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ÂÈÐÎÄÆÅÍÍßÌ
Ó ïðîñòîðàõ êëàñè÷íèõ ôóíêöié ç ñòåïåíåâîþ âàãîþ äîâåäåííî êîðåêòíó ðîçâ'ÿçíiñòü

çàäà÷i Äiðiõëå äëÿ ëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç äîâiëüíèì ñòåïåíåâèì ïîðÿäêîì âèðî-
äæåííÿ êîåôiöi¹íòiâ çà ÷àñîâîþ òà ïðîñòîðîâèìè çìiííèìè. Çíàéäåíî îöiíêó ðîçâ'ÿçêó çà-
äà÷i ó âiäïîâiäíèõ ïðîñòîðàõ. Ðîçãëÿíóòî çàäà÷ó âèáîðó îïòèìàëüíîãî êåðóâàííÿ ñèñòåìîþ,
ÿêà îïèñó¹òüñÿ íåëîêàëüíîþ çàäà÷åþ Äiðiõëå ç îáìåæåííèì êåðóâàííÿì. Ôóíêöiîíàë ÿêîñòi
çàäà¹òüñÿ îá'¹ìíèì iíòåãðàëîì.

Correct solvability of Dirichlet's problem in the spaces of classical functions has been establi-
shed for parabolic equations under nonlocal condition for the time variable and arbitrary power
order of coe�cients with respect to the times variable and space variable. The problem of choice of
optimal control by system circumscribed by Dirichlet's problem with limited control is examined.
The quality functional is determined by the volume integral.

Â êíèçi [1] ïîáóäîâàíî òåîðiþ êëàñè÷íèõ
ðîçâ'ÿçêiâ çàäà÷i Êîøi òà êðàéîâèõ çàäà÷
ó ïðîñòîðàõ ìàêñèìàëüíî øèðîêèõ êëàñiâ
ôóíêöié äëÿ íåðiâíîìiðíî ïàðàáîëi÷íèõ i B-
ïàðàáîëi÷íèõ ðiâíÿíü, ÿêi ìàþòü îñîáëèâî-
ñòi îáìåæåíîãî ïîðÿäêó íà ìåæi îáëàñòi.

Êîðåêòíié ðîçâ'ÿçíîñòi êðàéîâèõ çàäà÷ ç
íåëîêàëüíîþ óìîâîþ çà ÷àñîâîþ çìiííîþ
äëÿ ïàðàáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó
çi ñòåïåíåâèìè îñîáëèâîñòÿìè íà ìåæi îáëà-
ñòi ïðèñâÿ÷åíî ïðàöi [2, 3].

Òóò çà äîïîìîãîþ ïðèíöèïó ìàêñèìó-
ìó i àïðiîðíèõ îöiíîê äîñëiäæó¹òüñÿ ïåð-
øà êðàéîâà çàäà÷à ç íåëîêàëüíîþ óìîâîþ
çà ÷àñîâîþ çìiííîþ äëÿ ëiíiéíèõ ïàðàáîëi-
÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó áåç îáìåæå-
ííÿ íà ñòåïåíåâèé ïîðÿäîê âèðîäæåííÿ êî-
åôiöi¹íòiâ çà âñiìà çìiííèìè, à òàêîæ âñòà-
íîâëåíî íåîáõiäíi i äîñòàòíi óìîâè iñíóâàí-
íÿ îïòèìàëüíîãî ðîçâ'ÿçêó ñèñòåìè, ùî îïè-
ñó¹òüñÿ íåëîêàëüíîþ çàäà÷åþ Äiðiõëå. Êðè-
òåðié ÿêîñòi çàäà¹òüñÿ îá'¹ìíèì iíòåãðàëîì.

Ïîñòàíîâêà çàäà÷i i îñíîâíèé ðå-
çóëüòàò. Íåõàé D - îáìåæåíà îáëàñòü â Rn

ç ìåæåþ ∂D. Ðîçãëÿíåìî â îáëàñòi Q =
(0, T ] × D çàäà÷ó çíàõîäæåííÿ ôóíêöi¨ u,
ÿêà çàäîâîëüíÿ¹ â Q(0) = Q \ {{(t, x) ∈

Q
∣∣ t = t(0) ∈ (0, T ), x ∈ D}⋃ {(t, x) ∈ Q

∣∣ t ∈
(0, T ], x = x(0) ∈ D}} ðiâíÿííÿ

(Lu)(t, x) ≡
[
∂t −

n∑
ij=1

Aij(t, x)∂xi
∂xj
−

−
n∑

i=1

Ai(t, x)∂xi
− A0(t, x)

]
u(t, x) =

= f(t, x) (1)

i íåëîêàëüíó óìîâó

u(0, x) +
N∑

j=1

qj(x)u(tj, x) = ϕ(x), (2)

à íà ái÷íié ìåæi Γ = (0, T ] × ∂D êðàéîâó
óìîâó

u|Γ = ψ(t, x). (3)

äå 0 < t1 < ... < tN ≤ T, tj 6= t(0).
Îñîáëèâîñòi êîåôiöi¹íòiâ äèôåðåíöiàëü-

íîãî âèðàçó L áóäóòü õàðàêòåðèçóâàòè òàêi
ôóíêöi¨: s1(l1, t) = |t− t(0)|l1 ïðè |t− t(0)| ≤ 1,
s1(l1, t) = 1 ïðè |t − t(0)| ≥ 1; s2(l2, x) =
|x − x(0)|l2 ïðè |x − x(0)| ≤ 1, s2(l2, x) = 1
ïðè |x − x(0)| ≥ 1; s(l; P ) = s1(l1, t)s2(l2, x);

|x− x(0)| =
[

n∑
i=1

(xi − x
(0)
i )

]1/2

.
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Ïîçíà÷èìî ÷åðåç lν , β(ν)
k , γ(ν), µ(ν)

i , α � äié-
ñíi ÷èñëà, ν ∈ {1, 2}, lν ≥ 0, β

(ν)
k ∈ (−∞,∞),

µ
(ν)
i ≥ 0, γ(ν) ≥ 0, i ∈ {0, . . . , n}, k ∈
{1, . . . , n}, α ∈ (0, 1), r � äîâiëüíå ÷èñëî, [r]
� öiëà ÷àñòèíà ÷èñëà r, β = {β1, ..., βn}, γ =

{γ(1), γ(2)}, βj = {β(1)
j , β

(2)
j }, l = {l1, l2}. Îçíà-

÷èìî ôóíêöiîíàëüíi ïðîñòîðè, â ÿêèõ äîñëi-
äæó¹òüñÿ çàäà÷à.

Cr(γ, β; l; Q) � ïðîñòið íåïåðåðâíèõ ôóí-
êöié u, (t, x) ∈ Q, ÿêi ìàþòü íåïåðåðâíi ÷à-
ñòèííi ïîõiäíi â îáëàñòi Q(0) âèãëÿäó ∂k

t ∂j
xu,

2k + |j| ≤ [r], äëÿ ÿêèõ ¹ ñêií÷åííîþ íîðìà

‖u; γ, β; l; Q‖r = ‖u; γ, β; l; Q‖[r]+

+[|u; γ, β; l; Q|]r,
äå, íàïðèêëàä,

‖u; γ, β; l; Q‖2 = sup
P∈Q

[s(l; P )|u(P )|]+

+
n∑

i=1

sup
P∈Q

[s(l + γ − βi; P )|∂xi
u(P )|]+

+
n∑

ij=1

sup
P∈Q

[s(l + 2γ − βi − βj; P )|∂xi
∂xj

u(P )|]+

+ sup
P∈Q

[s(l + 2γ; P )|∂tu(P )|].

Cr(µi; Q) � ìíîæèíà ôóíêöié ui, (t, x) ∈
Q, ÿêi ìàþòü ÷àñòèííi íåïåðåðâíi ïîõiäíi â
Q(0) âèãëÿäó ∂k

xui, |k| ≤ [r], äëÿ ÿêèõ ¹ ñêií-
÷åííîþ íîðìà

‖ui; µi; Q‖r = ‖ui; µi; Q‖[r] + [|ui; µi; Q|]r,
äå, íàïðèêëàä,

‖ui; µi; Q‖[r] =
∑

|j|≤[r]

sup
P∈Q

[s(µi+|j|; P )|∂j
xui(P )|.

Ïîâíiñòþ îçíà÷åííÿ ïðîñòîðiâ íàâåäåíî ó
[4].

Íåõàé äëÿ çàäà÷i (1) - (3) âèêîíóþòüñÿ
óìîâè:

10. Êîåôiöi¹íòè Ai ∈ Cα(µi, Q), i ∈
{0, . . . , n}, A0 ≤ K < ∞, K � const, Aij ∈

Cα(βi + βj, Q) i äëÿ äîâiëüíîãî âåêòîðà ξ =
(ξ1, . . . , ξn) âèêîíó¹òüñÿ íåðiâíiñòü

π1|ξ|2 ≤
n∑

ij=1

s(βi + βj; P )Aij(P )ξiξj ≤ π2|ξ|2,

π1, π2 � ôiêñîâàíi äîäàòíi ñòàëi.
20. Ôóíêöi¨ f ∈ Cα(γ, β; µ0; Q), ϕ ∈

C2+α(γ̃, β̃; 0; D), ψ ∈ C2+α(Γ), γ(ν) =

max

(
max

i

(
1 + β

(ν)
i

)
; max

i
(µ

(ν)
i − β

(ν)
i ); µ

(ν)
0

2

)
,

ν ∈ {1, 2}, i ∈ {1, . . . , n}, γ̃ = (0, γ(2)),
β̃ = (0, β(2)), qi(x) ∈ C2+α(D),
(

ψ(0, x) +
N∑

j=1

qj(x)ψ(tj, x)

)∣∣∣∣∣
∂D

= ϕ(x)|∂D,

(
∂xψ(0, x) +

N∑
j=1

[
qj(x)(∂tψ(tj, x)− f(tj, x))+

+
( n∑

ik=1

Aik(0, x)∂xi
+

n∑

k=1

Ak(0, x)
)×

×(ψ(tj, x)∂xk
qj(x))

])∣∣∣
x∈∂D

=

=
[( N∑

ik=1

Aik(0, x)∂xi
∂xk

+
n∑

i=1

Ai(0, x)∂xi
+

+A0(0, x)
)
ϕ(x) + f(0, x)

]∣∣∣
x∈∂D

.

30. Ìåæà ∂D íàëåæèòü êëàñó C2+α,

sup
D

N∑
j=1

|qj(x)|e−λtj ≤ λ0 < 1, äå λ � äîâiëü-

íå ÷èñëî, ÿêå çàäîâîëüíÿ¹ íåðiâíiñòü λ <
inf
Q

(−A0(t, x)).
Ïðàâèëüíà òàêà òåîðåìà.
Òåîðåìà 1. Íåõàé äëÿ çàäà÷i (1) - (3)

âèêîíàíi óìîâè 10 � 30. Òîäi iñíó¹ ¹äè-
íèé ðîçâ'ÿçîê çàäà÷i (1) � (3) â ïðîñòîði
C2+α(γ, β; 0; Q) i äëÿ íüîãî ïðàâèëüíà îöiíêà

‖u; γ, β; 0; Q‖2+α ≤ c
(
‖f ; γ, β; µ0; Q‖α+

+‖ϕ; γ̃, β̃; 0; D‖2+α + ‖ψ‖C2+α(Γ)

)
. (4)
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Äëÿ äîâåäåííÿ òåîðåìè 1 ïîáóäó¹ìî ïî-
ñëiäîâíiñòü ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ ç
ãëàäêèìè êîåôiöi¹íòàìè, ãðàíè÷íèì çíà÷å-
ííÿì ÿêî¨ áóäå ðîçâ'ÿçîê çàäà÷i (1) � (3).

Íåõàé Qm = Q
⋂{

(t, x) ∈ Q

∣∣∣∣s1(1, t) ≥

m−1
1 , s2(1, x) ≥ m−1

2

}
� ïîñëiäîâíiñòü îáëà-

ñòåé, ÿêà ïðè m1 → ∞, m2 → ∞ çáiãà¹òüñÿ
äî Q, äå m = {m1,m2}, m1, m2 � íàòóðàëüíi
÷èñëà, m1 > 1, m2 > 1.

Ðîçãëÿíåìî â îáëàñòi Q êðàéîâó çàäà÷ó

(L1um)(t, x) ≡
[
∂t −

n∑
ij=1

aij(t, x)∂xi
∂xj
−

−
n∑

i=1

ai(t, x)∂xi
− a0(t, x)

]
um(t, x) = fm(t, x),

(5)

um(0, x) +
N∑

j=1

qj(x)um(tj, x) = ϕm(x), (6)

um|Γ = ψ(t, x). (7)

Êîåôiöi¹íòè aij, ai, a0, ôóíêöi¨ fm, ϕm ¹
ïðîäîâæåííÿì êîåôiöi¹íòiâ Aij, Ai, A0, ôóí-
êöié f , ϕ ç îáëàñòi Qm â îáëàñòü Q \Qm [4].

Ïîçíà÷èìî ÷åðåç ψ1(t, x) � ïðîäîâæåííÿ
ψ(t, x) iç Γ â Q iç çáåðåæåííÿì íàëåæíîñòi
êëàñó C2+α(Q). Â çàäà÷i (5) � (7) çðîáèìî
çàìiíó

um(t, x) = vm(t, x)e−λt + ψ1(t, x), (8)

äå λ çàäîâîëüíÿ¹ óìîâó 30. Îäåðæèìî

(L2vm)(t, x) ≡ ((L1 − λ)vm)(t, x) =

= fm(t, x)eλt − (L1ψ1)(t, x) ≡ F (t, x), (9)

vm(0, x) +
N∑

j=1

qj(x)e−λtjvm(tj, x) = ϕm(x)−

−ψ1(0, x)−
N∑

j=1

qj(x)e−λtjψ1(tj, x) ≡ Φm(x),

(10)
vm|Γ = 0. (11)

Çíàéäåíî îöiíêó ðîçâ'ÿçêiâ êðàéîâèõ çà-
äà÷ (9) � (11). Ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 2. ßêùî vm � êëàñè÷íèé ðîçâ'ÿ-
çîê çàäà÷i (9) � (11) â îáëàñòi Q i âèêîíàíi
óìîâè 10 � 30, òî äëÿ vm ïðàâèëüíà îöiíêà

|vm| ≤ max

(
max

Q
|F (−a0 − λ)−1|,

max
D

∣∣∣Φm

( N∑
j=1

|qj(x)|e−λtj
)−1∣∣∣

)
. (12)

Äîâåäåííÿ òåîðåìè ïðîâîäèòüñÿ çà ñõå-
ìîþ äîâåäåííÿ òåîðåìè 3 iç [2].

Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (9) � (11) âñòà-
íîâëþ¹òüñÿ òàêîþ òåîðåìîþ.

Òåîðåìà 3. Íåõàé âèêîíàíi óìîâè òåî-
ðåìè 1. Òîäi iñíó¹ ðîçâ'ÿçîê çàäà÷i (9) � (11)
i äëÿ íüîãî ïðàâèëüíà îöiíêà (12).

Äîâåäåííÿ. Ðîçâ'ÿçîê çàäà÷i (9) � (11)
øóêà¹ìî ó âèãëÿäi

vm(t, x) =

∫

D

Em(t, x, 0, ξ)vm(0, ξ)dξ+v(1)
m (t, x),

(13)

äå v
(1)
m (t, x) � ðîçâ'ÿçîê çàäà÷i (9), (11) ç ïî-

÷àòêîâîþ óìîâîþ

vm(0, x) = Φm(x), (14)

Em(t, x, 0, ξ) � ôóíêöiÿ Ãðiíà äëÿ çàäà÷i (9),
(11), (14) iç [5, c. 469].

Çãiäíî ç òåîðåìîþ 2, äëÿ v
(1)
m (t, x) ïðà-

âèëüíà îöiíêà

|v(1)
m (t, x)| ≤

≤ max(‖Φm‖C(D), ‖Fm(−a0 − λ)−1‖C(Q))

i

Em(t, x, 0, ξ) ≥ 0, 0 ≤
∫

D

Em(t, x, 0, ξ)dξ ≤ 1.

Çàäîâîëüíÿþ÷è íåëîêàëüíó óìîâó (10),
ìà¹ìî

vm(0, x) +
N∑

j=1

qj(x)e−λtj×

×
∫

D

Em(tj, x, 0, ξ)vm(0, ξ)dξ =
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= −
N∑

j=1

qj(x)e−λtjv(1)
m (tj, x) ≡ F1(x). (15)

Ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ (15)
çíàõîäèìî ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü.
Îñêiëüêè
∣∣∣∣∣∣

N∑
j=1

qj(x)e−λtj

∫

D

Em(tj, x, 0, ξ)vm(0, ξ)dξ

∣∣∣∣∣∣
≤

≤
N∑

j=1

|qj(x)|e−λtj ≤ λ0 < 1,

òî äëÿ ðîçâ'ÿçêó ðiâíÿííÿ (15) ïðàâèëüíà
îöiíêà

|vm(0, x)| ≤ λ0

1− λ0

‖F1‖C(D).

Ïiäñòàâëÿþ÷è çíà÷åííÿ vm(0, x) ó (13),
äiñòàíåìî ðîçâ'ÿçîê çàäà÷i (9) � (11).

Çàïèøåìî ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿ-
ííÿ (15) ó âèãëÿäi

vm(0, x) = F1(x) +

∫

D

G(x, y)F1(y)dy, (16)

äå G(x, y) � ðåçîëüâåíòà, ÿêà çàäîâîëüíÿ¹ ií-
òåãðàëüíå ðiâíÿííÿ

G(x, ξ) =
N∑

j=1

qj(x)e−λtjEm(tj, x, 0, ξ)−

−
∫

D

N∑
j=1

qj(x)e−λtjEm(tj, x, 0, y)G(y, ξ)dy,

çâiäêè îòðèìó¹ìî îöiíêó

|
∫

D

G(x, y)dy| ≤ λ0

1− λ0

.

Ïîêëàâøè â ðiâíîñòi (16) çàìiñòü F1(x)
çíà÷åííÿ

F1(x) =
N∑

j=1

qj(x)e−λtj

[∫

D

Em(tj, x, 0, ξ)×

×Φm(ξ)dξ +

tj∫

0

dτ

∫

D

Em(tj, x, τ, ξ)F (τ, ξ)dξ

]
,

i çìiíèâøè ïîðÿäîê iíòåãðóâàííÿ, îòðèìó¹-
ìî

vm(0, x) =
N∑

j=1

[ tj∫

0

dτ

∫

D

E(0)
m (tj, x, τ, ξ)F (τ, ξ)dξ+

+

∫

D

E(0)
m (tj, x, 0, ξ)Φm(ξ)dξ

]
, (17)

äå

E(0)
m (tj, x, τ, ξ) = −

N∑
j=1

qj(x)e−λtjEm(tj, x, τ, ξ)−

−
∫

D

G(x, y)
N∑

j=1

qj(y)e−λtjEm(tj, y, τ, ξ)dy.

Ïiäñòàâëÿþ÷è (17) ó iíòåãðàë ðiâíîñòi
(13) i çìiíþþ÷è ïîðÿäîê iíòåãðóâàííÿ, îäåð-
æèìî çîáðàæåííÿ

vm(t, x) =

t∫

0

dτ

∫

D

Em(t, x, τ, ξ)F (τ, ξ)dξ+

+

∫

D

Em(t, x, 0, ξ)Φm(ξ)dξ+

+
N∑

j=1

[ tj∫

0

dτ

∫

D

Γj(t, x, τ, ξ)F (τ, ξ)dξ+

+

∫

D

Γj(t, x, 0, ξ)Φm(ξ)dξ

]
, (18)

äå

Γj(t, x, τ, ξ) =

∫

D

E(0)
m (t, x, 0, y)E(0)

m (tj, y, τ, ξ)dy,

j ∈ {1, . . . , N}.
Ðîçãëÿíåìî îäíîðiäíó êðàéîâó çà-

äà÷ó äëÿ ðiâíÿííÿ ç "çàìîðîæåíè-
ìè"êîåôiöi¹íòàìè ó òî÷öi P1 ∈ Q(0)

(L0v)(t, x) ≡
[
∂t −

n∑
ij=1

s(βi + βj; P1)×

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2006. Âèïóñê 314-315. Ìàòåìàòèêà. 153



×Aij(P1)∂xi
∂xj

]
v(t, x) = f0(t, x), (19)

v(0, x) +
N∑

j=1

qj(x)e−λtjv(tj, x) = ϕ0(x), (20)

v|Γ = 0.

Êîåôiöi¹íòè äèôåðåíöiàëüíîãî âèðàçó L0

îáìåæåíi ñòàëèìè, íå çàëåæíèìè âiä òî÷êè
P1. Çà äîïîìîãîþ ìåòîäèêè äîâåäåííÿ òåî-
ðåìè 3 âñòàíîâëþ¹òüñÿ òàêà òåîðåìà.

Òåîðåìà 4. Íåõàé f0 ∈ Cα(Q), ϕ0 ∈
C2+α(D) i âèêîíàíi óìîâè òåîðåìè 1. Òî-
äi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (19) � (20)
â ïðîñòîði C2+α(Q) i äëÿ íüîãî ïðàâèëüíà
îöiíêà
‖v‖C2+α(Q) ≤ c(‖f0‖Cα(Q) + ‖ϕ0‖C2+α(D)).

Ââåäåìî â ïðîñòîði C2+α(Q) íîðìó
‖vm; γ, β; l; Q‖r, åêâiâàëåíòíó ïðè êîæíîìó
m1, m2 ãåëüäåðîâié íîðìi, ÿêà âèçíà÷à¹òüñÿ
ÿê ‖u; γ, β; l; Q‖r, òiëüêè çàìiñòü ôóíêöié
s1(l1, t), s2(l2, x) áåðåìî âiäïîâiäíî d1(l1, t),
d2(l2, x), äå d1(l1, t) = max(s1(l1, t),m

−l1
1 ) ïðè

l1 ≥ 0 i d1(l1, t) = min(s1(l1, t),m
−l1
1 ) ïðè

l1 < 0; d2(l2, x) = max(s2(l2, x),m−l2
2 ) ïðè

l2 ≥ 0 i d2(l2, x) = min(s2(l2, x),m−l2
2 ) ïðè

l2 < 0, d(l; P ) = d1(l1, t)d2(l2, x).
Ïðàâèëüíà òàêà òåîðåìà.
Òåîðåìà 5. ßêùî âèêîíàíi óìîâè òåî-

ðåìè 1, òî äëÿ ðîçâ'ÿçêó çàäà÷i (9) � (11)
ïðàâèëüíà îöiíêà
‖vm; γ, β; 0; Q‖2+α ≤ C(‖F ; γ, β; µ0; Q‖α+

+‖Φm; γ̃, β̃; 0; D‖2+α). (21)

Íåðiâíiñòü (21) îäåðæó¹òüñÿ çà ìåòîäè-
êîþ ïðàöi [2].

Iç âèçíà÷åííÿ íîðì i iíòåðïîëÿöiéíèõ
íåðiâíîñòåé iç [6, ñ.176] âèïëèâà¹ iñíó-
âàííÿ â Q òî÷îê P1(t

(1), x
(1)
1 , . . . , x

(1)
n ),

P
(2)
j (t(1), x

(1)
1 , . . . , x

(1)
j−1, x

(2)
j , x

(1)
j+1, . . . , x

(1)
n ),

P2(t
(2), x

(1)
1 , . . . , x

(1)
n ), äëÿ ÿêèõ ñïðàâåäëèâà

îäíà ç íåðiâíîñòåé:
1

2
‖vm; γ, β; 0; Q‖2+α ≤ Ek, k ∈ {1, 2, 3, 4},

(22)

E1 =
n∑

i,j,r=1

d(2γ−βi−βj +α(γ−βr); P̃1)|x(1)
r −

−x(2)
r ||∂xi

∂xj
vm(P1)− ∂xi

∂xj
vm(P (2)

r )|;

E2 =
n∑

ij=1

d(2γ−βi−βj +αγ; P̃2)|t(1)−t(2)|−α
2×

×|∂xi
∂xj

vm(P1)− ∂xi
∂xj

vm(P2)|;

E3 =
n∑

r=1

d(2γ + α(γ − βr); P̃1)|x(1)
r − x(2)

r |−α×

×|∂tvm(P (2)
r )− ∂tvm(P1)|;

E4 = d((2 + α)γ; P̃2)|t(1) − t(2)|−α
2 |∂tvm(P1)−

−∂tvm(P2)|,
d(l; P̃ν) = min(d(l, Pν), d(l, P

(2)
r )), ν ∈ {1, 2}.

Ðîçãëÿíåìî âèïàäîê |x(1)
r − x

(2)
r | ≤

ρn−1d(γ − βr; P̃ν) ≡ T1, àáî |t(1) − t(2)| ≤
ρ2d(2γ; P̃ν) ≡ T2. Íåõàé Vµ = {(t, x) ∈ Q

∣∣ |t−
t(1)| ≤ µ2T2, |xr − x

(1)
r | ≤ µT1, r ∈ {1, . . . , n}}.

Áóäåìî ââàæàòè, ùî d(γ, P̃ν) = d(γ; P1). Â
çàäà÷i (9) � (11) çðîáèìî çàìiíó vm(t, x) =
ωm(t, y), yr = d(βr; P1)xr, r ∈ {1, . . . , n}. Òîäi
Wm(t, y) = ωm(t, y)η(t, y) çàäîâîëüíÿ¹ êðà-
éîâó çàäà÷ó
[
∂t −

n∑
ij=1

d(βi + βj; P1)aij(P1)∂yi
∂yj

]
Wm =

=

[
n∑

ij=1

(aij(t, Y )− aij(P1))d(βi + βj; P1)×

×∂yi
∂yj

ωm −
n∑

i=1

ai(t, Y )d(βi; P1)∂yi
ωm−

−a0(t, Y )ω

]
η +

n∑
ij=1

aij(P1)d(βi + βj; P1)×

×[∂yi
ωm∂yj

η + ∂yj
ωm∂yi

η] + ωm×

×
[

n∑
ij=1

(aij(P1)d(βi + βj; P1)(∂yi
∂yj

η − ∂tη]+

+F (t, Y )η ≡ F1(t, y), (23)
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Wm(0, y) +
N∑

j=1

qj(Y )e−λtjWm(tj, y) =

=
N∑

j=1

qj(Y )e−λtj [η(t, y)− η(0, y)]ωm(tj, y)+

+Φm(Y )η(0, y) ≡ Ψ(y), (24)

Wm|Γ = 0, (25)

äå
η(t, y) =

{
1, (t, y) ∈ H1/2,
0, (t, y) 6∈ H3/4,

|∂j
t ∂

k
yη| ≤ ckjd

−1((2j + |k|)γ; P1);
0 ≤ η(t, y) ≤ 1,

Hµ = {(t, y) ∈ Q
∣∣ |t − t(1)| ≤ µ2T2, |yr −

y
(1)
r | ≤ µd(γ; P1)ρn−1, y

(1)
r = d(βr; P1)x

(1)
r },

Y = (d−1(β1; P1)x1, . . . , d
−1(βn; P1)xn).

Êîåôiöi¹íòè ðiâíÿííÿ (23) îáìåæåíi ñòà-
ëèìè, íå çàëåæíèìè âiä P1. Òîìó, íà ïiäñòàâi
òåîðåìè 4, äëÿ äîâiëüíèõ òî÷îê {M1,M2} ⊂
H1/4 ïðàâèëüíà íåðiâíiñòü

d−α(M1,M2)|∂j
t ∂

k
yωm(M1)− ∂j

t ∂
k
yωm(M2)| ≤

≤ c(‖F1‖Cα(H3/4) +‖Ψ‖C2+α(H3/4

⋂{t=0})), (26)

äå d(M1,M2) � ïàðàáîëi÷íà âiäñòàíü ìiæ òî-
÷êàìè M1 i M2, 2j + |k| = 2.

Âèêîðèñòîâóþ÷è âëàñòèâîñòi ôóíêöi¨
η(t, y), îçíà÷åííÿ ïðîñòîðó C2+α(γ, β; 0; Q) i
ïîâåðòàþ÷èñü äî çìiííèõ (t, x), çíàõîäèìî

Ek ≤ c(n2ρα+εα(n+2))[|vm; γ, β; 0; V3/4|]2+α+

+c1(‖F ; γ, β; 2γ; Q‖α + ‖Φm; γ̃, β̃; 0; D‖2+α+

+ sup
Q

|vm|),

ε � äîâiëüíå äiéñíå ÷èñëî, ε ∈ (0, 1).
Ó âèïàäêó |x1)

r − x
(2)
r | ≥ T1n, àáî |t(1) −

t(2)| ≥ T2, âèêîðèñòîâóþ÷è iíòåðïîëÿöiéíi
íåðiâíîñòi iç [6, c. 176], ìà¹ìî

Ek ≤ εα[|vm; γ, β; 0; Q|]2+α + c(ε) sup
Q

|vm|.
(27)

Âðàõîâóþ÷è òåîðåìó 2, íåðiâíîñòi (22),
(26), (27) i âèáèðàþ÷è ρ i ε äîñèòü ìàëèìè,
äiñòàíåìî íåðiâíiñòü (21).

Âðàõîâóþ÷è ðåçóëüòàòè òåîðåì 2, 5 äîâå-
äåìî òåîðåìó 1.

Îñêiëüêè

‖F ; γ, β; µ0; Q‖α ≤ c(‖f ; γ, β; µ0; Q‖α+

+‖ψ‖C2+α(Γ)),

‖Φm; γ̃, β̃; 0; D‖2+α ≤ c(‖ϕ; γ̃, β̃; 0; D‖2+α+

+‖ψ‖C2+α(Γ)), (28)

òî, âèêîðèñòîâóþ÷è íåðiâíîñòi (21), (28), ìà-
¹ìî

‖vm; γ, β; 0; Q‖2+α ≤ c(‖f ; γ, β; µ0; Q‖α+

+‖ϕ; γ̃, β̃; 0; D‖2+α + ‖ψ‖C2+α(Γ)). (29)

Ïðàâà ÷àñòèíà íåðiâíîñòi (29) íå çà-
ëåæèòü âiä m i ïîñëiäîâíîñòi {V (0)

m } =

{|vm(P )|}, {V (1)
m } = {d(γ − βi; P )|∂xi

vm(P )|},
{V (2)

m } = {d(2γ − βi − βj; P )|∂xi
∂xj

vm(P )|},
{V (3)

m } = {d(2γ; P )|∂tvm(P )|}, P ∈ Q ðiâ-
íîìiðíî îáìåæåíi i ðiâíîñòåïåííî íåïåðåðâ-
íi. Çà òåîðåìîþ Àð÷åëà iñíóþòü ïiäïîñëi-
äîâíîñòi {V (k)

m(l)}, k ∈ {0, 1, 2, 3}, ðiâíîìið-
íî çáiæíi â Q. Ïåðåõîäÿ÷è äî ãðàíèöi ïðè
l → ∞ â çàäà÷i (9) � (11), îäåðæèìî, ùî
u = ve−λt + ψ̃ � ¹äèíèé ðîçâ'ÿçîê çàäà÷i (1)
� (3), u ∈ C2+α(γ, β; 0; Q) i ïðàâèëüíà îöiíêà
(4).

Çàäà÷à îïòèìàëüíîãî êåðóâàííÿ. Â
îáëàñòi Q ðîçãëÿíåìî çàäà÷ó çíàõîäæåííÿ
ïàðè ôóíêöié (u, p), íà ÿêèõ ôóíêöiîíàë

I(p) =

T∫

0

dt

∫

D

F (t, x, u, p)dx (29)

äîñÿãà¹ ìiíiìóìó â êëàñi ôóíêöié

p ∈ V = {p ∈ Cα(Q)

∣∣∣∣ ψ1 ≤ p ≤ ψ2},

iç ÿêèõ u ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i

(Lu)(t, x) = f(t, x, p); u(0, x)+

+
N∑

j=1

qj(x)u(tj, x) = ϕ(x), u|Γ = ψ(t, x).

(30)
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Áóäåìî ââàæàòè, ùî âèêîíóþòüñÿ òàêi
óìîâè:

40. Ôóíêöi¨ ψ1 ∈ Cα(Q), ψ2 ∈ Cα(Q),
N∑

j=1

|qj(x)| ≤ λ0 < 1, A0 < 0, f(t, x, p),

F (t, x, u, p) âèçíà÷åíi âiäïîâiäíî â îáëàñòÿõ
Q(1) = Q × [ψ1, ψ2], Q(2) = Q × R1 × [ψ1, ψ2],
ìàþòü ãåëüäåðîâi ïîõiäíi äðóãîãî ïîðÿäêó
çà çìiííèìè u i p, ÿêi íàëåæàòü ÿê ôóíêöi¨
(t, x) ïðîñòîðó Cα(Q).

Ïðè îáìåæåííÿõ 10 � 40 äëÿ áóäü-ÿêîãî
p ∈ V iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (30)
iç ïðîñòîðó C2+α(γ, β; 0; Q) i äëÿ íüîãî ïðà-
âèëüíà îöiíêà (4).

Ïîêëàäåìî

λ1(t, x) =

T∫

t

dτ

∫

D

Em(τ, ξ, t, x)×

×∂umF (τ, ξ, um, p)dξ+

+
N∑

j=1

tj∫

0

dτ

∫

D

Γj(τ, ξ, t, x)∂umF (τ, ξ, um, p)dξ,

H(um, λ1, p) = F (t, x, um, p)+λ1(t, x)f(t, x, p).

Äëÿ âñòàíîâëåííÿ iñíóâàííÿ ðîçâ'ÿçêó
çàäà÷i (29), (30) ïîòðiáíî âñòàíîâèòè ðîçâ'ÿ-
çíiñòü äîïîìiæíèõ çàäà÷ ç ãëàäêèìè êîåôi-
öi¹íòàìè.

Ðîçãëÿíåìî â îáëàñòi Q çàäà÷ó çíàõîäæå-
ííÿ ôóíêöié (um, p), íà ÿêèõ ôóíêöiîíàë

I(p) =

T∫

0

dt

∫

D

F (t, x, um, p)dx (31)

äîñÿãà¹ ìiíiìóìó â êëàñi ôóíêöié p ∈ V , iç
ÿêèõ um ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i

(L1um)(t, x) = f(t, x, p),

um(0, x) +
N∑

j=1

qj(x)um(tj, x) = ϕ(x),

um|Γ = ψ(t, x). (32)

Ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 6. ßêùî ôóíêöiÿ H(um, λ1, p)
çà àðãóìåíòîì p ¹ ìîíîòîííî çðîñòàþ÷îþ
äëÿ p ∈ V , òî îïòèìàëüíèì ¹ êåðóâàííÿ
p(0) = ψ1 i îïòèìàëüíèì ðîçâ'ÿçêîì çàäà÷i
(32) ¹ u

(0)
m (t, x, p(0)) = u

(0)
m (t, x, ψ1(t, x)).

ßêùî ôóíêöiÿ H(um, λ1, p) çà àðãóìåí-
òîì p ¹ ìîíîòîííî ñïàäíîþ äëÿ p ∈ V ,
òî îïòèìàëüíèì ¹ êåðóâàííÿ p(0) = ψ2

i îïòèìàëüíèì ðîçâ'ÿçêîì çàäà÷i (32) ¹
u

(0)
m (t, x, p(0)) = u

(0)
m (t, x, ψ2(t, x)).

Äîâåäåííÿ. Íåõàé ∆p � äîïóñòèìèé
ïðèðiñò êåðóâàííÿ p(0)(t, x). Ïîçíà÷èìî ÷å-
ðåç ∆um ïðèðiñò ôóíêöi¨ um(t, x, p(0)). Òîäi
∆um â îáëàñòi Q áóäå ðîçâ'ÿçêîì êðàéîâî¨
çàäà÷i

(L1∆um)(t, x) = f(t, x, p(0)(t, x) + ∆p)−
−f(t, x, p(0)(t, x)) ≡ ∆f(t, x, p),

∆um(0, x, p) +
N∑

j=1

qj(x)∆um(tj, x, p) = 0,

∆um|Γ = 0. (33)

Çà äîïîìîãîþ ôîðìóëè Òåéëîðà çíàõîäè-
ìî ïðèðiñò ôóíêöiîíàëó I(p)

∆I =

T∫

0

dt

∫

D

[∂umF (t, x, um, p)∆um+

+∂tF (t, x, um, p)∆p+

+O(|∆um|2) + O(|∆p|2)]dx. (34)

Îñêiëüêè ∆um � ðîçâ'ÿçîê çàäà÷i (33), òî,
âèêîðèñòîâóþ÷è ôîðìóëó (18), äiñòàíåìî

∆um =

t∫

0

dτ

∫

D

Em(t, x, τ, ξ)∆f(τ, ξ, p)dξ+

+
N∑

j=1

tj∫

0

dτ

∫

D

Γj(t, x, τ, ξ)∆f(τ, ξ, p)dξ. (35)

Ïiäñòàâëÿþ÷è (35) â (34) i çìiíþþ÷è ïî-
ðÿäîê iíòåãðóâàííÿ, çíàõîäèìî

∆I =

T∫

0

dt

∫

D

[∂pH(um, λ1, p)∆p+
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+O(|∆um|2) + O(|∆p|2)]dx. (36)

ßêùî p = p(0)(t, x) i H(um, λ1, p) çàäî-
âîëüíÿ¹ óìîâè òåîðåìè 6, òî ïðè äîñèòü ìà-
ëèõ ∆p ìà¹ìî, ùî ∆I > 0.

Íåõàé p(0)(t, x) � îïòèìàëüíå çíà÷åííÿ,
òîáòî ∆I > 0. Ïåðåâiðèìî âèêîíàííÿ óìîâ
òåîðåìè 6. ßêùî H(um, λ1, p) íå ¹ ìîíîòîí-
íîþ çà àðãóìåíòîì p, òî ∂pH(um, λ1, p) � çíà-
êîçìiííà âåëè÷èíà, òîáòî ∂pH(um, λ1, p) > 0
â Q+ ⊂ Q i ∂pH(um, λ1, p) < 0 â Q− = Q\Q+.
Âèêîðèñòîâóþ÷è òåîðåìó ïðî ñåðåäí¹ çíà÷å-
ííÿ, ìà¹ìî

∆I =

∫∫

Q+

∂pH(um, λ1, p)∆pdtdx−

−
∫∫

Q−

|∂pH(um, λ1, p)|∆pdtdx+

+

∫∫

Q

[O(|∆um|2) + O(|∆p|2)]dxdt =

= ∂pH(u+
m, λ+

1 , p+)

∫∫

Q+

∆pdxdt−

−|∂pH(u−m, λ−1 , p−)|
∫∫

Q−

∆pdtdx+

+

∫∫

Q

[O(|∆um|2) + O(|∆p|2)]dxdt.

Ïðè äîñèòü ìàëîìó ∆p çíàê ∆I âèçíà÷à-
¹òüñÿ ïåðøèìè äâîìà ÷ëåíàìè ñóìè. Ðiçíè-
öÿ ïåðøèõ äâîõ äîäàíêiâ çìiíþ¹ çíàê â çà-
ëåæíîñòi âiä âåëè÷èíè mes Q+, mes Q−, ∆p.
Ïðè äîñèòü ìàëèõ mes Q+ i ∆p > 0 ìà¹ìî
∆I < 0 i íàâïàêè, ∆I > 0, ÿêùî ìàëà mes Q−

i ∆p > 0. Îòæå, ôóíêöiîíàë íå äîñÿãà¹ ìiíi-
ìóìó.

Òåîðåìà 7. Íåõàé H(um, λ1, p) íå ¹ ìî-
íîòîííîþ ôóíêöi¹þ çà àðãóìåíòîì p. Äëÿ
òîãî, ùîá êåðóâàííÿ p(0)(t, x) i âiäïîâiäíèé
ðîçâ'ÿçîê u

(0)
m (t, x, p(0)) êðàéîâî¨ çàäà÷i (32)

áóëè îïòèìàëüíèìè, íåîáõiäíî òà äîñòà-
òíüî, ùîá âèêîíóâàëèñÿ óìîâè:

à) ôóíêöiÿ H(um, λ1, p) çà àðãóìåíòîì p
ìà¹ â òî÷öi p(0) ìiíiìàëüíå çíà÷åííÿ;

á) äëÿ äîâiëüíîãî âåêòîðà (e1, e2) 6= 0 i
(t, x) ∈ Q âèêîíó¹òüñÿ íåðiâíiñòü

K(e1, e2) = ∂2
um

F (t, x, um, p(0))e2
1+

+2∂2
umpF (t, x, um, p(0))e1e2−

−λ1(t, x)∂2
pf(t, x, p(0))e2

2 > 0.

Äîâåäåííÿ. Äîñòàòíiñòü. Íåõàé
p(0)(t, x) çàäîâîëüíÿ¹ óìîâè òåîðåìè 7.
Ïîêàæåìî éîãî îïòèìàëüíiñòü. Íàäàìî
êåðóâàííþ p(0)(t, x) äåÿêîãî äîïóñòèìîãî
ïðèðîñòó ∆p i ïîçíà÷èìî ÷åðåç ∆um âiä-
ïîâiäíèé ïðèðiñò ôóíêöi¨ um(t, x, p(0)). Òîäi
∆um â îáëàñòi Q áóäå ðîçâ'ÿçêîì çàäà÷i
(33).

Çà äîïîìîãîþ ôîðìóëè Òåéëîðà çíàõîäè-
ìî ïðèðiñò ôóíêöiîíàëó I(p):

∆I =

T∫

0

dt

∫

D

[
∂umF (t, x, um, p(0))∆um+

+∂pF (t, x, um, p(0))∆p+
1

2
(∂2

um
F (t, x, um, p(0))×

×(∆um)2 + 2∂um∂pF (t, x, um, p(0))∆um∆p+

+∂2
pF (t, x, um, p(0))(∆p)2) + O(|∆um|2+α)+

+O(|∆p|2+α)
]
dx. (37)

Ïiäñòàâëÿþ÷è (35) â (37) i çìiíþþ÷è ïî-
ðÿäîê iíòåãðóâàííÿ, îäåðæó¹ìî

∆I =

T∫

0

dt

∫

D

[
∂pH(um, λ1, p

(0))∆p+

+
1

2
K(∆um, ∆p)+O(|∆um|2+α)+O(|∆p|2+α)

]
dx.

Îöiíèìî ∆I çíèçó, âðàõîâóþ÷è, ùî
∂pH(um, λ1, p

(0)) = 0 çà óìîâîþ à) òåîðåìè
7. Ïîçíà÷èìî δ1 = inf

|ξ|=1
K(ξ1, ξ2). Çà óìîâîþ

á) ìà¹ìî δ1 > 0 äëÿ âñiõ (t, x) ∈ Q. Òîäi
K1(∆Um, ∆p) ≥ δ1(|∆u|2 + |∆p|2).

Îòæå,

∆I ≥ δ1

T∫

0

dt

∫

D

[
|∆um|2(1−O(|∆um|α))+
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+|∆p|2(1−O(|∆p|α))
]
dx.

Âðàõîâóþ÷è ñïiââiäíîøåííÿ (35), ìà¹ìî,
ùî ∆um → 0 ïðè ∆p → 0. Òîìó ïðè äîñèòü
ìàëèõ ∆p òàêèõ, ùî 1−O(|∆um|α) ≥ 1

2
, 1−

O(|∆p|α) ≥ 1

2
, îäåðæó¹ìî îöiíêó,

∆I ≥ 1

2
δ1

T∫

0

dt

∫

D

(|∆um|2 + |∆p|2)dx > 0.

Íåîáõiäíiñòü îáãðóíòîâó¹òüñÿ àíàëîãi÷íî
äîâåäåííþ òåîðåìè 2 iç [8].

Iñíóâàííÿ (u
(0)
m , p(0)) âñòàíîâëþ¹òüñÿ íà-

ñòóïíèì ÷èíîì. Íåõàé p(0)(t, x) � îïòèìàëü-
íå êåðóâàííÿ. Òîäi ∂pH(u

(0)
m , λ1, p

(0)) = 0 i
∂2

pH(u
(0)
m , λ1, p

(0)) > 0. Çàñòîñîâóþ÷è òåîðå-
ìó ïðî íåÿâíó ôóíêöiþ iç [7] äî ðiâíÿííÿ
∂pH = 0, îäåðæó¹ìî

p(0)(t, x) = W (u(0)
m , λ1)

i W (u
(0)
m , λ1) äèôåðåíöiéîâíà ôóíêöiÿ çà

çìiííèìè λ1, u
(0)
m .

Âèêîðèñòîâóþ÷è ôîðìóëó (18), ó âiäïî-
âiäíiñòü çàäà÷i (31), (32) ïîñòàâèìî ñèñòåìó
iíòåãðàëüíèõ ðiâíÿíü

u(0)
m =

t∫

0

dτ

∫

D

Em(t, x, τ, ξ)×

×f(τ, ξ, W (u(0)
m , λ1))dξ+

+
N∑

j=1

tj∫

0

dτ

∫

D

Γj(t, x, τ, ξ)×

×f(τ, ξ, W (u(0)
m , λ1))dξ + ω1,

λ1 =

T∫

t

dτ

∫

D

Em(τ, ξ, t, x)∂um×

×F (τ, ξ, u(0)
m ,W (u(0)

m , λ1))dξ+

+
N∑

j=1

tj∫

0

dτ

∫

D

Γj(τ, ξ, t, x)∂um×

×F (τ, ξ, u(0)
m ,W (u(0)

m , λ1))dξ, (38)

äå ω1 � ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i

(L1ω1)(t, x) = 0, ω1|t=0 = ϕ(x),

ω1|Γ = ψ(t, x).

Ðîçâ'ÿçîê ñèñòåìè (38) çíàõîäèìî ìåòî-
äîì ïîñëiäîâíèõ íàáëèæåíü. Ïåðåõîäÿ÷è äî
ãðàíèöi â çàäà÷i (31), (32) ïðè m1 → ∞,
m2 → ∞ îäåðæó¹ìî ðîçâ'ÿçîê çàäà÷i (29),
(30).
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