b1λ

n−1 + . . . + bn, äå

bj = R(n−j)(µ)/(n− j)!, j = 1, . . . , n,

òî AS ≡ 1 + max
1≤j≤n

|bj|1/j = AR(µ). Çàñòîñî-
âóþ÷è äî ìíîãî÷ëåíà S(λ) òà êâàçiìíîãî-
÷ëåíà G(t) ëåìó 2, äiñòàíåìî, ùî äëÿ âñiõ
ε ∈

(
0, δ

(2n+2)An
S

]
âèêîíó¹òüñÿ îöiíêà

mes RE(G, ε, [a, b]) ≤ C1 MG (ε/δ)1/n ,

äå MG ≡ 1 + max
1≤j≤m

|µj − µ|. Äëÿ çàâåðøåí-
íÿ äîâåäåííÿ çàëèøà¹òüñÿ âðàõóâàòè íåðiâ-
íiñòü MG ≤ MQ + |µ| i òå, ùî E(G, ε, [a, b]) =
{t ∈ [a, b] : |Q(t)| ≤ εeµt}. Ëåìó äîâåäåíî.

3. Äîâåäåííÿ òåîðåìè 1

Íåõàé Pn =
n∏

j=1

[aj, bj] � äîâiëüíèé ïàðàëå-

ëåïiïåä òàêèé, ùî Pn ⊂ Πn. Äëÿ êîæíîãî
k ∈ K1

⋃
K2 çàïðîâàäèìî òàêi ìíîæèíè:

Eγ(k) = {~λ ∈ Pn : |∆(k,~λ)| <
< |k|−γ eδ1(~λ)TRe A(k)}, ÿêùî k ∈ K1,

Eγ(k) = {~λ ∈ Pn : |∆(k,~λ)| <
< |k|−γ eδ2(~λ)TRe A(k)}, ÿêùî k ∈ K2.

Íåõàé Eγ � ìíîæèíà âåêòîðiâ ~λ, ÿêi íà-
ëåæàòü äî íåñêií÷åííî¨ êiëüêîñòi ìíîæèí
Eγ(k), k ∈ Zp. Äëÿ äîâåäåííÿ òåîðåìè 1
äîñèòü ïåðåâiðèòè, ùî äëÿ äîâiëüíîãî ïà-
ðàëåëåïiïåäà Pn ⊂ Πn mes RnEγ = 0, ÿêùî
γ > γ0, äå γ0 = p(n− r)(n + r − 1)/2−NC2

r .
Çãiäíî ç ëåìîþ Áîðåëÿ�Êàíòåëëi [5, ñ. 13],
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äëÿ öüîãî äîñèòü âñòàíîâèòè çáiæíiñòü ðÿ-
äó

∑
k∈Zp

mes RnEγ(k). Äîâåäåìî, ùî äëÿ âñiõ

k ∈ Zp\{~0} âèêîíó¹òüñÿ îöiíêà
mes RnEγ(k) ≤ C7|k|−p−ε, (14)

äå äîäàòíi ñòàëi ε, C7 íå çàëåæàòü âiä k. Ç
îöiíêè (14), î÷åâèäíî, âèïëèâà¹ çáiæíiñòü
ðÿäó

∑
k∈Zp

mes RnEγ(k).

Âñòàíîâèìî îöiíêó (14) äëÿ âèïàäêó, êî-
ëè k ∈ K1\{~0}. ×åðåç ∆j(k,~λ), j = 1, . . . , n,
ïîçíà÷èìî âèçíà÷íèê, ÿêèé îäåðæó¹òüñÿ ç
âèçíà÷íèêà ∆(k,~λ) âèêðåñëþâàííÿì îñòàí-
íiõ (n−j) ðÿäêiâ òà îñòàííiõ (n−j) ñòîâïöiâ.
Äëÿ êîæíîãî k ∈ K1\{~0} ðîçãëÿíåìî ìíî-
æèíè:

Fγ(k) = {~λ ∈ Pn : |∆n(k,~λ)| < νn(k,~λ)},
Fγ(j, k) = {~λ ∈ Pn : |∆j(k,~λ)| < νj(k,~λ),

|∆j−1(k,~λ)| ≥ νj−1(k,~λ)}, j = r + 1, . . . , n,

äå ÷èñëà νj(k,~λ), k ∈ K1, j = r, . . . , n, âèçíà-
÷àþòüñÿ òàêèì ñïîñîáîì:

νr(k,~λ) = |A(k)|C2
r

∏
r≥j>q≥1

|λj − λq|,

νj(k,~λ) = νr(k,~λ)ξj(k)

j∏
q=r+1

eλqReA(k)T , j > r,

ξj(k) =
ξj−1(k)

|k|p(j−1)+εj
, j > r, ξr(k) = 1,

εj = ε0/2
n−j+1, r + 1 ≤ j ≤ n, ε0 = γ − γ0.

Çàóâàæèìî, ùî äëÿ âñiõ k ∈ K1\{~0} ìíî-
æèíà Fγ(k) ìiñòèòüñÿ â îá'¹äíàííi ìíîæèí⋃n

j=r+1 Fγ(j, k). Äiéñíî, íåõàé ~λ ∈ Fγ(k).
ßêùî ~λ 6∈ Fγ(j, k) äëÿ âñiõ j ∈ {r+1, . . . , n},
òî, çãiäíî ç âèáîðîì ìíîæèí Fγ(j, k), r+1 ≤
j ≤ n, âèêîíó¹òüñÿ ñóïåðå÷ëèâà íåðiâíiñòü

νr(k,~λ) ≡ |∆r(k,~λ)| < νr(k,~λ).

Òîìó ~λ ∈ Fγ(j0, k) äëÿ äåÿêîãî íîìåðà j0 ∈
{r + 1, . . . , n}, à, îòæå, ïîòðiáíå âêëþ÷åííÿ
âñòàíîâëåíî. Òàêèì ÷èíîì,

mesRnFγ(k) ≤
n∑

j=r+1

mesRnFγ(j, k). (15)

Äëÿ êîæíî¨ ç ìíîæèí Fγ(j, k), r+1 ≤ j ≤ n,
çà òåîðåìîþ Ôóáiíi ìà¹ìî

mesRnFγ(j, k) =

∫

P j

mesRFγ(j, k, ~λj)d~λj, (16)

äå P j =
n∏

q=1,q 6=j

[aq, bq],

~λj = (λ1, . . . , λj−1, λj+1, . . . , λn),

Fγ(j, k, ~λj) = {λj ∈ [aj, bj] :

(λ1, . . . , λj−1, λj, λj+1, . . . , λn) ∈ Fγ(j, k)}.
Ùîá îöiíèòè çâåðõó ëåáåãîâi ìiðè ìíîæèí
Fγ(j, k, ~λj), r+1 ≤ j ≤ n, çàñòîñó¹ìî ëåìó 3.
Äëÿ öüîãî çàïðîâàäèìî òàêi ìíîãî÷ëåíè:

Rj(µ, k) = µr(µ− A(k)T )j−r−1, r + 1 ≤ j ≤ n.

Âèçíà÷íèê ∆j(k,~λ), j = r+1, . . . , n, ðîçâèíå-
ìî çà åëåìåíòàìè éîãî îñòàííüîãî ñòîâïöÿ, à
äî îäåðæàíîãî ðîçâèíåííÿ çàñòîñó¹ìî äèôå-
ðåíöiàëüíèé âèðàç Rj

(
∂

∂λj
, k

)
. Ó ðåçóëüòàòi

äiñòàíåìî ñïiââiäíîøåííÿ

Rj

(
∂

∂λj
, k

)
∆j(k,~λ)=(j−r−1)!Aj−1(k)×

×eλjA(k)T T r∆j−1(k,~λ), r + 1 ≤ j ≤ n. (17)
Çàçíà÷èìî, ùî äëÿ ôiêñîâàíèõ λq, q 6= j, âè-
çíà÷íèê ∆j(k,~λ) ïðè j = r +1, . . . , n ¹ êâàçi-
ìíîãî÷ëåíîì çìiííî¨ λj, ìîäóëi ïîêàçíèêiâ
åêñïîíåíò ÿêîãî íå ïåðåâèùóþòü |A(k)|T .
ßêùî ~λ ∈ Fγ(j, k), òî ç ôîðìóë (17) òà îçíà-
÷åííÿ ìíîæèíè Fγ(j, k) âèïëèâà¹, ùî

∣∣∣Rj

(
∂

∂λj
, k

)
∆j(k,~λ)

∣∣∣ ≥ |A(k)|j−1T r×

×eλjRe A(k)T νj−1(k,~λ), r + 1 ≤ j ≤ n. (18)
Ñòåïiíü ìíîãî÷ëåíà Rj(µ, k), j = r+1, . . . , n,
çà çìiííîþ µ äîðiâíþ¹ (j − 1), à

|∂sRj(A(k)T, k)/∂µs| ≤ C8|A(k)|s,
0 ≤ s ≤ j − 1, C8 > 0,

äå ñòàëà C8 íå çàëåæèòü âiä k. Òîìó ç îöiíîê
(18) íà ïiäñòàâi ëåìè 3 îòðèìó¹ìî, ùî äëÿ
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âñiõ k ∈ K1\{~0} ñïðàâäæó¹òüñÿ íåðiâíiñòü

mesRFγ(j, k, ~λj) ≤ C9|A(k)|×

×
(

ξj(k)

|A(k)|j−1ξj−1(k)

)1/(j−1)

≤

≤ C10|k|−p−ε̃j , j = r + 1, . . . , n,

(19)

äå ε̃j = ε0/((j − 1)2n−j+2), à ñòàëà C10 > 0
íå çàëåæèòü âiä âèáîðó çíà÷åíü λq ∈ [aq, bq],
q = 1, . . . , n, q 6= j. Iíòåãðóþ÷è îöiíêè (19),
ç ðiâíîñòåé (16) îòðèìà¹ìî, ùî äëÿ âñiõ k ∈
K1\{~0} âèêîíóþòüñÿ îöiíêè

mesRnFγ(j, k)≤C11|k|−p−ε̃, r + 1≤j≤n, (20)

äå ε̃ = min
r+1≤j≤n

ε̃j. Òîäi ç îöiíîê (20) íà ïiä-
ñòàâi íåðiâíîñòåé (15) äiñòà¹ìî, ùî äëÿ âñiõ
k ∈ K1\{~0}

mesRnFγ(k) ≤ (n− r)C11|k|−p−ε̃. (21)

Âðàõîâóþ÷è, ùî

∀~λ ∈ Pn

∏
r≥j>q≥1

|λj − λq| ≥
∏

r≥j>q≥1

|aj − bq|,

i òå, ùî εr+1 + . . . + εn < ε0, à

νn(k,~λ) = e(λr+1+...+λn)ReA(k)T
∏

r≥j>q≥1

|λj − λq|×

× |A(k)|C2
r

|k|p(r+...+n−1)+εr+1+...+εn
, k ∈ K1\{~0},

ç îöiíîê (3) äiñòà¹ìî, ùî äëÿ âñiõ (êðiì, ìî-
æëèâî, ñêií÷åííî¨ êiëüêîñòi) k ∈ K1\{~0} âè-
êîíó¹òüñÿ âêëþ÷åííÿ Eγ(k) ⊂ Fγ(k), ÿêùî
γ > γ0. Òîìó ç îöiíêè (21) âèïëèâà¹ iñòèí-
íiñòü îöiíêè (14) äëÿ k ∈ K1\{~0}.

Äëÿ âèïàäêó, êîëè k ∈ K2\{~0}, îöiíêó
(14) ìîæíà âñòàíîâèòè àíàëîãi÷íèìè ìiðêó-
âàííÿìè. Òåîðåìó äîâåäåíî.

4. Äîâåäåííÿ òåîðåìè 2
Äëÿ äîâåäåííÿ âèêîðèñòà¹ìî òàêó ëåìó.

Ëåìà 4. ßêùî A(k) ∈ R\{0} äëÿ äåÿêîãî
k ∈ Zp, òî äëÿ âñiõ âåêòîðiâ ~λ ∈ Πn âèêî-
íó¹òüñÿ íåðiâíiñòü ∆(k,~λ) 6= 0.

Äîâåäåííÿ. Âèêîðèñòà¹ìî ìåòîä ìàòå-
ìàòè÷íî¨ iíäóêöi¨ çà n � êiëüêiñòþ êîîðäè-
íàò âåêòîðà ~λ. Ùîá âiäîáðàçèòè çàëåæíiñòü
âèçíà÷íèêà ∆(k,~λ) âiä λ1, . . . , λn òà êðàòíî-
ñòi r ëiâîãî âóçëà â óìîâàõ (2), âèêîðèñòî-
âóâàòèìåìî äëÿ ∆(k,~λ) òàêîæ ïîçíà÷åííÿ
∆r(k, λ1, . . . , λn).

Ïðè n = 2 êðàòíiñòü r ëiâîãî âóçëà ìî-
æå äîðiâíþâàòè ëèøå 1, àäæå 1 ≤ r < n. Ó
öüîìó âèïàäêó

∆1(k, λ1, λ2) = eλ2A(k)T − eλ1A(k)T 6= 0,

ÿêùî A(k) ∈ R\{0} i λ1 < λ2.
Ïðèïóñòèìî, ùî äëÿ äåÿêîãî m ≥ 2

∆r(k, λ1, . . . , λm) 6= 0

äëÿ êîæíîãî r òàêîãî, ùî 1 ≤ r < m, ÿêùî
λ1 < . . . < λm i A(k) ∈ R\{0}.

Äîâåäåìî, ùî äëÿ äîâiëüíèõ äiéñíèõ ÷è-
ñåë λ1, . . . , λm+1 òàêèõ, ùî λ1 < . . . < λm+1,
íåðiâíiñòü ∆r(k, λ1, . . . , λm, λm+1) 6= 0 âèêî-
íó¹òüñÿ äëÿ êîæíîãî r, 1 ≤ r < m + 1,
ÿêùî A(k) ∈ R\{0}. Äëÿ ôiêñîâàíèõ ÷èñåë
λ1, . . . , λm òàêèõ, ùî λ1 < . . . < λm âèçíà-
÷íèê ∆r(k, λ1, . . . , λm, λ) ÿê ôóíêöiÿ âiä λ íà
ïðîìiæêó [λ1, +∞) ïåðåòâîðþ¹òüñÿ â íóëü
â m ðiçíèõ òî÷êàõ λ1, . . . , λm. Ïðèïóñòèìî,
ùî iñíó¹ òî÷êà θ ∈ [λ1, +∞), âiäìiííà âiä
λ1, . . . , λm, òàêà, ùî ∆r(k, λ1, . . . , λm, θ) = 0.
ßêùî 1 ≤ r < m, òî, çãiäíî ç ïðèïóùåí-
íÿì iíäóêöi¨, ∆r(k, λ1, . . . , λm) 6= 0; ÿêùî æ
r = m, òî

∆m(k, λ1, . . . , λm) =
∏

m≥j>q≥1

(λj − λq) 6= 0.

Òîäi äëÿ âñiõ λ ∈ [λ1, +∞) ïðè 1 ≤ r < m+1
âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

(
∂
∂λ

)r (
∂
∂λ
− A(k)T

)m−r×
×∆r(k, λ1, . . . , λm, λ) = (m− r)!T r×
×Am(k)eλA(k)T ∆r(k, λ1, . . . , λm) 6= 0.

(22)

Îñêiëüêè âèçíà÷íèê ∆r(k, λ1, . . . , λm, λ) ÿê
ôóíêöiÿ çìiííî¨ λ ìà¹ íà ïðîìiæêó [λ1, +∞)
ïðèíàéìíi (m+1) ðiçíèõ íóëiâ λ1, . . . , λm, θ,
ìíîãî÷ëåí R(µ, k) ≡ µr(µ − A(k)T )m−r ìà¹
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ñòåïiíü m, à éîãî îáèäâà íóëi ¹ äiéñíèìè, òî
çà óçàãàëüíåíîþ òåîðåìîþ Ðîëëÿ (äèâ. çàäà-
÷ó 92 ó [4, ñ. 63]) iñíó¹ òî÷êà ξ ∈ (λ1, +∞) òà-
êà, ùî R

(
∂
∂λ

, k
)
∆r(k, λ1, . . . , λm, λ) |λ=ξ = 0,

ùî ñóïåðå÷èòü âèêîíàííþ ñïiââiäíîøåííÿ
(22). Îòæå, ∆r(k, λ1, . . . , λm, λ) ïðè ôiêñîâà-
íèõ λ1 < . . . < λm ÿê ôóíêöiÿ âiä λ íà ïðî-
ìiæêó (λm, +∞) íå ïåðåòâîðþ¹òüñÿ â íóëü.

Çàóâàæåííÿ 1. ßêùî r = 1 àáî r = n−1
òâåðäæåííÿ ëåìè 4 ìîæíà âñòàíîâèòè iíøè-
ìè ìiðêóâàííÿìè. Íàâåäåìî ¨õ.

Ðîçêðèâàþ÷è âèçíà÷íèê ∆1(k, λ1, . . . , λn)
çà åëåìåíòàìè ïåðøîãî ðÿäêà, äiñòà¹ìî, ùî

∆1(k,~λ) = AC2
n−1(k)

∏
n≥j>q≥1

(λj − λq)×

×
n∑

j=1

eµjA(k)T

n∏
q=1,q 6=j

(µj − µq)
,

(23)

äå µj = λ1 + . . .+λn−λj, j = 1, . . . , n. Çãiäíî
iç çàäà÷åþ 97 ó [4, ñ. 64], iñíó¹ òî÷êà ξ, ÿêà
ëåæèòü âñåðåäèíi íàéìåíøîãî iíòåðâàëó, ùî
ìiñòèòü òî÷êè µ1, . . . , µn, òàêà, ùî

n∑
j=1

eµjA(k)T

n∏
q=1,q 6=j

(µj − µq)
=

(A(k)T )n−1

(n− 1)!
eξA(k)T .

Çâiäñè òà ç ôîðìóëè (23) âèïëèâà¹ òâåðä-
æåííÿ ëåìè äëÿ âèïàäêó r = 1.

ßêùî æ r = n − 1, òî òâåðäæåííÿ ëåìè
îòðèìó¹ìî iç ðîçâèíåííÿ

∆n−1(k,~λ) = AC2
n−1(k)

∏
n≥j>q≥1

(λj − λq)×

×
n∑

j=1

eλjA(k)T

n∏
q=1,q 6=j

(λj − λq)

òà òâåðäæåííÿ çàäà÷i 97 ó [4, ñ. 64].
Ïåðåéäåìî òåïåð äî äîâåäåííÿ òåîðåìè 2.
×åðåç C(n, m), 1 ≤ m ≤ n, ïîçíà÷èìî

ìíîæèíó íàáîðiâ ω = (i1, . . . , im), ñêëàäåíèõ
ç m íàòóðàëüíèõ ÷èñåë i1, . . . , im òàêèõ, ùî
1 ≤ i1 < . . . < im ≤ n. Äëÿ íàáîðó ω =
(i1, . . . , im) ïîêëàäåìî: setω = {i1, . . . , im},
Λω = λi1 + . . . + λim , Hω =

∏
m≥j>q≥1

(λij − λiq).

Äîâåäåííÿ òåîðåìè 2. Ðîçêðèâàþ÷è
âèçíà÷íèê ∆(k,~λ) çà ïðàâèëîì Ëàïëàñà çà
ìiíîðàìè ïåðøèõ r ðÿäêiâ, äiñòàíåìî, ùî

∆(k,~λ) = AC2
r +C2

l (k)×
× ∑

ω∈C(n,r)

(−1)sωHωHσ(ω)e
Λσ(ω)A(k)T ,

(24)

äå íàáið σ(ω) ∈ C(n, l) îäíîçíà÷íî âèçíà÷à-
¹òüñÿ çà íàáîðîì ω = (i1, . . . , ir) ∈ C(n, r)
óìîâîþ setσ(ω) ∩ setω = ∅, à sω = C2

r+1 +
i1 + . . . + ir. Îñêiëüêè λ1 < . . . < λn, òî

∀ω ∈ C(n, r) ∀σ ∈ C(n, l) HωHσ 6= 0, (25)

à ç îöiíîê (3) âèïëèâà¹, ùî

∀σ ∈ C(n, l)\σ0

lim
|k|→∞

e(Λσ−Λσ0 )A(k)T = 0,
(26)

äå σ0 ≡ (r + 1, . . . , n) ∈ C(n, l). Iç ñïiââiä-
íîøåíü (25), (26) âèïëèâà¹, ùî çíàéäåòüñÿ
N1 > 0 òàêå, ùî äëÿ âñiõ k ∈ Zp, |k| > N1,
âèêîíó¹òüñÿ îöiíêà

∣∣∣∣∣∣
∑

ω∈C(n,r)\σ0

HωHσ(ω)e
(Λσ(ω)−Λσ0)A(k)T

∣∣∣∣∣∣
≤

≤ 1

2
|Hω0Hσ0| ,

äå ω0 ≡ (1, . . . , r) ∈ C(n, r). Çâiäñè äiñòà¹ìî,
ùî ∀ k ∈ Zp, |k| > N1,

∣∣∣∣∣∣
∑

ω∈C(n,r)

(−1)sωHωHσ(ω)e
Λσ(ω)A(k)T

∣∣∣∣∣∣
≥

≥ 1

2
|Hω0Hσ0|eΛσ0A(k)T .

(27)

Îñêiëüêè A(k) ∈ R\{0}, k ∈ Zp, ~λ ∈ Πn, òî,
çãiäíî ç ëåìîþ 4, ∆(k,~λ) 6= 0 äëÿ âñiõ k ∈
Zp. Âðàõîâóþ÷è íåðiâíîñòi (3), (27), çâiäñè
äiñòà¹ìî, ùî iñíó¹ ñòàëà C12 > 0 òàêà, ùî
äëÿ âñiõ k ∈ Zp âèêîíó¹òüñÿ îöiíêà

|∆(k,~λ)| ≥ C12|k|N(C2
r +C2

l )eΛσ0A(k)T

Ç îòðèìàíî¨ îöiíêè âèïëèâà¹ òâåðäæåííÿ
òåîðåìè.
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5. Äîâåäåííÿ òåîðåìè 3
Ïðèïóñòèìî, ùî iñíó¹ âåêòîð ~λ ∈ Πn òàêèé,
ùî äëÿ äåÿêîãî γ ∈ R íåðiâíiñòü (8) âèêî-
íó¹òüñÿ äëÿ íåñêií÷åííî¨ êiëüêîñòi k ∈ Zp.
Ëåãêî ïåðåâiðèòè, ùî ïðè âèêîíàííi óìîâè
(3) äëÿ âñiõ k ∈ Zp, k 6= {~0}, ñïðàâäæó¹òüñÿ
îöiíêà

|∆(k)|≤
{

C13|k|ξeδ1(~λ)TReA(k), k ∈ K1,

C13|k|ξeδ2(~λ)TReA(k), k ∈ K2,
(28)

äå C13 > 0, ξ = N(C2
r +C2

l ). Ç îöiíîê (8), (28)
âèïëèâà¹, ùî äëÿ íåñêií÷åííî¨ êiëüêîñòi k ∈
Zp âèêîíó¹òüñÿ íåðiâíiñòü C13|k|ξ+γ ≥ eψ(k),
à, îòæå, é íåðiâíiñòü

ln C13 + (ξ + γ) ln |k| ≥ ψ(k), (29)

ÿêà ñóïåðå÷èòü óìîâi (7). Ç îòðèìàíî¨ ñóïå-
ðå÷íîñòi âèïëèâà¹ òâåðäæåííÿ òåîðåìè 3.

6. Ïðèêëàäè
Íàâåäåìî ïðèêëàäè, ÿêi äîïîâíþþòü îñíîâ-
íèé çìiñò ðîáîòè i äåìîíñòðóþòü òî÷íiñòü
òåîðåì, äîâåäåíèõ âèùå.

Ïðèêëàä 1. Äëÿ çàäà÷i
3∏

j=1

(
∂

∂t
− jα

∂

∂x

)
u(t, x) = 0, α ∈ (0, 1),

u |t=0 = ϕ1, ut |t=0 = ϕ2, u |t=2 = ϕ3,

äå (t, x)∈Q2
1, áåçïîñåðåäíiì ïiäðàõóíêîì îò-

ðèìó¹ìî, ùî ïðè k ∈ Z\{0}
|∆(k)| = 4|αk| sin2(kα) ≤

≤ 4|k|| sin(kα−mπ)| ≤ 4πk2
∣∣α

π
− m

k

∣∣ ,

äå m � òàêå öiëå ÷èñëî, ùî |kα−mπ| ≤ 1
2
.

Çà òåîðåìîþ ïðî iñíóâàííÿ iððàöiîíàëüíèõ
÷èñåë, ÿêi ÿê çàâãîäíî äîáðå íàáëèæàþòüñÿ
ðàöiîíàëüíèìè [11, ñ. 48], äëÿ äîâiëüíî¨ äî-
äàòíî¨ ôóíêöi¨ ψ(k) çíàéäåòüñÿ òàêå iððàöiî-
íàëüíå ÷èñëî α/π ∈ (0, π), äëÿ ÿêîãî íåðiâ-
íiñòü

∣∣α
π
− m

k

∣∣ < ψ(k)
4πk2 , ìà¹ íåñêií÷åííó êiëü-

êiñòü ðîçâ'ÿçêiâ ó öiëèõ ÷èñëàõ k, m. Äëÿ âè-
áðàíîãî ó òàêèé ñïîñiá ÷èñëà α/π íåðiâíiñòü

|∆(k)| ≤ ψ(k)

ìà¹ íåñêií÷åííó êiëüêiñòü ðîçâ'ÿçêiâ ó öiëèõ
÷èñëàõ k. Öå îçíà÷à¹, ùî â çàãàëüíîìó âè-
ïàäêó ó òåîðåìi 1 ôîðìóëþâàííÿ ½äëÿ ìàé-
æå âñiõ ~λ ∈ Πn� íå ìîæíà çàìiíèòè íà ôîð-
ìóëþâàííÿ ½äëÿ âñiõ ~λ ∈ Πn�.

Ïðèêëàä 2. Äëÿ çàäà÷i
n∏

j=1

(
∂2

∂t2
+ ξj

(
∂2

∂x2
− 1

))
u(t, x) = 0, (30)

{
∂j−1

t u |t=0 = 0, j = 1, . . . , n,

∂j−1
t u |t=T = 0, j = 1, . . . , n,

(31)

äå (t, x) ∈ Q2
1, ξ1, . . . , ξn > 0, òâåðäæåííÿ

ëåìè 4 ìîæíà âñòàíîâèòè íå áåçïîñåðåäíiì
îá÷èñëåííÿì âiäïîâiäíîãî âèçíà÷íèêà i íà-
ñòóïíîþ ïåðåâiðêîþ âiäìiííîñòi éîãî âiä íó-
ëÿ, à iíøèìè ìiðêóâàííÿìè. Íàâåäåìî ¨õ. Âi-
äîìî [3, 10], ùî ∆(k) 6= 0 äëÿ âñiõ k ∈ Z òîäi
i òiëüêè òîäi, êîëè çàäà÷à (30), (31) ìà¹ ëè-
øå òðèâiàëüíèé ðîçâ'ÿçîê u(t, x). Ïðèïóñòè-
ìî, ùî k-èé êîåôiöi¹íò Ôóð'¹ ôóíêöi¨ u(t, x),
ÿêèé ïîçíà÷èìî ÷åðåç uk(t), ¹ âiäìiííèì âiä
òîòîæíîãî íóëÿ. Ôóíêöiÿ uk ∈ C2n[0, T ] ¹
ðîçâ'ÿçêîì òàêî¨ çàäà÷i:

n∏
j=1

(
d2

dt2
− ξj(k

2 + 1)

)
uk(t) = 0, (32)

{
u

(j−1)
k (0) = 0, j = 1, . . . , n,

u
(j−1)
k (T ) = 0, j = 1, . . . , n.

(33)

Äîìíîæèìî ðiâíÿííÿ (32) íà uk(t) i îòðèìà-
íó ðiâíiñòü ïðîiíòåãðó¹ìî íà âiäðiçêó [0, T ].
Ó ðåçóëüòàòi äiñòàíåìî, ùî

∫ T

0

u
(2n)
k (t)uk(t)dt +

n−1∑
j=0

(−1)n−jaj×

×(k2 + 1)n−j

∫ T

0

u
(2j)
k (t)uk(t)dt = 0, (34)

äå a0, . . . , an−1 � íåâiä'¹ìíi ñòàëi, ÿêi âèðà-
æàþòüñÿ ÷åðåç ξ1, . . . , ξn. Iíòåãðóþ÷è ÷àñòè-
íàìè i âðàõîâóþ÷è óìîâè (33), ëåãêî ïåðå-
êîíàòèñÿ, ùî äëÿ âñiõ j = 0, 1, . . . , n

∫ T

0

u
(2j)
k (t)uk(t)dt = (−1)j

∫ T

0

|u(j)
k (t)|2dt.
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Òîìó ç ðiâíîñòi (34) îäåðæó¹ìî, ùî
∫ T

0

|u(n)
k (t)|2dt +

n−1∑
j=0

aj(k
2 + 1)n−j×

×
∫ T

0

|u(j)
k (t)|2dt = 0. (35)

Îñêiëüêè a0 ≥ 0, . . . , an−1 ≥ 0, à ôóíêöiÿ
u

(n)
k (t) � íåïåðåðâíà, òî ç (35) âèïëèâà¹, ùî

u
(n)
k (t) = 0 â êîæíié òî÷öi t ∈ [0, T ]. Îòæå,

uk(t) � ìíîãî÷ëåí (n − 1)-ãî ñòåïåíÿ, ÿêèé
ìà¹ íóëü (n− 1)-ãî ïîðÿäêó â òî÷öi t = 0 òà
íóëü (n− 1)-ãî ïîðÿäêó â òî÷öi t = T . Òîìó
uk(t) ≡ 0, âñóïåðå÷ ïðèïóùåííþ.

7. Ïåðñïåêòèâà íàñòóïíèõ äîñëiäæåíü
Çàïðîâàäèìî íàñòóïíi îçíà÷åííÿ.

Îçíà÷åííÿ 1. Âåêòîð ~λ = (λ1, . . . , λn) ∈
Πn áóäåìî íàçèâàòè γ-íîðìàëüíèì äëÿ çà-
äà÷i (1), (2), ÿêùî äëÿ âñiõ (êðiì ñêií÷åííî¨
êiëüêîñòi) âåêòîðiâ k ∈ Zp âèêîíó¹òüñÿ íå-
ðiâíiñòü (6).

Îçíà÷åííÿ 2. Ãëàäêèé ïiäìíîãîâèä M ⊂
Πn áóäåìî íàçèâàòè γ-íîðìàëüíèì äëÿ çà-
äà÷i (1), (2), ÿêùî ìàéæå âñi (ñòîñîâíî ìi-
ðè íà M) éîãî òî÷êè ¹ γ-íîðìàëüíèìè.

Ó öié ðîáîòi âñòàíîâëåíî, ùî n-âèìiðíèé
ìíîãîâèä Πn ¹ γ-íîðìàëüíèì äëÿ çàäà÷i (1),
(2), ÿêùî γ > γ0. Ïåðñïåêòèâíèì ¹ âèâ÷åííÿ
ïèòàííÿ ïðî îïèñ γ-íîðìàëüíèõ ïiäìíîãîâè-
äiâ â Πn, ðîçìiðíiñòü ÿêèõ ¹ íèæ÷îþ âiä n.

Ðîáîòà ÷àñòêîâî ïiäòðèìàíà Äåðæàâ-
íèì ôîíäîì ôóíäàìåíòàëüíèõ äîñëiäæåíü
Óêðà¨íè (ïðîåêò � 10.01/053).
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