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ÇÀÄÀ×À ÄËß ÍÅËIÍIÉÍÎÃÎ ÃIÏÅÐÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß
ÒÐÅÒÜÎÃÎ ÏÎÐßÄÊÓ Â ÍÅÎÁÌÅÆÅÍIÉ ÇÀ ÏÐÎÑÒÎÐÎÂÈÌÈ

ÇÌIÍÍÈÌÈ ÎÁËÀÑÒI
Ó íåîáìåæåíié çà ïðîñòîðîâèìè çìiííèìè îáëàñòi ðîçãëÿíóòî ìiøàíó çàäà÷ó äëÿ ãiïåð-

áîëi÷íèõ ðiâíÿíü òðåòüîãî ïîðÿäêó, ÿêi ìiñòÿòü íåëiíiéíîñòi ñòåïåíåâîãî âèãëÿäó çi çìiííèìè
ïîêàçíèêàìè. Äîñëiäæåíî ðîçâ'ÿçíiñòü öi¹¨ çàäà÷i â óçàãàëüíåíèõ ïðîñòîðàõ Ëåáåãà áåç îáìå-
æåíü íà çðîñòàííÿ âèõiäíèõ äàíèõ çàäà÷i.

The mixed problem for nonlinear equations of the third order with the function power nonli-
nearities are considered in the unbounded on the spatial variables domain. The solvability in the
generalized Lebesque spaces is proved for the mixed problem without any assumptions on the grows
of the initial data of this problem.

Òåîðiÿ óçàãàëüíåíèõ ïðîñòîðiâ Ñîáîë¹âà
äîñÿãëà ñâîãî ðîçêâiòó ó ñåðåäèíi 90-õ ðî-
êiâ ìèíóëîãî ñòîëiòòÿ. �õ äîñëiäæåííÿ òðè-
âàþòü i ïî ñüîãîäíiøíié äåíü. Ïðî öå, çîêðå-
ìà, ñâiä÷àòü ïðàöi [1] � [4]. Óçàãàëüíåíi ïðî-
ñòîðè Ëåáåãà çíàéøëè ñâî¹ çàñòîñóâàííÿ ó
ðiçíîìàíiòíèõ çàäà÷àõ ìàòåìàòè÷íî¨ ôiçèêè
[4], ïðè äîñëiäæåííi ìiøàíèõ çàäà÷ äëÿ íå-
ëiíiéíèõ ðiâíÿíü åëiïòè÷íîãî, ïàðàáîëi÷íî-
ãî òà ãiïåðáîëi÷íîãî òèïiâ [1], [5-7].

Â îñòàííi äåñÿòèëiòòÿ òàêîæ ç'ÿâëÿ¹-
òüñÿ çàöiêàâëåíiñòü íåëiíiéíèìè ðiâíÿííÿ-
ìè òðåòüîãî ïîðÿäêó, ÿêi âèíèêàþòü ïðè
äîñëiäæåííi ïîøèðåííÿ õâèëü ó â'ÿçêî-
ïðóæíîìó ñåðåäîâèùi (äèâ., íàïð., [6-10]).
Ðiâíÿííÿ, ðîçãëÿíóòi â [6] òà [7] ìiñòÿòü íå-
ëiíiéíîñòi ñòåïåíåâîãî âèãëÿäó çi çìiííèìè
ïîêàçíèêàìè òà äîñëiäæóâàëèñÿ â îáìåæå-
íèõ îáëàñòÿõ. Öi äîñëiäæåííÿ ïðîäîâæåíî
íà âèïàäîê íåîáìåæåíèõ îáëàñòåé. Çàóâà-
æèìî, ùî ðàíiøå ðîçâ'ÿçíiñòü çàäà÷ äëÿ ãi-
ïåðáîëi÷íèõ ðiâíÿíü â íåîáìåæåíèõ îáëà-
ñòÿõ ïðîâîäèëèñÿ ó ïðàöÿõ [11-13].

Ó öié ïðàöi äîñëiäæåíî iñíóâàííÿ òà ¹äè-
íiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó ìiøàíî¨ çà-
äà÷i äëÿ íåëiíiéíîãî ðiâíÿííÿ òðåòüîãî ïî-
ðÿäêó â íåîáìåæåíié çà ãðóïîþ ïðîñòîðîâèõ
çìiííèõ îáëàñòi. Âèêîðèñòîâóþ÷è âëàñòè-
âîñòi óçàãàëüíåíèõ ïðîñòîðiâ Ëåáåãà, îòðè-

ìàíî ðîçâ'ÿçíiñòü öi¹¨ çàäà÷i â êëàñi ëîêàëü-
íî iíòåãðîâíèõ ôóíêöié. Îáìåæåíü íà õà-
ðàêòåð ïîâåäiíêè ðîçâ'ÿçêó íà íåñêií÷åííî-
ñòi íå ïðèïóñêàëîñÿ.

Íåõàé Ω ⊂ Rn � íåîáìåæåíà îáëàñòü ç
ìåæåþ Γ ∈ C1 , T ∈ (0,∞).

Ïîçíà÷èìî ÷åðåç τ � äîâiëüíèé ôiêñîâà-
íèé ìîìåíò ÷àñó ç ïðîìiæêó (0, T ], Qτ =
Ω× (0, τ), ST = Γ× (0, T ), ν � çîâíiøíÿ íîð-
ìàëü äî ïîâåðõíi ST .

Íåõàé îáëàñòü Ω çàäîâîëüíÿ¹ òàêi óìîâè:
1) iñíó¹ òàêå R0 ∈ N, ùî äëÿ âñiõ R > R0

mesΩ ∩ {|x| < R} 6= 0;
2) Ω =

⋃
R>R0

ΩR, ïðè÷îìó ΩR = Ω ∩ BR

¹ ðåãóëÿðíîþ îáëàñòþ â ñåíñi Êàëüäåðîíà
[14, ñ.45] äëÿ âñiõ R > R0, äå BR � n-âèìiðíà
êóëÿ ïðîñòîðó Rn ç öåíòðîì â ïî÷àòêó êîîð-
äèíàò i ðàäióñîì R;

3) ∂ΩR = ΥR
1 ∪ ΥR

2 , äå {ΥR
1 , ΥR

2 } ∈ C1;
mes{ΥR

1 ∩ ΥR
2 } = 0, mesΥR

1 6= 0, ∀R > R0;
∂Ω =

⋃
R>R0

ΥR
1 .

Ðîçãëÿíåìî â îáëàñòi QT çàäà÷ó

utt −
n∑

i,j=1

(dij(x, t)uxit)xj
−

−
n∑

i=1

(ai(x, t)|uxit|p(x)−2uxit)xi
−
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−
n∑

i,j=1

(bij(x, t)uxi
)xj

+
n∑

i=1

ci(x, t)uxi
+

+a0(x, t)|ut|q(x)−2ut + b0(x, t)u =

= f0(x, t)−
n∑

i=1

fi,xi
(x, t), (1)

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω, (2)
u|ST

= 0. (3)

Ïðèïóñêàòèìåìî, ùî äëÿ êîåôiöi¹íòiâ
ðiâíÿííÿ (1) âèêîíóþòüñÿ óìîâè:

(A): ai ∈ L∞(QT ), α0 6 ai(x, t) 6 α1 ìàéæå
äëÿ âñiõ (x, t)∈QT , i∈ {0, 1, . . . , n}, α0, α1 �
äîäàòíi ñòàëi;
(B) : bij ∈ L∞(QT ), {bijt, b0} ⊂
L∞((0, T ); L∞loc(Ω)), bij(x, t) = bji(x, t) ìàéæå
äëÿ âñiõ (x, t) ∈ QT , {i, j} ⊂ {1, 2, . . . , n};
β0|ξ|2 6

n∑
i,j=1

bij(x, t)ξiξj 6 β0|ξ|2 ìàéæå

äëÿ âñiõ (x, t) ∈ QT i äëÿ âñiõ ξ ∈ Rn,
β0, β0 � äîäàòíi ñòàëi;
(C) : ci∈L∞loc((0, T ); L∞loc(Ω)), i∈{1, 2, . . . , n};

(D): dij ∈ L∞(QT ), dij(x, t) = dji(x, t),
n∑

i,j=1

dij(x, t)ξiξj > d0

n∑
i=1

|ξi|2 ìàéæå äëÿ âñiõ

ξ ∈ RN , {i, j} ⊂ {1, 2, . . . , n}, d0 � äîäàòíà
ñòàëà;
(P) : p, q : Ω → (1, +∞), {q, p} ⊂ L∞(Ω);
1 < p1 = ess inf

Ω
p(x) 6 ess sup

Ω
p(x) = p2,

1 < q1 = ess inf
Ω

q(x) 6 ess sup
Ω

q(x) = q2.

(P1) : Âèêîíó¹òüñÿ îäíà ç óìîâ

1) p2 6 R(p1) =

{
np1

n−p1
, 1 < p1 < n,

+∞, n 6 p1.
;

2) iñíóþòü ñòàëi sj, s∗j i âiäêðèòi ìíîæè-
íè Ωj ⊂ Ω, j = 1,m, ÿêi ñêëàäàþòüñÿ ç
ñêií÷åííî¨ êiëüêîñòi êîìïîíåíò ç ëiïøiöå-
âîþ ìåæåþ òàêi, ùî mes(Ω \ ∪

16j6m
Ωj) = 0,

1 = s1 < s2 < s∗1 < s3 < s∗2 < · · · <
sm−1 < s∗m−2 < n < sm < s∗m−1 < s∗m = +∞
i, êðiì òîãî, sj 6 p(x) 6 s∗j ìàéæå äëÿ
âñiõ x ∈ Ωj, j ∈ {1, 2, . . . , m}, s∗k < R(sk),
k = {1, 2, . . . , m− 1}.

Çàôiêñó¹ìî äîâiëüíå ÷èñëî R > R0. Ïî-
çíà÷èìî QR

τ = ΩR × (0, τ), ΓR = ∂ΩR, SR
T =

∂ΩR × (0, T ).
Ââåäåìî ïðîñòîðè: Ls(x)(ΩR), s(x) ∈

{p(x), q(x)} (óçàãàëüíåíèé ïðîñòið Ëåáåãà)
[1] ç íîðìîþ

‖v;Ls(x)(ΩR)‖=inf{µ > 0:

∫

ΩR

|v|s(x)/µs(x) dx61};

W 1,2
x,0 (QR

T )={v : {v, vxi
}⊂L2(QR

T ), v|SR
T

= 0};
W

1,p(x)
0 (ΩR) = {v : vxi

∈ Lp(x)(ΩR), v|ΓR = 0};
W

1,2,q(x)
x,0 (QR

T ) = Lq(x)(QR
T ) ∩W 1,2

x,0 (QR
T );

W
1,2,q(x)
0 (ΩR) = Lq(x)(ΩR) ∩W 1,2

0 (ΩR).

V1(QT ) = {v : {v, vt, vxi
} ⊂ C([0, T ]; L2(Ω)),

vxit ∈ L2((0, T ); L2(Ω)),

vt ∈ Lq(x)((0, T ); Lq(x)(Ω)),

vxit ∈ Lp(x)((0, T ); Lp(x)(Ω)), i∈{1, 2, . . . , n}}.
V2(QT ) = {v : {v, vt, vxi

} ⊂ L2([0, T ]; L2(Ω)),

v ∈ Lq(x)((0, T ); Lq(x)(Ω)),

vxi
∈ Lp(x)((0, T ); Lp(x)(Ω)), i∈{1, 2, . . . , n}}.

Vs,loc(QT ) = {v : v ∈ Vs(Q
R
T )äëÿ âñiõ R > 1},

s∈{1, 2}. Ïîçíà÷èìî ∇u=(ux1 , ux2 ,. . ., uxn).
Îçíà÷åííÿ 1. Óçàãàëüíåíèì ðîçâ'ÿçêîì

çàäà÷i (1), (2), (3) íàçâåìî òàêó ôóíêöiþ u
ç ïðîñòîðó V1,loc(QT )∩C((0, T ); L2

loc(G)), ÿêà
çàäîâîëüíÿ¹ ðiâíiñòü

∫

QT

[− vtut +
n∑

i,j=1

dij(x, t)uxitvxj
+

+
n∑

i=1

ai(x, t)|uxit|p(x)−2uxitvxi
+

+
n∑

i,j=1

bij(x, t)uxi
vxj

+
n∑

i=1

ci(x, t)uxi
v +

+ a0(x, t)|ut|q(x)−2utv + b0(x, t)uv −

− f0(x, t)v −
n∑

i=1

fi(x, t)vxi

]
dx dt +

+

∫

ΩT

utv dx−
∫

Ω0

u1(x)v dx = 0
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äëÿ âñiõ ôóíêöié v ∈ V2,loc(QT ), ÿêi ìàþòü
îáìåæåíèé íîñié.

Ñïî÷àòêó ðîçãëÿíåìî ðiâíÿííÿ (1) ó
îáìåæåíié îáëàñòi QR

T ç óìîâàìè

u|SR
T

=0, u(x, 0)=uR
0 (x), ut(x, 0)=uR

1 (x), (4)

äå uR
0 (x) = u0(x)ξ(x), uR

1 (x) = u1(x)ξ(x), à

ξ(x) =

{
1, ÿêùî x ∈ ΩR;

0, â iíøîìó âèïàäêó .

Ó ïðàöi [7] äîâåäåíî iñíóâàííÿ òà ¹äè-
íiñòü ðîçâ'ÿçêó ìiøàíî¨ çàäà÷i (1), (2), (3)
(â ñåíñi ðîçïîäiëiâ) â îáìåæåíié îáëàñòi:

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìî-
âè (A), (B), (Ñ), (D), (P), (P1) â îáëàñòi
QR

T i, êðiì òîãî, f0 ∈ Lq′(x)(QR
T ), fi ∈

L2(QR
T ), i ∈ {1, 2, . . . , n}, u0 ∈ H1

0 (ΩR), u1 ∈
L2(ΩR). Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê u çà-
äà÷i (1) � (3) (â ñåíñi ðîçïîäiëiâ) òà-
êèé, ùî u ∈ C([0, T ]; H1

0 (ΩR)), ut ∈
W

1,2,q(x)
x,0 (QR

T )∩C([0, T ]; (W
1,2,q(x)
0 (ΩR))∗), utt∈

(W
1,2,q(x)
x,0 (QR

T ))∗.

Äîâåäåìî iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1),
(2), (3) â íåîáìåæåíié çà ïðîñòîðîâèìè çìií-
íèìè îáëàñòi QT . Äëÿ öüîãî ñïî÷àòêó äîâå-
äåìî äîïîìiæíó ëåìó, ÿêà âèêîíó¹òüñÿ äëÿ
êëàñè÷íèõ ïðîñòîðiâ Ëåáåãà.

Ëåìà. Íåõàé Ω � îáìåæåíà îáëàñòü
â Rn, gµ, g � ôóíêöi¨ ç Lq(x)(Ω), 1 <
ess inf q(x) < q(x) < ess sup q(x) < +∞ òàêi,
ùî ‖gµ; Lq(x)(Ω)‖ 6 C, gµ → g ìàéæå âñþäè
â Ω. Òîäi gµ → g ñëàáêî â Lq(x)(Ω).

Äîâåäåííÿ. Íåõàé {N}∞N=1 � çðîñòàþ÷à
ïîñëiäîâíiñòü ÷èñåë, ÿêi ïðÿìóþòü äî +∞.
Ïîêëàäåìî EN = {x| x ∈ Ω i |gµ(x)− g(x)| 6
1 äëÿ µ > N}. Çàóâàæèìî, ùî E1 ⊂ E2 ⊂
· · · ⊂ EN ⊂ . . . i mes (EN) → mes Ω ïðè
N →∞ îñêiëüêè gµ → g ìàéæå âñþäè â Ω.

Íåõàé ΦN � ìíîæèíà ôóíêöié ϕ ç
Lq′(x)(Ω) ç íîñi¹ì EN i Φ =

⋂
N→∞

ΦN , Φ �

ùiëüíà â Lq′(x)(Ω). Âiçüìåìî ϕ ∈ Φ. Çà òåî-
ðåìîþ Ëåáåãà

∫
Ω

ϕ(gµ−g) dx → 0 ïðè µ →∞
(áî ϕ ∈ ΦN0 i ÿêùî âèáðàòè µ > N0, òî

|ϕ(gµ − g)| 6 |ϕ| i ëiâà ÷àñòèíà ïðÿìó¹ äî
0 ìàéæå âñþäè). Îñêiëüêè Φ � ùiëüíà â
Lq′(x)(Ω), òî ëåìó äîâåäåíî.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè
òåîðåìè 1 â êîæíié îáìåæåíié ïiäîáëà-
ñòi îáëàñòi QT i, êðiì òîãî, âèêîíóþòüñÿ
óìîâè (A), (B), (Ñ), (D), (P), (P1), ôóíêöiÿ
p(x) ∈ ( 2n

n+2
, 2] äëÿ ìàéæå âñiõ x ∈ Ω.

Òîäi iñíó¹ óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i
(1), (2), (3).

Äîâåäåííÿ. Ç òåîðåìè 1 âèïëèâà¹, ùî â
êîæíié îáìåæåíié îáëàñòi QR

T iñíó¹ uR òàêà,
ùî

uR
tt −

n∑
i,j=1

(dij(x, t)uR
xit

)xj
−

−
n∑

i=1

(ai(x, t)|uR
xit
|p(x)−2uR

xit
)xi
−

−
n∑

i,j=1

(bij(x, t)uR
xi

)xj
+

n∑
i=1

ci(x, t)uR
xi

+

+a0(x, t)|uR
t |q(x)−2uR

t + b0(x, t)uR =

= fR
0 (x, t)−

n∑
i=1

fR
i,xi

(x, t),

â ñåíñi ðîçïîäiëiâ, uR çàäîâîëü-
íÿ¹ êðàéîâi i ïî÷àòêîâi óìîâè
(4), uR ∈ C([0, T ]; H1

0 (ΩR)), uR
t ∈

W
1,2,q(x)
x,0 (QR

T )∩C([0, T ]; (W
1,2,q(x)
0 (ΩR))∗), utt∈

(W
1,2,q(x)
x,0 (QR

T ))∗ à

fR
i =

{
fi, ÿêùî |x| 6 R,

0, ÿêùî |x| > R, i ∈ {0, 1, 2, . . . }.

Ïðîäîâæèìî uR íóëåì íà QT \QR
T . Âèáåðåìî

R = R0 + 1, R0 + 2, R0 + 3, . . . . Ïîçíà÷èìî
÷åðåç uk,m = uk − um, äå k, m ∈ N, ψR(x) =
[hR(x)]β, β > 1, à

hR(x) =

{
R2−|x|2

R
, ÿêùî |x| 6 R,

0, ÿêùî |x| > R.

Âèáåðåìî â îçíà÷åííi 1 ôóíêöiþ v =
uR

t ψRe−κt. Çà òåîðåìîþ 2 [6, ñ. 51], âðàõó-
âàâøè óìîâè òåîðåìè 2, â ïåðøîìó iíòåãðà-
ëi îòðèìàíî¨ ðiâíîñòi ìîæíà ïðîiíòåãðóâàòè
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÷àñòèíàìè. Òîìó äëÿ k, m > R (âðàõîâóþ÷è,
ùî íà QR

T ðiçíèöÿ fk
i − fm

i ≡ 0, uk
1 −um

1 ≡ 0)
ç îçíà÷åííÿ 1 âèïëèâà¹, ùî

∫

QR
τ

[
κ
2

(uk,m
t )2ψR +

n∑
i,j=1

dij(x, t)uk,m
xit ×

×(uk,m
t ψR)xj

+
n∑

i=1

ai(x, t)
(|uk

xit
|p(x)−2uk

xit
−

−|um
xit
|p(x)−2um

xit

)
(uk,m

t ψR)xi
+

+
n∑

i,j=1

bij(x, t)uk,m
xi

(uk,m
t ψR)xj

+

+
n∑

i=1

ci(x, t)uk,m
xi

uk,m
t ψR + a0(x, t)×

×(|uk
t |q(x)−2uk

t − |um
t |q(x)−2um

t )uk,m
t ψR+

+b0(x, t)uk,muk,m
t ψR

]
e−κt dx dt+

+
1

2

∫

ΩR

(uk,m
t )2ψRe−κτ dx = 0. (5)

Ïîçíà÷èìî ÷åðåç θi = |uk
xit
|p(x)−2uk

xit
−

|um
xit
|p(x)−2um

xit
. Çàóâàæèìî, ùî çà âèêîíàí-

íÿ óìîâè (P) ïðè p2 6 2 âèêîíó¹òüñÿ îöií-
êà |θi| 6 C|uk,m

xit |p(x)−1, äå C � ñòàëà, ÿêà
çàëåæèòü òiëüêè âiä p(x). Òîäi |θi|p′(x)−1 6
C1|uk,m

xit |, äå C1 = Cp′(x)−1 i |θi|p′(x) 6 C1u
k,m
xit θi.

Çàôiêñó¹ìî äîâiëüíå ÷èñëî q0, ÿêå çàäîâîëü-
íÿ¹ óìîâè 2 < q0 < 2n

n−1
òà 2 < q0 < q1.

Äëÿ ÷èñåë q0, q(x), ξ ïîòî÷êîâî âèêîíó¹òüñÿ
îöiíêà |ξ|q0 6 |ξ|2 + |ξ|q(x). Îöiíèìî êîæíèé
äîäàíîê ðiâíîñòi (5):

I1≡
∫

QR
τ

n∑
i,j=1

dij(x, t)uk,m
xit (uk,m

t ψR)xj
e−κtdxdt>

>
∫

QR
τ

[
d0

n∑
i=1

(uk,m
xit )2 − d0δ

2

n∑
i=1

(uk,m
xit )2−

−d0δ

q0

(
|uk,m

t |q(x) + |uk,m
t |2

)
+

(q0 − 2)δ
−q0−2
q0−2

2q0

×

×
n∑

i=1


 |ψRxi

|
2q0

q0−2

ψ
−−2−q0

q0−2
−1

R




]
ψRe−κt dx dt,

äå d0 = max
i,j

ess sup
QR

T

|dij(x, t)|.

I2 ≡
∫

QR
τ

n∑
i=1

ai(x, t)

(
|uk

xit
|p(x)−2uk

xit
−

−|um
xit
|p(x)−2um

xit

)
(uk,m

t ψR)xi
e−κt dx dt >

>
∫

QR
τ

[
α0

n∑
i=1

θiu
k,m
xit −

C1δ(p1 − 1)

p1

uk,m
xit θi+

+
δ

2
|uk,m

t |2
]
ψRe−κt dx dt +

∫

QR
τ

δ
2p(x)(2−3p(x))

2−p(x)

2p(x)
2−p(x)

×

×
n∑

i=1


 |ψRxi

|
ψ

1
p′(x)

+ 1
2

R




2p(x)
2−p(x)

e−κt dx dt.

Ïîçíà÷èìî r1 = 2p′(x)
p′(x)−2

=
2p(x)

2−p(x)
. Îñêiëüêè |ψRxi

| 6 µ[hR]β−1,

|ψ| 6 |hR|β, òî
(

|ψR,xi
|

ψ

1
p′(x)

+ 1
2

R

) 2p(x)
2−p(x)

6

|hR|(β−1)
2p(x)

2−p(x)
−(

3p(x)−2
2p(x)

2p(x)
2−p(x)

β) = |hR|β−
2p(x)

2−p(x) .

Òîäi
∫

QR
τ

(
|ψR,xi

|

ψ

1
p′(x)

+ 1
2

R

)r1

e−κt dx dt 6

TPnR
n|2R|β−

2p1
2−p1 ≡ M3R

n+β− 2p1
2−p1 , äå Pn �

êîåôiöi¹íò â ðiâíîñòi
∫

BR

dx = PnRn.

Äàëi,

I3 ≡
∫

QR
τ

n∑
i,j=1

bij(x, t)uk,m
xi

uk,m
t (ψR)xj

×

×e−κt dx dt 6 β0

2

∫

QR
τ

[
δ

n∑
i=1

(uk,m
xi

)2ψR+

+

[
(uk,m

t )q(x) + (uk,m
t )2

]

q0

δψR + δ
−q0−2
q0−2 ×

×q0 − 2

2q0

n∑
i=1

(ψR)
−2−q0
q0−2 (ψR)

2q0
q0−2
xi

]
e−κt dx dt,

äå β0 = max
i,j

ess sup
QR

|bij(x, t)|.
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I4 ≡
∫

QR
τ

[ n∑
i,j=1

bij(x, t)uk,m
xi

uk,m
xjt +

+b0(x, t)uk,muk,m
t

]
ψRe−κt dx dt >

>
∫

ΩR

[
β0

2
|∇uk,m|2 +

β00

2
|uk,m|2

]
ψRe−κτ dx−

−β0

2

∫

ΩR

[|∇uk,m
0 |2 + |uk,m

0 |2]ψR dx+

+
1

2

∫

Qτ

[
(κβ0 − β1)|∇uk,m|2+

+(κβ00 − β01)|uk,m|2
]
ψRe−κt dx dt,

äå δ0 > 0, β1 = ess sup
QT

√
n∑

i,j=1

b2
ijt(x, t), β01 =

ess sup
QT

√
b2
0t(x, t), β00 = ess sup

QT

b2
0(x, t). Äàëi,

I5 ≡
∫

QR
τ

n∑
i=1

ci(x, t)uk,m
xi

uk,m
t ψRe−κt dx dt 6

6 1

2

∫

QR
τ

(
γ0

δ
|∇uk,m|2 + δ|uk,m

t |2)ψRe−κt dx dt,

γ0 = ess sup
QR

T

n∑
i=1

c2
i (x, t).

I6≡
∫

QR
τ

a0(x, t)

(
|uk

t |q(x)−2uk
t − |um

t |q(x)−2um
t

)
×

×uk,m
t ψRe−κt dx dt >

> α0

∫

QR
τ

|uk,m
t |q(x)ψRe−κt dx dt.

Íà ïiäñòàâi îöiíîê iíòåãðàëiâ I1 � I6 ç ðiâ-
íîñòi (5) îòðèìà¹ìî îöiíêó

1

2

∫

ΩR
τ

[
(uk,m

t )2 + β0(∇uk,m)2 + β00(u
k,m)2]×

×ψRe−κτ dx+

∫

QR
τ

[(
κ
2

+
1

2
− 2δ − δd0

2q0

− δβ0

2q0

)
×

×(uk,m
t )2 +

n∑
i=1

(
α0 − C1δ(p1 − 1)

p1

)
|θiu

k,m
xit |+

+
n∑

i=1

(
d0 − δd0

2

) n∑
i=1

(uk,m
xit )2 + (

κβ0

2
− β1

2
+

+
β0δ

2
− γ0

δ
)

n∑
i=1

(uk,m
xi

)2 +

(
α0 − δβ0

2q0

− δd0

q0

)
×

×|uk,m
t |q(x)+

1

2
(κβ00−β01)|uk,m|2

]
ψRe

−κt dx dt6

6
∫

QR
τ

[
(q0 − 2)δ

−q0−2
q0−2 d0

q0

n∑
i=1


 |ψRxi

|
2q0

q0−2

ψ
−−2−q0

q0−2

R


 +

+
δ

2p(x)(2−3p(x))
2−p(x)

2p(x)
2−p(x)

n∑
i=1


 |ψRxi

|
ψ

1
p′(x)

+ 1
2

R




2p(x)
2−p(x)

+
β0

2
δ
−q0−2
q0−2×

×q0 − 2

2q0

(ψR)
−2−q0
q0−2

n∑
i=1

(ψR)
2q0

q0−2
xj

]
e−κt dx dt.

Âèáåðåìî ÷èñëà δ =
min{ α0p1

c1(p1−1)
; 2d0

d0+1
; 2q0α0

β0+1
}; κ = max{β01

β00
+

1;
β1−β0δ

2
− γ0

δ

β0
+ 1; 2δ + δ

2q0
(1 + β0) + d0δ

q0
}.

Íåõàé R1 � äîâiëüíå äîäàòíå ÷èñëî áiëüøå
çà R0. Âèáåðåìî ÷èñëà k òà m òàê, ùîá
k > R1, s > R1. Òîäi ç ïîïåðåäíüî¨ îöiíêè
äëÿ R > R1 îòðèìà¹ìî

∫

ΩR1

(R−R1)
β

[
(uk,m

t )2 + |∇uk,m|2 +

+|uk,m|2
]

dx +

∫

Q
R1
τ

(R−R1)
β

[
(uk,m

t )2 +

+
n∑

i=1

(uk,m
xit )2 +

n∑
i=1

(uk,m
xi

)2 +

+
n∑

i=1

|θiu
k,m
xit |+ |ut|q(x) + |uk,m|2

]
dx dt 6

6 M1

(
R

n+β− 2p1
2−p1 + R

n+β− q0
q0−2

)
,
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äå ñòàëà M1 íå çàëåæèòü âiä R. Îòæå,
∫

ΩR1

[
(uk,m

t )2 + |∇uk,m|2 + |uk,m|2
]

dx+

+

∫

Q
R1
τ

[
(uk,m

t )2 +
n∑

i=1

(uk,m
xit )2 +

n∑
i=1

(uk,m
xi

)2+

+
n∑

i=1

|θiu
k,m
xit |+ |ut|q(x) + |uk,m|2

]
dx dt6

6M1

(
R

R−R1

)β (
R

n− 2p1
2−p1 +R

n− q0
q0−2

)
. (6)

Äëÿ äîñòàòíüî âåëèêèõ R ïðè n < 2p1

2−p1
òà

äëÿ âèïàäêó, êîëè q1 > 2 i n < q0

q0−2
, òîáòî,

äëÿ äîâiëüíèõ ñòåïåíiâ p(x) ∈ ( 2n
2+n

; 2] òà
q(x) ∈ (2,∞), ïðàâà ÷àñòèíà öi¹¨ íåðiâíîñòi
¹ ÿê çàâãîäíî ìàëîþ. Îòæå, ç (6) âè-
ïëèâà¹, ùî {uk

t }∞k=1, {uk
xi
}∞k=1, {uk}∞k=1 �

ôóíäàìåíòàëüíà â C([0, T ]; L2
loc(Ω)),

{uk
t }∞k=1, {uk}∞k=1, {uk

xi
}∞k=1, {uk

xit
}∞k=1 � â

L2([0, T ]; L2
loc(Ω)). Ç ëåìè 1 [6, ñ. 46] òà (6)

âèïëèâà¹, ùî ‖uk
t − um

t ; L
q(x)
loc (Ω)‖ 6 M1.

Òîìó {uk
t }∞k=1 çáiãà¹òüñÿ ñèëüíî â

Lq(x)([0, T ]; L
q(x)
loc (Ω)). Îñêiëüêè {uk

xit
}∞k=1

ôóíäàìåíòàëüíà â L2([0, T ]; L2
loc(Ω)), ôóí-

êöiÿ p(x) < 2, òî {uk
xit
}∞k=1 ôóíäàìåíòàëüíà

â Lp(x)([0, T ]; L
p(x)
loc (Ω)).

Îñêiëüêè ïîñëiäîâíîñòi {uk
xit
}∞k=1, {uk

t }∞k=1

çáiãàþòüñÿ ñèëüíî â L2((0, T ); L2
loc(Ω)), òî

iñíó¹ ïiäïîñëiäîâíiñòü öèõ ïîñëiäîâíîñòåé,
ÿêà çáiãà¹òüñÿ ìàéæå âñþäè íà êîæíié îáìå-
æåíié ïiäîáëàñòi îáëàñòi QT . Çáåðåæåìî çà
íåþ òå ñàìå ïîçíà÷åííÿ. Êðiì òîãî, ç [1] âè-
ïëèâà¹, ùî ‖|uk

xit
|p(x)−2uk

xit
; L

p′(x)
loc (Ω)‖ 6 M2.

Ç ëåìè âèïëèâà¹, ùî

|uk
xit
|p(x)−2uk

xit
→

k→∞
|uxit|p(x)−2uxit

ñëàáêî â Lp′(x)([0, T ]; L
p′(x)
loc (Ω));

|uk
t |q(x)−2uk

t →
k→∞

|ut|q(x)−2ut

ñëàáêî â Lq(x)([0, T ]; L
q(x)
loc (Ω)).

Äëÿ ôóíêöié {uk}∞k=1 âèêîíó¹òüñÿ ðiâ-

íiñòü
∫

QT

[− vtu
k
t +

n∑
i,j=1

dij(x, t)uk
xit

vxj
+

+
n∑

i=1

ai(x, t)|uk
xit
|p(x)−2uk

xit
vxi

+

+
n∑

i,j=1

bij(x, t)uk
xi

vxj
+

n∑
i=1

ci(x, t)uk
xi

v+

+a0(x, t)|uk
t |q(x)−2uk

t v + b0(x, t)ukv−

−f0(x, t)v −
n∑

i=1

fi(x, t)vxi

]
dx dt+

+

∫

ΩT

uk
t v dx−

∫

Ω0

uk
1(x)v dx = 0

äëÿ âñiõ ôóíêöié v ∈ V2,loc(QT ), ÿêi ìàþòü
îáìåæåíèé íîñié. Ïåðåéäåìî äî ãðàíèöi ïðè
k → ∞. Âðàõóâàâøè îòðèìàíi çáiæíîñòi,
ìàòèìåìî

∫

QT

[− vtut +
n∑

i,j=1

dij(x, t)uxitvxj
+

+
n∑

i=1

ai(x, t)|uxit|p(x)−2uxitvxi
+

+
n∑

i,j=1

bij(x, t)uxi
vxj

+
n∑

i=1

ci(x, t)uxi
v+

+a0(x, t)|ut|q(x)−2utv + b0(x, t)uv−

−f0(x, t)v −
n∑

i=1

fi(x, t)vxi

]
dx dt+

+

∫

ΩT

utv dx−
∫

Ω0

u1(x)v dx = 0

äëÿ âñiõ ôóíêöié v ∈ V2,loc(QT ) ç îáìåæåíèì
íîñi¹ì.

Çâiäñè âèïëèâà¹ ðåçóëüòàò òåîðåìè 2.
Àíàëîãi÷íî äîâîäèìî òåîðåìó ¹äèíîñòi

ðîçâ'ÿçêó.
Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè

òåîðåìè 2. Òîäi óçàãàëüíåíèé ðîçâ'ÿçîê çà-
äà÷i (1), (2), (3) ¹äèíèé.

Äîâåäåííÿ. Íåõàé iñíó¹ äâà ðîçâ'ÿçêè (u1

i u2) çàäà÷i (1), (2), (3). Òîäi ¨õ ðiçíèöÿ u1,2 =
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u1 − u2 çàäîâîëüíÿòèìå ðiâíiñòü
∫

Qτ

[κ
2

(u1,2
t )2ψR +

n∑
i,j=1

dij(x, t)u1,2
xit(u

1,2
t ψR)xj

+

+
n∑

i=1

ai(x, t)
(|u1

xit
|p(x)−2u1

xit
−|u2

xit
|p(x)−2u2

xit

)×

×(u1,2
t ψR)xi

+
n∑

i,j=1

bij(x, t)u1,2
xi

(u1,2
t ψR)xj

+

+
n∑

i=1

ci(x, t)u1,2
xi

u1,2
t ψR + a0(x, t)×

×(|u1
t |q(x)−2u1

t − |u2
t |q(x)−2u2

t )u
1,2
t ψR+

+b0(x, t)u1,2u1,2
t ψR

]
e−κt dx dt+

+
1

2

∫

Ω

(u1,2
t )2ψRe−κτ dx = 0.

Àíàëîãi÷íî ÿê â òåîðåìi 2 îòðèìó¹ìî
îöiíêó

∫

ΩR1

[
(u1,2

t )2 + |∇u1,2|2 + |u1,2|2
]

dx+

+

∫

Q
R1
τ

[
(u1,2

t )2 +
n∑

i=1

(u1,2
xit)

2 +
n∑

i=1

(u1,2
xi

)2+

+
n∑

i=1

|θiu
1,2
xit|+ |ut|q(x) + |u1,2|2

]
dx dt 6

6 M1

(
R

R−R1

)β (
R

n− 2p1
2−p1 + R

n− q0
q0−2

)
.

Äëÿ äîñòàòíüî âåëèêèõ R ïðè n < 2p1

2−p1
òà

äëÿ âèïàäêó, êîëè q1 > 2 i n < q0

q0−2
, òîá-

òî, äëÿ äîâiëüíèõ ñòåïåíiâ p(x) ∈ ( 2n
2+n

; 2] òà
q(x) ∈ (2,∞), ïðàâà ÷àñòèíà öi¹¨ íåðiâíîñòi
¹ ÿê çàâãîäíî ìàëîþ.
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