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Äëÿ çàäà÷ Êîøi, ëiíåàëiçîâàíà ÷àñòèíà ÿêèõ ìiñòèòü çìiííèé ñèíãóëÿðíèé æìóòîê ìàòðèöü,
îäåðæàíi äîñòàòíi óìîâè iñíóâàííÿ àíàëiòè÷íèõ ðîçâ'ÿçêiâ â îáëàñòi ç îñîáëèâîþ òî÷êîþ íà
ìåæi òà îäåðæàíà ¨õ îöiíêà.

The su�cient conditions of the analytical solutions existence are found in the domain with the
special point on the border and their estimation is obtained for Cauchy problems, the linearized
part of their systems contains the variable singular matrix pencil.

1. Ïîñòàíîâêà çàäà÷i è ôîðìóëþ-
âàííÿ îñíîâíèõ ðåçóëüòàòiâ.

Ðîçãëÿíåìî ñèíãóëÿðíó çàäà÷ó Êîøi
{

A(z)W ′ = B(z)W + F (z,W ), (1.1)
W (z) −→ 0, z −→ 0, (1.2)

äå îäíîçíà÷íi ìàòðèöi A,B : D −→ G1 ×G2

ðîçìiðó m× n àíàëiòè÷íi â îáëàñòi D ⊆
⊆ C,0 ∈ D àáî 0 ∈ ∂D,G1 ×G2 ⊆
⊆ Cm×n, (0, 0) ∈ G1 ×G2 àáî (0, 0) ∈
∈ ∂(G1 ×G2), îäíîçíà÷íà âåêòîð-ôóíêöiÿ
F : D × G2 −→ G1 àíàëiòè÷íà â D × G2.
Ïðèïóñòèìî, ùî m 6= n, òîáòî æìóòîê ìà-
òðèöü A(z)λ + B(z) ¹ ñèíãóëÿðíèì.

Ìåòîþ öi¹¨ ðîáîòè ¹ äîñëiäæåííÿ ïèòàíü
ïðî iñíóâàííÿ àíàëiòè÷íèõ ðîçâ'ÿçêiâ çàäà÷i
Êîøi (1.1)-(1.2), êîëè z çìiíþ¹òüñÿ â äåÿêié
îáëàñòi, ó ÿêié òî÷êà z = 0 çíàõîäèòüñÿ àáî
íà ìåæi, àáî âñåðåäèíi îáëàñòi, ÿêi çàäîâîëü-
íÿþòü óìîâó W ′ −→ 0, ÿêùî z −→ 0.

Â ðîáîòi [8] ïðèâåäåíà ëåìà ïðî ðàíã, ó
âiäïîâiäíiñòþ ç ÿêîþ, ÿêùî ìàòðèöÿ A(z)
àíàëiòè÷íà â îäíîçâ'ÿçíié îáëàñòi D ⊂ C,
0 ∈ D, A : D −→ Cm×n i rangA(0) = k,
0 < k ≤ min(m,n), òî iñíó¹ àáî îáëàñòü
D10 = {z : 0 < |z| < R1}, àáî D1 = {z : |z| <
< R1} ç D, òàêà, ùî ðàíã ìàòðèöi A(z) çà-
ëèøà¹òüñÿ ñòàëèì àáî ïðè z ∈ D10, àáî ïðè
z ∈ D1 i äîðiâíþ¹ k1, äå k ≤ k1 ≤ min(m, n).

Ó ðîáîòi [7] ðîçãëÿíóòî âèïàäîê m > n,
rangA(z) = min(m,n) ïðè z ∈ D1 = {z :

|z| < R1} ïðè äåÿêèõ äîäàòíiõ óìîâàõ íà ìà-
òðèöi A(z),B(z) òà âåêòîð F (z,W ).Â äàííié
ðîáîòi ïðîäîâæóþòüñÿ äîñëiäæåííÿ ðîáîòè
[7].

Íå îáìåæóþ÷è çàãàëüíîñòi, áóäåìî ââà-
æàòè, ùî ìàòðèöi A(z),B(z) òà âåêòîð
F (z, W ) ïîäàíi ó âèãëÿäi:

A(z) =

(
A1(z)
A2(z)

)
; B(z) =

(
B1(z)
B2(z)

)
;

F (z, W ) =

(
F1(z, W )
F2(z, W )

)
, (1.3)

äå A1 : D −→ Cn×n, detA1(z) 6= 0 ïðè
z ∈ D1; B1 : D −→ Cn×n, F1 : D×G2 −→ Cn.

Ñèñòåìà (1.1) ïiñëÿ äîìíîæåííÿ íà A−1
1

ïðèéìà¹ âèãëÿä:




W ′ = A−1
1 (z)B1(z)W + A−1

1 (z)F1(z, W ), (1.4)

A2(z)W ′ = B2(z)W + F2(z,W ). (1.5)

Ñèñòåìó (1.4)-(1.5) ðîçãëÿíåìî ó âèïàä-
êó, êîëè ìàòðèöÿ B1(z) àíàëiòè÷íà â îáëàñòi
D10 i â òî÷öi z = 0 ìà¹ ïîëþñ q-òîãî ïîðÿä-
êó, q ∈ N, q ≥ 2, ïðè÷îìó âåêòîð-ôóíêöiÿ
F (z, W ) àíàëiòè÷íà â îáëàñòi D10 ×G20,
G20 = G2\{0}, i â òî÷öi (z,W ) = (0, 0) ìà¹
içîëüîâàíó îñîáëèâó òî÷êó. Ó âiäïîâiäíiñòi ç
öèì ìàòðèöþ B1(z) ïîäàìî ó âèãëÿäi:

B1(z) = z−qB1(z), (1.6)
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äå ìàòðèöÿ B1(z) àíàëiòè÷íà â îáëàñòi
D11 ⊆ D1,0 ∈ D11. Ñèñòåìà (1.4)-(1.5) ìîæå
áóòè ïåðåïèñàíà ó âèãëÿäi:




zqW ′ = P (z)W + zqf(z, W ), (1.7)

A2(z)W ′ = B2(z)W + F2(z, W ). (1.8)

äå P (z) = (pij(z))n
i,j=1 = A−1

1 (z)B1(z);
f(z,W ) = (fi(z, W ))n

i=1 = A−1
1 (z)F1(z, W ).

Ââåäåìî äåÿêi ïîíÿòòÿ.
Íåõàé íà ìíîæèíi

A = {(t, ν) : t ∈ (0, t1], ν ∈ [ν1, ν2], ν1 < ν2}
âèçíà÷åíi íåâiä'¹ìíi ôóíêöi¨ p(t, ν) òà g(t, ν).

Îçíà÷åííÿ 1.1. Ñêàæåìî, ùî ôóíêöiÿ
p(t, ν) ìà¹ âëàñòèâiñòü Q âiäíîñíî ôóíêöi¨
g(t, ν) íà ìíîæèíi A,ÿêùî äëÿ êîæíîãî ν ∈
[ν1, ν2] ôóíêöiÿ p(t, ν) ¹ ôóíêöi¹þ áiëüø âè-
ñîêîãî ïîðÿäêó ìàëîñòi ïîðiâíÿíî ç g(t, ν)
ïðè t −→ +0.

Îçíà÷åííÿ 1.2. Ñêàæåìî, ùî ôóíêöiÿ
p(t, ν) ìà¹ âëàñòèâiñòü Q1(t0) âiäíîñíî ôóí-
êöi¨ g(t, ν) íà ìíîæèíi A,ÿêùî äëÿ êîæíîãî
ν ∈ [ν1, ν2] iñíóþòü ñòàëi
c1,c2 > 0, ùî c1|g(t, ν)| ≤ |p(t, ν)| ≤ c2|g(t, ν)|
ïðè t ∈ (0, t0], t0 ∈ (0, t1].

Îçíà÷åííÿ 1.3. Íåõàé âåêòîð-ôóíêöiÿ
ϕ(z) = col(ϕ1(z), ..., ϕn(z)),ϕ : D −→ Cn,
àíàëiòè÷íà â D i ïîäàíà ó âèãëÿäi:

ϕi(z(t, ν)) = ψi(t, ν)eiηi(t,ν), i ∈ 1, n,

äå z(t, ν) = teiν , t ∈ (0, t1],ν ∈ (0, 2π],ïðè÷îìó
â D ψi(t, ν) > 0,(ψi(t, ν))′t > 0,
(ψi(t, ν))′ν > 0,ψi(+0, ν) = 0.

Ñêàæåìî, ùî ñèñòåìà (1.7) ìà¹ âëàñòè-
âiñòü A2 âiäíîñíî ϕ(z(t, ν)),ÿêùî âèêîíóþ-
òüñÿ íàñòóïíi óìîâè:

1)|pjj(z(t, ν))|ψj(t, ν) = O(tp(ψj(t, ν))′t,
(j = 1, n) ïðè t −→ +0 ðiâíîìiðíî âiäíîñíî
ν ∈ [ν1, ν2]; (1.9)

2)|pjj(z(t, ν))|ψj(t, ν) (j = 1, n) ìà¹ âëà-
ñòèâiñòü Q1(t0) âiäíîñíî tp−1(ψj(t, ν))′ν íà
ìíîæèíi À; (1.10)

3à)|pjk(z(t, ν))|ψk(t, ν) = O(|pjj(z(t, ν))|·
·ψj(t, ν)t, (j, k = 1, n,j 6= k) ïðè t −→ +0
ðiâíîìiðíî âiäíîñíî ν ∈ [ν1, ν2];

3á)ôóíêöi¨ |pjk(z(t, ν))|ψk(t, ν) (j, k =
= 1, n,j 6= k) ìàþòü âëàñòèâiñòü Q âiäíîñíî
|pjj(z(t, ν))|ψj(t, ν) íà ìíîæèíi À.

Ïðè ôiêñîâàííîìó ν ∈ [ν1, ν2] ïîêëàäåìî

F (z(t, ν),W (z(t, ν))) = F1ν(t,W1(t),W2(t))+

+iF2ν(t,W1(t),W2(t)),

äå W (z(t, ν)) = W1(t) + iW2(t). Ïðè ôiêñî-
âàííîìó t ∈ (0, t1]:

F (z(t, ν),W (z(t, ν))) = F1t(ν, W1(ν), W2(ν))+

+iF2t(ν, W1(ν),W2(ν)),

äå W (z(t, ν)) = W1(ν) + iW2(ν).
Ðîçãëÿíåìî ìíîæèíó Ω(t,W, τ):

Ω(t,W, τ) = {(t, W ) : W 2
1j(t) + W 2

2j(t) <

< τ 2
j |ϕj(z(t, ν))|2, τj > 0, j = 1, n, t ∈ (0, t1)}.
Îçíà÷åííÿ 1.4. Ñêàæåìî, ùî ñèñòåìà

(1.7) ìà¹ âëàñòèâiñòü P2 âiäíîñíî ôóíêöi¨
F (z, W ),Fj = F1j + iF2j, j = 1, n, ÿêùî âèêî-
íóþòüñÿ íàñòóïíi óìîâè:

1) äëÿ êîæíîãî ôiêñîâàííîãî W (z(t, ν)) ç
ìíîæèíè Ω(t,W, τ)

tqFkjν(t,W1(t), W2(t)) = o(|pjj(z(t, ν))||ϕj(z(t, ν))|,
j = 1, n, k = 1, 2, t −→ +0 ðiâíîìiðíî âiäíî-
ñíî ν ∈ [ν1, ν2];

2) äëÿ êîæíîãî ôiêñîâàííîãî
W (z(t, ν)) ç ìíîæèíè Ω(ν, W, σ) ôóíêöiÿ
tqFkjt(t,W1(ν),W2(ν)) ìà¹ âëàñòèâiñòü Q
âiäíîñíî |pjj(z(t, ν))||ϕj(z(t, ν))|, j = 1, n,
k = 1, 2 íà ìíîæèíi À.

Ó âèïàäêó, êîëè ñèñòåìà (1.7) ìà¹ âëàñòè-
âiñòü A2, âiäíîñíî ϕ(z(t, ν)) âèêîíàíi óìîâè
(1.9) i (1.10). Ïåðåïèøåìî (1.9) i (1.10) â íà-
ñòóïíîìó âèãëÿäi:

lim
t−→+0

tq−1ψjρ(t, ν)

|pjj(z(t, ν))|ψj(t, ν)
= Bρ

j

ðiâíîìiðíî âiäíîñíî ν ∈ [ν1, ν2],äå ρ = t
(l = 0) àáî ρ = ν(l = 1) i ñòàëi Bρ

j 6= 0,
j = 1, n.
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Ââåäåìî ìíîæèíó Φ2j.klp(t1) =

=





(t, ν) : cos((q − 1)ν − αjjν(t)) <

< Bt
j, |Bt

j| < 1, j = 1, p1, cos((q − 1)ν−

−αjjν(t)) > Bt
j, |Bt

j| < 1, j = p1 + 1, p2,

|Bt
j| > 1, j = p2 + 1, n, sin((q − 1)ν−

−αiit(ν)) < Bν
i , |Bν

i | < 1, i = 1, l1,

sin((q − 1)ν − αiit(ν)) > Bν
i , |Bν

i | < 1,

i = l1 + 1, l2, |Bν
i | > 1, i = l2 + 1, n,

t ∈ (0, t1], ν ∈ [ν1, ν2]





äå t ∈ (0, t1], ν ∈ (0, 2π] i ñèìâîëàìè αikν(t) òà
αikt(ν) ïîçíà÷èìî ôóíêöi¨, êîñèíóñè i ñèíóñè
ÿêèõ âiäïîâiäíî äîðiâíþþòü:

cos αikν(t) =
Repikν(t)√

(Repikν(t))2 + (Impikν(t))2
;

sin αikν(t) =
Impikν(t)√

(Repikν(t))2 + (Impikν(t))2
;

i, k ∈ 1, ..., n, (1.11)

äå pikν(t) = pik(z(t, ν)) = Repik(t) + iImpik(t)
ïðè ôiêñîâàíîìó ν ∈ (0, 2π];

cos αikt(ν) =
Repikt(ν)√

(Repikt(ν))2 + (Impikt(ν))2
;

sin αikt(ν) =
Impikt(ν)√

(Repikt(ν))2 + (Impikt(ν))2
;

i, k ∈ 1, ..., n, (1.12)

äå pikt(ν) = pik(z(t, ν)) = Repik(ν)+iImpik(ν)
ïðè ôiêñîâàíîìó t ∈ (0, t1], j, k, l ∈ {1, 2, 3},
p ∈ {+,−}.

Îçíà÷åííÿ 1.5. Ó âèïàäêó, ÿêùî âèêî-
íó¹òüñÿ îäíà ç òðüîõ óìîâ:

1)pi = 0, i = 1, 2; Bt
j < 0, j = 1, n;

2)p1 = n;

3)p1 = 0, 1 ≤ p2 < n,Bt
j < 0, j = p2 + 1, n;

ñêàæåìî, ùî îçíà÷åíi ìíîæèíè òî-
÷îê êîìïëåêñíî¨ ïëîùèíè, äëÿ ÿêèõ
âiäïîâiäíî âèêîíó¹òüñÿ îäíà ç óìîâ
Φ21.1lp(t1),Φ21.2lp(t1),Φ21.3lp(t1);

ÿêùî ïðè öüîìó äëÿ öèõ ìíîæèí âèêî-
íó¹òüñÿ îäíà ç òðüîõ íàñòóïíèõ óìîâ:

1)li = 0, i = 1, 2; Bν
j < 0, j = 1, n; (li = 0,

Bν
j > 0), j = 1, n;

2)l1 = n(l1 = 0, l2 = n);

3)l2 = 0, 1 ≤ l1 < n, Bν
j < 0, j = l1 + 1, n

(l1 = 0, 1 ≤ l2 < n, Bν
j > 0, j = l2 + 1, n);

ñêàæåìî, ùî îçíà÷åíi ìíîæèíè òî-
÷îê êîìïëåêñíî¨ ïëîùèíè, äëÿ ÿêèõ
âiäïîâiäíî âèêîíó¹òüñÿ îäíà ç óìîâ
Φ21.l1+(t1)(Φ21.l1−(t1)),Φ21.l2+(t1)(Φ21.l2−(t1));
Φ21.l3+(t1) (Φ21.l3−(t1)).

Îçíà÷åííÿ 1.6. Ó âèïàäêó, ÿêùî âèêî-
íó¹òüñÿ îäíà ç òðüîõ óìîâ:

1)pi = 0, i = 1, 2; Bt
j > 0, j = 1, n;

2)p1 = 0, p2 = n;

3)p2 = 0, 1 ≤ p1 < n,Bt
j > 0, j = p1 + 1, n;

ñêàæåìî, ùî îçíà÷åíi ìíîæèíè òî-
÷îê êîìïëåêñíî¨ ïëîùèíè, äëÿ ÿêèõ
âiäïîâiäíî âèêîíó¹òüñÿ îäíà ç óìîâ
Φ22.1lp(t1),Φ22.2lp(t1),Φ22.3lp(t1);

ÿêùî ïðè öüîìó äëÿ öèõ ìíîæèí âèêî-
íó¹òüñÿ îäíà ç òðüîõ íàñòóïíèõ óìîâ:

1)li = 0, i = 1, 2; Bν
j < 0, j = 1, n; (li = 0,

Bν
j > 0), j = 1, n;

2)l1 = n(l1 = 0, l2 = n);

3)l2 = 0, 1 ≤ l1 < n, Bν
j < 0, j = l1 + 1, n

(l1 = 0, 1 ≤ l2 < n, Bν
j > 0, j = l2 + 1, n);

ñêàæåìî, ùî îçíà÷åíi ìíîæèíè òî-
÷îê êîìïëåêñíî¨ ïëîùèíè, äëÿ ÿêèõ
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âiäïîâiäíî âèêîíó¹òüñÿ îäíà ç óìîâ
Φ22.l1+(t1)(Φ22.l1−(t1)),Φ22.l2+(t1)(Φ22.l2−(t1));
Φ22.l3+(t1) (Φ22.l3−(t1)).

Îçíà÷åííÿ 1.7. Ó âèïàäêó, ÿêùî
1 ≤ p1 < p2 < p3 ≤ n,Bt

j < 0, ïðè j =

= p2 + 1, p3 i Bt
j > 0, j = p3 + 1, n

ñêàæåìî, ùî îçíà÷åíi ìíîæèíè òî÷îê
êîìïëåêñíî¨ ïëîùèíè, äëÿ ÿêèõ âiäïîâiä-
íî âèêîíó¹òüñÿ óìîâà Φ23.1lp(t1); ÿêùî ïðè
öüîìó äëÿ öèõ ìíîæèí âèêîíó¹òüñÿ îäíà ç
òðüîõ íàñòóïíèõ óìîâ:

1)li = 0, i = 1, 2; Bν
j < 0, j = 1, n; (li = 0,

Bν
j > 0), j = 1, n;

2)l1 = n(l1 = 0, l2 = n);

3)l2 = 0, 1 ≤ l1 < n, Bν
j < 0, j = l1 + 1, n

(l1 = 0, 1 ≤ l2 < n, Bν
j > 0, j = l2 + 1, n);

òî ñêàæåìî, ùî îçíà÷åíi ìíîæèíè
òî÷îê êîìïëåêñíî¨ ïëîùèíè, äëÿ ÿêèõ
âiäïîâiäíî âèêîíó¹òüñÿ îäíà ç óìîâ
Φ23.l1+(t1)(Φ23.l1−(t1)),Φ23.l2+(t1)(Φ23.l2−(t1));
Φ23.l3+(t1) (Φ23.l3−(t1)),l ∈ {1, 2, 3}.

Îçíà÷åííÿ 1.8. Ñêàæåìî, ùî ñèñòåìà
(1.7) íàëåæèòü êëàñó K2r, r = 1, 2, 3, ÿêùî
ìàòðèöÿ P (z) = P (teiν) òàêà, ùî
(t, ν) ∈ Φ2j.rlk(t), j, r, l ∈ {1, 2, 3}, k ∈ {+,−}.

Òåîðåìà 1.j.(j=1,2,3) Íåõàé äëÿ ñè-
ñòåìè (1.1) âèêîíóþòüñÿ íàñòóïíi óìîâè:

1) îäíîçíà÷íà ìàòðèöÿ A : D −→
−→ Cm×n,m > n, àíàëiòè÷íà â îáëàñòi D;

2)iñíó¹ îáëàñòü D1 ⊆ D, òàêà, ùî
rangA(z) = n ïðè z ∈ D1;

3)ìàòðèöi A(z), B(z) òà âåêòîð-ôóíêöiÿ
f(z, Y ) ïîäàíi ó âèãëÿäi (1.3), ïðè÷îìó, ìà-
òðèöÿ B1(z) àíàëiòè÷íà â îáëàñòi D10, â
òî÷öi z = 0 ìà¹ ïîëþñ q-ãî ïîðÿäêó (q ≥ 2)
i ïîäàíà ó âèãëÿäi (1.6); à âåêòîð-ôóíêöiÿ
f1(z, W ) àíàëiòè÷íà â D10 × G20 i â òî÷öi
(0,0) ìà¹ içîëüîâàíó îñîáëèâó òî÷êó;

4)ñèñòåìà (1.7)-(1.8) çàäîâîëüíÿ¹ óìîâè:
à)ñèñòåìà (1.7) ìà¹ âëàñòèâiñòü A2 âiäíî-
ñíî ôóíêöié ϕ(z(t, ν)) ïðè t ∈ (0, t1] ðiâíî-
ìiðíî âiäíîñíî ν ∈ [ν1, ν2];

á)ñèñòåìà (1.7) íàëåæèòü êëàñó K2j;
â)ñèñòåìà (1.7) ìà¹ âëàñòèâiñòü P2 âiä-

íîñíî âåêòîð-ôóíêöié F (z, Y ),Fj = F1j+
+iF2j,j = 1, n, ïðè t ∈ (0, t1], ν ∈ [ν1, ν2];

ã)B2(z) i F2(z, W ) òàêi, ùî âçäîâæ ðîç-
â'çêiâ ñèñòåìè (1.7) âèêîíó¹òüñÿ óìîâà ñó-
ìiñíîñòi (1.8) â îáëàñòi D2 ⊆ D1,
D2 ∩G2j.rlk(ρ) 6= ∅,j, r, l ∈ {1, 2, 3},
k ∈ {+,−},0 ∈ D2.

Òîäi: ïðè j = 1
çíàéäåòüñÿ òàêå ρ > 0, ρ ∈ (0, t1],

äëÿ ÿêîãî êîæíèé ðîçâ'ÿçîê ñèñòåìè (1.1)
W (z) = col(W1, ..., Wn(z)) ç ïî÷àòêîâèìè
äàíèìè (z0,W0) òàêèìè, ùî

z0 ∈ G21.rlk(ρ), r, l ∈ {1, 2, 3}, k ∈ {+,−},

W0 ∈ {W : |Wkj(z0)| < δj|ϕj(z0)|, j = 1, n,

k = 1, 2},Wj(z) = W1j(z) + iW2j(z), (1.13)

äå 0 < δi, i = 1, n ñòàëi; ¹ àíàëiòè÷íèì â
îáëàñòi G21.rlk(ρ) ∩D2 i çàäîâîëüíÿ¹ óìîâó

|Wi(z)|2 < δ2
i |ϕi(z)|2, i = 1, n; (1.14)

ïðè j = 2, 3
çíàéäåòüñÿ òàêå ρ > 0, ρ ∈ (0, t1], ùî çà-

äà÷à Êîøi (1.1)-(1.2) ç ïî÷àòêîâèìè äàíè-
ìè (z0,W0):

z0 ∈ G2j.rlk(ρ), r, l ∈ {1, 2, 3}, k ∈ {+,−},

W0 ∈ {W : |Wkj(z0)| < δj|ϕj(z0)|, j = 1, n,

k = 1, 2},Wj(z) = W1j(z) + iW2j(z), (1.15)

ïðè z ∈ G2j.rlk(ρ) ∩D2, r, l ∈ {1, 2, 3},
k ∈ {+,−}, ìà¹ õî÷à á îäèí àíàëiòè÷íèé
ðîçâ'ÿçîê, ÿêèé çàäîâîëüíÿ¹ (1.14).

2. Äîâåäåííÿ îñíîâíèõ ðåçóëüòàòiâ.
Äîâåäåííÿ òåîðåìè 1.1 ïðîâîäèìî àíàëî-

ãi÷íî äîâåäåííþ òåîðåìè 2.1 ó ðîáîòi [7].
Äîâåäåííÿ òåîðåìè 1.2. Äîâåäåííÿ

ïðîâåäåìî â òðè åòàïè ó âiäïîâiäíiñòi ç ìå-
òîäîì àíàëiòè÷íèõ ïðîäîâæåíü ðîçâ'ÿçêiâ.

1 åòàï. Íåõàé z çìiíþ¹òüñÿ âçäîâæ äî-
âiëüíîãî ôiêñîâàííîãî ïðîìåíÿ ç ñiì'¨

Lν : z = z(t, ν) = teiν , t ∈ (0, t1],
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ν ∈ (0, 2π]ôiêñîâàíî.
Ïðè z ∈ Lν ïîêëàäåìî W (z(t, ν)) = W1(t)+
+iW2(t), P (z(t, ν)) = P1(t) + iP2(t),
f(z(t, ν),W1(t),W2(t)) = f1(t, W1,W2)+
+if2(t, W1,W2).

Âiäíîñíî äiéñíî¨ âåêòîð-ôóíêöi¨
W (t) = col(W1(t),W2(t)),Wi(t) =
= (Wi1,Wi2, ...,Win), i = 1, 2, âçäîâæ ïðîìå-
íÿ îäåðæó¹ìî ñèñòåìó

tq(W ′
1(t) + iW ′

2(t)) = (P1(t) + iP2(t))(W1(t)+

+iW2(t))e
i(1−q)ν + tqeiν(f1(t,W1,W2)+

+if2(t, W1,W2)) (2.1)

Ïîðiâíþþ÷è äiéñíi i óÿâíi ÷àñòèíè, îäåðæó-
¹ìî äiéñíó ñèñòåìó âèãëÿäó:

tqW ′(t) = P̃ (t)Q1(ν)W (t) + tqQ2(ν)F (t,W )
(2.2)

äå
P̃ (t) =

(
P1(t)− P2(t)
P2(t) P1(t)

)
;

Q1(ν) =

(
q1(ν) q2(ν)
−q2(ν) q1(ν)

)
;

Q2(ν) =

(
q3(ν) − q4(ν)
q4(ν) q3(ν)

)
;

F (t,W ) =

(
f1(t,W1, W2)
f2(t,W1, W2)

)
;

q1(ν) = E · cos((q − 1)ν),
q2(ν) = E · sin((q − 1)ν),
q3(ν) = E · cos ν,q1(ν) = E · sin ν, E-îäèíè÷íà
ìàòðèöÿ ðîçìiðó n× n.

Ïîáóäó¹ìî îáëàñòü

Ω1 = {(t,W ) : W 2
1i + W 2

2i < δ2
i |ϕi(z(t, ν))|2,

i = 1, n, t ∈ (0, t1)},
äå δ > 0, i = 1, n ñòàëi, ν ∈ (0, 2π],
ν ôiêñîâàíî.

×àñòèíó ìåæi îáëàñòi Ω1 ïîçíà÷èìî

Ω10 = {(t,W ) : W 2
1i + W 2

2i = δ2
i |ϕi(z(t, ν))|2,

i = 1, n, t ∈ (0, t1)}.

Âèâ÷èìî ðîçïîäië çíàêó ôóíêöi¨(
tqT , Ni

2
) = (p2

ii(t) cos((q − 1)ν)+

+p2
ii(t) sin((q − 1)ν))δ2

i |ϕi(z(t, ν))|2+

+
n∑

j = 1
j 6= i

(p1
ij(t) cos((q − 1)ν) + p2

ij sin((q − 1)ν))·

·(W1jW1i + W2jW2i) +
n∑

j = 1
j 6= i

(p1
ij(t) sin((q − 1)ν)−

−p2
ij cos((q − 1)ν))(W2jW1i −W1jW2i)+

+tq(f1i cos ν − fν2i sin ν)W1i + tq(f1i sin ν+

+f2i cos ν)W2i − δ2
i |ϕi|ψ′it,

äå T -âåêòîð ïîëÿ íàïðÿìêiâ ñèñòåìè (2.2),
îçíà÷åíèé ó òî÷öi (z, W1,W2) ∈ aΩ10, à
Ni, i = 1, n, � âåêòîð íîðìàëi äî ïîâåðõíi
Ω1 ó òié æå òî÷öi.

Ó âiäïîâiäíîñòi ç òèì, ùî â îáëàñòi Ω1 ñè-
ñòåìà (1.7) ìà¹ âëàñòèâiñòü A2 âiäíîñíî ôóí-
êöié ϕ(z(t, ν)) ïðè t ∈ (0, t1] ðiâíîìiðíî âiä-
íîñíî ν ∈ (0, 2π], i ó âiäïîâiäíîñòi ç (1.11),
çíàê ñêàëÿðíîãî äîáóòêó

sign

(
tqT ,

Ni

2

)
= sign(cos((q − 1)ν − αjjν)−

− Bt
j

|pjjν(t)|), j = 1, n.

Îñêiëüêè ñèñòåìà (1.7) îçíà÷åíà â êëàñi
K22, (t, ν) ∈ Φ22.jlk(t1), îòðèìó¹ìî, ùî iñíó¹
òàêå äîñòàòíüî ìàëå t0 ∈ (0, t1) äëÿ ν ïî
âñüîìó ïðîìiæêó [ν1, ν2], ùî ïðè t ∈ (0, t0]
(aΩ1(t,W, δ))t∈(0,t0] ¹ ïîâåðõíåþ áåç êîíòàêòó
äëÿ ñèñòåìè (2.2) i, îñêiëüêè sign

(
tqT ,

Nj

2

)
<

< 0, j = 1, n ïðè t ∈ (0, t0], òî îòðèìó-
¹ìî õî÷à á îäèí ðîçâ'ÿçîê ç ïî÷àòêîâèìè
äàíèìè Ω1(t,W, δ)

⋂
(t = t0), ÿêèé çàëèøà-

¹òüñÿ â îáëàñòi (Ω1(t,W, δ))t∈(0,t0],(t0, ν) ∈
Φ22.jlk(t0),ν-ôiêñîâàíî, ïðè ñïàäàíi t ç iíòåð-
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âàëó (0, t0], ïðè÷îìó

|Wkj(z(t, ν))| < δj|ϕj(z(t, ν))|, j = 1, n,

k = 1, 2, (t, ν) ∈ Φ22.jlk(t0), k ∈ {+,−}. (2.3)

2 åòàï. Íåõàé z çìiíþ¹òüñÿ âçäîâæ äî-
âiëüíîãî ôiêñîâàíî¨ äóãè îêîëó ç ñiì'¨

Or : z = z(r, θ), (r, θ) ∈ Φ22.jlk, r −ôiêñîâàíî.

Ïðè z ∈ Or ïîêëàäåìî W (z(r, θ)) = W1(θ)+
+iW2(θ), P (z(r, θ)) = P1(θ) + iP2(θ),
f(z(r, θ),W1(θ),W2(θ)) = f1(θ, W1,W2)+
+if2(θ, W1,W2).

Âiäíîñíî äiéñíî¨ âåêòîð-ôóíêöi¨ W (θ) =
= col(W1(θ), W2(θ)),Wi(θ) =
= (Wi1,Wi2, ...,Win), i = 1, 2, îäåðæó¹ìî ñè-
ñòåìó âèãëÿäó:

rq−1W ′(θ) = P̃ (θ)Q̃1(θ)W (θ)+

+rqQ̃2(θ)F (θ, W (θ)), (2.4)

äå

P̃ (θ) =

(
P1(θ) − P2(θ)
P2(θ) P1(θ)

)
;

Q̃1(θ) =

(
q5(θ) − q6(θ)
q6(θ) q5(θ)

)
;

Q̃2(θ) =

( −q7(θ) − q8(θ)
q8(θ) − q7(θ)

)
;

f̃(θ,W ) =

(
f1(θ,W1,W2)
f2(θ,W1,W2)

)
;

q5(θ) = E · sin((q − 1)θ),
q6(θ) = E · cos((q − 1)θ),
q7(θ) = E · sin θ,q8(θ) = E · cos θ.

Âèâ÷èìî ïîâîäæåííÿ iíòåãðàëüíèõ êðè-
âèõ ñèñòåìè (2.4) âiäíîñíî çíàêó ôóíêöi¨

Ω11 = {(θ, W ) : W 2
1i + W 2

2i < η2
i |ϕi(z(r, θ))|2,

i = 1, n, (r, θ) ∈ Φ22.jlk}

Âèâ÷èìî ðîçïîäië çíàêó ôóíêöi¨

(
rq−1T , Ni

2

)
= (p1

ii(θ) sin((q − 1)θ)+

+p2
ii(θ) cos((q − 1)θ))η2

i |ϕi(z(r, θ))|2+

+
n∑

j = 1
j 6= i

(p1
ij(θ) sin((q − 1)θ)− p2

ij cos((q − 1)θ))·

·(W1jW1i + W2jW2i) +
n∑

j = 1
j 6= i

(p1
ij(θ) cos((q−

−1)θ) + p2
ij sin((q − 1)θ))(W2jW1i −W1jW2i)+

+rq(−f1i sin θ − f2i cos θ)W1i + rq(f1i cos θ−

−f2i sin θ)W2i − η2
i |ϕi|ψ′iθ,

Îñêiëüêè ñèñòåìà (2.5) ìà¹ âëàñòèâiñòü
A2 âiäíîñíî ôóíêöié ϕ(z(r, θ)) äëÿ äåÿêîãî
r1,r1 = min(t0, t2),0 < r1 ≤ t0,θ ∈ [ν1, ν2];
ìà¹ âëàñòèâiñòü P1 âiäíîñíî ôóíêöi¨ F (z, W )
äëÿ äåÿêîãî r2,0 < r2 ≤ t0, i ó âiäïîâiä-
íîñòi 3 (1.12); òî iñíó¹ òàêå äîñòàòíüî ìà-
ëå ÷èñëî r0 ∈ (0, min(r1, r2)), ùî äëÿ êîæíî-
ãî ôiêñîâàíîãî r ∈ (0, r0) (aΩ1)(r,θ)∈Φ22.jlk(r) ¹
ïîâåðõíåþ áåç êîíòàêòó äëÿ ñèñòåìè (2.4) i
sign(rq−1T , N j/2) =

sign(sin((q − 1)θ − αjjt(θ))− Bθ
j

|pjjr(θ)|), j = 1, n

Â ñèëó òîãî, ùî ñèñòåìà (1.7)íàëåæèòü
êëàñó K22,(r, θ) ∈ Φ22.jlk(r0), êîæíà iíòå-
ãðàëüíà êðèâà ñèñòåìè (2.4), ÿêà ïðîõîäèòü
÷åðåç òî÷êó ìíîæèíè Ω11(θ, W, η)∩ (θ = θ0),
θ0 ∈ Φ22.jl+(r0) (θ0 ∈ Φ22.jl−(r0)), çàëèøà¹-
òüñÿ ó îáëàñòi Ω11(θ,W, η), ÿêùî ñïàäà¹ (çðî-
ñòà¹) θ i çàäîâîëüíÿ¹ óìîâó

|Wkj(z(r, θ))| < ηj|ϕj(z(r, θ))|, j = 1, n, k = 1, 2,
(r, θ) ∈ Φ22.jlk(r0), k ∈ {+,−} (2.5)

3 åòàï. Ïîêëàäåìî

0 < r0 < t0, δ
2
j ≤ η2

j , j = 1, n. (2.6)

Ïîçíà÷èìî ρ = r0.
à)Ðîçãëÿíåìî äîâiëüíó ôiêñîâàíó êðèâó

Lν(0, z1] ⊂ G22.jlk(r0), äå z1 ∈ Or0(Φ22.jlk(t0)).
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Íà 1 åòàïi äîâåäåíî, ùî âçäîâæ íå¨ iñíó¹ õî-
÷à á îäèí íåïåðåðâíèé ðîçâ'ÿçîê W 0

ν (z(t, ν))
ñèñòåìè (1.7), ÿêèé çàäîâîëüíÿ¹ óìîâó

|Wνkj
(z(r, θ))| < δj|ϕj(z(r, θ))|, j = 1, n,

k = 1, 2, (r, θ) ∈ Φ22.jlk(r0), k ∈ {+,−}. (2.7)

Îòæå, ìíîæèíà {Wν(z)} ìiñòèòü õî÷à á
îäèí åëåìåíò W 0

ν (z).
Àíàëîãi÷íî äîâåäåííþ åòàïà 3à) òåîðå-

ìè 2.1 [7] çäiéñíèìî àíàëiòè÷íå ïðîäîâæåí-
íÿ âèáðàíîãî â {Wν(z)} ðîçâ'ÿçêó W 0

ν (z) ñè-
ñòåìè (1.7) íà îáëàñòü, ÿêà ìiñòèòü êðèâó
Lν(0, z1] òàê, ùîá

|Wνkj
(z)|2 < δ2

j |ϕj(z)|, j = 1, n, k = 1, 2,
(2.8)

Â ñèëó ¹äèíîñòi àíàëiòè÷íîãî ðîçâ'ÿç-
êó çàäà÷i Êîøi ïðè z ∈ U(z(t, ν), ∆0

t ) ∩
Lν ,∆0

t > 0,W 0
U(z) ≡ W 0

ν ¹ àíàëiòè÷íèì ïðî-
äîâæåííÿì W 0

U(z) ç êðèâî¨ U(z(t, ν), ∆0
t ) ∩

Lν íà îáëàñòü U(z(t, ν), ∆0
t ), ïðè÷îìó îêië

U(z(t, ν), ∆0
t ) âèáåðåìî òàê, ùîá ïðè z ∈

U(z, ∆0
t ) âèêîíóâàëàñü íåðiâíiñòü (2.8).

Îêîëè U(z(t, ν), ∆0
t ) óòâîðþþòü íå-

ñêií÷åííå âiäêðèòå ïîêðèòòÿ êîìïàêòó
Lν(ξ, z1], ξ > 0. Ó âiäïîâiäíîñòi ç ëåìîþ
Ãåéíå-Áîðåëÿ ç íüîãî âèäiëÿ¹ìî ñêií÷åííå
ïîêðèòòÿ U0

ν , ÿêå ìiñòèòü êîìïàêò Lν(ξ, z1].
Ç äîâiëüíîñòi âèáîðó â ñiì'¨ Lν îäåðæó-

¹ìî, ùî ÿêó áiêðèâó Lν(0, z1] ⊂ G22.jkl(ρ)
ìè íå âçÿëè, iñíó¹ íåïîðîæíÿ îáëàñòü U0

ν ⊃
Lν(0, z1] ç òî÷êîþ z = 0 íà ìåæi, íà ÿêó çi
çáåðiãàííÿì îöiíêè (2.8) àíàëiòè÷íî ïðîäîâ-
æó¹òüñÿ ðîçâ'ÿçîê W 0

ν (z) ñèñòåìè (1.7).
Îòæå, ïîêàçàíî, ùî äëÿ êîæíîãî ν ∈

Φ22.jlk(r0) iñíó¹ õî÷à á îäèí ðîçâ'ÿçîê W 0
ν (z)

ñèñòåìè (1.7), àíàëiòè÷íèé â îáëàñòi U0
ν ⊃

Lν(0, |z1(r0, ν)|],0 ∈ aUν\Uν , ÿêèé çàäîâîëü-
íÿ¹ (2.2).

â) Pîçãëÿíåìî òåïåð ôiêñîâàíó êðèâó
Lθ0(0, |z1|. Ç åòàïó 2 îäåðæó¹ìî, ùî êî-
æíèé ðîçâ'ÿçîê ñèñòåìè (1.7) ç ïî÷àòêî-
âèìè çíà÷åííÿìè ç ìíîæèíè Ω11 ∩ (θ =
θ0) ïðîäîâæó¹òüñÿ âçäîâæ êîæíî¨ ç êðèâèõ
ñiì'¨ Or(Φ22.jlk(r0)), r ∈ (0, r0] ïðè ñïàäàí-
íi (çðîñòàííi) θ íà çàìêíåíîìó ïðîìiæêó
Φ22.jlk(r0), ÿêùî k ∈ {+} (k ∈ {−}); òîá-
òî ïðîäîâæó¹òüñÿ âçäîâæ êîæíî¨ ç êðèâèõ

ç ñiì'¨ Or(Φ22.jlk(r0)), r ∈ (0, r0]. Ïðè÷îìó ó
âiäïîâiäíîñòi çi çìiíåíîþ θ ðîçâ'ÿçîê çàëè-
øà¹òüñÿ íà êîæíîìó ç âêàçàíèõ ïðîìiæêiâ
îáëàñòi âèãëÿäó Ω11.

Ç íåðiâíîñòåé (2.6) äëÿ êîæíîãî r ∈ (0, r0]
ìíîæèíà çíà÷åíü ôóíêöi¨ Y 0(z) ïðè z ∈
Lθ0(0, |z1| ìiñòèòüñÿ ó ìíîæèíi Ω11∩ (θ = θ0)
i, ò.÷., òâåðäæåííÿ ç â) ¹ âiðíèì äëÿ ðîçâ'ÿêó
Y 0

θ0
(z).
ñ) Çäiéñíèìî àíàëiòè÷íå ïðîäîâæåí-

íÿ ðîçâ'ÿçêiâ ñèñòåìè (1.7) íà ìíîæèíó
G22.jlk(ρ) òàê, ùîá çáåðiãàëàñü îöiíêà

|Ykj(z(t, ν))|2 < δj|ϕj(z(t, ν))|2, j = 1, n,

k = 1, 2, (t, ν) ∈ Φ22.jlk(r0), k ∈ {+,−}. (2.9)

Àíàëîãi÷íî à) çäiéñíþ¹ìî àíàëiòè÷íå
ïðîäîâæåííÿ ðîçâ'ÿçêó ñèñòåìè (1.7) ç êðè-
âî¨ Lν(0, |z1|] íà îáëàñòü, ÿêà ¨¨ ìiñòèòü.

Ðîçâ'ÿçîê Y 0
θ0

àíàëiòè÷íî ïðîäîâæó¹òüñÿ
íà îáëàñòü G22.jlk(ρ). Îñòàííÿ ïîêðèâà¹òüñÿ
ñèñòåìîþ âiäêðèòèõ îáëàñòåé U0

ν (z).
Ñêií÷åííå ïîêðèòÿ U0 =

⋃I
n=1 U0

νn
(z),

I ∈ N îáëàñòi G22.jlk(ρ) ìà¹ âëàñòèâîñòi:
1)G22.jlk(ρ) ⊂ U0;
2)0 ∈ aU0 \ U0.
Íå îáìåæóþ÷è çàãàëüíîñòi, áóäåìî ââà-

æàòè,ùî â îáëàñòi G22.jlk(ρ) iñíó¹ õî÷ áè
îäèí àíàëiòè÷íèé ðîçâ'ÿçîê Y 0(z) ñèñòåìè
(1.7),ÿêèé ìà¹ âëàñòèâiñòü (2.9). Öå âèïëè-
âà¹ ç iñíóâàííÿ âçäîâæ êîæíî¨ ç êðèâèõ
Lν(0, |z1| õî÷à á îäíîãî ðîçâ'ÿçêó ñèñòåìè
(1.7) ç òàêîþ îöiíêîþ.

Òàêèì ÷èíîì, ñèñòåìà (1.7) ïðè z ∈
∈ G22.jlk(ρ) ìà¹ õî÷à á îäèí àíàëiòè÷íèé
ðîçâ'ÿçîê, ÿêèé ìà¹ àñèìïòîòè÷íó îöiíêó
(2.3).Òåîðåìà äîâåäåíà.

Äîâåäåííÿ òåîðåìè 1.3 âiäðiçíÿ¹òüñÿ âiä
òåîðåìè 1.2 íà åòàïi 1. Ó âiäïîâiäíîñòi ç
óìîâàìè òåîðåìè 1.3 ìà¹ìî, ùî

(
tqT ,

Nj

2
) <

0, j = 1, p1, p3 + 1, n;(
tqT ,

Nj

2
) > 0, j = p1 + 1, p2, p2 + 1, p3.

Äëÿ ìíîæèí

Ωe
2 = Ωse

2 = {(t,W ) : t = t0, W
2
1j(t) + W 2

2j(t) =

= δ2
j |ϕj(z(t, ν))|2, j = 1, p1, p3 + 1, n, t ∈ (0, t1)}
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H2 = {(t,W ) : t = t0,W
2
1j(t) + W 2

2j(t) ≤

≤ δ2
j |ϕj(z(t, ν))|2, j = 1, p1, p3 + 1, n},

ìíîæèíà E2 = H2 ∩ Ωse
2 = {(t,W ) : t = t0,

W 2
1j(t) + W 2

2j(t) = δ2
j |ϕj(z(t0, ν))|2, j = 1, p1,

p3 + 1, n, W 2
1j(t) + W 2

2j(t) < δ2
j |ϕj(z(t0, ν))|2,

j = p1 + 1, p3}.
¹ ðåòðàêòîì äëÿ Ωse

2 i íå ¹ ðåòðàêòîì äëÿ
H2.

Âiäïîâiäíî òîïîëîãi÷íîìó ïðèíöèïó
Âàæåâñüêîãî ìà¹ìî, ùî iñíó¹ õî÷à á îäèí
íåïåðåðâíî-äèôåðåíöiéîâíèé ðîçâ'ÿçîê
ñèñòåìè (2.1), ÿêèé ëåæèòü â îáëàñòi
(Ω1(t,W, δ))t∈(0,t0],(t0, ν) ∈ Φ23.jlk(t0), ïðè
ñïàäàííi t ç iíòåðâàëó (0, t0], ïðè÷îìó
ñïðàâåäëèâà îöiíêà (2.3).

5. Âèñíîâêè. Öÿ ðîáîòà ¹ ïðîäîâæå-
ííÿì äîñëiäæåíü, ÿêi áóëè ïðîâåäåíi â [7].
Ñèñòåìà (1.1) âèâ÷à¹òüñÿ ó ïðèïóùåííi, ùî
m > n, rangA(0) = n ¹ ñòàëèì â äåÿêié îáëà-
ñòi D1, êîëè ìàòðèöÿ A−1

1 (z)B1(z) àíàëiòè-
÷íà â D10 i â òî÷öi z = 0 ìà¹ ïîëþñ q-ãî
ïîðÿäêó, q ∈ N, q ≥ 2.

Îäåðæàíi äîñòàòíi óìîâè iñíóâàííÿ àíà-
ëiòè÷íèõ ðîçâ'ÿçêiâ çàäà÷i (1.1)-(1.2) â îáëà-
ñòi ç îñîáëèâîþ òî÷êîþ z = 0 íà ìåæi. Âè-
â÷åíî ïèòàííÿ ïðî êiëüêiñòü òàêèõ ðîçâ'ÿç-
êiâ.

ÑÏÈÑÎÊ ËIÒÅÐÀÒÓÐÈ

1. Ñàìîéëåíêî À.Ì., Øêèëü Ì.I., ßêîâåöü Â.Ï.
Ëiíiéíi ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ç
âèðîäæåííÿìè-Ê.:Âèùà øêîëà.�2000.�294ñ.

2. Áîÿðèíöåâ Þ.Å. Âûðîæäåííûå ñèñòåìû äèôôå-
ðåíöèàëüíûõ óðàâíåíèé. Í.:Íàóêà� 1982.�312ñ.

3. Campbell St. Uniqueness of completions for linear ti-
me varing di�erention algebraic equations //Linear
Algebra and Appl.�1992.�161.�c.55-67. � 144ñ.

4. März R. On the stability behaviour of systems obtai-
ned by index-reduction // Journal of Comp.Applied
Math.� 1994. � 56. � PP. 305-319

5. Äåìèäîâè÷ Á.Ï. Ëåêöèè ïî ìàòåìàòè÷åñêîé òåî-
ðèè óñòîé÷èâîñòè. Ì.: Íàóêà. � 1967.� 472ñ.

6. Càìêîâà Ã.E. Ñóùåñòâîâàíèå è àñèìïòîòè÷åñêîå
ïîâåäåíèå àíàëèòè÷åñêèõ ðåøåíèé íåêîòîðûõ ñèí-
ãóëÿðíûõ äèôôåðåíöèàëüíûõ ñèñòåì, íå ðàçðå-
øåííûõ îòíîñèòåëüíî ïðîèçâîäíûõ// Äèô. óðàâ-
íåíèÿ. � 1991. � 27, N 11. � Ñ. 2012-2013.

7. Ñàìêîâà Ã.�., Øàðàé Í.Â. Îá èññëåäîâàíèè íå-
êîòîðîé ïîëóÿâíîé ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé â ñëó÷àå ïåðåìåííîãî ïó÷êà ìàòðèö
//Íåëiíiéíi êîëèâàííÿ.�2002.-5,�2.�ñ.224-236.

8. Øàðàé Í.Â. Îá àñèìïòîòèêå ðåøåíèé ïîëóÿâíûõ
ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé //Íåëiíiéíi
êîëèâàííÿ.�2005.-8,�1.�ñ.132-144.

Ñòàòòÿ íàäiéøëà äî ðåäêîëåãi¨ 28.10.2006

188 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2006. Âèïóñê 314-315. Ìàòåìàòèêà.


